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1. Preliminaries

In this note, we report and correct an error in Theorem 1 of Anantharam and Kon-
stantopoulos (1997). This theorem is not true without additional assumptions. In what
follows, we propose a correction based on Theorem A stated and proved in the Ap-
pendix below. Theorem A may be of independent interest and is thus stated separately.
Our blunder is in the sequence of displayed equations preceding the statement of The-
orem 1 on p. 185 of Anantharam and Konstantopoulos (1997). The first equation
there holds if ®~!C is a Q-continuity set, while the last equation holds if C is a
O-continuity set. Thus the equation there should be read as Q =Qo @~! on the class
of sets €:={C€F ®&:C and O~'C are Q-continuity sets}. This class may not, in
general, generate .# ® &; hence, the conclusion that Q=00 07! on F ® ¢ (i.e., that
Q is O-invariant) may be false.

Recall that Q was extracted as a weak subsequential limit of Q,. The calculation on
p. 185 of Anantharam and Konstantopoulos (1997) shows that

10,007 (C)—0,(C)|<2/n forall CEF @6, n=1. (1)

hence 0,0 @' has O as a weak subsequential limit also. To actually conclude that
0=0007!, we need that one of the following hypotheses be added to the statement
of the first paragraph of Theorem 1 of Anantharam and Konstantopoulos (1997):
(A1) O is continuous.
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(A2) There is a subsequential weak limit Q of {Q,, n>1} under which the disconti-
nuity set of @ is Q-null.

(A3) There exist a sequence {@N/, />=1} of continuous transformations of Q x E, and
a sequence of open sets {U;, />1} in Q x E, such that 6, = O outside U, for
all /=1, and

hm llnrgme (Uy)=0. 2)
Let us prove that, under any of the above three additional assumptions, Theorem 1 of
Anantharam and Konstantopoulos (1997) is valid. First note that (A1) is a convenient
special case of (A2). Under (A2), there is a subsequence Q_nk of Qn such that an =0,
as k— oo, and the set of discontinuities of @ is Q-null. Hence, from Billingsley
(1971), (Corollary 2, p. 9), we have O, c@~'=Q0O~'. On the other hand, from
Eq. (1), 0, ©@~'= 0, and hence Q=00 @~". Finally, under (A3) and Eq. (1), the
assumptions of Theorem A of the appendix are fulfilled (see also Remark 1 at the end
of the proof of this theorem) and we again conclude that 0 =Qo0 0.
Let us now show that the theorem, in its modified form, constructs a stationary
solution for the examples we considered in Anantharam and Konstantopoulos (1997),
which were representative of the type of applications we had in mind.

2. Examples
2.1. The G/G/1 queue

Here E = R, and the problem is to construct a stationary solution of the E-valued
recursion

I/VnJrl = (VV/1+511)+» (3)

where {&,, n€Z} is a stationary ergodic sequence of real valued random variables,
with E[&]<0. We may take Q= R? with the product topology, Z to be the corre-
sponding Borel o-field, 0 to be the left shift on Q, and P the probability measure on
(2,7 ) under which the sequence of coordinates has the distribution of {&,, n€ Z}.
We demonstrated in Anantharam and Konstantopoulos (1997) that with Qp:=P ® J
and Q,:=Qpo O~ ", the sequence {Q,, n=>0} is tight. Here one can check that condi-
tion (Al) applies, so (the corrected) Theorem 1 of Anantharam and Konstantopoulos
(1997) proves the existence of a stationary weak solution.

2.2. The non-monotone recursion 3.2 of Anantharam and Konstantopoulos (1997)

Again £ =R, and the problem is to construct a stationary solution to the E-valued
recursion

n+1 g(W + én) (4)
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where ¢ is the function defined by

0, x <0
X, 0<x <1

9= 26— 1), 1<x <2
X, 2<x.

and {&,, n€Z} is a stationary ergodic sequence of real valued random variables, with
E[&p]<0. We may take (2, %,P), and 0 as in the preceding paragraph. We may take
Qp:=P®0Jy and Q,:=Qpo O", where ® now denotes the skew product appropriate
to the recursion (4), viz.,

O(,x) = (0w, g(x + So(w))).

