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Abstract — We consider an optimization problem cen-
tered around a population-growth model similar to the one-
dimensional, finite contact process, but in which the reproduc-
tion rate varies spatially over the population. The objective is to
choose the reproduction-rate-profile to maximize the time until
the population is extinct. We first extend existing results about
the contact process that describe the asymptotic growth of the
extinction time with the population size to processes in which the
reproduction rate is not constant but rather piecewise constant.
We then formulate the optimization problem and characterize its
solution in terms of statistics of the original contact process. We
also examine the analogous problem for the simpler biased voter
model, and obtain similar but more lucid results.

I. I NTRODUCTION

Interacting particle systems have been successfully employed to
model such diverse phenomena as magnetism, population growth,
and the propagation of information and opinions [1, 2, 3]. The dis-
tinguishing features of these stochastic systems are that they model
a large number of particles that live on a fixed lattice or graph, and
that each particle is assigned a state that changes randomly at rates
determined by the state of nearby particles. Here “particles” need not
be atoms or molecules, but may represent such macroscopic entities
as plants, computers, and people. Examples of interacting particle
systems include the well-known Ising model, and also the contact
process and voter model.

This mathematical field of study is attracting the attention of engi-
neers due to the emergence of large systems with “locally-defined
dynamics” similar to interacting particle systems, such as packet-
switched IP networks like the Internet, and more recently, wireless
sensor networks. Traditionally, however, research on interacting par-
ticle systems has only answered analysis-type questions, such as de-
termining the transient or steady-state behavior of a prescribed sys-
tem. Our aim is to study these models with an engineering eye to
answer design- and control-oriented questions, such as determining
which system among a class of interacting particle systems has be-
havior that is closest to a specification, or what kind of control laws
are appropriate for a particular interacting particle system. Answers
to questions of this sort are required in order for interacting parti-
cle systems to impact the technologies mentioned above. With this
general aim in mind, we consider a concrete optimization problem
involving one particular interacting particle system, the contact pro-
cess.

The contact process is a Markov process used to model the spread
of a population. We consider the finite, one-dimensional process,
in which there areN points in a line, each of which is in one of two
states, occupied and vacant, at each time. An occupied point becomes
vacant at rate 1, while a vacant point becomes occupied at rateλ
times the number of occupied neighbors (0, 1, or 2), whereλ, the

reproduction rate, is a parameter. The idea is that on each occupied
point lives a member of a population who survives for a random time
that is exponentially distributed with mean 1, and who reproduces at
the times of a Poisson process with rate2λ, placing each offspring to
its left (if the point is vacant) and to its right (if the point is vacant)
with equal probability. This description makes it clear that the contact
process can be viewed as a “branching process with competition”; the
progeny compete for space on the lattice.

The process starts in the state in which every point is occupied.
The state in which every point is vacant is absorbing, and it is reach-
able from every other state. Thus the primary question of interest is
how long the process takes to reach this state. In the terminology of
populations, the population eventually becomes extinct and we seek
the distribution of the time it takes to do so. This analysis question
was answered by Durrett and Liu [4] and Durrett and Schonmann [5]
in the limit asN tends to infinity. The answer is reproduced in the
next section, following a more precise definition of the process.

We consider an ensuing design question. Suppose the presence
of the population is desirable and we wish to maximize its extinction
time. To accomplish this, we varyλ from point to point. It is in-
tuitively clear, and easy to prove using coupling techniques [2], that
increasing the reproduction rate at a point increases the expected ex-
tinction time. We consider the problem of maximizing the extinction
time subject to an upper bound on the average rate. In practice we
expectN to be large, so our precise objective is to maximize the
asymptotic rate of growth of the extinction time withN .

This optimization problem has a natural description in terms of
the population growth interpretation of the contact process. Consider
a population that lives on a one-dimensional lattice, such as a row
of bushes. We seek to maximize the longevity of this population by
distributing a fixed quantity of fertilizer over the points. What then is
the optimal strategy for distributing the fertilizer?

