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The Common Randomness Capacity of a Network of
Discrete Memoryless Channels

Sivarama Venkatesaiviember, IEEEand Venkat Anantharanfrellow, IEEE

Abstract—in this paper, we generalize our previous results on  With these considerations in mind, Ahlswede and Csiszar
generating common randomness at two terminals to a situation jnjtiated a systematic study of the role of common random-
where any finite number of agents, interconnected by arrbitrary  hegg i information theory and cryptography. To begin with,
network of independent, point-to-point, discrete memoryless chan- . o1 th dd d th bl f fi
nels, wish to generate common randomness by interactive commu-'N (2], they & resse_ e p.ro em.o. ggnera '“9 Commonl ran-
nication over the network. Our main result is an exact characteri- domness at two terminals W'thQUt giving [nformauon aboutitto
zation of the common randomness capacity of such a network, i.e., an eavesdropper (secret sharing) in various “source-type” and
the maximum number of bits of randomness that all the agents can “channel-type” models, and proved bounds on the rates at which

agree on per step of communication. As a by-product, we also 0b- {ne o terminals could generate common randomness in these
tain a purely combinatorial result, viz., a characterization of (the models

incidence vectors of) the spanning arborescences rooted at a spec- . . .
ified vertex in a digraph, and having exactly one edge exiting the  Later, in[3], they studied the rates at which common random-

root, as precisely the extreme points of a certain unbounded convex ness could be generated at two terminals without any secrecy
polyhedron, described by a system of linear inequalities. requirements, but under various other resource constraints, such
Index Terms—Common randomness, interactive communica- as access to side information and communication links. Interest-
tion, polyhedral characterization, spanning arborescences, strong ingly, the common randomness results obtained in [3] also led
converse. to new insights into the data transmission capacity of an arbi-
trarily varying channel (AVC) with feedback.
In both [2] and [3], however, the possibility of exploiting
. channel noiseto generate common randomness was not ad-
A. Previous Work dressed, except in the simple case of two terminals connected by
WO or more communicating agents are said to hawenoisy discrete memoryless channel with noiseless feedback.
common randomnesi$ there is a random experimentTo see how channel noise actually could be useful in this con-
whose outcome is available to all of them. This notion of sharéeixt, consider a situation where there are two agents, Alice and
randomness turns out to be of significance in many problerBsb, connected to each other in both directions by a pair of chan-
of information theory. For example, common randomnes$ls. As an extreme case, assume that neither Alice nor Bob has
available to a transmitter and receiver allows them to u@ecess to any external sources of randomness, such as a random
random codes for data transmission, which can outperfolsit generator. Even then, they may be able to generate common
deterministic codes in certain situations, e.g., with arbitrarifgndomness! The intuition is this: suppose Alice transmits some
varying channels [1], [10], [8]. In the theory of identifica-agreed upon input sequence to Bob. If the channel from Alice
tion over noisy channels [4]-[7], the maximum achievabit® Bob is noisy, then the resulting output sequence seen by Bob
identification rate is essentially determined by the amount wfill be random. Since the input sequence is known, Bob could
common randomness that the transmitter and receiver canssnehow “cancel” out its effect on the output sequence, and ex-
up. Common randomness can also significantly reduce tiigct the randomness due to noise. Now, if the channel from Bob
communication complexity of certain distributed computatiort® Alice has positive Shannon capacity, then Bob could reliably
[17], [20]. Finally, secretcommon randomness available to &onvey to Alice the randomness thus obtained, by using suitable
transmitter and receiver allows them to communicate securgycoding technigues, thereby generatogimorrandomness.
over a channel with eavesdroppers [2], [18], [19]. Of course, this procedure could be repeated, and Alice
could simultaneously extract randomness from the output of
the Bob-to-Alice channel (if it is noisy) and convey it reliably
to Bob (if the Alice-to-Bob channel has positive Shannon
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tion, at which Alice and Bob can generate common randomnegkose input is controlled by, and whose output is seen by
from the noise on the two channels, i.e., what is the common ran-We assume that these channels are all discrete memoryless,
domnesgapacityof the pair of channels connecting them? Thithat they operate independently, and that communication occurs
guestion was posed and answered in [23], under the assumpsionultaneously on all the channels, and in synchronism (i.e.,
that the two channels are independently operating discrete mehere is a common clock).

oryless channels (DMC'’s). The main result of [23] is that Alice The digraph= is allowed to haveelf-loopsi.e., edges of the

and Bob can generate form (v, v). Such edges can be used to incorporate into the net-
] . . work itself any external sources of randomness that the agents
leyaféB{mm[H(YBmB)’ I(Xa;Ya) may have. For example, suppose agehas a random bit gen-

+min[H(Y4|XA), [(X5:YE)] Q) erator provi_dingRU independent and unbiased bits in each step
of communication. We could then assume that) € £, and

bits of common randomness per step of communication owbat the(v,») DMC has only one input symbol, which produces
such a pair of channels. In (1)X4,Ya) and (Xp,Yp) are 2% equiprobable output symbols. In this waywould get ran-
random input—output pairs for the Alice-to-Bob and Bob-todomness at rat&,, from the output of thév,») DMC, instead
Alice DMC'’s, respectively, and the maximum is over all posef the external source. However, we do not restrict the self-loop
sible distributions for the inputX’ 4 and Xp. The rate in (1) DMC's to have this special form. In generalcould vary the
was shown to be optimal with a “strong” converse. Further, distribution of thgv, v) DMC's output from step to step, just by
was shown that the common randomness capacity in the preseying the input symbol. Further,could introduce memory in
ence of independent, discrete memoryless sources of extethalsequence of outputs, by adapting the input in each step to all
randomness at the two terminals could actually be derived frgmast outputs. With this in mind, we will assume that all available
(2). external sources have been incorporated into the network itself.

In the special case where both channels are binary-symmetrié\s in the two-agent case, there are basically two steps here in
with crossover probabilities andg, respectively, the common the process of generating common randomness. The first step

randomness capacity expression in (1) reduces to is for the agents to bring channel noise into play by communi-
. cating over the channels, so that each agent can then extract ran-
min{h(p) + 1(q),2 — h(p) — M)} domness from the observed channel outputs. The second step is
where for each agent to convey reliably the randomness thus obtained

e to all the others, using suitable encoding techniques.
hz)=—zlogz — (1 — z)log(1 — x) The mechanism for extracting randomness from noise is the
] ) ) ) ) ] same as in the two-agent case. However, several new features
|sthe_b|n:.:1ry.entropy fupctl_on (with ba&dogarithms). This ex- show up in the second step. In the two-agent case, there is
pression ig) if and only if eitherh(p) = h(g) = 0 (no random- 51y one path along which an agent can deliver randomness to
ness from noise on either channel)idp) = h(g) = 1 (Plenty e other, and this path consists of a single channel. Also, the
of randomness available from channel noise but no ability fR)ws of randomness originating from the two agents do not
agre_e). Moreove_r, the common randomness capacity equal?df@ract—each is confined to a different channel.
maximum of 1 bit/step whenever In contrast, in a general network of channels, there could be
h(p) +h(q) =1 — h(p) + 1 — h(q) seve.ral-paths from one agent to each of the others, many of these
consisting of more than one channel, and all these paths could be
i.e., whenever the entropies and capacities of the two channgded simultaneously to deliver randomness. Moreover, a given
balance each other. For details and other examples, see [23khannel could be on several different paths, which means that
the flows of randomness from different agents must interact.
For these reasons, the problem of optimally disseminating
The results of [23] apply only to situations where commorandomness from each agent to all the others is quite nontrivial
randomness is to be generatedvab distant terminals. In this in the general situation. In fact, the solution to this problem led
paper, we study a much more general problem wherefianyto a purely combinatorial result of independent interest, viz.,
nitenumber of agents, interconnected by an arbitrary networkafpolyhedral characterizatiorof the spanning arborescences
point-to-point channels, wish to generate common randomnesmted at a specified vertex of a digraph, and containing at most
As in the Alice—Bob case, we show that the agents can do sodgdges exiting the root; we proved that the incidence vectors
communicating interactively over the network, and exploitingf all such spanning arborescences are precisely the extreme
the noise on the channels. Our main result is an exact charpoints of a certain unbounded convex polyhedron, described by
terization of the common randomness capacity of any such natsystem of linear inequalities.
work, i.e., the maximum number of bits of randomness étlat  Only the cas@d = 1 of the above resultis relevant to the proof
the agents can agree on, per step of communication over the oéthe common randomness capacity theorem, and therefore we
work. restrict ourselves in this paper to just that case. The simple proof
We assume that the topology of the network is representgiden here ford = 1 does not seem to extend to higher values
by a digraphG = (V, ). The vertex se¥’ of this digraph is of d. Details of the statement and proof of the result for general
just the set of agents, and the edgeBeC V' x V describes d can be found in [22]. That result can be regarded as a gen-
their interconnections-+,w) € E means there is a channeleralization of Fulkerson’s [14] well-known characterization of

B. Subject of this Paper
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all the spanning arborescences rooted at a specified vertex abaresponding to the edgec E will be assumed to have fi-

digraph (no degree constraints). nite input alphabed’., finite output alphabey ., and transition
Polyhedral characterizations of the above kind are usefulobability matrix

in the study of linear-objective combinatorial optimization

(LOCO) problems (see, e.g., [16] or [15, Ch. 30]), since they We=(Wel(ylz):(z,y) € Xe x Vo).

allow such problems to be reduced to linear programs. Ofter\,/\%

polyhedral characterization, in conjunction with the LP dualit

theorem, leads naturally to an efficient algorithm for solving an

will say that the edgév, w) exitsv andentersw. If U C V,

associated LOCO problem. §(U) def {(v,w) € E:v ¢ Uwe U} )
The rest of the paper is organized as follows. The problem

of generating common randomness over the network is formu- §T(U) def {(v,w) € BE:veUw¢ U} ()

lated precisely in Section II. A formal definition of common der

randomness capacity is given in Section II-B. As with all ca- o (U) = {(v,w)e E:veUweU}. (4)

pacity results in information theory, there are two parts to , )

our characterization of the common randomness capacity—aHS¢ ™ (U) (resp.,6* (1)) is the set of edges that exit (resp.,
“achievability” part which states that common randomreess  €Nter) @ vertex not i/ and enter (resp., exit) one i, while
be generated at a certain rate, and a “converse” part whigH{/) iS the set of edges that exind enter vertices irt/. To
states that no higher rate is achievable. These are stated/{APlify notation, we will write6™(v), §™(v), ando(v) for
Sections II-D and II-E, respectively. From a technical point ¢f ({¢}), 7 ({t}), ando({v}), respectively. Note that(v), if
view, the converse part, specifically the so-called “strong” coffoN€MmPpty, contains exactly one edge, viz., a self-loop.oit
verse, is the more interesting of the two. Its proof requires tMéll 8/S0 be convenient further to define

development of a “typical sequence” machinery for interactive . del o

communication over a network of DMC’s, which might be of bn(U) = 67(U) Vo (U) ©®)
independent interest. The polyhedral characterization referred def 4

to above is stated in Section II-G. Sections IlI—VI contain the bourU) = 7(U) Vo (U). (©)
proofs of the main theorems. Thuséi, (1) (resp. Sou (7)) is the set of edges that enter (resp.,

exit) a vertex inU. In particular,6;,(v) (resp.,0out(v)) is just
[I. PROBLEM FORMULATION AND STATEMENT OF RESULTS 6~ (v) (resp., 61 (v)) with the self-loop on thrown in, if it ex-