In Anantharam and Konstantopoulos (1997), we demonstrated the tightness of
{Q,, n=0}, using only the observation that g(x)<xt and the tightness proof for
the preceding problem. Let Q be a subsequential weak limit of {Q_n, n=1}, say
0=lim; .0,

If g were continuous, condition (A1) would apply. However, the function ¢ is dis-
continuous. All the same, condition (A2) can be shown to apply under additional
restrictions on the distribution on {&,, n€Z}, for instance that £y has a distribution
admitting a bounded density. But even condition (A2) is violated in general. However,
we can show that condition (A3) always holds.

For />1, let 6,:=27/, choose ¢, : R — R a continuous function that equals g outside
the interval (1 — d,,1), define the continuous map 0,:QxXE—QxE by

O(,x) = (0, g/(x + Eo())),
and consider the open set
Ur:={(w,x): 1 —3,<x+ &(w)<l1}.

With these definitions, it is immediate that @ = @, outside U,. It remains to verify
Eq. (2). N

For m<n, m,nc€Z, let W, , be the result at time n of recursion (4) started with
W,=0 and W, the result at time n of recursion (3) started with W, =0. From
g(x)<xt, we see that VIN/,,,,,,<W,',M for all m<n, m,neZ. The law of large num-
bers and the assumption E[£] <0 imply that there is a P-a.s. finite 7<C0 such that, for
all i<t we have W, =0, so that W, o = W, for all i<t. But then also Vf/},f = 0 for
all i<, so that W,-,o = Ww for all i<t. Thus, we have

- 1 e .

0,(Ur) = ~(Qo++++ Qu)Up) = = > P(Wio + &€ (1= 6r,1))

— P(Wf,o +&e(—041)), asn—oc.

The reason for the latter convergence is that lim;_, ., P( Wi,o + &ell —0o,1)) =
P(W, o + & €(1 — ds,1)), which holds from the remarks above. From this, Eq. (2)
follows, completing the proof of the existence of a weak stationary solution for recur-
sion (4), given only that {£,, n€ Z} is a stationary ergodic sequence of real valued
random variables, with E[&(]<0.
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2.3. The G/G/1/0 system

Here £ = R, and the problem is to construct a stationary solution to the E-valued
recursion

VV,,+1 :(m+aizl(m:0)_rn)+’ (5)

where {(g,,7,), n€Z} is a stationary ergodic sequence of nonnegative real valued
random pairs, with E[og]<oo and 0<E[ty] <oco. We may take Q to be (R2)?, Z to
be the corresponding Borel o-field, 0 to be the left shift on 2, and P the probability
distribution on (€2, # ) under which the sequence of coordinate pairs has the distribution
of {(64,1,), n€Z}. We demonstrated in Anantharam and Konstantopoulos (1997) that
with Qp:=P ® o9 and Q, := Qp o O~ ", the sequence {Q,, n=0} is tight. We now show
that condition (A3) holds.
For />1,let 6,: =27/, let @,:QxE—Q x E be given by

O/(w,x):=(x + (1 —2x5, )" ap(@) — 10())*.
and let
Uy :={(w,x): 0<x<0d,}.

With these definitions, it is immediate that @/ is continuous, U, is open, and @ = @/
outside U,. It remains to verify Eq. (2).

For m<n, m,ne Z let W, , be the result at time n of recursion (5) started with
W,,=0. Since Q; = Qpo @~ = (P®3Jy)o @', we have Q;(U,) = P(Wy; €(0,6,)),
hence, using the O-invariance of P,

n—1 1

_ 1 n—1 —1
0N =, 30 QU = ST PURE@00) = 3 PUin (0.0,

i=—n

For i<—1, let Ri(w):={j€[i,—1]: g/(w)—A4;j(w)>0}, where 4;(w):=1(0)+---+
7_1(w). The interpretation is that R,(w) contains the indices of those customers that
can be present in the queue at time 0, if the queue started empty with customer i. Note
that R(w):= [J;<_, Ri(w) has a finite number of elements for P-a.e. w € Q. Indeed,
from the law of large numbers, and the assumptions E[gg]<oo, 0<E[to]<oo, the
sequence g; — 4; converges, as i — — 00, to —oo, P-a.s. Let N(w):= min R(w) be the
minimum integer in R(w). Clearly, P(N >—o0) = 1. With these definitions we have,
for i<—1,

P(W,0 € (0,6,)<P(N <i)+ P <n1eig(aj —Aj-)ség) .
J

As i— —oo, the first term converges to zero. Hence limsup,_, Qn(U/)<P(min‘,»ER
(o0j —A;)< ). Letting £/ — oo, we get zero since the random variables o; — 4;, as j
ranges over the random set R, are, by definition, positive, a.s. Hence Eq. (2) holds,
completing the proof of the existence of a weak stationary solution for the recursion (5).