The optimization problem arises in other contexts as well. Con-
sider, for instance, the design of sensor networks. Suppose that in
order to track a vehicle moving in the plane, we drop an array ofN
radio-equipped sensors in a line near it. Each sensor detects a signal
emitted by the vehicle and uses it to estimate the vehicle’s bearing
relative to the sensor. Periodically, the sensor broadcasts this infor-
mation to a basestation, which uses the information received from all
of the sensors to triangulate the position of the vehicle. The nodes
broadcast asynchronously.

Occasionally, the signal received by a sensor becomes too noisy
for the sensor to make a meaningful estimate of the vehicle’s bearing.
We assume that once this occurs, the sensor is unable to reacquire
the signal on its own. We assume, however, that a broadcast by one
of the neighboring nodes contains enough information about the ve-
hicle’s position for the node to reacquire the signal and to continue
tracking the vehicle. If we assume that a broadcast enables only one



of the node’s neighbors to reacquire the signal1, then we can model
the randomness using a contact process, where the “occupied points”
refer to the nodes that are tracking the vehicle. Eventually, then, the
network will reach the state in which every node has lost the signal;
the network designer seeks to maximize the time until this happens.
Increasing a node’s broadcast rate increases the power it consumes
while it tracks the vehicle. Networks of this sort are power limited
[7], so a rate constraint is natural. We arrive at our optimization prob-
lem.

The most interesting feature of the homogeneous contact process
is its phase transition: we will see that the extinction time is highly
nonlinear inλ. There exists a constant,λc, such that the process
survives much longer ifλ > λc than if λ ≤ λc. In our case, since
we vary theλ-parameter over the process, we will see that different
parts of the process can evolve in different phases. From a design
standpoint, then, the contact process presents an unusual problem:
the system has multiple phases, one of which is most desirable to us,
and we would like as much of the process to operate in the preferred
phase as the constraints allow.

To clarify this point, we consider the same optimization problem
for the simpler biased voter model. The finite biased voter model
has a similar phase transition to the contact process but its simplicity
allows us to more clearly expose how the phase transition affects the
solution to the optimization problem. In the biased voter model, each
point in {1, . . . , N} is viewed as a person who holds one of two
opinions, say 0 and 1. A person with opinion 0 changes to opinion
1 at rateλ times the number of neighbors with opinion 1, as in the
contact process. But a person with opinion 1 changes to opinion 0
at rate equal to the number of neighbors with opinion 0, whereas
in the contact process the corresponding rate is 1 regardless of the
neighbors’ state. When determining the rates at the boundary points,
1 andN , we use the convention that persons 0 andN + 1 always
have opinion 0. This process also has a single absorbing state, which
is reachable from all other states, namely the state in which persons
1 throughN all have opinion 0. We seek to maximize the hitting
time to this state by varyingλ from point to point, as with the contact
process.

Although we do not consider it here, the Ising model of mag-
netism also lends itself to an optimization problem of this kind. Con-
sider fixed volumes ofN magnetic materials, with varying magnetic
strengths. These materials are combined in some way, then magne-
tized to store one bit of information. If the total volume of the ma-
terials is one, how should one arrange the materials within, say, the
unit cube to maximize the time until the magnetization is lost?

The effect of design on two-dimensional site percolation has been
studied by Carlson and Doyle [8, 9] in the context of power laws in
complex systems. Robert, Carlson, and Doyle [10] consider, in the
same context, the effect of design on a simple epidemic model in
which infection spreads between three cells. Boothet al. [11] con-
sider the effect of design on two-dimensional continuum percolation
in the context of the connectivity of wireless networks.

The remainder of the paper is organized as follows. The next sec-
tion contains the required background on the contact process, includ-
ing the result due to Durrett and Liu [4] and Durrett and Schonmann
[5] mentioned above. Section III contains our contact process results,
and Section IV contains our voter model results. Some concluding
remarks are made in Section V.

II. BACKGROUND

The finite, one-dimensional contact process of sizeN and in-
fection rateλ is defined as the Markov chain whose state space is

1This would be the case if they used directed antennae.

