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Abstract — We consider an optimization problem cen- reproduction rateis a parameter. The idea is that on each occupied
tered around a population-growth model similar to the one- point lives a member of a population who survives for a random time
dimensional, finite contact process, but in which the reproduc- thatis exponentially distributed with mean 1, and who reproduces at
tion rate varies spatially over the population. The objective is to the times of a Poisson process with rafe placing each offspring to
choose the reproduction-rate-profile to maximize the time until 1tS 1ft (if the point is vacant) and to its right (if the point is vacant)
the population is extinct. We first extend existing results about with equal prob at.)'"ty' This descrnptpn makes it clt_ear that the_ _contact
the contact process that describe the asymptotic growth of the process can be viewed as a “branching process with competition”; the

o . ) ] i ] ) progeny compete for space on the lattice.
extinction time with the population size to processes in which the
reproduction rate is not constant but rather piecewise constant.
We then formulate the optimization problem and characterize its
solution in terms of statistics of the original contact process. We
also examine the analogous problem for the simpler biased voter
model, and obtain similar but more lucid results.

The process starts in the state in which every point is occupied.
The state in which every point is vacant is absorbing, and it is reach-
able from every other state. Thus the primary question of interest is
how long the process takes to reach this state. In the terminology of
populations, the population eventually becomes extinct and we seek
the distribution of the time it takes to do so. This analysis question
was answered by Durrett and Liu [4] and Durrett and Schonmann [5]

I. INTRODUCTION . o A . .
in the limit as NV tends to infinity. The answer is reproduced in the

Interacting particle systems have been successfully employed,iQ section, following a more precise definition of the process.
model such diverse phenomena as magnetism, population growth,

and the propagation of information and opinions [1, 2, 3]. The dis- e consider an ensuing design question. Suppose the presence
tinguishing features of these stochastic systems are that they m@{die population is desirable and we wish to maximize its extinction

a large number of particles that live on a fixed lattice or graph, afife- To accomplish this, we vary from point to point. It is in-

that each particle is assigned a state that changes randomly at ritigi¥ely clear, and easy to prove using coupling techniques [2], that
determined by the state of nearby particles. Here “particles” need H¥iréasing the reproduction rate at a point increases the expected ex-
be atoms or molecules, but may represent such macroscopic entfifggion time. We consider the problem of maximizing the extinction
as plants, computers, and people. Examples of interacting parti#fae subject to an upper bound on the average rate. In practice we

systems include the well-known Ising model, and also the cont&PECt/N to be large, so our precise objective is to maximize the
process and voter model. asymptotic rate of growth of the extinction time wit.

This mathematical field of study is attracting the attention of engi- This Optimization pr0b|em has a natural description in terms of
neers due to the emergence of large systems with “locally-defing@ population growth interpretation of the contact process. Consider
dynamics” similar to interacting particle systems, such as packgtpopulation that lives on a one-dimensional lattice, such as a row
switched IP networks like the Internet, and more recently, Wire'e@ﬁ bushes. We seek to maximize the |Ongevity of this popu|ati0n by
sensor networks. Traditionally, however, research on interacting p@istributing a fixed quantity of fertilizer over the points. What then is

ticle systems has only answered analysis-type questions, such astgi€optimal strategy for distributing the fertilizer?

termining the transient or steady-state behavior of a prescribed sys-_l_h timizati bl . in oth text e
tem. Our aim is to study these models with an engineering eye to € optimization problem arises In other contexts as well. L.on-

answer design- and control-oriented questions, such as determi r, for instance, the design of sensor networks. Suppose that in

which system among a class of interacting particle systems has peler to tr_ack a vehicle moving in the plane, we drop an arra&dof_
rgldlo-eqmpped sensors in a line near it. Each sensor detects a signal

havior that is closest to a specification, or what kind of control law: itted by th hicl d it b timate th hicle’s beari
are appropriate for a particular interacting particle system. Answ tted by the venicle and uses 1t 1o estimate the venicle's bearing
fe ative to the sensor. Periodically, the sensor broadcasts this infor-