A. Notation and Preliminary Definitions ists.

The following conventions will be in effect throughout: allg, Definition of Common Randomness Capacity

logarithms and exponentials will be to the base twaVlis a .
def To generate common randomness, the agents communicate

positive integer, thefV] = {1,2,---, N}. |z| willdenote the jnaractively over the network for a certain number of steps,
largest integer not exc'eednnghe standarq sequence notatlogayn, according to an agreed-upon set of rules. In each of
¥ = (21, 72, z) will be employed. IfS is a finite set, then ynese’steps, each agent transmits an input symbol on each of
z = (7,:s € 5) will mean thatz is a vector whose componentsis outgoing channels, based solely on the outputs of all his in-
are mdexgd by the elements 8f R, will denote the set of all coming channels in all previous steps. More elaborately, in step
nonnegative real numbers, aﬁfr the set of all vectoréz; € . (1 < k < n), agentv does the following in sequence and in

Ri:se5) 0 synchronism with all the other agents:

W = (W(y|z): (z,y) € X x ) » He determines the input symbol to be transmitted in step

) _ N . _ k on each outgoing channele é...(v), as a function
is the matrix of transition probabilities of a discrete memoryless

channel (DMC) with input alphabet and output alphabe¥, X w = for (Y’f—l; ¢ e 571”(1,))
P is a probability distribution ot’, and X andY are random ¢
variables with the joint distribution of the sequences of outpults, " received in the previous

k — 1 steps on all incoming' channels e Oin (V).

Pr{X =2,Y =y} = P(x)W (yl|z)
* He then transmits the symbal$. ; on their respective

then we will write eithet (X') or H(P) for the entropy ofX, outgoing channels.

either H(Y'|.X') or H(W|P) for the conditional entropy of’ « Finally, he receives the outputs ,, corresponding to the
given.X, eitherH (Y') or H(PW) for the entropy oft’, and ei- symbols transmitted in step on all his incoming chan-
ther I(X;Y) or I(P; W) for the mutual information between nels.

X andY. (Note that PW is the distribution ony given by

PW(y) = >, P(x)W(y|z).) As mentioned earlier, the net-

work of DMC's connecting the agents will be assumed to be After n steps, each agent either computes a random
represented by the digragh= (V, E). Depending on the con- output_ taking values in a common _finite set _of size, say,
text, we will refer to elements df as either vertices or agents,K—dV\f"thOUt loss of generality, we will take this set to be
and to elements oF as either edges or channels. The DMCK] = {1,2,---, K}—or decides that the attempt to generate
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common randomness failed. Each agent’'s decision is bag@inmon randomness over the network, wit, and X,
solely on the output sequences available to him. Formally, agsatisfying
v computes aecision random variablé,, that is a function of

all the output sequencés’, ¢ € 6;,(v), and takes values in liminf(1/n)log K, = R and  lim A, =0.  (10)
the set{x} U [K]. Here,S, = x is supposed to indicate that
declared failure to generate common randomness. The equivalence of the two definitions @ given above

Let fo = (fe,1, s fen),andf = (fe: ¢ € E). Let is easily verified. We will say that raté? of generating
S = (S,:v € V). Then the pair f,.S), which all the agents common randomness is achievable if there exists a sequence of
agree on before communication begins, sums up the set of ritesK ., A,,) protocols satisfying (10). ThuS'is the supremum
according to which the agents communicate over the netwarkall achievable rates.
and make their final decisions. We will refer {¢,$) as an ~ Our main result is a “single-letter” characterization(gfthe
(n, K) protocolfor generating common randomness. Of coursepmmon randomness capacity, in terms of the topology of the
the “amount” of randomness generated by this protocol, and tietwork and the transition probability matrices of the channels
extent to which itis truly “common,” are determined by the joingonstituting it. We prove this characterization in three steps.
distribution of the decision random variablgs v € V. Ideally, First, we prove that any rate not exceeding a certaiis achiev-
we would like to have able, so that” > C,. Then we prove a “weak” converse result
1 asserting that
Pr{S, =lforallve V} = —, foreachl € [K] (7)
K limlimsup(1/n)log K(n,\) < C* (12)

A0 n—co

with K as large as possible. If (7) were true, then all thés

would be equal with probability, and uniformly distributed for aC* that is apparently different fror@... Finally, we prove

over[K]. (There would be no “failure” events of positive probthat C, andC* are in fact equal. (It is the proof &f, = C*

ability.) Such a protocol could reasonably be said to generdk@t leads to the combinatorial result mentioned in Section I-B.)

log K bits of common randomness insteps of communica- Since (11) obviously implie€” < C*, we then have’, = C' =

tion. C*. We also prove that a “strong” converse result holds here,
In general, however, it is not possible to satisfy (7) except ir€-,

the trivial caseX’ = 1. Therefore, we will have to settle for

approximateequality and uniformity of thes,’s. To this end, hm_?’up(l/”) log K(n,\) < C", foreveryA < 1. (12)

we give the following definition: e

Definition 2.1: (£, S) is an(n, K, \) protocol if Thus

lim (1/n)log K(n,A\)=C

1- 1 n—0oo ’
T)\ S PI‘{S,” =1 f0r a” v E V} S %)\,

for eachl € [K]. (8) for every\ € (0,1). Clearly, (12) says much more than (11),

the “weak” converse. As is to be expected, its proof is also much

If A\ = 0, then (8) reduces to (7), which, as we just mentioneB?rder’ requiring an elaborate “typical sequence” machinery
is too stringent a requirement. On the other hand it 1, for dealing with interactive communication over a network of
then (8) is completely trivial; we can then satisfy it with arbiPMC's. However, such strong converses greatly strengthen
trarily large K, simply by letting eachs, equals+ with prob- the significance of coding theorems in information theory, as
ability 1. For the above reasons, we will always assume froffgued by Wolfowitz [25], and itis therefore desirable that they
now on that\ € (0,1). Itis clear from (8) that\ is a measure P€ proved wherever possible.
of how far the joint distribution of thes,’s deviates from the ~ We provide separate proofs for (11) and (12), the weak and
ideal of (7). If \ is a small positive number, then tisg’s will ~ Strong converses. Although (11) is clearly implied by (12), its
be equal with high probability, and have marginal distribution00f is much simpler, and based on more conventional tech-
close to uniform on{K], conditional on the high-probability nlqges,whlch |swhy_vve|nclude|t here.AIso,theweakcor_werse
event{S, # * for anyv}. The above considerations motivatesUffices to characterize the common randomness capacity

the following definition of the common randomness capa€ity o )
of the given network of DMC’s: C. Definition of Spanning Arborescence
Definition 2.2: Let K(n,A) be the largest integek such The graph-theoretic °°.“°e'°t ofsaanning arporescemmill
that an(n, K, \) protocol éxists for generating common ran_playavery|mportant role in our characterization of the common
B . randomness capacity. Essentially, a spanning arborescence is

domness over the given network. The common randomness ca : . . : .

acity of the network is the counterpart in a digraph of a spanning tree in an undirected
pactty graph. For a formal definition, we need to define path and circuit

def .. o first. The following definitions are all with respect to the given
C = 1)3101 hnn_l)l;gf(l/n) log K(n, A). 9 digraphG = (V, E).
A pathfrom vertexu to vertexw is a set oft > 1 edges

Equivalently,C is the supremum of all rateB such that there

exists a sequence dfn, K,,A,) protocols for generating {(vo,v1), (v1,v2), (v2,v3), -+, (Vp—1,Uk)}
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with vy = » andw;,, = w. A circuit is a path from some vertex to according to the distributio®.. Then, on average, channel
itself. Note that a self-loopw, v) constitutes a circuit by itself. corrupts each transmitted symbol by addiddW .. | P, ) bits of
noise. If the agents always use codewords from reliable block
codes for communication, then they can recover this random-
ness due to noise from their respective incoming channels, by
first decoding the transmitted codewords. This way, agerastn

Definition 2.3: A spanning arborescence rootedyas a set
T of edges, with the following properties: i) no edgelirenters
v; i) for eachu # v, exactly one edge i’ entersy; iii) 7" does
not contain any circuits.

extract
It can be verified easily that in any spanning arboresc@nce der
rooted atv, there is auniquepath fromw to «, for each vertex Z H(W.|P.)=H,(P)
u # v, and that the edges & form a spanning tree in the eCoin(v)

undirected graph underlying'. We will denote the set of all s of randomness from channel noise, in each step of commu-
spanning arborescences rooted aty 7 (v), and let nication.
def To generateommonrandomness, each agent must then re-
7= U 7(v). liably convey as much of this randomness as possible, subject
vey to capacity constraints, to all the other agents. This is where
If (v,w) € T, then we will say that is theparent ofw in  the concept of spanning arborescence comes in. A spanning ar-
T, andw is achild of v in 7. Note that a vertex can have moreborescence rooted atis just a minimal set of edges in which
than one child irf’, but no more than one parent—in fact, everthere is a path from to every other vertex. Therefore, agent
vertex other than the root has exactly one parefff {the root v could disseminate a part of the extracted randomness through
has none). A vertex with no children ifi will be called aleaf each spanning arborescefi¢eooted at, by sending a message
of 7" (every spanning arborescence has at least one leaf).  to his children inZ’, each of whom relays it in turn to his own
) - children inZ’, and so on, till the message reaches every agent.
D. Achievability ResultC' > C. Suppose wants to send bits of randomness per step this
For eache € FE, let P. be a probability distribution on the way through the spanning arboresceifice 7 (v). Sincev gets
input alphabett, of channelk, and letP = (P.:c € E). Let only H,(P) bits of randomness per step from noise, we have

the vectorsH (P) € RY andI(P) € R be given by the constraint
H(P)E Y HWP) (13) > oS H(P)
e€8;, (V) TET (v)
L(P) det (P W.). (14) for eachv € V. Also, the channet can reliably convey at most
def
Let R(P) be the polyhedron of all vectors € RZ. satisfying I(P;W.) = I.(P)

the following constraints: _ e . .
g bits per step if its input symbols are used according to the dis-

Z rr < Hy(P), foreachw ¢ V (15) tribution P.. Therefore, we also have the constraint
TET() Z ry < Ie(P)

> rr < L(P), for eache € E. (16) T>e
T:ecT

for eache € E. These are just the conditions (15) and (16)
The “achievability” part of our characterization of thedefining the polyhedro® (P).

common randomness capacity essentially states that foPany The above reasoning suggests that, as long as the vector of

and anyr € RP) the rate}_, rr is achievable. ratesr is in R(P), the agents can generate common randomness

Theorem 2.1 (Achievability Result)Let at a total rate ob _,cy 2 rc7(,) rr- The inner sum here is
the rate at which common randomness originates(tbm the