2{1,...,N} and whose transition rates are

q(A,A\{j}) = 1, if j ∈ A,
q(A,A ∪ {j}) = λ|A ∩ {j − 1, j + 1}|, if j /∈ A,

(1)

for A ⊂ {1, . . . , N} andj ∈ {1, . . . , N}. Here | · | denotes car-
dinality. For this process and all others defined in this paper, if
B ⊂ {1, . . . , N} with B 6= A is not of the formA\{j} orA ∪ {j}
for some integerj thenq(A,B) = 0. One should interpret the state
of the chain as the “set of points that are currently occupied.” This
process is the finite analogue of the contact process onZ, which is the
Markov processξt whose state space is the power set ofZ and whose
transition rates are given by (1) forA ⊂ Z andj ∈ Z. It turns out
that there exists a unique Markov process with these rates, although
this is not cleara priori. See Liggett [1] for a complete account.

As in the finite case, the empty set is a trap for the infinite process.
The process onZ differs, however, in that it can survive forever if
the reproduction rate is sufficiently large. Specifically, the process
exhibits the following phase transition [2]. LetξAt denote the contact
process onZ with initial stateA ⊂ Z. There existsλc ∈ (0,∞)

such that ifλ ≤ λc thenP (ξ
{0}
t 6= ∅ for all t) = 0, but if λ > λc

thenP (ξ
{0}
t 6= ∅ for all t) > 0. Thus the behavior of the infinite

process crucially depends on whetherλ ≤ λc or λ > λc. If λ ≤
λc, then the process started with a single occupied point becomes
extinct with probability one, and we say that the process issubcritical
if λ < λc and critical if λ = λc. If λ > λc, then the process
started with a single occupied point survives forever with positive
probability, and we say that the process issupercritical. The exact
value ofλc is not known rigorously, but simulations place it around
1.6 [3]. Loosely speaking, in the supercritical case, the population
tends to spread because the tendency of its members to reproduce is
stronger than their tendency to die. In the subcritical case, however,
the population tends to contract because the tendency to reproduce is
weaker than the tendency to die. See [1, p. 283] for a mathematical
formulation of this statement.

Consider now the finite process of sizeN , ζt, with initial state
{1, . . . , N}. LetσN be the extinction time of the process, i.e.,

σN = inf{t ≥ 0 : ζt = ∅}. (2)

The result due to Durrett and Liu [4] and Durrett and Schonmann
[5], to which we alluded in the introduction, shows that the phase
transition also appears in the finite process. Here and throughout, all
logarithms have basee.

Theorem 1 ([4, 5]) If λ < λc then asN →∞,

σN
logN

→ 1

γ1(λ)

in probability. Ifλ > λc then asN →∞,

log σN
N

→ γ2(λ)

in probability.

Hereγ1 andγ2 are deterministic functions ofλ, which are defined
using the infinite process.

γ1(λ) = − lim
t→∞

1

t
logP (ξ

{0}
t 6= ∅)

γ2(λ) = − lim
N→∞

1

N
logP (τN <∞),

whereτN = inf{t ≥ 0 : ξ
{1,...,N}
t = ∅}. Both limits exist by sub-

additivity for all λ ≥ 0, butγ1(λ) is positive ifλ < λc, while γ2(λ)



is positive ifλ > λc. No closed-form expression is known for either
function. In words, Theorem 1 says that ifλ < λc, thenσN grows
logarithmically withN , whereas ifλ > λc, thenσN grows exponen-
tially with N . Whenλ = λc, Durrett, Schonmann, and Tanaka [6]
show thatσN grows polynomially withN , but the correct power is
unknown. We do not consider the critical process here.

The intuition behind Theorem 1 is the following. In the subcritical
case, the tendency to reproduce is weaker than the tendency to die.
Then for largeN , the extinction time is essentially the time it takes for
all of the original members of the population to die out; reproduction
can be neglected. That this gives logarithmic growth can be seen by
inspecting the caseλ = 0. HereσN is just the maximum ofN i.i.d.
exponential random variables with mean one, solog σN/ logN → 1
in probability.