to questions of this sort are required in order for interacting par tion to a b ati hich the inf i ved f I
cle systems to impact the technologies mentioned above. With t 'on fo a basestation, which uses the information received from a
the sensors to triangulate the position of the vehicle. The nodes

general aim in mind, we consider a concrete optimization proble
involving one particular interacting particle system, the contact prBandc"jlst asynchronously.
cess. Occasionally, the signal received by a sensor becomes too noisy
The contact process is a Markov process used to model the sprisdhe sensor to make a meaningful estimate of the vehicle’s bearing.
of a population. We consider the finite, one-dimensional proce$¥e assume that once this occurs, the sensor is unable to reacquire
in which there aréV points in a line, each of which is in one of twothe signal on its own. We assume, however, that a broadcast by one
states, occupied and vacant, at each time. An occupied point becoofabe neighboring nodes contains enough information about the ve-
vacant at rate 1, while a vacant point becomes occupied at\ratdicle’s position for the node to reacquire the signal and to continue
times the number of occupied neighbors (0, 1, or 2), wherthe tracking the vehicle. If we assume that a broadcast enables only one



of the node’s neighbors to reacquire the signtden we can model 2%} and whose transition rates are
the randomness using a contact process, where the “occupied points” N o
refer to the nodes that are tracking the vehicle. Eventually, then, the 9(4, A\{J.}) =L i le 4, ‘ . 1)
network will reach the state in which every node has lost the signal; q(A,AU{j}) =AAN{ - 1,5+ 1}, if j ¢ A,
the net\{vork de5|gr’1er seeks to maximize the time until thl§ happeposr.A C {l,...,N}yandj € {1,...,N}. Here| - | denotes car-
Increasing a node’s broadcast rate increases the power it consumes,. . : : . .
L : - - —dinality. For this process and all others defined in this paper, if
while it tracks the vehicle. Networks of this sort are power limite . . . .
i . R C {1,..., N} with B # Ais not of the formA\{j} or AU {j}
[7], so arate constraint is natural. We arrive at our optimization prop- ; ) \
lem or some integeyj theng(A, B) = 0. One should interpret the state
' . . of the chain as the “set of points that are currently occupied.” This
The most interesting feature of the homogeneous contact process . - S
o o - L R process is the finite analogue of the contact proce @rhich is the
is its phase transition: we will see that the extinction time is high arkov process, whose state space is the power se.aind whose
nonlinear in\. There exists a constank,., such that the process P ¢ P P

survives much longer i > A than if A < Ae. In our case, since transition rates are given by (1) fot C Z andj € Z. It turns out

. . that there exists a unique Markov process with these rates, although
we vary the\-parameter over the process, we will see that differeft. . - .
R is is not clear priori. See Liggett [1] for a complete account.

parts of the process can evolve in different phases. From a design, _. L : o
. As in the finite case, the empty set is a trap for the infinite process.
standpoint, then, the contact process presents an unusual problem: - . . . :
: Do - € process otz differs, however, in that it can survive forever if

the system has multiple phases, one of which is most desirable totHs,

) ) reproduction rate is sufficiently large. Specifically, the process

and we would like as much of the process to operate in the preferred ., - : I
. exhibits the following phase transition [2]. Lef denote the contact

phase as the constraints allow.

To clarify this poi . L process orZ with initial state A C Z. There exists\. € (0, c0)