C,(P) def ax Z rr (17) noise on the channels enterip}g and is then conveyed reliably
rC(RP) 1= to all the other agents. In particular, the r&e= C,.(P) must be
der achievable. This is a plausibility argument for the achievability
Cy = max C.(P). (18) resultC > C.. See Section Il for its proof.
Then E. Converse Result? < C*
liminf(1/n)log K(n,\) > C,,  foreveryA > 0. (19)  Foreach nonempty subsgtof V', let
def

In particular, the common randomness capa€ity C.,. Co(P;U) = Y H(P)+ Y I(P) (20

N . . . o vCU e€s—(U)
The intuition behind the achievability result is this: Bt=

(P.:e € E) be given. Suppose the agents communicate wignd let
each other over the network for a large number of steps in such def .
away that, on average, the input symbols of chanraek used Co(P) = min Co(P;U). (21)
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Foreachm > 1,and each collectiok, - - -, V;,,41 of nonempty F. C, = C*
and pairwise disjoint subsets b, let To complete our characterization of the common randomness
def [y capacity, we need to prove that = C*. In fact, we will show
Con(Ps Vi, Vi) = — Z > L(P) (22) thatC.(P) = C*(P)for everyP.
=1 e 7
e Theorem 2.3:For everyP, C.(P) = C*(P). Consequently,
and let C, andC* are both equal to the common randomness capacity
Coa(P) < omin  Cu(PiVie Vngs). (29) C of the network.
o We can gain some insight into the conclusiofi.{P) =
Theorem 2.2 (Converse Resultl et C*(P) for every P” of Theorem 2.3, by translating it to an
. def . equivalent statement about an extended digi@pkefined as
C*(P) = i Cn(P) (24)  follows:
o < max C"(P). @5 G, E),
Then whereV € VU Ir} andE €EU {(r,v):v € V). (29)
. ) . In words, ( is obtained from¥ by adding a new vertex, and
hfff;p(l/”) log K(n,\) <€, foreveryA < 1. (26) 4qding new edges fromto all the vertices in7. Note that we

may identify the edgér, v) in G with the vertexv in G. (It is

inly for the convenience of being able to treat vertices and
es ofGG on an equal footing that we have defined the ex-
ended digraplt.)

In particular, the common randomness capa€itg C*.

Here is the intuition behind the converse result: suppose tha
communication between the agents proceeds in such a way
the input symbols of channebet used according to the distribu- . .
tion ., onaverage. LeP = (P.:e¢ € E).Then, agent gets Some notation will bi ?SerI here. Let
H,(P) bits of randomness from channel noise, and chancesh ) E {(rv) v eV} (30)
reliably convey at most.(P) bits, per step of communication. o e set of edges i that originate at. ForlU C V, continue

Let U be any nonempty subset &t Then, the total rate at . -

to defineé—(U) as in (2). Further, let
which randomness from channel noise originates at vertices in
ST U{(r,v):ve U} (31)

Uis} , cy H,(P). The total rate at which randomness could ()=
originate at vertices iV — U/, and then be conveyed rehablybe the set of edges in the extended digrépthat exit vertices
not in U and enter vertices ify.

to those inl/, cannot exceegjeeé_( /) Le(P), the sum of the
capacities of all channels going frovi— U to U. Therefore, the We will denote the set of spanning arborescence by 7
Ste thatall spanning arborescences ¢h must be rooted at

total rate R at which the agents generate common randomng\s‘
must satisfy , since no edge ¥ entersr. Further, observe that there is

def

R< Z H,(P)+ Z I(P) a one-to-one correspondence between the spanning arbores-
el ccs—(U) cences inG that have exactly one edge exiting and the
= Co(P;U). 27) spanning arborescences in the original digréphf 7" € 7,
and (r,v) is the only edge irll" that originates at, thenT
Next, letm > 1, and letVy,---,V,,;, be nonempty and corresponds to the spanning arborescefice {(r,v)} in G,
pairwise-disjoint subsets df. If 1 < i, <m+landi # j, whichis rooted ab. Let
then each bit of common randomness that originates at a vertex ~ def
TL=E{TeT:|Tn&t(r) =1} (32)

in V; must use up one bit of capacity on at least one edge in
§=(V;), in order to reach the vertices . Therefore, each bit We will now derive the statement abafitthat is equivalent to
of common randomness that originates at a vertg} i must  “C.,(P) = C*(P) for everyP.” To eachP = (P.:c € E),
use up at least: bits of capacity on edges [, 6~ (V; ) Asfor  there corresponds a vecoe R’ defined as follows:

the common randomness that originates at a vertex g} ivi; wt [ Hy(P) if ¢ = (r,v) for someu € V

(if such a vertex exists), each such bit must actually use ¢ ce = { I ’UP ’ ¢ E Y

bits of capacity on edges i, 6~ (V;) (one bit on at least one (P), ce L

edge ins—(V;), for eachi). This means that the rafe at which Observe that contains all the information in the vectals( P)
the agents generate common randomness cannot ex¢geed andI(P). Let

(33)

times the sum of the capacities of edges jjv—(V;), i.e., e . ~
1 Ple) = {r € Ri: Z rr < ¢, for eache € E} . (34)
DD BIA
i1 eco—(v) Then, it is easy to see that
=Cop (P V1, -+, Vig1). (28) C(P) dzef max Z T
rcR(P
The bounds orR in (27) and (28) imply tha® < C*(P). RP)
This is a plausibility argument for the converse regil C*. = max Z T (35)

See Section IV for its proof. rep(c) Teh
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Next, for each nonempty subsgtof V, let 2(U) € Rf be
given by

373

Let

def

3 A= {gr):TeT} (43)
def |1, ifeeé (U
z(U) = {0 otherwiS((a : (36)  be the set of all such incidence vectors,
’ . E .
) Consider the polyhedraronv (A) + R}, i.e., the set of vec-
and, for eachm > 1 and each collection, -, V41 2

tors inRY that lie on or above the convex hull of the incidence

of nonempty an%Epswvv.lse—dtl)spmt subsets df, let vectors of all spanning arborescences4nAn important and
2(V1, -+, Viny1) € Ry be given by well-known result of Fulkerson [14] characterizes this polyhe-
1 mA1 dron as the solution set of a certain system of linear inequalities:
Vi Vog) & L iee U 8700 (g
Ze(Vi, -, Vimg1) = ¢ m Pat} @7 Theorem 2.4 (Fulkerson):Let
0, otherwise. def B
= : . >

Then, it is easy to see that A= 8eRz-g 2 Lloralz € D) (44)

del whereD is the finite set consisting of all the vectot§/) de-

Co(P;U)= > Hy(P)+ > IL(P) fined in (36). Then
< e A A)+ RE 45
_ ZCGZG(U) (38) = conv (A) + RY. (45)
vk The extreme points of the polyhedrohare precisely the vec-
and tors in A.
dof 1 ™A We prove a result similar to Fulkerson’s when there is a de-
Con(Pi V1,3 Vi) = m L(P) gree constraint on the roet we characterize by linear inequal-
Z’:l eco (Vo) ities the polyhedroronv (4,;) + R, where
= ceze(‘/lv ) Vrn-l—l)- (39) defl ~
ceh A= {{(1):Teh}. (46)

If Dy isthe finite subset oRf consisting of all the vectoeg 1)) Theorem 2.5 (Polyhedral Characterization)Let
andz(Vi,---,V,,41) defined in (36) and (37), then by (38) and dof o
(39) Al = {{eR;:z-£>1forallze D} (47)

where D; is the finite set consisting of all the vectoz$l/)
defined in (36), and all the vectoegV;, - - -, V,,,11) defined in
(87). Then

C*(P) Y min C,,(P)

m2>0
E CeZe-

ec F

From (35) and (40), it is clear that the statement alédthat
is equivalent to C.(P) = C*(P) for everyP" is

ro = min E CeZe,
~ z€ Dy 7
ecF

= min
zeDq

(40)

Ay = conv (4;) + RE. (48)
The extreme points of the polyhedrgh are precisely the vec-

for everye € RY. tors in Ay

The following curious fact is worth noting: althougy is
(41)  obtained by adding more constraints to those definindt ac-
In the terminology of polyhedral combinatorics, (41) is qually has fewer extreme points thah
“max-min equality” (see, e.g., [15, Ch. 30]). It is clear that Theorem 2.5 is proved in Section VI. Here, we will show how
a proof of (41) would constitute a proof of Theorem 2.3 ag derive the max-min equality (41) from it. Using the definition

well. Now (41) can, in turn, be regarded as a corollary &f A4, in (47), we can rewrite the conclusion (48) of Theorem
another combinatorial result, which we stated in Section II-G.5 as

Essentially this result is a characterization of (the incidence B B
vectors of) the spanning arborescencesinhat use exactly {€ R 2-£>1foreachz € D1} = conv (A1) + R
one edge exiting, as precisely the extreme points of a certain (49)

unbounded polyhedron defined by a system of linear inequalye can paraphrase (49) as follows: an unbounded polyhedron

ties; the sysFem_ h_as one inequality for each vector in the finij,osefacetsare determined by, equals an unbounded poly-
setD;. This is similar to a well-known result of Fulkerson [14]hedron whosextreme pointare determined by, . This is es-

that gives an analogous characterizationabfthe spanning gengially a relation between the finite sdbs and A, . Rather

arborescences iv. interestingly, this relation is symmetric, i.e., from (49) we can
conclude that

{z € Rf; £ -z> 1foreaché € A1} = conv (D;) +Rf.

G. Combinatorial Result
For eachl” € 7, define an incidence vectg(T’) € Rf as

follows: (50)
7y def 1, ifeecT 42 A paraphrase of (50) is obtained from that of (49) simply by
(1) = 0, otherwise. (42) interchangingacetsandextreme pointsThe elegant “duality”
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between (49) and (50) is a fundamental result in the theory afwhose codewords have the same typ@and whose maximal
blocking polyhedra, developed by Fulkerson in [12] and [13]:error probability is at mosixp{—noc(R', P) +o(n)}. Here

Lemma 2.1:Let A and D be finite subsets aR’}, and letD R, P) S min[D(V||W|P) + (I(P;V) — B )*]
and.4 be their respective “blockers”: v
def is a continuous function ofR', P) that is positive ifR <

p d:f {ze Ry g2z 1forallg e A} I(P;W) and zero otherwise. Th&(n) term does not depend

A= {€€R}:z-£>1forallz € D}. onR orP.
Then, 4 = conv (4) + R" ifand only if D = conv (D) + R™. Proorl:: Thisis aclfassmal refsult in channel coding—see [9,
Proof: See, e.g., [15, Ch. 30, Theorem 6.3]. As with man@' 165, Theorem 5.2] for a proof. O
other “duality” results, the proof is by an application of Farkas’s Lemma 3.2 (Equipartition Lemma)-et
lemma. O

W = (W(yle): (z,9) € X x V)

: be a finite-alphabet DMC. Suppogec X" is of type P, and
{z€ R £ 2> 1foreacht € A;} C C Y™ Then, for anyR™ > 0 andM < exp(nR’), there

on the left-hand side (LHS) of (1) &;, we have exists a partition o€ into subset€(x), C(1),---,C(M), such
& thatW™(C(j)|e) has the same value for evefye [A], and
Dy =conv (D) + RY. (51)