In the supercritical case, the population tends to spread, so it be-
comes extinct only when all of the points die out simultaneously. The
time that one must wait forN events to occur simultaneously during
parallel independent trails grows exponentially withN .

III. O PTIMIZATION RESULTS

We turn to the question posed in the introduction, namely how
to vary the reproduction rate of the contact process to maximize
the extinction time’s asymptotic growth rate. To facilitate taking
N → ∞, we shall considerλ-profiles that arepiecewise constant,
defined as follows. We define aprofile to be a triple(K,λ, α),
whereK is a natural number andλ andα areK-dimensional vectors
with nonnegative elements(λ1, . . . , λK), and (α1, . . . , αK) such
that

∑K
j=1 αj = 1. We think of a profile as partitioning the unit

interval intoK partitions, the first of sizeα1 with reproduction rate
λ1, the second of sizeα2 with reproduction rateλ2, etc. The profile
concept is useful because a profile induces an inhomogeneous con-
tact process for eachN . To see how, fixN , let βj =

∑j
i=1 αi for

j = 1, . . . ,K, defineij = bβjNc, and leti0 = 0. We will assume
thatN is large enough thatij < ij+1 for j = 0, . . . ,K − 1. Our
inhomogeneous contact process is then the Markov chain whose state
space is2{1,...,N}, and whose transition rates are

q(A,A\{j}) = 1, if j ∈ A
q(A,A ∪ {j}) = λ(j − 1)|A ∩ {j − 1}|+

λ(j + 1)|A ∩ {j + 1}|, if j /∈ A,
(3)

for A ⊂ {1, . . . , N} and j ∈ {1, . . . , N}. Here λ(j) = λm
wherem satisfiesim−1 < j ≤ im if j ∈ {1, . . . , N}, and
λ(0) = λ(N + 1) = 0. We term a process with transition rates
given by (3) apiecewise-homogeneous contact process. We call a
profile in whichλj < λc for all j ∈ {1, . . . ,K} asubcriticalprofile,
one in whichλj > λc for all j ∈ {1, . . . ,K} a supercriticalprofile,
and one in whichλj 6= λc for all j ∈ {1, . . . ,K} andλj > λc for
somej ∈ {1, . . . ,K} amixedprofile.

Before proceeding with the optimization problem, we must deter-
mine how the choice of the reproduction rates affects the growth rate
of σN . The next three theorems generalize Theorem 1 to piecewise-
homogeneous contact processes. Consider a fixed profile and letσN
be the extinction time of the piecewise-homogeneous process of size
N induced by this profile.

Theorem 2 Let (K,λ, α) be a subcritical profile. Then

σN
logN

→ 1

γ1(max(λ1, . . . , λK))

in probability asN →∞.
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C1 = {1}, C2 = {2}, C3 = {3}, C4 = {4, 5}, C5 = {6},
C6 = {7, 8}, C7 = {9, 10},

D1 = {1},D2 = {3},D3 = {6},D4 = {9, 10}

Figure 1: A sample mixed profile. The supercritical partitions
have their index placed above the line. The subcritical, below.

The proof of this theorem and the subsequent ones can be found in the
full version of this paper [12]. The intuition is that, in the subcritical
case, the populations in each of the partitions tend to die out without
spreading to the neighboring partitions, so the partitions essentially
evolve independently, andσN is determined by the extinction times
of the partitions with the maximum rate. In the supercritical case, the
partitions interact significantly.

Theorem 3 Let (K,λ, α) be a supercritical profile. Then

log σN
N

→
K∑
j=1

αjγ2(λj)

in probability asN →∞, and

logE[σN ]

N
→

K∑
j=1

αjγ2(λj).

The idea here is that, if all of the partitions are supercritical, then
any one of them, if left alive, will tend to spread to the others, so
that the entire process dies out only when every partition dies out
simultaneously. The time for thejth partition, evolving in isolation,
to die out isexp(αjγ2(λj)N + o(N)) by Theorem 1. ThusσN is

exp
(∑K

j=1 αjγ2(λj)N + o(N)
)

.

