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Abstract—
We investigate the fundamental problem of achieving the system optimal

rates, which maximize the total user utility, in a distributed network envi-
ronment using only the information available at the end hosts. This is done
by decomposing the overall system problem into subproblems for the net-
work and for the individual users and introducing an incentive-compatible
pricing scheme. The users are to solve the problem of maximizing individ-
ual net utility, which is their utility less the amount they pay. This is done
using a window based algorithm. We provide an algorithm for the network
to adjust its prices and the users to adjust their window sizes such that at
an equilibrium the system optimum is achieved. It is notable that our al-
gorithm does not require any explicit feedback from the network and can
be deployed over the Internet with modifications only at the end hosts. Our
scheme is incentive compatible in that there is no benefit to the users to lie
about their utilities.

I. INTRODUCTION

With continuing growth of the Internet both in size and in the
number of users one of the challenging problems network de-
signers face is how to provide a fair and efficient allocation of the
available bandwidth. In the current Internet most connections
use variants of the Transmission Control Protocol (TCP), which
is a window-based congestion control mechanism. However, as
is widely recognized, TCP does not generally lead to a fair or ef-
ficient allocation of bandwidth among the connections [3], [19],
[5]. Another problem with the current situation is that users can-
not dynamically indicate their preferences even if they are will-
ing to pay higher prices for the service they desire at some time.
This argues for some form of dynamic pricing in the network.
Another argument for pricing is that the Internet is increasingly
being used in a potentially noncooperative way, and so might
need pricing mechanisms to ensure that users do not misbehave.
There has already been a good deal of work addressing these
issues of providing quality of service in accordance with users’
willingness to pay and ensuring system friendly behaviour on
the part of the users. Notable seminal papers in this area in-
clude schemes based on time and volume measurements [11],
and those based on per-packet charges [22]. There is also inter-
esting empirical research showing that flat rate charging leads to
inefficiency, whereby a large number of low-usage users end up
subsidizing a small number of high-usage users [4]. This study
can be viewed as an argument for the desirability of usage-based
pricing. A good discussion on the market structure that would
result from usage-based pricing is given in [17].

The work in this paper is based on a mathematical formu-
lation of the system problem as a problem of maximizing the
aggregate utility of the users. It is motivated by work of Kelly,

who made the fundamental observation that this problem can be
decomposed into separate subproblems for the network and for
the individual users [9], if one adopts a pricing mechanism. In
the papers that build on this work, two classes of rate allocation
mechanisms are proposed to achieve the system optimum [10],
[7]. One should also note that Low et al. have approached the
same problem, using the gradient based algorithm [15], [1], and
have proposed a form of marking mechanism, called Random
Early Marking (REM), as a way of arriving at the system wide
optimal solution.

Another basic source for the work in this paper is the work
Mo and Walrand [20], who investigated the problem of design-
ing a fair window-based end-to-end rate allocation mechanism
in a network. One of the things they show is that there is a
well defined mapping between window sizes of the users and
their equilibrium rates. Also, working with a notion of fairness
called (p; �)-proportional fairness, which generalizes the well
known notions of max-min fairness and proportional fairness,
they design a family of window based algorithms for the indi-
vidual users which converge to window sizes resulting in rates
that achieve (p; �)-proportional fairness.

Our goal is to find window based algorithms that will solve the
system problem of maximizing the aggregate utility of the users.
This is as in our earlier work [13] where we had the users adopt
Mo and Walrand’s (p, 1)-proportionally fair algorithm while up-
dating their target queue sizes based on their utilities. In the
earlier work, we showed that such an algorithm does achieve the
system optimum rates, since it has a unique equilibrium, which
is the unique fixed point of the mapping from the rates corre-
sponding to target queue sizes p to the equilibrium rates of (p,
1)-proportionally fair algorithm given p. In the earlier work we
established the convergence result only in the case of a network
having a single bottleneck. In this work we present an algorithm
that is shown to converge to the system optimal rates in any gen-
eral network. This algorithm can be thought of a natural exten-
sion of (p, 1)-proportionally fair algorithm. Moreover, combined
with a pricing scheme we propose it is shown that our scheme is
incentive compatible in that users do not have an incentive to lie
about their utilities.

The rest of the paper is organized as follows. In section II we
motivate our problem and describe the model. Section III de-
scribes Mo and Walrand’s work. We present our pricing scheme
and algorithm in section IV, which is followed by simulation re-
sults in section V. We discuss how the backlog in the network
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can be controlled using our pricing scheme in section VI. We
finish by drawing some conclusions in section VII.