point, we consider the same optimization proble ) {0} B )
for the simpler biased voter model. The finite biased voter mo ch tha}(:? < Ac thenP(g,™ # 0 forall ¢) = 0_‘ but if A > )_‘C_
has a similar phase transition to the contact process but its simplidgn P(&; " 7 0 forall £) > 0. Thus the behavior of the infinite
allows us to more clearly expose how the phase transition affects B{gcess crucially depends on wheters Ac or A > Ac. If A <
solution to the optimization problem. In the biased voter model, eadh then the process started with a single occupied point becomes
point in {1,..., N} is viewed as a person who holds one of tw&xtinct with probability one, and we say that the processiixcritical
opinions, say 0 and 1. A person with opinion 0 changes to opinidn? < Ac andcritical if A = Ac. If A > A, then the process
1 at rate) times the number of neighbors with opinion 1, as in thétarted with a single occupied point survives forever with positive
contact process. But a person with opinion 1 changes to opinio@bability, and we say that the processsipercritical The exact
at rate equal to the number of neighbors with opinion 0, where$3!ue ofA. is not known rigorously, but simulations place it around
in the contact process the corresponding rate is 1 regardless of 2 [3]. Loosely speaking, in the supercritical case, the population
neighbors’ state. When determining the rates at the boundary poif§ds to spread because the tendency of its members to reproduce is
1 and N, we use the convention that persons 0 and- 1 always Stronger than their tendency to die. In the subcritical case, however,
have opinion 0. This process also has a single absorbing state, wiffgPopulation tends to contract because the tendency to reproduce is
is reachable from all other states, namely the state in which persyff@ker than the tendency to die. See [1, p. 283] for a mathematical
1 through N all have opinion 0. We seek to maximize the hittingormulation of this statement. _ o
time to this state by varying from point to point, as with the contact  Consider now the finite process of si2é ¢, with initial state
process. {1,..., N}. Leton be the extinction time of the process, i.e.,

Although we do not consider it here, the Ising model of mag-
netism also lends itself to an optimization problem of this kind. Con-
sider fixed volumes oV magnetic materials, with varying magneticThe result due to Durrett and Liu [4] and Durrett and Schonmann
strengths. These materials are combined in some way, then magsg-to which we alluded in the introduction, shows that the phase
tized to store one bit of information. If the total volume of the magransition also appears in the finite process. Here and throughout, all
terials is one, how should one arrange the materials within, say, {8garithms have base
unit cube to maximize the time until the magnetization is lost?

The effect of design on two-dimensional site percolation has be&Reorem 1 ([4, 5]) If A < A then asV — oo,
studied by Carlson and Doyle [8, 9] in the context of power laws in on 1
complex systems. Robert, Carlson, and Doyle [10] consider, in the log N - 7N
same context, the effect of design on a simple epidemic model in
which infection spreads between three cells. Bagthl. [11] con- in probability. If A > A. then asN — oo,
sider the effect of design on two-dimensional continuum percolation
in the context of the connectivity of wireless networks.

The remainder of the paper is organized as follows. The next sec-
tion contains the required background on the contact process, includprobability.
ing the result due to Durrett and Liu [4] and Durrett and Schonmann L . ) i
[5] mentioned above. Section Il contains our contact process results,Here%_ ar_'d_w are deterministic functions o, which are defined
and Section IV contains our voter model results. Some concludiHaIng the infinite process.
remarks are made in Section V.

oy =inf{t > 0: ¢ = 0} )

logon

— 72(N)

.1
1A = - Jim > log P(E" #0)
Il. BACKGROUND 1 N
o ) ] ) Y2(A) = — lim —log P(7" < 00),

The finite, one-dimensional contact process of sieand in- N—oo N

fection rate) is defined as the Markov chain whose state space i o N _ inf{t >0 : gt{l,m,N} — 0}. Both limits exist by sub-

1This would be the case if they used directed antennae. additivity for all A > 0, but~; (\) is positive if A < A., while y2 ()




is positive ifA > A.. No closed-form expression is known for either |1 | | 3| 1] 6] \ | 91 10 |
function. In words, Theorem 1 says thatif< A., thenoy grows | 2 | | 4 | 5‘ | 7 | 8 o !
logarithmically withV, whereas if\ > A, thenoy grows exponen-  C; = {1}, Cy = {2}, C3 = {3}, Cy = {4,5}, C5 = {6},
tially with N. When\ = )., Durrett, Schonmann, and Tanaka [6] Cs = {7,8}, C7 = {9,10},

show thatoy grows polynomially withlV, but the correct power is Dy = {1}, Dy = {3}, D3 = {6}, Dy = {9,10}

unknown. We do not consider the critical process here.
The intuition behind Theorem 1 is the following. In the subcritical
case, the tendency to reproduce is weaker than the tendency to Bigure 1: A sample mixed profile. The supercritical partitions