The exponent for mixed profiles is more difficult to determine, so
we will only exhibit bounds on it that are tight enough to enable us to
proceed with the optimization problem. LetF be the set of indicesj
such thatij separates sub- and supercritical partitions,

F = {i ∈ {1, . . . ,K − 1} : (λi ∧ λi+1) < λc < (λi ∨ λi+1)}.

NowM = |F |+ 1 is the number of “aggregate partitions”—sets
of partitions that are contiguous, entirely subcritical or supercritical,
and maximal in that adding another partition either makes the set not
contiguous or mixed sub- and supercritical. We denote these aggre-
gate partitions byCj for j ∈ 1, . . . ,M :

C1 = {1, . . . , inf F ∪ {K}}
Cj = {supCj−1 + 1, . . . , inf{i ∈ F : i > supCj−1} ∪ {K}}.

LetL be the number of aggregate partitions that are supercritical,
soL = dM/2e if λ1 > λc, otherwiseL = bM/2c. We call aCj
consisting of supercritical partitions anisland, and aCj consisting
of subcritical partitions asea. Let Dj for j ∈ {1, . . . , L} denote
the islands, which are theCj ’s with even or odd indices depending
on whetherλ1 < λc or λ1 > λc, respectively. Figure 1 shows an
example.

Theorem 4 Let (K,λ, α) be a mixed profile. Then

P

 log σN
N

< max
i∈{1,...,L}

∑
j∈Di

αjγ2(λj)

− ε
→ 0,

P

 log σN
N

>

L∑
i=1

∑
j∈Di

αjγ2(λj) + ε

→ 0,
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Figure 2: Two three-partition mixed profiles.

for all ε > 0 asN →∞, and

lim inf
N→∞

logE[σN ]

N
≥ max
i∈{1,...,L}

∑
j∈Di

αjγ2(λj)


lim sup
N→∞

logE[σN ]

N
≤

L∑
i=1

∑
j∈Di

αjγ2(λj).

The difficulty leading to the incompleteness of this result is de-
termining when the seas isolate the islands into separate processes.
The lower and upper bounds in Theorem 4 correspond to two pos-
sible answers to this question, “always” and “never.” If the is-
lands are isolated, the extinction time of the process is the ex-
tinction time of its longest-living island, giving an exponent of

maxi∈{1,...,L}

(∑
j∈Di αjγ2(λj)

)
. If the population can spread

from one island to another, a process we callcolonizing, then the
process dies out only when all of the islands die out simultaneously.
By the intuition following Theorem 3, this gives an exponent of∑L
i=1

(∑
j∈Di αjγ2(λj)

)
.

We conjecture that the correct answer is “sometimes”; whether a
sea prevents two islands from colonizing depends on their sizes and
reproduction rates. Consider the two profiles shown in Figure 2. In
the first case, a wide subcritical partition separates two small super-
critical ones. Our conjecture is that if all of the rates are sufficiently
small, then the two supercritical partitions will not be able to colo-
nize andσN will have exponentmax(α1γ2(λ1), α3γ2(λ3)). In the
second case, a narrow subcritical partition separates two large super-
critical ones. Our conjecture is that if all of the rates are sufficiently
large, then the supercritical partitions will colonize, andσN will have
exponentα1γ2(λ1) + α3γ2(λ3). The full version of this paper con-
tains a precise criterion for which of the two scenarios we expect to
happen, shows how to extend the conjecture to more than three parti-
tions, and contains some support for the conjecture.

We also show in the full version of this paper thatγ2(λ) = 0 if
λ ≤ λc. Thus Theorem 4 asserts that

P

(
log σN
N

>

K∑
j=1

αjγ2(λj) + ε

)
→ 0,

and

lim sup
N→∞

logE[σN ]

N
≤

K∑
j=1

αjγ2(λj). (4)

Also note that if there is a single island, then Theorem 4 gives the
exact exponent.