II. MOTIVATION, BACKGROUND & MODEL

In this section we first motivate the problem we consider by
surveying some of the currently most popular congestion con-
trol mechanism used in the Internet and discussing some of their
problems. We then give a precise mathematical formulation of
the model in the context of which we will carry out the analysis
of our problem, and in the context of which we will present our
congestion control proposal.

A. Motivation

The Internet was designed to be decentralized and to rely on
disciplined behavior from the users. Since the users have to share
the available bandwidth in the network, and given the infeasib-
lity of a a centralized authority mandating the rate allocation, it
is necessary to have rate allocation algorithms implemented at
the end hosts. This is a classical problem and there are a large
number of such algorithms, of which some recent ones of rele-
vance to this work are are [10], [20], [15], [8]. In general all such
proposals be roughly categorized into two classes: rate-based
algorithms and window-based algorithms. A rate-based algo-
rithm directly controls the transmission rate of the connection,
based on either feedback from the network [10] or on measure-
ments taken at the end host. A window-based algorithm adjusts
the congestion window size, which is the maximum number of
outstanding packets that the user has not yet received acknowl-
edgments for, in order to in effect control the transmission rate
and also control the backlog inside the network associated to the
user (connection). Since window based algorithms have a better
handle on the backlog in the network that rate based algorithms,
we view them as desirable (this may be controversial, but is the
thesis of this paper).

The most widely deployed flow/congestion control mecha-
nism in the current Internet is the Transmission Control Protocol
(TCP), which is a window-based congestion control mechanism.
There are, of course, several variants of TCP. It is widely recog-
nized that TCP does not necessarily lead to a fair or efficient rate
allocation of the available bandwidth. TCP1 as currently imple-
mented suffers from a high packet loss rate and a delay bias [14],
[19], [2]. The high packet loss rate is a consequence of periodic
oscillation of the window sizes and aggressive slow start, while
the delay bias is the result of a discrepancy in window update
rates among different connections. In order to address these is-
sues Brakmo et al. [2] have introduced another version of TCP,
named TCP Vegas, with a fundamentally different bandwidth
estimation scheme. They have demonstrated that TCP Vegas re-
sults in a lower packet loss rate, which in turn leads to higher
efficiency, and have suggested that TCP Vegas does not suffer
from a delay bias, thus leading to a more fair rate allocation2.
This was later proved to be the case by Mo et al. [19] in the case
that there is only a single bottleneck in the network. Also, Low
et al. have shown that TCP Vegas leads to an allocation that is

1The most popular versions of TCP in the Internet are TCP Tahoe and Reno.
2Fairness refers to max-min fairness that is discussed in section II-B.

weighted proportionally fair, given that there is sufficient buffer
space in the network [16].

Mo and Walrand [20] in another paper, have proposed and
studied another fair window-based end-to-end congestion con-
trol mechanism, which is similar to TCP Vegas but has a more
sophisticated window updating rule. They have shown that pro-
portional fairness3 can be achieved by their (p, 1)-proportionally
fair algorithm and that max-min fairness can be achieved as a
limit of (p; �)-proportionally fair algorithms4 as � goes to 1
[20].

Clearly fairness is a desirable property for a rate allocation
mechanism. There is, however, another aspect of a rate allo-
cation problem that is of increasing importance as the Internet
becomes increasingly widely used and thus has a diverse popu-
lation of users with different valuations for the service they get.
We suggest that a good rate allocation mechanism should not
only be fair, but should also allocate the available bandwidth in
such a way that the overall utility of the users is maximized. Our
goal in this paper is to address how this might be achieved us-
ing window based rate allocation algorithms. In this paper we
describe a pricing mechanism that achieves these goals without
requiring knowledge of the users’ utility functions and without
requiring any explicit feedback from the network.

It is well known that many desirable rate allocations, such as a
proportionally fair rate allocation, are a solution to a form of op-
timization problem [1], [20], [12]. Hence, an algorithm like ours
may be used to achieve any such rate allocation in the network.

B. Model and Background

We consider a network with a set J of resources or links and
a set I of users. Let Cj denote the finite capacity of link j 2 J .
Each user has a fixed route Ji , which is a non-empty subset of
J .5 We define a zero-one matrixA, whereAi;j = 1 if link j is in
user i’s route Ji and Ai;j = 0 otherwise. When the throughput
of user i is xi, user i receives utility Ui(xi). We assume that the
utility Ui(xi) is an increasing, strictly concave and continuously
differentiable function of xi over the range xi � 0. Further-
more, we assume that the utilities are additive so that the aggre-
gate utility of rate allocation x = (xi; i 2 I)

6 is
P

i2I Ui(xi).
Let U = (Ui(�); i 2 I) and C = (Cj ; j 2 J ). In this paper
we study the feasibility of achieving the maximum total utility
of the users in a distributed environment, using only the infor-
mation available at the end hosts. Under our model this problem
can be formulated as follows [9].