Thenfor largelV, the extinction time is essentially the time it takes fohave their index placed above the line. The subcritical, below.
all of the original members of the population to die out; reproduction

can be neglected. That this gives logarithmic growth can be seen by ] )
inspecting the cask = 0. Hereoy is just the maximum ofV i.i.d. 1he proofof this theorem and the subsequent ones can be found in the

exponential random variables with mean onelagr v / log N — 1 full version of this paper [12]. The intuition is that, in the subcritical
in probability. case, the populations in each of the partitions tend to die out without

In the supercritical case, the population tends to spread, so it gRreading to the neighboring partitions, so the partitions essentially

comes extinct only when all of the points die out simultaneously. Ti¥CIve independently, andy is determined by the extinction times
time that one must wait faN events to occur simultaneously duringOf the partitions with the maximum rate. In the supercritical case, the

parallel independent trails grows exponentially with partitions interact significantly.
Theorem 3 Let (K, A\, ) be a supercritical profile. Then

II1. OPTIMIZATION RESULTS ) K
OgON
=3 ama();)
j=1

We turn to the question posed in the introduction, namely how N
to vary the reproduction rate of the contact process to maximize -
the extinction time’s asymptotic growth rate. To facilitate takind Probability asN — oo, and

N — oo, we shall considen-profiles that arepiecewise constant log E[on] K

defined as follows. We define profile to be a triple(K, A, ), -~ Z a;y2(Xs).

whereK is a natural number andanda are K -dimensional vectors j=1

with nonnegative elementS\s, ..., Ax), and (ai,...,ax) such The idea here is that, if all of the partitions are supercritical, then

that Zf:l a; = 1. We think of a profile as partitioning the unitany one of them, if left alive, will tend to spread to the others, so
interval into K partitions, the first of sizev with reproduction rate that the entire process dies out only when every partition dies out
A1, the second of siza. with reproduction rate\z, etc. The profile simultaneously. The time for thgh partition, evolving in isolation,
concept is useful because a profile induces an inhomogeneous ggitie out isexp(a;72(X;)N + o(N)) by Theorem 1. Thusy is

i J— J .
tact process for eaclV. To see how, fixV, let 8, = >°7_, «a; for exp (Zle a2 (0N + o(N)).

j=1,..., K, definei; = |5;N], and letio, = 0. We will assume . S o .

that NV is large enough that, < 4,4 for j — 0 K — 1. Our The exponent for mixed profiles is more difficult to determine, so
j =0,..., . . . . .

inhomogeneous contact process is then the Markov chain whose s‘f\éqé"”” °”'¥ exhibit bgu_nds'on it that are tight enough to e_na_ble_us t©

space i©{1N} and whose transition rates are proceed with the optimization problem. LEtbe the set of indiceg

such that; separates sub- and supercritical partitions,

q(A,A\{]}) =1,ifj€A F = {’L (S {1,4 K= 1} : ()\Z A )\i+1) <A < ()\z \ )\i+1)}~
q(A, AU{G}) = A0 - DIAN{G - 1}]+ 3) Now M = |F| + 1 is the number of “aggregate partitions’—sets
Mg+ DIAN{j+ 1}, ifj¢ A, of partitions that are contiguous, entirely subcritical or supercritical,

and maximal in that adding another partition either makes the set not
for A c {1,...,N} andj € {1,...,N}. HereA(j) = An contiguous or mixed sub- and supercritical. We denote these aggre-
where m satisfiesi,,—1 < j < im if 5 € {1,...,N}, and gate partitions by, forj € 1,..., M:
A(0) = AN + 1) = 0. We term a process with transition rates _, .
given by (3) apiecewise-homogeneous contact procege call a Cr={L,....inf U {K}'} ' ‘
profile in which); < A.forallj € {1,..., K} asubcriticalprofile, ~ Cj ={supCj-1+1,...,inf{i € F:i>supC;_1} U{K}}.

