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Abstract

We consider a design problem in which a one-dimensional array of sensors, connected
via a wireless network, is used to track a moving vehicle. Individual sensors occasionally
lose the vehicle, but can relocate it with aid from neighboring sensors. Communication
between sensors is costly, so we accordingly optimize the communication protocol within
a class of broadcast-type protocols to maximize the amount of time that the network as a
whole tracks the target, subject to a bound on the total rate of communication between sen-
sors. The solution to the optimization problem is heavily influenced by a phase transition
exhibited by the network, which we reveal by appealing to existing results from interact-
ing particle systems. We extend these results in the course of solving our optimization
problem to address the novel problem of “designing an interacting particle system.”

1 Introduction

Recent technological advances have stimulated interask-hroc wireless sensor netwoiig.

By a sensor network we mean one employed to measure changes in its surroundings, rather
than to relay personal messages between its members. Sensor networks that are wireless and
ad-hoc have a special appeal in applications where traditional wired- or cellular-based-wireless
networks are impractical: locating vehicles on a battlefield or monitoring the diffusion of radi-
ation or harmful gases after an accident or attack. In these examples, the rapidity with which
the network must be deployed prohibits the construction of a wired or cellular infrastructure.

These target applications influence the network design. The nodes must be small, so that
they can be deployed into an inhospitable environment via plane or other vehicle. The nodes
must be numerous, to provide spatial resolution and to make the network resilient against
attack. The networks size, in turn, dictates that it be decentralized.

Minute nodes store minute amounts of energy, which places severe limitations on how
they can be networked. Thus communication and sensing must be done sparingly to conserve
precious energy. Evidently, there is a trade-off between the amount of communication and
sensing that individual nodes do.

*This research was supported by DARPA Grants F30602-00-2-0538 and N66001-00-C-8062, by
Grant N00014-1-0637 from the Office of Naval Research, and by Grant SBR-9873086 and a Graduate Research
Fellowship from the National Science Foundation.
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The other requirement, that there be many nodes in a decentralized network, affects the
design in more subtle ways. Sophisticated network-level sensing procedures are envisioned [1],
but how to achieve the desired network-level behavior through the decentralized interaction of
a large number of simple sensors is unclear. Extrapolating from local to global dynamics is
generally a difficult problem [2, 3].

We consider a concrete problem that incorporates both systems-level issues: the interplay
between communication and sensing and the translation from local to global dynamics. Con-
sider the following application of an ad-hoc wireless sensor network. In order to track a vehicle
moving in the 2-D plane, we drop an array/@fradio- or IF-equipped sensors in a line near the
vehicle. Each sensor detects a signal emitted by the vehicle and uses it to estimate the vehicle’s
relative bearing. Ultimately, this information must be gathered and transmitted outside of the
network, although we will not address this here.

Instead, we focus on the tracking problem itself. Suppose that occasionally an individual
node ceases from tracking the vehicle, either because the signal that the node uses to track
has become too noisy, or because the node needs to conserve power. We assume that once
this occurs, the sensor is unable to reacquire the signal on its own. We assume, however, that
a neighboring node that is tracking the vehicle can communicate the vehicle’s position to it,
enabling it to resume tracking. We seek to optimize the protocol that the nodes use to share the
tracking information.

To this end we employ the following model. The sensor network is a st pbints in
a line, each of which is in one of two states, synchronized (tracking the vehicle) or unsyn-
chronized, at each time. We suppose that ngdmce synchronized, remains synchronized
for an exponentially distributed amount of time with mean 1, independent of the other nodes,
and while it is synchronized it broadcasts the bearing of the vehicle at the times of a Poisson
process with rat@);, a design parameter. Each broadcast is equally likely to be made to the
left or right, and causes the neighboring node in that direction to become synchronized if it
is not already. The use of exponential distributions and Poisson processes makes the process
Markov, where the state is the set of synchronized nodes. This process has a single absorbing
state that is reachable from all others, namely the state in which all nodes are unsynchronized.
Our design problem is to choose thgs to maximize the hitting time to this state subject to an
upper bound on their average.