SYSTEM(U,A,C):

maximize
X
i2I

Ui(xi) (1)

subject to ATx � C

over x � 0

3Proportional fairness is introduced by Kelly in [9], and is discussed in the
next subsection.
4(p; �)-proportional fairness is defined in section III.
5We assume that there is a routing mechanism and do not discuss the issue of

routing in this paper.
6Throughout the paper we assume that all vectors are column vectors.
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The first constraint in the problem says that the total rate through
a resource cannot be larger than the capacity of the resource.
Given that the system knows the utility functions U of the users,
this optimization problem may be mathematically tractable.
However, in practice not only is the system not likely to know
U , but also it is impractical for a centralized system to compute
and allocate the users’ rates due to the large scale of the network.
Hence, Kelly in [9] has proposed to consider the following two
simpler problems.

Suppose that given the price per unit flow �i, user i selects an
amount to pay per unit time, pi, and receives a flow xi = pi

�i
.7

Then, the user’s optimization problem becomes the following
[9].

USERi(Ui;�i) :

maximize Ui(
pi

�i
)� pi (2)

over pi � 0

The network, on the other hand, given p = (pi; i 2 I), attempts
to maximize the sum of weighted log functions

P
i2I pi log(xi).

Then the network’s optimization problem can be written as fol-
lows [9].

NETWORK(A,C;p) :

maximize
X
i2I

pi log(xi) (3)

subject to ATx � C

over x � 0

Note that the network does not require the true utility functions
(Ui(�); i 2 I), and pretends that user i’s utility function is pi �
log(xi) to carry out the computation. It is shown in [9] that
one can always find vectors �� = (��i ; i 2 I); p� = (p�i ; i 2
I), and x� = (x�i ; i 2 I) such that p�i solves USERi(Ui;�

�
i )

for all i 2 I, x� solves NETWORK(A;C; p�), and p�i =
x�i � �

�
i for all i 2 I. Further, the rate allocation x� is also the

unique solution to SY STEM(U;A;C). This suggests that the
problem of solving SY STEM(U;A;C) can be achieved by an
algorithm that solvesNETWORK(A;C; p(t)) for a given p(t)
at time t on a smaller time scale, and drives p(t) to p� on a larger
time scale.

Another important aspect of a rate allocation mechanism is
fairness. There are many different definitions for fairness, the
most commonly accepted one being max-min fairness. A rate
allocation is max-min fair if a user’s rate cannot be increased
without decreasing the rate of another user who is already re-
ceiving a smaller rate. In this sense, max-min fairness gives an
absolute priority to the users with smaller rates. However, often
in order to achieve a max-min fair allocation the optimality of
the network needs to be sacrificed as discussed in [18]. In or-
der to handle this tradeoff between fairness and optimality Kelly
[9] has proposed another definition of fairness. A vector of rates

7This is equivalent to selecting its rate xi and agreeing to pay pi = xi � �i .

�x = (�xi; i 2 I) is said to be weighted proportionally fair8 with
weight vector p if �x is feasible, i.e., �x � 0 and AT �x � C, and
for any other feasible vector x, the following holds:

X
i2I

pi
xi � �xi

�xi
� 0

Note that a rate allocation x solves NETWORK(A;C; p) if
and only if it is weighted proportionally fair with weight vector
p.

III. MO AND WALRAND’S WORK

A TCP connection adjusts its rate by updating its window size,
based on the estimated congestion state of the network. There
are several different versions of TCP, which can be categorized
into two classes, based on their bandwidth estimation schemes.
TCP Tahoe and Reno use packet losses as an indication of con-
gestion in the network, while TCP Vegas [2] and the algorithm
proposed by Mo and Walrand [20] use the estimated queue size
to adjust the congestion window size9.

Over the years researchers have observed that the most widely
used versions of TCP, which are TCP Tahoe and Reno, exhibit
several undesirable characteristics such as a delay bias and a high
packet loss rate [5], [6], [19]. In order to deal with these issues
Mo and Walrand [20] have investigated the existence of a fair
window-based end-to-end congestion control algorithm that up-
dates the congestion window size more intelligently.