one inwhichX; > Ac forall j € {1,..., K} asupercriticalprofile, Let L be the number of aggregate partitions that are supercritical,

and one in which\; # Acforallj € {1,..., K} andA; > Acfor - so7, = [Ar/2]if Ay > A, otherwiseL = |[M/2]. We call aC;

somej € {1,..., K'} amixedprofile. consisting of supercritical partitions asland, and aC; consisting
Before proceeding with the optimization problem, we must detesf subcritical partitions aea Let D; for j € {1,..., L} denote

mine how the choice of the reproduction rates affects the growth rgf@ islands, which are th€;’s with even or odd indices depending

of on. The next three theorems generalize Theorem 1 to piecewiggrwhether\; < . or Ay > Ao, respectively. Figure 1 shows an
homogeneous contact processes. Consider a fixed profile ang letexample.

be the extinction time of the piecewise-homogeneous process of S‘Ii' e 4 Let (K. \ b ixed orofile. Th
N induced by this profile. eorem 4 Let (K, A\, ) be a mixed profile. Then

Theorem 2 Let (K, A, a) be a subcritical profile. Then plloeoy o g > ame) | —€] =0,
N ie{l,...,L} .
ON 1 !
log N - ~v1(max(A1, ..., Ak)) logon L
’ ’ P N >Z Z CMj’YQ(Aj)—FE — 0,

in probability asN — oo. i=1j€D;



context of our optimization problem, this shows that we can achieve
r 2 ] exponential growth of x with N by making part of the process su-
percritical. This is significant since the constraint may prohibit us
from making the entire process supercritical. SpecificallyM\iet 0

andn > 0 be given. We interpret, as the nominal reproduction rate
given to each point, ang as the additional reproduction rate that we
may distribute over the population as desired. We seek a profile that
maximizes the asymptotic growth rateqf,, subject to the constraint
that\; > X\oforj=1,..., K, and

Figure 2: Two three-partition mixed profiles.

forall e > 0 asN — oo, and > ad < o+ (5)
j=1
lim inf log Efon] >  max Z a2 (A) N If Ao +n >0, there are feasipl_e profile§_with sup_e_rcritical par-
N—oo i€{1,...,L} jeD; titions: simply make the supercritical partitions sufficiently small.
L By Theorem 4, it is then possible to achieve exponential growth of
Jim sup 28 ZloN] log E| UN Z E a2(A Elon] with N. Sin_ce_ the case that +n = 0 is not intt_are;ting, we
N—oo =1 <D, shall seek to maximizém inf y . (log E[on])/N. This gives the

following optimization problem.
The difficulty leading to the incompleteness of this result is de-

termining when the seas isolate the islands into separate processes. maximize  lim infx— oo (log Elon])/N

The lower and upper bounds in Theorem 4 correspond to two pos- over X« KA a ©)
sible answers to this question, “always” and “never.” If the is- subject to > et aj)fj <X+n
lands are isolated, the extinction time of the process is the ex- Aj > Ao forje{l,....,K}.

tinction time of its longest-living island, giving an exponent o‘_et R*(Mo,n) denote the supremum &iin inf(log E[ow])/N over

Maxie{1,...,L} (ZyeD a;y2(A; ))' If the population can spread he set of feasible profiles. Let?(-) denote the concave hull of
from one island to another, a process we callonizing then the 72(+) on[Xg, 00), i.e., forz > Xo,
process dies out only when all of the islands die out simultaneously.
By the intuition following Theorem 3, this gives an exponent of AAO - Za
ZZL 1 (Z76D aj'yg(/\)). V2 p 372(A

We conjecture that the correct answer is “sometimes”; whether a
sea prevents two islands from colonizing depends on their sizes #ffifre the supremum is over o, andA such that\; > X, for all
reproduction rates. Consider the two profiles shown in Figure 2. = 1, - -, n, and .
the first case, a wide subcritical partition separates two small super- Z aj\ =z
critical ones. Our conjecture is that if all of the rates are sufficiently
small, then the two supercritical partitions will not be able to colo-
nize andoy will have exponentmax(a17yz2(A1), asy2(As)). Inthe  Theorem 5 R*(\o,7) = 45° (Ao + ). Furthermore,R* (o, ) is
second case, a narrow subcritical partition separates two large suggfieved by a profile witlk = 2.
critical ones. Our conjecture is that if all of the rates are sufficiently
large, then the supercritical partitions will colonize, and will have Here is the idea behind the proof. By (4),
exponentyiy2 (A1) + asy2(As). The full version of this paper con-
tains a precise criterion for which of the two scenarios we expect to
happen, shows how to extend the conjecture to more than three parti-
tions, and contains some support for the conjecture.