This Markov process is well-known in the interacting particle systems community as the
one-dimensionatontact processn a finite set. It is usually viewed as a model of population
growth: an occupied point contains a member of a population who survives for a random
time that is exponentially distributed with mean 1, and who reproduces at the times of a Pois-
son process with rate);, placing each offspring to its left and to its right (if the points are
unoccupied) with equal probability. This description makes it clear that the contact process
can be viewed as a “branching process with competition”; the progeny compete for space on
the lattice. In the context of population growth, we call the hitting time to the all-unoccupied
state the=xtinction time

This model and its infinite-lattice counterparts have been extensively studied [2, 3]. In
particular, in the case that all of the's are equal, the asymptotic rate of growth of the hitting
time to the absorbing state &5 — oo is known. This result is reproduced in the next section,
following a more precise definition of the process. It demonstrates a phase transition: the
growth of the extinction time withV is qualitatively different for different values of. We
obviously prefer to operate our network in the phase that causes the fastest growth of the
extinction time withN. When we vary the\-parameter over the process, however, we will
observe different parts of the process evolving in different phases. From a design standpoint,
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then, the contact process presents an usual problem: the system has multiple phases, one of
which is most desirable to us, and we would like as much of the process to operate in the
preferred phase as the constraints allow.

To clarify this point, we consider the same optimization problem for the simpler biased
voter model. The biased voter model has a similar phase transition to the contact process but
its simplicity allows us to more clearly expose how the phase transition affects the solution to
the optimization problem.

The balance of the paper is organized as follows. The next section contains the required
background on the contact process, including the phase-transition result mentioned above. Sec-
tion 3 contains our optimization results for the contact process, while Section 4 contains our
results for the voter model. We conclude in the final section by suggesting a new paradigm for
research in interacting particle systems, based on the design problem considered here.

2 Contact Process Background

The finite, one-dimensional contact process with gizand infection rate\ is defined as the
Markov chain with state spa@’"} and transition rates

Q(A>A\{]}) =1, ifjeA,
Q<A7Au{j}) = /\|Aﬂ{j - 17j+ 1}|7 if j ¢ Aa

forall Ac {1,...,N}andj € {1,..., N}. Here| - | denotes cardinality. For this process and

all others described in this paper,ifis not of the formA\{;j} or AU {;} for some integer

j theng(A, B) = 0. One should interpret the state of the chain as the “set of points that are
currently occupied (synchronized).” This process is the finite truncation of the contact process
onZ, which is the Markov process whose state space is the powerZetraf whose transition

rates are given by (1) forall C Z andj € Z. See Liggett [2] for a construction.

As in the finite case, the empty set is a trap for the infinite process. The infinite process
differs, however, in that it can survive forever if the reproduction rate sufficiently large.
Specifically, the infinite process exhibits the following phase transition. {Ledenote the
contact process of with initial state A C Z. For the infinite process it is known [3] that
there exists\. € (0,00) such that ifA < . then P( ;{0} # () forall t) = 0, butif A > A,
then P( t{O} # () for all t) > 0. Thus the behavior of the infinite process depends crucially on
whetherh < A.or A > .. If A < A, then the process started with a single occupied point
becomes extinct with probability one, and we say that the processigiticalif A < \. and
critical if A = A\.. If A\ > )\, then the process started with a single occupied point survives
forever with positive probability, and we say that the processigercritical The exact value
of \. is not known rigorously; simulations place it around 1.6 [4].

Consider now the finite process of si2g (;, with initial state{1,..., N}. Letoy be the
extinction time of the process, i.e.,

oy =inf{t > 0: ¢ = 0}.

For the finite process, clearltyy < oo a.s. for all\. But the following result shows thaty
still depends crucially on how compares with\.. This is the hitting time result to which we
alluded in the introduction; it is due to Durrett and Liu [5] and Durrett and Schonmann [6].