V. Anantharam, T. Konstantopoulos|Stochastic Processes and their Applications 80 (1999) 271-278 275
2.4. Compact state space

For Theorem 2 of Anantharam and Konstantopoulos (1997) to be true, we also need
conditions that give O = Qo ®~!. Any one of conditions (Al), (A2), or (A3) will
suffice for this purpose.

To apply this theorem, one would typically be given a stationary ergodic process
{®,» n€Z} of measurable maps from (E,&) into itself, and would like to construct
an appropriate Polish sample space (€, %) supporting a measurable shift 0, a ran-
dom variable ¢ that takes values in the space of measurable maps from (£, &) into
itself, and a O-invariant probability distribution P on (,.%) such that the sequence
{¢n, n€Z} given by ¢,(®) = @o(0"w) has the same distribution as {@,, n € Z}, and
then hope to apply the theorem to prove the existence of a weak solution on Q X E.
We now remark that if ¢, takes values in C(E,E), the space of continuous functions
from E to E, and is measurable with respect to the Borel o-field of the topology of
uniform convergence in C(E, E), then this can always be done. Indeed, for £ compact,
C(E,E) is a Polish space in the topology of uniform convergence, see Appendix B, so
we may take Q to be C(E,E)? with the product topology, # to be the Borel o-field
of Q, 0 to be the left shift on Q and P to be the probability distribution under which
the coordinate sequence has the distribution of {®,, n€ Z}. The skew product © on
Q x E is then easily seen to be continuous.

2.5. The need for the additional assumptions

Note that even a deterministic discontinuous recursion on a compact Polish space
may not admit a weak stationary solution in our sense, without the additional assump-
tions introduced above. For example, take the unit interval £=[0,1] and the map
¢ :E — E given by

X2 if x#0,
‘/’(x)_{l if x = 0.

One can check that it is impossible to construct a weak stationary solution for this
recursion (Meyn, 1997). It is also not hard to check that for any attempt to construct
a stationary weak solution by the skew product construction, even though tightness
of {0,, n>1} is automatic, none of conditions (A1), (A2), or (A3) holds for any
subsequential weak limit of this sequence.

Appendix A. A weak convergence criterion

Let {P,, n=>1} be a sequence of probability measures on a Polish space S, converg-
ing weakly to a probability measure P. Let & be a measurable mapping from S into a
Polish space S’. We address the issue of weak convergence of B,oh™! to Poh™!. It
seems that the most widely known sufficient condition for this type of result is that the
set Dy, of discontinuities of # have P(D;) = 0; see e.g., Billingsley (1971), (Corollary
2, p- 9). However, roughly speaking, it is sufficient to assume only that the probability
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measures P, converge to P in such a way as to “avoid the discontinuity”. This is
clarified below:

Theorem A. Suppose that P,= P on a Polish space S, and let h:S — S’ be a mea-
surable mapping from S into a Polish space S’. Suppose that there exists a sequence
of continuous mappings hy:S—S8', /=1, and a sequence of open sets U;, (>1,
contained in S, such that, for all £, hy = h outside Uy, and such that

lim limsup A,(Us) = 0. (6)

/=0 pooco
Then P,oh ' =Poh™!.

Proof. We first observe that the assumptions imply that the sequence {B,0h~!, n>1}
is tight. To see this, given ¢>0, we first find a compact K C § with

P(K)>1—¢ for all n, 7)

which exists because the sequence of probability measures P, converges weakly on S.
Next, we find an integer >0 such that

limsup P,(Up) <e. (8)

n—oo

This exists by Eq. (6). Now, KNU; is compact, because K is compact and Uy is
open, and F,(KNU;)>1 — 2¢ for all sufficiently large n, by Eqs. (7) and (8). Since
h = hy off Uy, by assumption, we have A(K N U;)=h, (KN Uy), and this is a compact
subset of §’, because /; is continuous. Now,

Pooh (WK NU))=P(KNUS)>1 — 26,

for all sufficiently large n, so by taking the union of K N U; with a finite number of
other compact sets, if necessary, to deal with the initial values of n, we have found,
for each £¢>0, a compact subset K’ of S’ such that P,oh~'(K')>1 — 2¢ for all .