We also show in the full version of this paper that\) = 0if  \yhich shows thal* (Ao, 1) <
A < A¢. Thus Theorem 4 asserts that

hm mf(logE on])/N < Z ajr2(A;) <43° (Mo + 1),

j=1

< 43°(Xo 4 7). Caratléodory’s Theo-
rem [13, p. 155] and some contlnmty arguments that are supplied in
the full version of this paper show that there exists a2, \1, Az,

K
p (log];\;m S Zaﬂz(/\j) T E) —0, such thatnin(A1, A2) > Ao,
j=1 a1 + az2de < Ao+ 17,
and
log E[on] X and
tim sup 217 < 37 (). (4) a172(01) + a272(2) = 43° (o + ).
N —oo N i—1

Since a profile withi' = 2 can have at most one supercritical island,

Also note that if there is a single island, then Theorem 4 gives thi&eorem 4 shows that for this profile,
exact exponent. \

Theorems 2 and 4 together show that the piecewise-homogenedigs inf (log E[on])/N = a1vz2(A1) + az272(A2) = 32" (Ao + 1),
process exhibits a similar phase transition to the homogeneous pro-
cess, except that the relevant parameter is now the maximum &f thevhich shows thaiR* (Ao, n) > ﬁ;” (Ao + 1) and that the optimum
rates. That is, if allK rates are subcritical, then the extinction timexponent is achieved by a profile with two rates.
grows logarithmically withN, while if any of the rates are super- The intuition behindK' = 2 is that we would like to make the
critical, then the extinction time grows exponentially with In the entire process supercritical, butif + n < A, then the constraint



forbids us from doing so. The optimum growth rate is obtained, thefheorem 6 ([4]) If A < 1 then asN — oo,
by making part of the process supercritical, and leaving the rest at

Xo. To understand this intuition better, suppose hypothetically that JWN — ﬁ
~2 is concave or{\.,o0). Thenif Ao > A, so that the points are
nominally supercritical, thef;° = 42 on (X, 00) SO R* (Ao, n) =  in probability. If A > 1 then asV — oo,
~v2(Xo + 1), and an optimal profile would be a single partition with log o
rate o + 7. If Ao < A, there would exish* > A. such that — log(A)
ﬁ/;o ()\) _ { ’Y?()‘ )/\A*,AAOO |f A< )\* (7) n pl’Obabl'lty. B | B
Y2(A) if A > A% In the subcritical case, the boundaries drift inward at fate-

), and a weak law of large numbers argument shows dhatis

In this case the points are nominally subcritical, so we must a%/ o X .
. o ) . ' . 2(1 — X)) + o(N). In the supercritical case, the boundaries drift
tively make them supercritical by increasing their rate. In doin /( L

y P y 9 tward, and hence spend most of their time neand N. But

so, we are confronted with a choice of allocating the rate to for K . N dth t d the ch that the tw
a small supercritical region with a very high rate, or a large sup&%-ey make excursions toward the center, a2+o(]s)c Str:;l%arg ar € two

critical region with a relatively small rate. Evidently* plays a oundaries meet in a short time intervalis

; N+o(N)
pivotal role in this trade-off: if\o + n > A*, then we would have gurlr\}e?tst:]hﬁ? STﬁW;hawd'S /\t d A is simply L, and unlik
45° (Ao + 1) = 72(Ao +n), and an optimal profile would be a single ote that for tne based voter mode.™ IS simply 1, and uniike

partition with rateXo + 7. If Ao + 1 < A*, then the optimal profile the contact process, the two limiting functions have simple expres-

would consist of two partitions, one subcritical with ratg and one swgs. definiti f fil ins th but . th
supercritical with rate\*. ur definition of a profile remains the same, but now given the