Theorem 1 ([5, 6]) If A < A\, then asN — oo,

(1)

ON P 1
= )
log N 7 (N)
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If A > A\.thenasN — oo,
logon P

— 72(A).

The functionsy; and~, are defined in terms of the infinite process:

o im 2 {0}
() = = lim —log P (¢ #0).
1 N
72(A) = — lim -7 log P(77 < co),

wherer" = inf{t > 0 : ft{l """ = ()}. Both limits exist for allA > 0 by subadditivity, but
7 (A) is positive if A < A., while v»()) is positive if A > \.. No closed-form expression is
known for either function. In words, Theorem 1 says that € )., theno grows logarithmi-
cally with N, whereas if\ > A, thenoy grows exponentially withV. The results fon = .
are incomplete and are not important here.

Theorem 1 is best understood by thinking of the contact process as a branching process:
individuals in the population die and reproduce. In the subcritical case, the tendency to die
is stronger than the tendency to reproduce. For I&fg¢he extinction time is essentially the
time it takes for all of the original members of the population to die out; reproduction can be
neglected. This yields logarithmic growth wifth.

In the supercritical case, the tendency to reproduce is stronger than the tendency to die.
Thus the population tends to spread, so it becomes extinct only when all points die out virtually
simultaneously. This yields exponential growth with

3 Optimization Results

We turn to the question of how to vary the reproduction rate in the contact process to maximize
the extinction time’s asymptotic growth rate &s— oo. To facilitate takingV — oo, we shall
consider\-profiles that argiecewise constantefined as follows. We definepofile to be
atriple (K, a, X), whereK is a natural number and and X are K -dimensional vectors with
nonnegative elementsy,, ..., ax) and (A, ..., \g), such thatzf(:1 a; = 1. We imagine

a profile partitioning the unit interval int& partitions, the first of sizex; with reproduction
rate \;, the second of size, with reproduction rate\,, etc. The profile concept is useful
because a profile induces an inhomogeneous contact process favedchsee how, fixV,
lets; =>7_ o, forallj=1,... K, definei; = |5;N |, and leti, = 0. We will assume that
N is large enough that < i, forall j = 0,..., K — 1. Our inhomogeneous contact process
is then the Markov chain with state spatdé-~"} and transition rates

Q(AvA\{J}) =1,ifjeA
q(A,AU{j}) = A0 - DIAN{j — 1}H+ (2)
AG+DIAN{ + 1}, ifj ¢ A

forallAc {1,...,N}andj € {1,...,N}. HereA(j) = \,, ifthereisanm with i,,_; < j <
im, Otherwise\(j) = 0. We call a process with transition rates (2)iacewise-homogeneous
contact process

Before proceeding with the optimization problem, we must determine how the choice of
the reproduction rates affects the growth rate @f The next three theorems generalize Theo-
rem 1 to piecewise-homogeneous contact processes. Consider a fixed profilesandddhe
extinction time of the piecewise-homogeneous process offéim&luced by this profile.
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Theorem 2 Let (K, &, \) be a profile such thah; < A.forall j € {1,...,K}. Then as

N — oo,
ON P 1

N .
log N Y(max(A, ..., Ax))

The proof of this theorem and the subsequent ones can be found in the full version of this
paper [7]. The intuition is that, in the subcritical case, the populations in each of the partitions
die without spreading to the neighboring partitions, so the partitions essentially evolve inde-
pendently. Themy is determined by the extinction times of the partitions with the maximum
rate. In the supercritical case, on the other hand, the partitions interact significantly.

Theorem 3 Let (K, &, X) be a profile such that; > A, forall j € {1,..., K}. Then

log oN K log E[ UN
ZO‘J72 ] and ZQ]72
7=1

asN — oo.

The intuition is that if all of the partitions are supercritical, then any one of them, if left alive,
will tend to spread to the others. Then the entire process dies only when all partitions die
simultaneously. The time for thigh partition, evolving in isolation, to die is<p(c;v2(A;) N +
o(N)) by Theorem 1. Thusy is exp (ZL a;jy2(Aj)N + 0(N)>.