In the terminology of [13],4; andD; constitute dlocking pair WH(Cle) < expl-nf(R, P) + o(n)}.

of polyhedra and the matrices whose rows are the vectors l#ere

Dy and Ay, respectively, constitutetslocking pair of matrices B(R,P) def min[D(V||W|P) + (H(V|P) — R')*]
This blocking relation has many interesting consequences, one v

of which is the max-min equality we wish to prove (see [13] fois a continuous function of R", P) that is positive ifR" <

Denoting the polyhedron

others). H(W|P) and zero otherwise. Th&n) term does not depend
Consider the linear program (LP) on R orP.
max Z r+ subjectto = € Ple) (52) Proof: See [23, Lemma 3.2]. O
TeTy Supposen > 1 and P, is ann-type on the input alphabet

on the LHS of (41). We will now write down thdual to this &% of channele. Fix ane > 0. Then, by Lemma 3.1, we can
LP. The dual LP has a variable € R, for eache € E.The find an “equitype” block code of block length for channel
dual feasible region is the set of all vecters R satisfying ¢ With exp{[n(I(Fe;W.) — )]} codewords of typeF,
Y ecp 7 2 1foreachl e 77, which is just the polyhedron Whose maximal error probability is bounded byp (—an),

D,. The dual objective is to minimizE,  ; c. 7. for somea > 0. Using this code, it is possiple to convey one
By linear programming duality, the optimal values of th®f exp{[n(I(F;;W.) — ¢)]} messages reliably across the
primal and dual programs are equal, i.e., channele. _ _
) By Lemma 3.2, each decoding set in the above code can
romie e T T 0P Ly CFe (53)  further be partitioned intexp{|n(H(W_.|P.) — ¢)]} subsets
Ten eCkE that haveequalprobability when the corresponding codeword

Now, by (51) and the nonnegativity @ the minimum of s transmitted, and a remaining “failure” set whose probability
2. ce?e OVEr allz € D; must equal the minimum of - c.z.  is bounded byxp (—/3n), for somes > 0.
over allz € conv (Dy); by linearity, the latter must equal the |t is these “equipartitions” of the decoding sets that make it

minimum of }°_ c.z. over allz € D;. Thus possible to generate randomness from noise. Whenever a mes-
min Coz. = min Cote. (54) Sageis transmltte.d.across chana_elsmg the block code, the _
2CDy s 2CDy 7 agent at the receiving end can first decode the message reli-
€ €

ably by observing which decoding set the channel output falls
in. Then, by further observing which subset of the partition
of that decoding set contains the channel output, he can ob-
tain a “noise variable’B. that is either a bit string of length

A. Equitype Codes and Equipartitions [n(H(W_|P.) — ¢)], or the failure symbok. The entropy of

The proof of the achievability result is essentially a formalPe 1S close ton(H(W|F.) — ¢) becausePr{B. = +} <
ization of the reasoning in Section I1-D. It makes use of the fofP (—/4n) and, conditional orB. # «, all the bit strings are
lowing pair of pleasingly dual lemmas, which formed the basRAuiprobable.

for the achievability proof in [23] as well. Suppose the agents have agreed upon such equitype block
Lemma 3.1 (Equitype Code Lemmad)et codes, together yvith equipartitions of their decoding sets, for
all the channels in the network. L& = (P.:e € E) be the
W = (W(yle): (z,y) € X x V) collection of chosem-types, and let be a vector in the interior
be a finite-alphabet DMC. For an§ > 0 andL < exp (nR ), of the polyhedrorR(P). We will now describe a protocol for
there exists a block code of block lengttand sizel. for W, all generating common randomness, using the agreed-upon codes

From (53) and (54), we have (41).

Ill. PROOF OF THEACHIEVABILITY RESULT
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and partitions, that achieves the ratg.. - »r. This is sufficient for each spanning arboresceriteooted atv. The
to prove the achievability result. reason is that a bit string transmitted #©yn round

k4 1 will not reach the leaves df by roundn — 1

B. Protocol for Generating Common Randomness if dr > n — k, and will, therefore, not contribute

The protocol has rounds, in each of which a codeword from
the appropriate block code is transmitted on each channel in the
network (these transmissions occur in synchronism). The total
number of steps in the protocol is thes The codewords trans-
mitted by an agent on his outgoing channels in any round are

to common randomness anyway.

c) If £ < n — d, then the messagéd, ,(k + 1) for
the spanning arborescencEghat are rooted at
are determined based on the noise variablgs:),
e € 6;n(v), as follows:

functions only of the channel outputs he received on all his in- i. If Be(k)==xforsomee, thenMz ., (k1) =x

coming channels in the immediately preceding round—a “Matr- for everyl € 7 (v).

kovian” property. ii. If B.(k) # = for all ¢, then the messages
The following definitions will be useful here. Thiepth ofu My, ,(k+1), T € T(v), are taken to be

in 7', denotedi,(v), is the number of edges in the unique path disjoint substrings of the concatenation of

in 7 from the root tav. The root itself is defined to be at defth all the bitstringsB. (k), with the length of

Thedepth offis dy = max, dr(v). Finally,d < maxz dz.

My ,(k+1) being [nry].

Let then rounds of the protocol be indexed byl - - -, n—1. In Case ii above, observe that we need a total
We will now describe the events in roukdrom the perspective of 3 rer(wlnrr] bits to define the messages
of a particular agent, say. The round has the following three My, (k+1). If € is small enough, this number is
stages: indeed smaller than

1) First, for each spanning arboresceef which v is Z [n(H(Q.|P.) — ¢)]

not a leaf, agent transmits a messag®y (k) to all e€6:n(v)
his children inT’, u:'sing_ the app.ropr.iate block codes. The the length of the concatenation of all tBe(k); be-
message\lr, ,(k) is either a bitstring of lengthinrr |, causer was assumed to be in the interior®Bf P).

2)

3)

or the symbolx (we will describe in Stage 3 how it is It remains to specify how the messagéis ,,(0) are chosen.

determined). Actually, the purpose of round is only to initiate the process
Observe that the channelmust, therefore, carry ONne extracting randomness from noise, and there are really no
of exp ([nrr]) + 1 messages for each spanning arboregiessages to be transmitted. We may therefore défipe, (0)
cencel’ to which it belongs, so that the total number OBrbitrarin, sayMr ,(0) = %, for all T andw. ’
possible messages is To complete the description of the protocol, we must also
H(exp( lnre]) +1). describe how the agents compute their dec_ision random vari-
ables at the end of round — 1. Observe that in rouné + 1,
0 < k < n — d, the root of the spanning arboresceficgans-
If ¢ is small enough, this number is indeed smaller thafits a message—derived in rouhdrom the noise variables on
exp{|n({(£; W.) — ¢)| }—the number of codewords in his incoming channels—to all his children 7y each of these
the code for channet—because was assumed to be inchildren forms an estimate of that message in rokird1, and

T>Se

the interior of R(P). in turn conveys that estimate in roukdk- 2 to his own children
Next, for each spanning arborescefftef whichv isnot in 7', and so on. _ R _
the root, agent decodes the message sent in rokriay In general, agent forms an estimaté/r ,(k + dz(v)), in

his parent inZ” as, SayMT, +(k). In the process of de- roundk + dr(v), of the message transmitted by the roof7of
coding these messages, he also obtains a noise variaBleoundk 4+ 1. If no decoding errors occur, then the estimates
B.(k) from each incoming channel € &;,(v), as de- formed by all the agents coincide with the original message.
scribed earlier. Thus, (k) is either a bitstring of length Moreover, if there are no failures in extracting randomness from
|n(H(Q.|P.) — ¢)], or the failure symbok. noise (i.e..Bc(k) #  for any edgec and anyk > 0), then
Finally, for each spanning arboresceficef which v is all such messages are bit st_rings contributing to common ran-
not a leaf, agent determines the message, , (& + 1) domness. Observe also that if there are no decoding errors then

to be transmitted in the next round to his childrerin 47, »(k) = * fork < dr(v) andk = n — d + dr(v).
There are three cases to consider here: For spanning arborescenc&srooted atv, it will be conve-

a) If T is not rooted at, then nient to defineMy (k) asMr ., (k + 1). With this convention,

let
My o(k+1) % N (k) M, (Vg o (k+dr(v):0<k<n—d,T€T), weV.
the estimate thab made of the message sent in A(55)
roundk by his parent irif". Then, by the remarks made in the preceding paragdfhis
b) If £ > n — d, then the vector of’s estimates of the messages sent by the roots of all

et spanning arborescences in roudds, - - -, n — d (for spanning
My o(k+1) = x arborescences rooted-aitself, these estimates are the same as
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the actual messages, by our convention). Clearly, if no decodistgingir-(k) in roundk + 1, and, for every € V, the estimate
errors occur in any round on any of the channels, thedhés My (k4 dr(v)) that agent: forms in roundk + d(v) of that

will all be equal. message is correct.
Here is how agent determines his decision random variable Therefore, to prove that the protocol described in the last sec-
S.. If some component oM, equalss, say tion achieves tha defined in (57), it suffices for us to prove that
My, o(k + dr(v)) = * % <Pr[DlamrTil) < % (59)

(for someT” € 7 and som&) < k < n — d), then agenv  1he main idea in the proof of (59) is to use the “Markovian”

assumes that the root @f failed to generate randomness fromy v re of the protocol to decompose the probability of interest.
noise in roundk, and therefore setS, = . Agentwv also sets 1, begin with

S, =« if My, ,(k) # « for somel’ € 7 and some: < dz(v)

ork > n — d+ dg(v), as this obviously indicates a decoding . e ndct - .

error on some chafwn)el in some round. P[P AM T = H Pr{De M D M
Otherwise, agent takes S, to be, say,1+ the integer k:fl

whose binary representation is the concatenation—in some ) H Pr [Dy.|DF M4,

agreed-upon order—of all the bit stringd .(k + dr(v)), il

0<%k < n-—d, T € 7. Thus, theS,’s all take values in (60)

{x} U [K], where
We will bound each of the terms in (60) separately.Gef & <

Kt exp {(n —d) Z |_m’TJ} n —d, let

TeET def

By, = {B.(k) # = for all e}.

_ 2 Y 2
= exp {n <Z 7T> o(n )} ) (56) Thusf;, is the event that there is no failure to extract random-

_ rer _ _ ness from noise on any channel in round
It remains to prove that the protocol just described doesThen observe that, f@r < k < n — d

achieve the rat .., . We will do this in Section I1I-C by

7

showing that the protocol satisfies (8) with PI{D;, 0 My | D 0 MET]
dof = PB), N Dy N M, |D¥H 0 MFT (61)
A = n|E|[exp (—an) + exp (—n)] (57) — PI{B), N Dy D** 1 MF]
=o(1). (58) PAM|DF "t n MEL N B N Dy (62)

The RHS of (57) can be understood as a union bound df€ equality in (61) is becaus&t,, C 5. Now, the event

e . k—1 k—1 i i
the probability that some “bad” event occurs during th& 1 M"7" determines the codewords transmitted on all
protocol—here, a “bad” event is either a decoding error, ortBe channels in round. Conditional on these codewords being

failure to extract randomness from noise (iB.(k) = ), on transmitted, the probability that either a decoding error occurs

some channel in some round. onchannet, or B. (k) = =, is at mosexp (—na)+exp (—nf).
Since the events on different channels are independent once
C. Analysis of the Protocol their inputs are specified, we have
For0 < k < n, define the everD, as follows: [[ -2 —27) <Pr[Bn DD TN M < 1L
e . ecF
Dy, & {No block-code decoding errors occur - (63)
in roundk}.