One might expect that, is concave or{\., o) since it is non- profile (K, A, ), we consider the Markov chain with transitions rates
Cy

decreasing an@(log A): if all points in {1, ..., N} die out before g(A, A\{G}) = |(Z\A) N{j—1,j+1}|if j€ A
reproducing, themr 'V} < oo so GA AU = AG — DA — 1+
N AG+DIAN{j+1}| ifj ¢ A,
P (T{l,.“,N} - OO) > ( 1 ) ’ @® G+DIAN{F+ 1} ifj ¢
1+2A for A C {1,...,N}andj € {1,..., N}. The analogue of Theo-

which givesy2(\) < log(1 + 2)\). But proving thaty, is concave rems 2 and 3 for the biased voter model is given by Theorem 7.

on (A, oo) is difficult, and in fact it might be false. Drawing uponTheorem 7 If (K, A, ) is a profile such that; < 1 for all j €
conjectures from scaling theory, Durrett, Schonmann, and Tanaka [§] . . .| K}, then
conjecture that on K o
. r2(N) NN
W NI
exists for somex > 1. If this is true, theny, behaves ag\ — A\.)®  in probability asN — oco. If A; > 1forall j € {1,..., K}, then
near)., and hence it is not concave @i, co), since it is convex K
near).. Of course, it cannot be convex on the entire intefval co) logon N Z o log()))
due to (8). Since we are unable to resolve this conjecture, we cannot N =1
assert that the optimal exponent is achieved by profiles with at mos
one supercritical partition. To validate our intuition, therefore, W'Q
turn to the biased voter model. K
log Elon
7g]\f[ ] —>Zo¢j 10g()\j).
IV. BIASED VOTERMODEL RESULTS j=1
The finite, one-dimensional biased voter model of Siés the The intuition behind this result is the same as for the previous one.
the Markov chain whose state spacefi&-"V} and whose transition The only difference is that now the random walks that form the

}orobability asN — oo, and

rates are boundaries live in an “inhomogeneous environment”; they drift at
. . . o different rates in different partitions.
a(A, ALY = 1ZNA) N =1, + 1}, if j e A P
(A, AU{GH) = NAN{j — 1,5+ 1}, if j ¢ A, Theorem 8 Theorem 4 holds for the biased voter model if we replace

A With 1 andyz (A) with log .
for A C {1,...,N}andj € {1,...,N}. Here one should inter- o _ -
pret the state of the process as the set of persons that currently hol@etermining the correct exponents for mixed sub- and supercriti-
opinion 1. Due to the symmetry between the two opinions, the biase® Profiles should be relatively easy for the biased voter model. We
voter model is much simpler to analyze than the contact process.thnOt explore this here, however, because our interest in the biased
particular, note that a point in state 1 with two neighbors in stateVter model is its solution to the optimization problem, (6).

cannot change states, so if we start the process intate. , N}, Theorem 9 For the biased voter model, M, > 1, thenR*(\o,n) =
then the set of points in state 1 is always contiguous, and we only ne;gg(/\o + n) is achieved by the profilel, Ao + 7, 1). If Ao < 1, let
to keep track of the boundaries of this set. The boundaries, in fagt pe the unique solution to

form independent random walks as long as the process is alive [4],

and drift inward at rate 1 and outward at rateThis fact simplifies 1— Ao _ log A*

the analysis and leads to nicer results, the first of which is the follow- A*

ing analogue of Theorem 1, due to Durrett and Liu [4]. Consider tlieat is greater than 1. If + n > \*, then againR*(\o,n) =
biased voter model of siz&, (;, with initial state{1,..., N}, and log(Xo + 7). If Ao +71 < A", thenR*(Xo,n) = n/A\* is achieved by
definesn as before by (2). the profile(2, (A*, Xo), (o, 1 — &)), wherea = n/(A* — o).