Theorems 2 and 4 together show that the piecewise-homogeneous
process exhibits a similar phase transition to the homogeneous pro-
cess, except that the relevant parameter is now the maximum of theK
rates. That is, if allK rates are subcritical, then the extinction time
grows logarithmically withN , while if any of the rates are super-
critical, then the extinction time grows exponentially withN . In the

context of our optimization problem, this shows that we can achieve
exponential growth ofσN with N by making part of the process su-
percritical. This is significant since the constraint may prohibit us
from making the entire process supercritical. Specifically, letλ0 ≥ 0
andη ≥ 0 be given. We interpretλ0 as the nominal reproduction rate
given to each point, andη as the additional reproduction rate that we
may distribute over the population as desired. We seek a profile that
maximizes the asymptotic growth rate ofσN , subject to the constraint
thatλj ≥ λ0 for j = 1, . . . ,K, and

K∑
j=1

αjλj ≤ λ0 + η. (5)

If λ0 + η > 0, there are feasible profiles with supercritical par-
titions: simply make the supercritical partitions sufficiently small.
By Theorem 4, it is then possible to achieve exponential growth of
E[σN ] with N . Since the case thatλ0 + η = 0 is not interesting, we
shall seek to maximizelim infN→∞(logE[σN ])/N. This gives the
following optimization problem.

maximize lim infN→∞(logE[σN ])/N
over K,λ, α

subject to
∑K
j=1 αjλj ≤ λ0 + η

λj ≥ λ0 for j ∈ {1, . . . ,K}.

(6)

Let R∗(λ0, η) denote the supremum oflim inf(logE[σN ])/N over
the set of feasible profiles. Let̂γλ0

2 (·) denote the concave hull of
γ2(·) on [λ0,∞), i.e., forx ≥ λ0,

γ̂λ0
2 (x) = sup

{
n∑
j=1

αjγ2(λj)

}
,

where the supremum is overn, α, andλ such thatλj ≥ λ0 for all
j = 1, . . . , n, and

n∑
j=1

αjλj = x.

Theorem 5 R∗(λ0, η) = γ̂λ0
2 (λ0 + η). Furthermore,R∗(λ0, η) is

achieved by a profile withK = 2.

Here is the idea behind the proof. By (4),

lim inf
N→∞

(logE[σN ])/N ≤
K∑
j=1

αjγ2(λj) ≤ γ̂λ0
2 (λ0 + η),

which shows thatR∗(λ0, η) ≤ γ̂λ0
2 (λ0 + η). Carath́eodory’s Theo-

rem [13, p. 155] and some continuity arguments that are supplied in
the full version of this paper show that there existsα1, α2, λ1, λ2,
such thatmin(λ1, λ2) ≥ λ0,

α1λ1 + α2λ2 ≤ λ0 + η,

and
α1γ2(λ1) + α2γ2(λ2) = γ̂λ0

2 (λ0 + η).

Since a profile withK = 2 can have at most one supercritical island,
Theorem 4 shows that for this profile,

lim inf
N→∞

(logE[σN ])/N = α1γ2(λ1) + α2γ2(λ2) = γ̂λ0
2 (λ0 + η),

which shows thatR∗(λ0, η) ≥ γ̂λ0
2 (λ0 + η) and that the optimum

exponent is achieved by a profile with two rates.
The intuition behindK = 2 is that we would like to make the

entire process supercritical, but ifλ0 + η < λc, then the constraint



forbids us from doing so. The optimum growth rate is obtained, then,
by making part of the process supercritical, and leaving the rest at
λ0. To understand this intuition better, suppose hypothetically that
γ2 is concave on(λc,∞). Then if λ0 > λc, so that the points are
nominally supercritical, then̂γλ0

2 = γ2 on (λ0,∞) soR∗(λ0, η) =
γ2(λ0 + η), and an optimal profile would be a single partition with
rateλ0 + η. If λ0 < λc, there would existλ∗ > λc such that

γ̂λ0
2 (λ) =

{
γ2(λ∗) λ−λ0

λ∗−λ0
if λ < λ∗

γ2(λ) if λ ≥ λ∗. (7)