Further, by the equipartition property

Foreacth<k<n—dandeacll €7, letr, (k) be some fixed 1 1 1
bit string of length|nr |. Define the eveni\1,, as follows: Pr M Dt Mt nBen Dy = [] sbery- 64
TeT
My, E {For each’, the root ofT" sends the message  Combining (62)—(64), we have
ThT(k) inroundk + 1} H (1 _9—na _ 2—n,8)
The following notation will be convenient: — IT 2l
pt et D. TET
Dk g < Pr[Dy N My |D¥t 0 MPY
B 1
and <= (65)
e - L]
MEE () M. TI;[T2
i<k

foreach0 < k < n — d. Next, suppose. — d < k < n. Then
Observe thatD™1 N M"™<4-1 is the event that, for eachthe eventD¥—1 N M"*~¢-1 determines the codewords trans-
0 <k <n—dandeacll € 7, theroot ofl’ transmits the bit mitted on all the channels in rourid(recall that the roots of all
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spanning arborescences transmit only the symhial rounds nonempty subsdt of V, andR < C,.(P; Vi, -+, Vig1) +
n—d+1,---,n—1). Therefore, ox(1) for everym > 1 and every collectiotVy, - -+, V,,,4; of
H (1—27"%) < Pr [kak,l A M"*dfl] <1 (66) nonempty and palr\lee-d|SJomt subsetsioNow
ey Co(P;U) =Y H,(P)+ > I(P) (70)
for eachn — d < k < n. From (60), (65), and (66), we can _ HET®) I(X.-Y
conclude that fj Z (refke) + Z: i (Xes ¥e)
—d velU eCbin(v) ecs—(U)
. (71)
PPt n M4 < T[ 2T = Z H(Y.|Xc) + Z I(Xe;Ye) (72)
Ter eCdin (U) e€s—(U)
1
= E (67) and m—41
and Cm(P§ Vla T m+1 Z Z I (73)
Pl‘[Dn71 mMnfdfl] 741‘_;]1 e€s— (V)
| gmna _ geniy\ 1 ] == Z > I(XsY.).  (74)
eI;IE( - B ) H (1 2_na) j=1 ecé—(V;)
- I 2t by Here, (70) is by (20); (71) is by (13), (14), and (69); (72) is
T&_T s because;, (/) = [J,cp 0in(U); (73) is by (22); and (74) is
HE (1—27ne—27nd)r again by (14) and (69).
> < K Because of (72) and (74) it suffices for us to show that
_ 1=n|E|@7 +2777) s BS Y HYX)+ Y I(XesYe)+oa(1) (75)
- K : ( ) €6, (U) eCs—(U)
The desired result (59) follows from (67) and (68). and
| el
IV. PROOF OF THEWEAK CONVERSE R< — I(X.:Y 1).
<= zzj > IXsY)+ea1).  (76)

ecs— (V)

Let (f,S) be any(n, K, \) protocol for generating common We will prove (75) and (76) in the next two subsections.
randomness, witl = exp{nR+o(n)}; this meansthatf,S) There, we will need a few simple inequalities. First, by (8)

A. Preliminaries

is thenth term in asequencef (n, K,,, A) protocols, with Pr{There existé € [K] such thatS, =Ifor all ve V}>1 — A.

limsup(1/n)log K,, = R. (77)
We will then prove that? < C* + 0, (1). Here,05(1) denotes Next, note that
a quantity that converges to zero.ag 0. H(Sy) dgf ZPr{SV = s} log Pr{Sy = s}

Let X. » andY. x be the random variables representing the
input and output, respectively, on chanaéh stepk, when the K
agents communicate according to thetep “strategy”f. For > Zpr{sv =l[forallve V}
eache € E, define . to be the average of the distributions of =1
Xe 1, Xen logPr{S, =lforallv eV}
def 1 - K 1—A K
P PriXew == > " Jlog | ——
Z Kep = o). _;<K>Og<1+)\>

It will be convenient to deﬂne random variabl&s andY., for =(1-XlogK —(1—-Xlog(1+ )
eache € E, with the following joint distribution: >(1—MNlogK — 1. (78)

Pr{iXc=u Y. =y} =P (x)We(yla), () €XexVer Here, the first inequality holds because logz > 0 for z €
(69) [0,1], and the second inequality is by (8). In (78), we have used

LetP = (F. : e € E). We will actually prove the weak converse? € (0,1).
by showing thal? < C*(P)+ox(1). In the proof, the following Now (77) impliesPr{S, # S, } < Afor all wandu’. Hence

notation will be useful: ifE” C V x V then H(S,|Su) <1+ Alog K, by Fano's inequality. In fact, for all
def / B o def nonempty set§/ andl/ of vertices, we have
Xpw=Xer:eeENE)andXy = (X 1, X )
" E o ’ H(S,/|S0) < Y H(S,|S0)
Y= (Yeu: :c€ E'NE) andY®, = =Yg, Y o er’
Further, ifl7 C V, thenSy < (S, :v € 1), < [U](1 + Alog K). (79)

By the definition ofC*(P) in (24), to establistk < C*(P)+ The inequalities above are by the chain rule for entropy and the
ox(1), we must show thak < Cy(P;U) + 0,(1) for every fact that conditioning cannot increase entropy.
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From (78) and (79), it follows that for any nonemgtyC V'
H(S,y)=H(Sv)—H(Sv_u|Su)
> (1= [VINlog K — [V]. (80)

Finally, note also that by (79) and (80), withreplaced byl/’
in (80)

I(8u:8y) = H(8y) — H(S,|80)

> (1-2[VINlogK —2[V|].  (81)

B. Proof of R < Co(P;U) + ox(1)
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Here, (82) is becaus®; is a function ong‘m(U); (83) is by the
chain rule for entropy; (84) is by (5); (85) is becau¥e iy, x

is a function oné oy ; (86) and (87) are by the chain rule and
the fact that condltlonlng cannot increase entropy; (88) is by the
concavity of the entropy and conditional entropy functions; and
(89) is because (V) U §—(U) = &;,,(U).

C. Proof ofR < C,,, (P; Vi, -+

LetVy,---,
vertices. Let

7Vrn+1) + 0)\(1)
Vint1 be nonempty and pairwise disjoint sets of

m—+1
Let U be a nonempty set of vertices. Then, by (80) Vo Z V- U Vi (90)
H(Sv) 2 (1-[V[A)log K — V| ,
— nR(1 - ox(1)) — o(n). and, forl < 57 <m+1, let |
So (75) will be proved if we show tha&f (S7;) is bounded above . et U V. (91)
by n times the right-hand side (RHS) of (75), which we proceed ! =
to do now Then, by (81), forj = 1,2,--,m
H(Sy) < HYS, 1)) @2) I(8y,;8v,,,) 2 (1—2[V|\)log K —2|V|
n =nR(1 — ox(1)) — o(n).
- kz_:l ¥,y 1l¥5 (1) ®3) 15 prove (76), it will therefore suffice to prove that
" (1/m) 375, I(Su,;8v;,,) is bounded above by times
=> HY sy, 1, Y5 an,alY M(b)) (84) the RHSof (76). To this end, note that

Il
x>
i

M- 1M

H(Y sy, 1: Y5 ), & |YI§;%U), X,y k)
(85)

<) HY w1l Xow), 1) +HY 5~ @), )] (86)
k=1
<SS D) HO X+ > H(Yew)
k=1 |eCo(U) e€s—(U)
(87)
1 n
= [ Z <_ ZH e, k|Xe k )
n
e€a(U) k=1
n
eCs— (o) 1
<n| Y HY|X)+ >, HY)| (88
eco(U) ecs—(U)
=n| Y HEIX)+ Y HYX)
eCo(U) ecs—(U)
+ > (XY,
ecd— (l/)
=n| Y HYJ|X)+ Y I(X;Y.)|. (89)
eCd;n (U) e€s—(U)

ZI(SUﬁSVjH

ZI Y(S?ﬂ(b )7 77?.(L +1)) (92)
j=1
< ZI(Y:SZN,(UJ-WYZ}XW
j=1
Y’gin(yfj+l)7y’€fj+1 XV{)) (93)
- m(b )7YL ><V)
+ H(Yé Vi YV k)
- H(Y m(bj+1)7Ynj+1><V )] (94)
- H(Y zn(bl)’Y’zleVf )
+ZH Yy, (V+1)’Y :+1><V0)
j=1
— H( m(l/mﬂ)vy?imﬂxw) (95)
m—+1
= D HYG ) YV )
_ H(Yg’;_n(b,mﬂ),Y";mHXv ). (96)

Here, (92) is becausgy, is a function ofY’y (U andS+y
is a function on&n(V] 1 (93) is because

I(Zy; Z) < I(Zy, Zig; Ziz, Zs);
(94) is obtained using the formula
I(Zl7 ZQ) = H(Zl) —|— H(ZQ) — I’I(Zl7 ZQ)

and the definition (91); (95) is obtained by “telescoping” the
sum in (94); and in (96) we have used the fact tat= V1, by

Jt+1



VENKATESAN AND ANANTHARAM: THE COMMON RANDOMNESS CAPACITY OF A NETWORK OF DISCRETE MEMORYLESS CHANNELS

the definition in (91). We will bound each of the terms in (96and

separately. First
H(Y?m(vg-) ) Yrvlg- x Vo )

:ZH(Y&”(V;-),MYWM k|Y6n(V)7Y’€;-_x1%) (97)

[l
”
M: i
Il

H(Yé—(vj)yk,ya(vg-),ka

k=1
ST SN TR Lo B (98)
< ZH(Ylsf(vj),k,Yo(vj),k,Yijv Y5 (y )
k=1
Xow,), ko XV xVa, &) (99)
< D HE s, + HY oy, 1l X o, 1)
st
+ H(Y v, sov, 1] X v sv0, 1)) (100)

379
H(ng Uma1)? Yg’mﬂ x Vo )
n m+l
Z Z Z e k|Xe k)
k=1 j =1 €CO (‘/f)
+ Y HYelXen)
eCo(V;)
+ Y HYuXew|. (108)

ec(V; xVo)NE
Here, (103) is again by the chain rule; (104) is because con-
ditioning cannot increase entropy; (105) is becaXsg , is
a function of Y% *; (106) is by the chain rule and the fact
that, givenX. , Y. 1 is conditionally independent d”;;l,
XEe_(e}, 0 andYE (e}, (107) is by the definition

— 6zn( rn-l—l) U (Urn-l—l X VO)
and (91); and (108) is by (5).