We call a profilemixedif it contains some subcritical and some supercritical partitions. The
exponent for mixed profiles is more difficult to determine, so we will only exhibit bounds on it

that are tight enough to allow us to proceed with the optimization problem#’lbet the set of
indices; such that; separates sub- and supercritical partitions,

F:{ZE{L;K_l}()\z/\)\1+1)<)\c<()\z\/)\z+l)}

Now M = |F'| + 1 is the number of “aggregate partitions”—sets of partitions that are con-
nected, entirely subcritical or supercritical, and maximal in that adding another partition either
makes the set not unconnected or mixed sub- and supercritical. We denote these aggregate
partitions byC'; for j € 1,..., M:

C;={supCj_y +1,...,inf{i € F:i >supC;_1} U{K}}.

Let L be the number of aggregate partitions that are supercriticdl,-so[ M /2] if A} > A,
otherwiseL = | M/2]. We call aC; consisting of supercritical partitions &iland, and aC;
consisting of subcritical partitionssea Let D; for j € {1,..., L} denote the islands, which
are theC';'s with even or odd indices depending on whether< A, or A\; > A, respectively.
Figure 1 shows an example.

—

Theorem 4 Let (K, @, \) be a mixed profile. Then

~o(\) | —




L1 | 3| || 6| \ | 9] 10 |
S 4 15 7 T g I | \

Cy ={1},Cy = {2}, C5 = {3}, Cy = {4,5}, C5 = {6}, Cs = {7,8}, C; = {9,10},
D, = {1}, Dy = {3}, D3 = {6}, D, = {9, 10}.

Figure 1. A sample mixed profile. The supercritical partitions have their index placed above
the line. The subcritical, below.

foralle > 0asN — oo, and

.. log Eloy]
it =R = gy (2o )

.....

L

log &/
lim sup log Elon] < Z Z a;jy2(A)).

N
N—o0 i—1 jeD;

The difficulty is determining when the seas isolate the islands into separate processes. The
lower and upper bounds in Theorem 4 correspond to two possible answers to this question, “al-
ways” and “never.” If the islands are isolated, the extinction time of the process is the extinction

77777

population spreads from one island to another, a process weatallizing then the process
dies only when all of the islands die simultaneously. By the intuition following Theorem 3,
this gives an exponent oF - > jen, 42(A)).

We conjecture that the correct answer is “sometimes”: whether a sea prevents two islands
from colonizing depends on their sizes and reproduction rates. See the full version of the paper
for a statement of our conjecture and support for it [7].

Sincey,(\) = 0if A < A., Theorem 4 asserts that

K
log oy
P ( N >Zaj”72<)\j)+€> —>0,

and

Also note that if there is a single island, then Theorem 4 gives the exact exponent.

We return to the optimization problem. We will impose a lower bound on the individual
broadcast rates, and an upper bound on their average. That is, we seek a profile that maximizes
the asymptotic growth rate ofy, subject to the constraint that > A\, forall j = 1,..., K,
ande.i1 ajA; < Ao + 1. Here)y > 0 andn > 0 are the data of the problem. It is clear that
as long as\; + n > 0, there are feasible profiles with supercritical partitions: simply make the
supercritical partitions sufficiently small. This implies that it is possible to achieve exponential
growth of E[oy] with N. Since the case that + n = 0 is not interesting, we shall seek to
maximizelim inf v, log E[ox]|/N. This yields the following optimization problem.

maximize  liminfy_ . log(E[oy])/N
over K, a, X
subject to S < Aot

A > Mo forallje{1,..., K}

3)
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Let R*(\g,n) denote the supremum d&ifn inf log F{oy]/N over the set of feasible profiles.
Theorem 4 shows that for any feasible profile,

log Efon] K

lim inf TN <D ame(y),
j=1

and this exponent can be achieved by rearranging the partitions to yield another feasible pro-

file in which the supercritical region is connected. Thus without loss of generality, we can

restrict our attention to profiles with connected supercritical regions, for which the exponents

are known. This yields the revised optimization problem

maximize S aa(y)
over K,a@ X
subject to S < X+

A > Mo forallje{1,..., K}

In this form, it is clear that?*(\,, ) is simply theconcave hulbf v, over [\, co) evaluated
at )\, +n. Thatis, if we let