In this case the points are nominally subcritical, so we must ac-
tively make them supercritical by increasing their rate. In doing
so, we are confronted with a choice of allocating the rate to form
a small supercritical region with a very high rate, or a large super-
critical region with a relatively small rate. Evidently,λ∗ plays a
pivotal role in this trade-off: ifλ0 + η ≥ λ∗, then we would have
γ̂λ0

2 (λ0 + η) = γ2(λ0 + η), and an optimal profile would be a single
partition with rateλ0 + η. If λ0 + η < λ∗, then the optimal profile
would consist of two partitions, one subcritical with rateλ0 and one
supercritical with rateλ∗.

One might expect thatγ2 is concave on(λc,∞) since it is non-
decreasing andO(log λ): if all points in {1, . . . , N} die out before
reproducing, thenτ{1,...,N} <∞ so

P
(
τ{1,...,N} <∞

)
≥
(

1

1 + 2λ

)N
, (8)

which givesγ2(λ) ≤ log(1 + 2λ). But proving thatγ2 is concave
on (λc,∞) is difficult, and in fact it might be false. Drawing upon
conjectures from scaling theory, Durrett, Schonmann, and Tanaka [6]
conjecture that

lim
λ↓λc

γ2(λ)

(λ− λc)α

exists for someα > 1. If this is true, thenγ2 behaves as(λ − λc)α
nearλc, and hence it is not concave on(λc,∞), since it is convex
nearλc. Of course, it cannot be convex on the entire interval(λc,∞)
due to (8). Since we are unable to resolve this conjecture, we cannot
assert that the optimal exponent is achieved by profiles with at most
one supercritical partition. To validate our intuition, therefore, we
turn to the biased voter model.

IV. B IASED VOTER MODEL RESULTS

The finite, one-dimensional biased voter model of sizeN is the
the Markov chain whose state space is2{1,...,N} and whose transition
rates are

q(A,A\{j}) = |(Z\A) ∩ {j − 1, j + 1}|, if j ∈ A
q(A,A ∪ {j}) = λ|A ∩ {j − 1, j + 1}|, if j /∈ A,

for A ⊂ {1, . . . , N} andj ∈ {1, . . . , N}. Here one should inter-
pret the state of the process as the set of persons that currently hold
opinion 1. Due to the symmetry between the two opinions, the biased
voter model is much simpler to analyze than the contact process. In
particular, note that a point in state 1 with two neighbors in state 1
cannot change states, so if we start the process in state{1, . . . , N},
then the set of points in state 1 is always contiguous, and we only need
to keep track of the boundaries of this set. The boundaries, in fact,
form independent random walks as long as the process is alive [4],
and drift inward at rate 1 and outward at rateλ. This fact simplifies
the analysis and leads to nicer results, the first of which is the follow-
ing analogue of Theorem 1, due to Durrett and Liu [4]. Consider the
biased voter model of sizeN , ζt, with initial state{1, . . . , N}, and
defineσN as before by (2).

Theorem 6 ([4]) If λ < 1 then asN →∞,

σN
N
→ 1

2(1− λ)

in probability. Ifλ > 1 then asN →∞,

log σN
N

→ log(λ)

in probability.

In the subcritical case, the boundaries drift inward at rate(1 −
λ), and a weak law of large numbers argument shows thatσN is
N/(2(1− λ)) + o(N). In the supercritical case, the boundaries drift
outward, and hence spend most of their time near1 andN . But
they make excursions toward the center, and the chance that the two
boundaries meet in a short time interval isλ−N+o(N). Standard ar-
guments then show thatσN is λN+o(N).

Note that for the biased voter model, “λc” is simply 1, and unlike
the contact process, the two limiting functions have simple expres-
sions.