From (96), (101), and (108), we have, after cancelling
common terms

Z H(Y. 1)+ Z HY. 1| Xe x) il Z] Su,:8v,..)
k=1 |e€s=(V;) e€a(V})
1 n  m+l
+ > HE X (101) s > [H(Ye. 1) — H(Y. 1| Xe )]
eC(V; X Vo)NE k=1 j=1 ees—(V})
Here, (97) is by the chain rule; (98) is by (5); (99) is obtained 1 jiasy z": XY,
from (98) by first conditioning orXU(Vj),k andXv, «v;, » also m L 2 e,k Ye k)
(thls does not change (98) since these are both functions of IT e ‘5 Vy) th=

Yé (V)) and then dropping the conditioning 6)’#{ <v, (con-

d|t|on|ng cannot increase entropy); and (100) and (101) are by =
the chain rule and the fact that conditioning cannot increase en-

tropy.
Next, we will boundH (Y5, s
For convenience, let

’ def
E = 6zn( rn+1) U (Urn+l X VO)

i) Y U, 1 xv,) from below.

Then
H( ’gin (b’m+1)’YZ’m+1xVh) = H(YrE]’,) (102)
=Y H(Y_ ,[Y,;") (103)
kﬁl
>3 HYp ,[YE')  (104)
k=1

[
NIE

H(YFJ’,k|Y’E’_17XFJ’,k)

k=1
- (105)
= Z H e, k|Xe k (106)
n  m+l k=l cck’
= Z Z ( e, k|Xe k)
k=1 j=1 eC8;n(V;)

>

ec(V; xVo)NE

H(Y. 1| Xe r) (107)

m—+1
1 o
n [; > > Xy n)] : (109)

J=1 e€s=(V;)
The inequality in (109) is by the concavity of the mutual infor-
mation function. This completes the proof of the weak converse.

V. PROOF OF THESTRONG CONVERSE
A. Preliminaries

Let (f,S) be any(n, K, \) protocol for generating common
randomness, witl' = exp{nR + o(n)}; as before, this means
that(f, S) is thenth term in a sequence 0#, K,,, \) protocols,
with limsup,, _,..(1/n)log K,, = R. Suppose\ < 1. We will
then identify an appropriat® such that? < C*(P). This will
prove the strong converse. By the same reasoning that led to (75)
and (76),R < C*(P) will be proved if we show that

R< > HWP)+ > I(P;W.)  (110)
eCd;in(U) ecs—(U)
for every nonempty subsét of V, and
m—+1
R< — Z Z I(P;W,) (111)
=1 ecb—(V;)
for every m > 1 and every collectionVy,---, V41 of

nonempty and pairwise disjoint subsetslof

Much of the effort required to prove the strong converse will
go into the development of a “typical sequence” machinery for
interactive communication over a network of DMC'’s.
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B. Typical Sequences for Interactive Communication so that we can upper-bourd by ¢, and thus simplify several

Let Y, be the random variable representing the output §KPressions in the lemmas of this section.

channek in stepk when the agents communicate according to Supposer is 6-typical, andy”™ € 7. Then, by (115), the
the n-step “strategy’f . Let conditional type ofy” with respect to (w.r.t.)f.(y") must be
yk 4 def (Y" ceB). “close” to W, for eache € E. Intuitively, we expect the set
of all suchy™ to carry most of the probability under the distri-
Then Y™ completely determines the corresponding vecttutionW. This is confirmed in the following lemma, which is
(X2 :e € E) of channel input sequenceseife 6. (v) then  analogous to [9, Lemma 2.12].

Xew=Tfe, (Y’“ Lie' € 6i(v)), 1<k<n. Lemma 5.1: Let & be the set of vectorg® whose typer is
We will abuse notation and write, for eaehe £ 6-typical
Xew=fe 1) and XI'=f(Y"). &< | T (116)

g-typical®

For each nonempty subggtof V, let

YE Y (vE e € 6n(U)).

Then observe thatX? :e € 6,,.(U)) is actually determined
completely byY'7; itself. We will, therefore, abuse notation fur- det
ther and write, for each € 6, (1/) Here,c = 3 |X||Y.|.
k1 i n Proof: Recall thatX* andY* are the random input and
Xew=JerYy ) and X = fo(Yy). output sequences on chanrelvhen the agents communicate
We will denote the probability that™ = ¢ by W(y™), and, according to the strategf Letn be the (random) type &f " =
more generally, the probability thit" € € by W(&). Observe (Y.': ¢ € E). We will prove that, for any giver: € E and

Then

W) >1- 9—2 (117)

that (ae,be) € X. x Y., the probability that this random violates
_ ne,n n the condition (115) is at modt/6. A union bound over alk
= [T wewelsm) and(a, b.) will then give (117).
GSLE For eachl < k < n, define the random variablg;, to bel
_ H H Wy 1l fe k(yk_l)). if Xc » = a.andY, x = b., and0 otherwise
k=1 eCFE
def -
Definition 5.1: If 7. is an n-type on X. x Y. (ie., Zy = WX =ae,Ye . =be}. (118)
nme(ae,b.) is an integer for all(a.,b.) € X. x Y.), and
Then
T = (m.:e € E), then
def - ) .. . n l 119
T, = {y": the joint type off.(y") andy" is ., for eachc € E}. - > Zy = we(ae, be). (119)
(112) k=1
o Also
We will simply say that a vectog™ € 7. has the typer. 1
Obviously, the set of all vectorg® = (i : ¢ € E) is the dis- ElZ Y™ ] = Xk = ac}We(belac) (120)

joint union of the “type classesZ,. Moreover, the number of g that
these type classes can be upper-bounde@rby 1)¢, where / -

X > |X||Y|. Let Pr. and Q.. be the input and output n ZE[Zk|Y | = Pr.(ac)We(be|ac). (121)
marginals ofr,: k=

def Let
P, (a.) = Te(ae, b 113 - de )
Z (113) Yz Bz Y, 1<k<n.
Qn. (b)) E Zw a (114)
= (b) (e, be) Then, by (119) and (121), the probability that the condition
(115) is violated equals
If y* € 7, theny? has typel.. andf.(y"™) has typeP;., for )
eache € E. { > 7| > 9\/71W€(be|ae)}.
Definition 5.2: = is #-typical if But
W€ b€ €
|7e(ae,be) — Pr,(a)We(be|a.)| < 6 % (115) n Var <2 Zk>
> / k
foralle € E and(a.,b.) € X, x Y. Pr{ ;Z’“ 0 nWe(be|ae)} = n62W, (be|ac) (122)
Remark: Later, when proving the strong converse, we will B > V“u‘(Zk)

choose the typicality parametérto be an appropriately large % 123
constant. For now, we will simply assume that 1. Thisis just T nd2W(b.|a.) (123)
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Here, (122) is by Chebyshev’s inequality, and (123) is by theecauset.| > 1 andé > 1. This proves (128). Next, to prove
easily verified fact that theZ;,'s are pairwise uncorrelated. (129), observe that
To finish the proof, we only have to show that

E[Z}] < We(be|ac) 124) | > me(ae, be)log We(beac) + H(W,|Pr,)
(ae:be)
for eachk. Now

G = Zo — BZUY™] =| 3 [ b) = Pr (@) Webela)log W, (b.Ja.)

(ae:be)
=YX =a{U{Y. p = b} — We(bela)]  (125)
< Z |7re(aevbe) = P, (ae)We(be|ae)| |10gWe(be|ae)|

and so (ac,bo)
ZF =1 X. = a }[1{Ye j = b} — 2W.(bc|ac) Z 1/ e(be |“€ |log W, (be |ac)|
UYL g = b} + W2(be|a)]. (126) (ac,be)
Hence < @YD) 7
E[ZAY" ' = X, = a }[We(be|a) — W2 (b, |a.)] In the last step, we have ushgz log z| < (2loge)/e < 2, for
S We(be|ae) (127) 0 < x < 1 andTLl/4 < \/_ O

. . L Given any typer and any nonempty/ C V, define the prob-
which obviously implies (124). ability distributionW . ;; on the set of all vectors

It is worth noting that the set df-typical typessr does not " n
depend on the strategfybeing used, but the sé of vectors yo = (yl: e € 6in(U))
¥ whose type ig-typical does.

In the next few lemmas, we will derive some consequences
of #-typicality that will be needed in the proof of the strong 1y def "
converse. But first we will state a simple and useful result on™ ™ vlyl) = H i Qrtw) I Wr@lsewi))-
the continuity of the entropy function. This is a weaker but more eesm () eco )
convenient form of the standard bound in [9, p. 33, Lemma 2.7].

Lemma 5.2 (Continuity of the entropy function)f: P, and ThatW y; isindeed a probability distribution is clear when we
P, are probability distributions on a finite s&t, and|P,(z) — expand the RHS of (130) to get
Py(z)| < pforall z € Z, then|H(P) — H(P)| < 2|Z]V/B.

Proof: See [24]. - oY) ﬁ [ II @ (y,k)]

|n the following way:

(130)

Lemma 5.3:If = is #-typical, then k=1 |ecs—(U)
0
|H(Q7Te) - H(Pﬂ'eWe)| < (2|Xe||Ye|) W (128) . [ H We(ye7k|fe7k(y’£y_l))] .
eco(U)
and
Observe also that wheh = V', W, s reduces td¥ for all «r.
> we(ae, be)log We(belae) + H(W | Pr,) Lemma 5.4:If 7 is 6-typical, andy™ € 7, then
(ae:be)
6 n
@AY —; (129) |losWe w(y) +n [ S HW.|P:)
n
€€6,0 (U)

foralle € E.

Proof: By summing both sides of (115) over all € A, + Z I(P. ;W) || < 2e00* (131)
we have eco(U)

0| X.| .
|Qn. (be) — Pr W (b)| < T for every nonempty/ C V. In particular
n
foranyb. € Y.. An application of Lemma 5.2 now gives logW(y™) +n Z H(W.|P.)|| < 26034, (132)
ecFE
|H(Qx,) — H(P W.)| < 2|Y]| Here
def
< (212|Y ] c Z|X 1Yel.

1/4 e
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Proof: By the definition in (130), and the fact thgt ¢ by Lemma 5.4. This, together with’, /(7 ) < 1, gives

)

7., we have (135). O
log W v (y) Lemma 5.6:Suppose thatn > 1, Vi,---, V41 are
o n N " nonempty and pairwise-disjoint subsetsigfand
= Z 1Og Qﬂ'ﬁ (ye ) + Z 1Og We (ye |f€(yU))

m—+1
eco— (U eCo(U e
) ) Vo def o U Vi,
= Y [-nH(Q)] :
ecs—(U)

If 7 is #-typical, andy™ € 7, then

+ ¥ [Z ne ae,b,)logWe(belae)]- (133) "ﬁlw vy 11 wreelfm)
=, V; V else

e€o(U) | (ae,be)

i=1 e€6:m (Vo)

If 7 is §-typical, then we can bound each of the terms in (133) 1
using (128) and (129), to get >W(y") exp{ —n Z Z (P W) —8mc9n3/4 ]

=1l ecé—(V;)
logWr u(yp) +n [ > H(P. W.) Proof: By Lemma 5.4, applied to eadh, 1 < < m+1
eCo™ () m—+1
w s y A
+ Z W |Pﬂ- 71;[1 7, Vi\JV; )
eca(U) ma1
=N R ) TS R A A0 > [[ewd—n| >, HW.P:)
e€s—(U) eCa(U) =1 eCoin (Vi)
< 2cHn°/4.
+ Z (P, ;W) - 2c0n%/*
From this, (131) follows because ec6—(V;)
m—+1
> HEP. W)+ > HW.P:)
- - =exp{ —n H(W.|P..
= Y IP,;iWo)+ > HW.P.).

e€6=(U) €0in (V) + Z (P, ;W.) ] —2(m + 1)c9n3/4} .