Let O be a subsequential limit of {B,0h~!}, say P, oh~!= Q. By assumption, for
any nonnegative continuous function f on S’, bounded by K, say, we have, for each
{21,

foh<foh,+Kly,.
Hence, we have
Pn/(foh)gPI’l/(foh/)+KPVI/(U/)'

But B, ( foh)=(F, oh ™) ( f)— O(f), as j — oo. Since P, = P, and f o h, is bounded
and continuous for each /, we have F,( foh;)— P(foh,). Hence

O(f)SP(f ohs) + Klim inf £, (Ur). )

By assumption again, we have

foh/<foh+Kly,.
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Integrating with respect to P, we obtain

P(f ohs)<P(foh)+ KP(Up). (10)
Combining Egs. (9) and (10) we have

O(f)<P(f oh)+ KP(Uy) + K lim inf B, (U/). (11)

Since P, = P and U, is open, P(Us)< liminf,_, P, (U;). By Eq. (6), the /-depen-

dent terms of the right-hand side of Eq. (11) converge to zero as / — oo, yielding

O(N)SP(fohy=Poh™")(f).

Since this inequality is true for all nonnegative bounded continuous functions f, it
follows that Q=Ph~!. But Q is an arbitrary subsequential limit of {P,2~', n>1}.
Hence P,i~'=Ph~'. O

Remark. (1) If we assume, to begin with, that P, o s~ converges weakly to a prob-
ability measure Q on §’, then Eq. (6) can be replaced by the weaker assumption
lim,_, liminf,_,  B,(U;)=0. This explains why the liminf suffices in Eq. (2).

(2) A simple example shows that one cannot replace the limsup in Eq. (6) by the
liminf, in general. Take S=S5"=[0,1],

0 if 0<x<1/2,
h(x)_{l if 1/2<x<1.

and P, = a,01/241/n+(1—a,)01/2—1/n, where {a,, n>1} is some sequence of numbers in
[0,1]. Then P, = 61/, but B, o h~! can have several distinct subsequential weak limits.
Appendix B. A topological result

Theorem B. Let (X,d) be a compact metric space and (Y,d) a separable metric space.
Then, C(X,Y), endowed with the topology of uniform convergence, is separable.

Proof*. For m,neN, let &,, C C(X,Y) be defined by
1 . 1
Emn = {f €CXY): dx,x")< p” =d(f(x), f(X")< n} : (12)
Clearly |~ | 6 =C(X,Y), for all n>0. Let % = {1, 2,...} be a dense subset of
Y, and for each me N, let {x{",...,x;’f”} C X be the centers of a collection of open

balls of radius 1/m which cover X.
For each v=(vi,...,04,) €N and ne N, let

) ~ 1
T = {foo@mni d(fO), o)< s 1<k<qm}- (13)

4 The proof in this appendix is due to Arapostathis (1997), reproduced by permission.
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Note that, by construction,

gmn: U 'gomvn' (14)
veNdm
Let
Yom = {vEN: F L}, (15)

and form a collection %, C &,, by picking an arbitrary function ¢, from each member
of the class {Z}: vE Y}

mn*

We claim that

4= J U %m
m=1 n=1
is dense in C(X,Y).
Suppose ¢>0 is given. Select n € N such that 4/n<e. If f € C(X,Y), then f € &y,
for some m € N, and by Eqgs. (14) and (15), there exists a v € ¥, such that /€ .7}
and also some ¢, € %, . Thus, by Eq. (13), we obtain,

~ 1 ~ 1
d(f(x,’f),yuk)gz and d(@v(xlin)yyvk)gz for allke{l,...,qm}. (16)

On the other hand, for each x € X, we can select k€ {1,...,¢,} such that d(x,x}")
<1/m, and hence, since ¢,, f € &y, Eq. (12) yields

~ ~ 1
S fENS S, Ao, o N< (17)

Finally, combining Egs. (16) and (17), d( f(x), puo(x))<4/n<e. [
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