The proof is similar to the proof of Theorem 5 for the contact REFERENCES
process. Using the approach that we sketched after that theorem,[Qpef. M. Liggett, Interacting Particle SystemSpringer, New York, 1985.
can show that iff** () is the concave hull ofog on [Xg, co), then
R*(Mo,m) = f2°(Xo 4+ 1) and is achieved by a profile with® = 2.
The remainder of the result follows by observing that the expressio[g]s R Durrett. Lecture Notes on Particle Svstems and Percolation
given fgr the op.tlmal exponent are S|mply expressionsffsr, and V\)adsworthy, Pacific Grove, 1988. Y a
the optimal profiles are the ones that achieve the hull.

The intuition behind this result is the same as that following (74 R: Durrettand X.-F. Liu, “The Contact Process on a Finite SEtg An-
If Ao > 1, 0r Ao < 1bUtXo + 7 is large, then the concavity dfg nals of Probability vol. 16, no. 3, 1158-1173, 1988.
implies that the additional rate has the greatest effect when it is spré&dR: Durrett and R. H. Schonmann, “The Contact Process on a Finite Set
uniformly over the population. 1o < 1 and)o + 7 is relatively II,” The Annals of Probabilityvol. 16, no. 4, 1570-1583, 1988.
small, then the trade-off between the size and rate of the supercriti@l R. Durrett, R. H. Schonmann, and N. I. Tanaka, “The Contact Process on
partition becomes significant, and the optimal profile is to split the 2 Finite Set lll. The Critical CaseThe Annals of Probabilityvol. 17,

population into sub- and supercritical parts, and give the subcritical no. 4, 1303-1321, 1989.

part rate\o, and the supercritical part rai¢. [7] J.M.Kahn, R. H. Katz, and K. S. J. Pister, “Emerging Challenges: Mobile
Networking for Smart Dust,J. of Commun. and Networkgol. 2, no. 3,
188-196, 2000.

V. CONCLUDING REMARKS
. L 8] J. M. Carlson and J. Doyle, “Highly Optimized Tolerance: A Mechanism
We considered a natural optimization problem based on the cé ~ for Power Laws in Designed SystemBhysical Review Fvol. 60, no. 2,

tact process as a first step toward a more general understanding ofj412_27, 1999.

how to design and control interacting particle systems. This undté' J. M. Carlson and J. Doyle, “Highly Optimized Tolerance: Robustness
standing is absent from the interacting particle systems literature, dt and Design in Complex SystemsPhysical Review Lettersvol. 84,

it is required to put the theory to use in the design of practical sys- no. 11, 2529-32, 2000.

tems. Our optimization problem highlighted how a phase transitioy  Rropert, 3. M. Carlson, and J. Doyle, “Highly Optimized Tolerance

a common feature of many interacting particle systems, affects the'in gpidemic Models Incorporating Local Optimization and Regrowth,”

design process. Physical Review Bvol. 63, no. 5, 056122, 2001.

Many challenges remain. The theoretical challenges are to a”SY!‘?Lt] L. Booth, J. Bruck, M. Franceschetti, and R. Meester, “Covering Algo-
similar questions for more complicated models, such as the contact rithms, Continuum Percolation, and the Geometry of Wireless Networks,”
process in higher dimensions and the Ising model, and to addressPreprint
closed-loop control questions in place of the open-loop design prgby; A B. wagner and V. Anantharam, “Designing a Contact Process: The
lem considered here. A simple follow-up question to the one asked pjecewise-Homogeneous Process on a Finite Set with Applicatibns,”
here is “which profile minimizes the growth rate of the extinction Preparation.
time?” If the conjecture that a sufficiently large subcritical partitiofy 3] r. T. RockafellarConvex AnalysisPrinceton University Press, Prince-
between two supercritical partitions isolates them into independent ton, 1970.
processes is correct, then minimizing the hitting time would likely
involve placing large amounts of rate in small regions that are sepa-
rated by subcritical “firebreaks.”

The practical challenges are related to modeling. One must deter-
mine if interacting particle-type models are appropriate for physical
systems such as sensor networks and the Internet, and if so what the
exact model should be. The potential benefit to this endeavor is the
opportunity to use the rich set of tools that have been developed to
study interacting particles to study these physical systems.

[2] T. M. Liggett, Stochastic Interacting Systems: Contact, Voter, and Exclu-
sion ProcessesSpringer, New York, 1999.
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