By takingU = V in (131), we get (132). | ecs= (Vi)

For each nonempt C V, letZ,. ; be the projection of the And, by (129) applied to each€ é:n(Vo),
type class/, on the coordinates ifi;,,,(U); i.e., let H W (™)

Tev = {yn: there exists §" € 7, sit. cCon(¥) y
ye _ ye forall ¢ e 6zn( )} (134) = H H We(be|ae)"ﬂ'p(am e)
66‘57'71(‘,0) (aezbe)
Lemma 5.5:If = is 6-typical, then =z H exp{=nH(W.|Pr,) - 2|V [0n*"*}
e€6;n (Vo)
| Tx, v { [ Z H(W.|P:,) >expl —n Z H(W_ |P..) - 2e6n3/% Y}
e€8;, (U) e€8;:, (Vo)

+ Y. I(P;W.)

+209n3/4} (135) Finally, by (132),

eCs—(U)
W) <exp< —n> H(W P )+2c0n**} . (136
for every nonempty/ C V. W) p{ ; (WelPr.) (136)
Proof: If w is 6-typical, andy}, € 7 v, then
Therefore,
1 m—+1
W‘/r, U(?}Z’) > expq — Z H(W6|Pﬂ'p) — [10g W(yn) — 10g < H W"": V; (yrylf7 ))
e€8in (U) n =1

+ Y I(P ;W)

eCs—(U)

— 2cHn®/* —log H Wyl fe(y™))
eC8;n (Vo)
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m—+1 and
S Z Z W |Pﬂ_ Z I PW67W m—41
i1 echn(v) ces (V) 2OW(TLND) < Y [ Wav. @)
+ Y HW.|P) =Y H(W.|P:) W, ) Lt
€6:, (V) eCE vy, €D
+2(m + 3)con~H/* m41 [
m—+1 = H Z W‘N‘, Vi (yrg’z)
= Z Z I(Pr ;W) + 2(m + 3)chn 14 i=1 |y} CD;
=1 eCs— (Vi) m—+1
m+1 = [ Wav.(Di). (141)
<> (P W)+ 8metn™ (137) ;
=l ecs= (Vi) Here, (140) is by Lemma 5.6. O
In (137), we have usegh > 1. O
C. Rest of the Proof
Lemma 5.7:Suppose thatn > 1, Vi, ---,V,,41 are F H IR
nonempty and pairwise-disjoint subsetsiof and or eachl € [K], let
m+1 dﬁf n.
e Sy = [for eachw € V'}. 142
Vo def Vo U V.. " Su(y") = } (142)

In words, D; is the set of vectors of output sequengésthat
For eachd < i < m + 1, let D; be an arbitrary set of vectorsresult in all the agents agreeing on the random outp8tnce
Y = (yo: e € 8;,(V;)). Let D be the Cartesian product®, (f, S) is an(n, K, A) protocol, we must have
D17 M 7Drn+l:

. 1-A <W(D) < ﬂ, foreachl € [K], (143)
D= {y"yy €D;,i=0,1,---,m+1}. K K
Then, for anys-typical = and hence
m—+1
[ Wev.(D) wllo|z1-x (144)
i=1 1e[K]
m—+1
> W(T ND)exp {_n [Z Z (P, W. ] For the rest of the proof, fi# > 1 at a large enough value that
@ e 7 1
boeco W(E) > %A (145)
— 8mchn®/ 4} . (138) This is possible by (117) and the hypothesis< 1, e.g., with
6 = /2c/(1—=N).
Proof: For convenience, let Lemma 5.8: There exists &-typical typen™* satisfying
d f m+1 1 A
o I(Pe ;W) | + 8meon®*. (139 T D>
2 Z mchn (139) W | 7N U ! Z Sty (146)
% e€s— (Vi) le[K]
We have Proof: By (144) and (145)
W(TND)= > 27 W(y
y* €TxND D 14+ A _
(o n)e ()
<> [H Ww,%(?ﬁ;)l Lo
yreD Li=l = <—) . (147)
2
I wrweisamy) Since & is the disjoint union of the type class&g corre-
€65, (Vo) sponding tof-typical w, and the number of such typesis
m+1 at most(n + 1)¢, there must exist #@-typical 7* satisfying
= ¥ [H W, vi (9, )] (146). O
Wi ’;,',":%ﬁﬂ) =t From now on, we will focus attention only on thog® that
Yvi & have the typer* given by Lemma 5.8. In fact, we will prove
. . (110) and (111), and hende< C*(P), with P= (P, :ec€ E)
Z H Wy | f(y™) (the vector of input marginals associated with).
¥y, €Do | eCin(Vo) The first step is to prove that many of the “decision regions”

(140) D, must intersect significantly with-.
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Lemma 5.9: Let £ be the set of € [K] for which Proof: The proof is by induction op. It is easy to verify
(154) wherp = 1. Assume, therefore, that> 2 and that (154)

1-A . .
- is true withp replaced by — 1. Then
W(Te ND) 2 i prep W
Then
K(1-X Z<H%> :Z%(H%>
o)z BUZY, (149 N7 a B
8(7’L+ ) 1p p/p—177P /p
Proof: We have < [Z aﬁ] Z (H %’)
i i \j>1
(1-X) (155)
— < W |7 N D (149)
2(n+1)° IQL[JIQ l
Z Z 1/p [ r—1/p
= W(Te "D+ > W(Tp NDy) _ P p/p—1
les 1¢c zi:a“ EZ: ]1;[1 %ij
1-A
< D WD)+ (K —|£]) <m) yp [ 1/p-1P7/P
<|sel 1 (ze)
(150) i i>1\ 4
1+ A 1-—A 1/p
<
< |£] < e ) + T i)y (151) - 11 <Z a%) ' (156)
<|L| <3> poizA (152) L
- K 4(n+ 1) Here, (155) is by Holder’s inequality, and (156) is by the induc-
tion hypothesis. O

Here, (149) is by (146); (150) is by the definition of the get
and (151) is by (143). From (152), (148) follows immediately. = Theorem 5.2:

Theorem 5.1: e\ 3
= (5)

K< Mexp n Z H(W.|P,:) m+1
1=A €8im (U) ) ex Z Z I(P;W,) 3/4
e€8;, -expi n o +8chn

=1 eCs—(V;)
+ Y. I(P;W.) ] + 2c9n3/4} (157)
e€s—(U)
(153) for every m > 1, and every collectionVy,---, V41 of
nonempty and pairwise-disjoint subsetslof
for every nonempty/ C V. Proof: Fix a collectionVy,---,V,,,1 as above, and let
Proof: If I € £, thenW(Zz- N D) > 0, and sdZ- N Dy
is nonempty. This means th&t- ¢ N D; is nonempty for every m+1
l € £ and every nonempty/ C V. But the setsZ. ¢ N Dy, Vo=V - U Vi

l € [K], are pairwise-disjoint. Therefore, we must hdw¢ <
|Zx« 17| for every nonempty/ C V. The conclusion (153) now

follows from the bounds oftC| and|Zy- | proved in Lemmas FOr0 < @ < m + 1, 1etDy v, be the projection of the decision
5.9 and 5.5, respectively ’ 0 regionD; on the coordinates iy, (V;); i.e., let

In the proof of the next theorem, we will need the following
useful inequality. Observe that it reduces to the usual Cauchy-
Schwarz inequality whep =1 = 2.

Dy v, &t {7, : there exists &" € Dy s.t.y; =y,
forall e € 6,,(Vi)}. (158)

Lemma 5.10 (Generalized Cauchy—Schwarz Inequallty)pl v, is the set of vectorg, that result in all the agents in
For any integep > 1, V; deciding on the random outpiitObviously, the setd; v;,
[ € [K], are pairwise-disjoint for each It is also important

1/p
to observe thaD; is the Cartesian product of the sébs -,
L < , Vi
zi: (1:[ %) = 1:[ <Z %) (154) 0<i<m+1,ie,

%

ifthe a;;, 1 <14 < k,1 < j <1, are nonnegative numbers. Dy={y":yy, €Dy,,i=0,1,---,m+1}, l € [K].
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This reflects the fact that’ is the disjoint union of the setsB. Proof of.4; D conv (A;) + Rf‘;
6in(Vi), 0 < ¢ < m + 1. The desired result can be obtained

i D)
now from the following chain of inequalities: Parts a) and b) of the following lemma show tht 2 A,

i.e.,z-£ > 1forallz € D; and¢ € A;. Part c) states that much

mtl [ K more is true: each vector id, is actually an extreme point of
1> H lz We vi(Drv, )] (159) A:.
=t L=t Lemma 6.1:LetT € 7. Then
K [mt1 L/mry M a) for any nonempty subsgtof V, 2(U) - &(T) > 1,i.e.,T
= (Z [H W vi(Drv, )] ) (160) contains at least one edge frém(U);
=1 Li=1 b) if 7' € 77 then, for anym > 1 and any collection of

nonempty and pairwise-disjoint subs&s - - -, V,,,41 of

K m—+1 : }
W (T O Dy)2— o |t/ m+l 161 V,2(Vi,---, Viua1) - &(T) > 1,1.e.,T contains at least
c) if T € 7y, theng&(T) is an extreme point aft; .

m—+1
> 9—cn < [W(Zr* N D[)]l/m—i—l) Proof:
lel

v

=1

a) Pick anyv € U. Then there is a path ift" from r to v.

Lmt1] 7 Sincer ¢ U, there must be an edge in this path that exits a
> 9—an < 1-A ) (162) vertex notinl/ and enters one ifY, and this edge belongs
= £ \4K(n+1)° to 6 (U). i
b) By the result of Part aJ" has an edge fromi—(V;), for
71— K(1— ) m+1 eachl < i < m + 1. Thesem + 1 edges must be
> 2 n <4K(n - 1)(1) <8(n " 1)c> (163) distinct because the’s are pairwise-disjoint. Sindg’n
6+(r)] = 1, at most one of these edges can belong to
1-—x \°™ 6% (r), which means that at least of them must belong
=2 <m) K (1649) ot (1)).
¢) By Parts a) and b), T" € 7, then{(T) € A;. To prove
Here, (159) is by the disjointness of the sBtsy;, I € [K], for that¢(7T) is actually an extreme point of; , we must find
eachs; (160) is by Lemma 5.10; (161) is by Lemma 5.7, with a subset of the inequalities definind,, whoseunique
oy, as defined in (139); (162) is by the definition of the get solution, when converted to equalities£{g"). Consider
(163) is by (148); and (164) is because> 1. O the following set ofl E| inequalities:
From (153) and (157), we have (110) and (111), respectively. .
This completes the proof of the strong converse. £ 20, c€E-T (165)
VI. PROOF OF THEPOLYHEDRAL CHARACTERIZATION 2(U,) - €21, v eV, (166)

A. Preliminaries

This section is devoted to the proof of Theorem 2.5, the pol jere, foreac € V., U,, € Vis defined to be the set of vertices

hedral characterization of the spanning arborescend@siith hthe subarbore_scence Bithat is roqted ab (includingv); in
root-degree equal to one. Observe tHaD A; and.A D A, other wordsl/, is the set of all vertices such that the path

. . from » to » in 7" passes through. Observe thaf” has exactly
so thattd; = conv (As) + RY does not follow immediately by one edge frond—(U,,), viz., the edge that entets From this
a “sandwich” argument from Fulkerson’s result (45). e ’ '

it is obvious that(7") is the unique solution of the equations
The polyhedron4; can be decomposed as the vector sum ?gotained from (165) and (166). O

the convex hull of its extreme points, and the cone generated by
its extreme directions. (Every polyhedron of nonnegative vec- B
tors can be so decomposed; see, e.g., [21].) Now, the cone g n_Proof of Ay € conv (A1) + B}

erated by the extreme directions.4f equals all ofRf because  We will prove that

A is unbounded along every coordinate directior€ i€ A,

and¢ > £thené € A,. Therefore, to establish Theorem 2.5min{c-&:£ € A1} < min{e-£:£ € A},

it suffices to prove thatl; is precisely the set of extreme points for any vectore € Ri (167)

of ./41.