43°(x) = sup {Z 0@‘72()\3')} ;

where the supremum is overd, andX such that\; > A forall j = 1,...,n, andy_"_, aj); =

x, for z > )¢, then the above observation, combined with Caattory’s Theorem [8, p. 155]

and some continuity arguments that are supplied in the full version of the paper, allow one to
prove

Theorem 5 R*(\o,1) = 72™°(\o + 717). Furthermore,R*()\, ) is achieved by a profile with
two partitions (X = 2).

The intuition behindK” = 2 is that we would like to make the entire process supercritical, but
if Ao + 7 < A, then the constraint forbids us from doing so. The optimum growth rate is then
obtained by making part of the process supercritical, and leaving the restBd understand

this intuition better, suppose hypothetically thatis concave orf)\., o). Thenif\qg > A, SO

that the points are nominally supercritical, thgh = ~, on (g, 00) SOR* (Ao, 1) = Y2(Ao+17),

and an optimal profile would be a single partition with rate+ n. If Ay < A., there would
exist\* > \. such that

*) A=\ H *
&%0(}\) _ 72(/\ )/\*7/\00 |f A< )\*
Y2(A) if A > A"

In this case the points are nominally subcritical, so we must actively make them supercritical
by increasing their rate. In doing so, we are confronted with a choice of allocating the rate to
form a small supercritical region with a very high rate, or a large supercritical region with a
relatively small rate. Evidently\* plays a pivotal role in this trade-off: X, + n > A\*, then
we would havey,° (Ao + 17) = 72(A\o + 717), and an optimal profile would be a single partition
with rate \; + 1. If A\g + 1 < \*, then the optimal profile would consist of two partitions, one
subcritical with rate\, and one supercritical with rate'.

One might expect, to be concave ofi)\., co) since it is nondecreasing and depends on

A primarily through a comparison to the death rate, which is 1. Thus we expect the effect of
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increasing\ by A to diminish as) increases. Indeed,; increases at most logarithmically: if

{ } 1 N
L.,N
p(r <<xﬂ > <1—F2A> ,

which givesys(A) < log(1 + 2)).
But proving thaty, is concave o\, co) is difficult, and in fact it might be false. Drawing
upon conjectures from scaling theory, Durrett, Schonmann, and Tanaka [9] conjecture that

im 10g ’YQ(A) — ﬁ

A log(A — Ap)

for somes > 1. If this is true, theny, behaves a6\ — \.)” near)., and hence it is not concave

on (\., o). We are unable to resolve this issue, but note that evenig not concave near

A, We do not expect it to have more than one inflection point to the right,cand a single
inflection point would not alter the solution to the optimization problem much over the concave
case. We conjecture the following.

Conjecture 1 There exists., > A. such thaty, is convex o)., A.,] and concave of\.,, ).

If Ao > Ae,, thenR*( N\, n) = 72(Xo+n) and R*(Ag, n) is achieved by the profile, 1, Ao + 7).

If Ao < A, thenR* is achieved by a profile with at most two partitions, at most one of whose
rate is not\,.

To determine whether the inflection point ¢f, should it exist, is peculiar to the contact
process or common to models of this type, we examine the analogous optimization problem
for the simpler biased voter model. The results indicate that the former situation is more likely
to be the case.