Our definition of a profile remains the same, but now given the
profile(K,λ, α), we consider the Markov chain with transitions rates

q(A,A\{j}) = |(Z\A) ∩ {j − 1, j + 1}| if j ∈ A
q(A,A ∪ {j}) = λ(j − 1)|A ∩ {j − 1}|+

λ(j + 1)|A ∩ {j + 1}| if j /∈ A,

for A ⊂ {1, . . . , N} andj ∈ {1, . . . , N}. The analogue of Theo-
rems 2 and 3 for the biased voter model is given by Theorem 7.

Theorem 7 If (K,λ, α) is a profile such thatλj < 1 for all j ∈
{1, . . . ,K}, then

σN
N
→

K∑
j=1

αj
2(1− λj)

in probability asN →∞. If λj > 1 for all j ∈ {1, . . . ,K}, then

log σN
N

→
K∑
j=1

αj log(λj)

in probability asN →∞, and

logE[σN ]

N
→

K∑
j=1

αj log(λj).

The intuition behind this result is the same as for the previous one.
The only difference is that now the random walks that form the
boundaries live in an “inhomogeneous environment”; they drift at
different rates in different partitions.

Theorem 8 Theorem 4 holds for the biased voter model if we replace
λc with 1 andγ2(λ) with log λ.

Determining the correct exponents for mixed sub- and supercriti-
cal profiles should be relatively easy for the biased voter model. We
do not explore this here, however, because our interest in the biased
voter model is its solution to the optimization problem, (6).

Theorem 9 For the biased voter model, ifλ0 > 1, thenR∗(λ0, η) =
log(λ0 + η) is achieved by the profile(1, λ0 + η, 1). If λ0 < 1, let
λ∗ be the unique solution to

1− λ0

λ∗
= log λ∗

that is greater than 1. Ifλ0 + η > λ∗, then againR∗(λ0, η) =
log(λ0 + η). If λ0 + η < λ∗, thenR∗(λ0, η) = η/λ∗ is achieved by
the profile(2, (λ∗, λ0), (α, 1− α)), whereα = η/(λ∗ − λ0).



The proof is similar to the proof of Theorem 5 for the contact
process. Using the approach that we sketched after that theorem, one
can show that iffλ0(λ) is the concave hull oflog on [λ0,∞), then
R∗(λ0, η) = fλ0(λ0 + η) and is achieved by a profile withK = 2.
The remainder of the result follows by observing that the expressions
given for the optimal exponent are simply expressions forfλ0 , and
the optimal profiles are the ones that achieve the hull.

The intuition behind this result is the same as that following (7).
If λ0 > 1, or λ0 < 1 butλ0 + η is large, then the concavity oflog
implies that the additional rate has the greatest effect when it is spread
uniformly over the population. Ifλ0 < 1 andλ0 + η is relatively
small, then the trade-off between the size and rate of the supercritical
partition becomes significant, and the optimal profile is to split the
population into sub- and supercritical parts, and give the subcritical
part rateλ0, and the supercritical part rateλ∗.

V. CONCLUDING REMARKS

We considered a natural optimization problem based on the con-
tact process as a first step toward a more general understanding of
how to design and control interacting particle systems. This under-
standing is absent from the interacting particle systems literature, but
it is required to put the theory to use in the design of practical sys-
tems. Our optimization problem highlighted how a phase transition,
a common feature of many interacting particle systems, affects the
design process.

Many challenges remain. The theoretical challenges are to answer
similar questions for more complicated models, such as the contact
process in higher dimensions and the Ising model, and to address
closed-loop control questions in place of the open-loop design prob-
lem considered here. A simple follow-up question to the one asked
here is “which profile minimizes the growth rate of the extinction
time?” If the conjecture that a sufficiently large subcritical partition
between two supercritical partitions isolates them into independent
processes is correct, then minimizing the hitting time would likely
involve placing large amounts of rate in small regions that are sepa-
rated by subcritical “firebreaks.”

The practical challenges are related to modeling. One must deter-
mine if interacting particle-type models are appropriate for physical
systems such as sensor networks and the Internet, and if so what the
exact model should be. The potential benefit to this endeavor is the
opportunity to use the rich set of tools that have been developed to
study interacting particles to study these physical systems.
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