We will do this in two steps. First, in Section VI-B, we will gince the minimum of any nonnegative linear functional over
prove thatA; > A, and every vector ind; is an extreme 4, must occur at one of its extreme points, and sidgec A;
point of A;. This will imply A4; 2 conv (4;) + RY. Then, s already known, it will follow from (167) that, contains
in Section VI-C, we will use Theorem 2.dnd the classical every extreme point a{;.
max-flow min-cut theorem [11], to prove that; has no ex-  The main idea in the proof of (167), besides Theorem 2.4, is
treme points other than the vectorsdn. This willimply A; € the following lemma, whose proof is based on a corollary of the
conv (A1) + Rf, and prove Theorem 2.5. max-flow min-cut theorem.
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Lemma 6.2 (Extreme Point LemmajEvery extreme poirg Let¢é € A; be agiven minimal vector. Now; is defined by a
of the polyhedron4, satisfies} . s+(r) & =1, set of constraints, one for each vectoZin. From the constraint
Proof: See Section VI-D. O 2(V)-§ =1 wehave) 58 = 1. LetE o, o, 6w,

We will now proceed to prove (167), using Theorem 2.4 an%e the positive terms in this sum, so that

Lemma 6.2. Let any: € Rf be given, and define a vector k
¢ ¢ RY as follows: D= b
=1

e€st(r)

(168) By the minimality of§, decreasing in the component corre-
sponding to(r, v;) results in a vector not iod;. This means
dhat, for eachl < ¢ < k, there is a constraint involving. .,
that is “tight.” In other words, there exist subséts - - -, U, of
V, such thaty; € U; and

‘ def | c. + M, if e € 61(r)
¢ Ces otherwise.

Later, we will takeM to be a large positive number. Now, sinc
Eeeﬁ(r) (. =1foranyé € Aj,wehavee-E=¢ -6 - M
for any§ € A;, and hence
, U)-€=1. 174
m}{n c-f:m‘iAnc -€E— M. (169) #(Uh)-€ (174)
teh fem We claim that

By Lemma 6.2¢- £ = ¢ - £ — M for any extreme poinf of AU,V € =1, it U; 1 U, is nonempty  (175)

Aj, so that
. o The proof of this claim is by a neat trick adapted from [14],
oA, eé= e, ¢ &-M (170)  which uses the max-flow min-cut theorem. Let Unuy.
. ) Suppose we think of7 as a flow network with source and
Because of (169) and (170), (167) will be proved if we showny ', in which the capacity of edgeis ¢.. The constraints
that z(U)-€ > 1thenimply that every CL(tV—U, Uy,uelUCV,
min ¢ - £ < min c . . (171) separating andu has capacity at least So, by (174) applied to

e geA, U; andU;s, both(V —U;, U;) and(V — U, U,/ ) are min-cuts.

But by [11, Corollary 1.5.4], this means that
To prove (171), we must bring Theorem 2.4 into play. The vl y ]

key to doing this is the following observation:¥ is very large, (V—(U; U []j')v U; U Uj,)
then

) ) is also a min-cut, which is the same as sayiflg; LU - )-€ = 1.
11}21 c &= Ian c & (172) Now, by repeatedly combining pairs of intersecting sets, we
e ¢ can expres$/; U - - - U Uy, as the union of pairwise-disjoint sets
where A is as defined in (43). The reason is this: the RHS of1, - -, Ving1, With 0 < m < k. Here, eaclV; is the union of
(172) is the minimum ofy"_ . c. over all spanning arbores-certain of thel/;’s. By applying (175) repeatedly to each pair
cencesl"in G. If M is very large—sayM > S .k ce—then of sets that are combined, we can conclude that- V;, V) is
any spanning arborescenewith more than one edge exitingalso a min-cut, for eacly; i.e.,
r would have a much larger value df . ¢, than one with .
exactly one edge exiting (note that eacl” must use at least 2(Vj)-£=1, lsjsm+l (176)
one edge exiting)._ Therefore, the; RHS _of (172) must actuallxNe can now prove’
equal the the minimum of ___,. c. restricted to spanning ar-

borescence® with exactly one edge exiting which is just the

_ ccst(ry e <1,andhence” s,y & =1,
as follows. First of all

LHS of (172). - k
By the conclusion of Theorem 2.4, viz., (45), and the fact that Z e = Z &r, v
A D Ay, we have eCs+(r) 1:11
m-+
mine¢ -€=min ¢ - £ < Z Z & we (a77)
gea geA puciiier)
= é?i{i ¢-& (173) The inequality above holds because,---,v; are all in

ViU UV If m =0, then
From (172) and (173), we obtain the desired conclusion (171).

This completes the proof. sy
Z Z 51‘, v — Z 51‘, v
D. Proof of the Extreme Point Lemma i=l vev; veEWL
We will actually prove the following stronger result: every < Z &e
minimalvector§ € A, satisfiesy_ .5+, ¢ = 1. Here,{is e€b= (V1)
defined to be minimal iE’ € A andﬁl < &imply that{l =¢& =2z(V1)-¢
Clearly, every extreme point od; is minimal. =1. (178)
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The last equality above is by (176). On the other hana, i 0,
then

m+1 m+1
b= D - > &
j=1 veV; =1 |ecs—(Vy) eCo— (V)
m+1
= > 2(Vy)-€E-ml(Vi, - Vinga) - €]
j=1
< (m+1)—m
=1. (179)

(7]

(8]

(9]
(20]

(11]

(12]

Here, the second equality is by the definitions (36) and (37)@13]

The inequality is by (176), and the constramit’, ---, V,,,11)
-§€ > 1, which holds becausge A, and thel/;’s are nonempty
and pairwise-disjoint.

The desired resulty_ 5., & < 1, now follows from
(177)—(179).

REFERENCES

[14]
[15]
[16]
[17]

(18]

[1] R.Ahlswede, “Elimination of correlation in random codes for arbitrarily [19]

varying channels,”Z. Wahrsch. Verw. Gebigteol. 33, pp. 159-175,
1978.

[2] R. Ahlswede and I. Csiszar, “Common randomness in information

theory and cryptography, Part 1: Secret sharitgEE Trans. Inform.
Theory vol. 39, pp. 1121-1132, July 1993.

[3] ——, “Common randomness in information theory and cryptography,

Part 2: CR capacity,l[EEE Trans. Inform. Theorwol. 44, pp. 225-240,
Jan. 1998.

[4] R. Ahlswede and G. Dueck, “Identification in the presence of feed-

back—A discovery of new capacity formuladEEE Trans. Inform.
Theory vol. 35, Jan. 1989.

[5] —, “Identification via channels,TEEE Trans. Inform. Theoryol.
35, Jan. 1989.

[6] R.Ahlswede and B. Verboven, “On identification via multiway channels

with feedback,”|EEE Trans. Inform. Theoryol. 37, pp. 1519-1526,
Nov.. 1991.

(20]

(21]

[22]

(23]

(24]

[25]

387

R. Ahlswede and Z. Zhang, “New directions in the theory of identifica-
tion via channels,TEEE Trans. Inform. Theoryol. 41, pp. 1040-1050,
July 1995.

D. Blackwell, L. Breiman, and A. Thomasian, “The capacities of certain
channel classes under random codirfgyh. Math. Statist.vol. 31, pp.
558-567, 1960.

I. Csiszéar and J. Kérnemformation Theory: Coding Theorems for Dis-
crete Memoryless SystemsNew York: Academic, 1981.

I. Csiszar and P. Narayan, “The capacity of the arbitrarily varying
channel revisited: Positivity, constraint$f2EE Trans. Inform. Theory
vol. 34, pp. 181-193, Mar. 1988.

L. R. Ford and D. R. Fulkersorklows in Networks Princeton, NJ:
Princeton Univ. Press, 1962.

D. R. Fulkerson, “Blocking polyhedra,” iGraph Theory and its Appli-
cations B. Harris, Ed. New York: Academic, 1970.

——, “Blocking and anti-blocking pairs of polyhedraylath. Program-
ming vol. 1, pp. 168-194, 1971.

——, “Packing rooted directed cuts in a weighted directed gralath.
Programming vol. 6, pp. 1-13, 1974.

R. L. Graham, M. Grétschel, and L. LovadZandbook of Combina-
torics. Cambridge, MA: MIT Press, 1995.

A. Hoffman, “Polyhedral aspects of discrete optimizatioftin. Discr.
Math., pp. 183-190, 1979.

L. Lovasz, “Communication complexity: A survey,” Raths, Flows and
VLSI LayoutB. H. Korteet al, Eds. New York: Spriner-Verlag, 1990.
U. M. Maurer, “Perfect cryptographic security from partially indepen-
dent channels,” ifProc. 23rd Annu. ACM Symp. Theory of Computing
1991.

——, “Secret key agreement by public discussion from common infor-
mation,”|EEE Trans. Inform. Theorol. 39, pp. 733-742, May 1993.
A. Orlitsky and A. El Gamal, “Communication complexity,” in
Complexity in Information Theoryy. Abu-Mostafa, Ed. New York:
Springer-Verlag, 1988.

A. Schrijver,Theory of Linear and Integer ProgrammingNew York:
Wiley, 1986.

S. Venkatesan, “Generating common randomness from channel noise:
Capacity formulas and combinatorial results,” Ph.D. dissertation, Cor-
nell University, Ithaca, NY, Jan. 1998.

S. Venkatesan and V. Anantharam, “The common randomness capacity
of a pair of independent discrete memoryless channd#&EE Trans.
Inform. Theoryvol. 44, pp. 215-224, Jan. 1998.

——, “ldentification plus transmission over channels with perfect feed-
back,”|IEEE Trans. Inform. Theoryol. 44, pp. 284-290, Jan. 1998.

J. Wolfowitz, Coding Theorems of Information TheoryNew York:
Springer-Verlag, 1978.