4 Biased Voter Model Results

The finite, one-dimensional biased voter model with skzeand rate) is the Markov chain
whose state space2$ ¥} and whose transition rates are

q(A, A\{7}) = [(Z\A) N {j = 1,7+ 1}, if j € A,
(A, AU{GE) = AAN{j -1, + 1}, if j ¢ A,

for A c {1,...,N}andj € {1,...,N}. Each pointin{l,..., N} is viewed as a person

who holds one of two opinions, say 0 and 1; we interpret the state of the process as the set of
persons who hold opinion 1. A person with opinion O changes to opinion 1 ak tatess the

number of neighbors with opinion 1, as with the contact process. But a person with opinion 1
changes to opinion 0O at rate equal to the number of neighbors with opinion 0, whereas in the
contact process the corresponding rate is 1 regardless of the neighbors’ state. This process also
has a single absorbing state, which is reachable from all other states, namely the one in which
all persons have opinion 0.

Due to the symmetry between the two opinions, the biased voter model is much simpler to
analyze than the contact process. In particular, note that a point in state 1 with two neighbors
in state 1 cannot change states, so if we start the process in state, N}, then the set of
points in state 1 is always connected, and we only need to keep track of its boundaries. The
boundaries, in fact, form independent random walks as long as the process is alive [5], which
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drift inward at rate 1 and outward at rate This simplifies the analysis and leads to nicer
results, such as the following analogue of Theorem 1, due to Durrett and Liu [5]. Consider the
biased voter model of siz¥, (;, with initial state{1, ..., N}, and definery as before.

Theorem 6 ([5]) If A < 1thenasN — oo,

ON P 1

N 21—\
If A > 1then asN — oo,

log o i log(A).

In the subcritical case, the boundaries drift inward at (ate- \), and a weak law of
large numbers argument shows that is N/(2(1 — X)) + o(N). In the supercritical case,
the boundaries drift outward, and hence spend most of their timelnaad N. But they
make excursions toward the center, and the chance that the two boundaries meet in a short time
interval is \=V+o(V) Standard arguments then show that is AN*+°(N), Note that for the
biased voter model X.” is 1, and the analogue of is log, which is concave.
Our definition of a profile remains the same, but now given the profilgy, X), we con-
sider the Markov chain with transition rates

q(A, A\{j}) = [(Z\A) N {j = 1,5 + 1} if j € A,
q(A, AU{j}) = A0 - DIAN{ - 13+
AG+DIAN{G + 1} if j ¢ A,
for A c {1,...,N}andj € {1,...,N}. The analogue of Theorems 2 and 3 for the biased
voter model is given by Theorem 7.
Theorem 7 If (K, &, X) is a profile such thah; < 1 forall j € {1,..., K}, then asN — oo,

K
N _ Y
N L1 -N)

7=1

I~

If \; >1forall j € {1,..., K}, thenasN — oo,

logoy p - log Efon] EK:
N N
N — E Qg 1Og(/\J) and T — o7 lOg()v)

j=1 j=1
The intuition behind this result is the same as for the previous one, the only difference being

that now the random walks that form the boundaries live in an “inhomogeneous environment”;
they drift at different rates in different partitions.

Theorem 8 Theorem 4 holds for the biased voter model if we rephacsith 1 andy, () with
log .

The solution to the optimization problem for the biased voter model matches the intuition from
Section 3.

Theorem 9 For the biased voter model, ¥, > 1, thenR*(\y,n) = log(\g + 1) is achieved
by the profile(1, 1, \g + 7). If Ay < 1, let \* be the unique solution to

1— % = log \*
that is greater than 1. I\, +7n > \*, then againR*(\, n) = log(Ao+7n). If A\g +71 < A\*, then
R*(M\o,n) = n/A* is achieved by the profile, (a, 1 — «), (A", A)), wherea = n/(A\* — o).
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5 Concluding Remarks

This work illustrates the benefit of employing interacting particle systems to study wireless
sensor networks: interacting particle system tools expose behavior like the phase transition in
our tracking network that might not be clear otherwise. But the existing interacting particle
systems literature is phenomenological; our results on designing a contact process are new.
The gap between the existing results and those needed to impact technologies like wireless
sensor networks suggests a new paradigm for interacting particle systems research, one that
studies models with an engineering eye to answer design- and control-oriented questions.
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