We first present a fluid model of the network that describes the
relationship between the window sizes, rates, and queue sizes.
Throughout the paper we assume that the switches exercise the
first-in-first-out (FIFO) service discipline. This model can be
represented by the following equations:

ATx� C � 0 (4)

Q(ATx� C) = 0 (5)

X(AC 0q + �d) = w (6)

x � 0; q � 0; (7)

where

C = (C1; :::; CJ )
T ; q = (q1; :::; qJ)

T ;

�d = ( �d1; :::; �dI)
T ; w = (w1; :::; wI )

T ;

X = diag(x); C 0 = diag(C�1
1 ; :::; C�1

J ); Q = diag(q);

wi is the congestion window size of user i, �di is the round trip
propagation delay of route Ji not including the queueing delay,
and qj denotes the backlog at link j buffer. For simplicity of
analysis we assume that the buffer sizes are infinite. The first
condition in (4) represents the capacity constraint. The second
constraint says that there is backlogged fluid at a resource only if
the total rate through it equals the capacity. The third constraint
follows from that the window size of connection i should equal

8This is expressed by the phrase rates per unit charge are proportionally fair
in [9]
9We call these loss-based and queue-based TCP, respectively.
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the sum of the amount of fluid in transit and the backlogged fluid
in the buffers, i.e.,

wi = xi � �di + qi;

where qi denotes connection i’s total backlog in the buffers.
Let W = [0 ;w1 ;max ] � � � � � [0 ;wI ;max ], where wi;max is

connection i’s maximum congestion window size announced by
the receiver and is assumed to be sufficiently large, and X =
[0 ;minj2J1

Cj ] � � � � � [0 ;minj2JI
Cj ]. It has been shown

in [20], [18] that the rate vector x is a well defined function of
the window sizes w, and we can define a function that maps a
window size vector w 2 W to a rate vector x 2 X .10

Under the (p,1)-proportionally fair algorithm by Mo and Wal-
rand [20] each connection has a target queue size pi > 0 and
attempts to keep a total of pi packets at the switch buffers. Let
di(t); wi(t), and xi(t)11 denote the round trip delay with queue-
ing delay12, the congestion window size, and the rate of connec-
tion i at time t, respectively. Suppose that each connection i has
a fixed target queue size pi. Connection i updates its window
size wi(t) according to the following differential equation

d

dt
wi(t) = ��

�di
di(t)

si(t)

wi(t)
;

where � is some positive constant, and si(t) = wi(t) � xi(t) �
�di � pi. Under this algorithm the window sizes converge to a
unique point w� such that for all i 2 I

w�
i � xi(w

�) � �di = pi;

where xi(w
�) is connection i’s throughput when the window

sizes are w�. They show that at the unique stable point w� of
the algorithm the resulting allocation x(w�) is weighted propor-
tionally fair.

Suppose that users update their window sizes according to the
following system of differential equations

d

dt
wi(t) = ��xi(t)si(t)ui(t);

where

si(t) = wi(t)� xi(t) � �di �
pi

(xi(t) + 1)��1

and

ui(t) = �di � (�� 1)
pi

(xi(t) + 1)�
:

This algorithm is called a (p; �)-proportionally fair algorithm13.
They prove that the above algorithm converges to a unique stable
point of the system for all fixed� and the max-min fair allocation
is achieved as a limit as �!1.
10In the rest of the paper despite the abuse of notation we denote the corre-

sponding rates given the window sizes w by x(w).
11We use xi(t) to denote xi(w(t)) when there is no confusion.
12User i’s queueing delay at time t is defined to be

P
j2Ji

qj (t)

Cj
, where

qj(t) is the backlog at resource j at time t. Hence, di(t) =
wi(t)
xi(t)

= �di +P
j2Ji

qj (t)

Cj
.

13A vector of rates x̂ = (x̂i; i 2 I) is (p; �)-proportionally fair if it is feasible

IV. PRICING SCHEME & ALGORITHM

The algorithms suggested in [10], [7], [15] are based on the
assumption that the network can provide the necessary feedback
to the users, and users adjust their rates based on the feedback
information. However, in the current Internet, many, if not most,
connections use TCP, which is a window-based congestion con-
trol mechanism, to control their rates. There are also several
arguments for preferring a window-based congestion control al-
gorithm over a rate-based algorithm. The main argument has to
do with robustness to estimation errors. Suppose that users use
a rate-based congestion control algorithm. If they have incorrect
estimates of the available bandwidth and release packets into
the network at a rate that is much higher than they should, the
network could temporarily experience an extremely high packet
loss rate due to buffer overflows and may take a long time to
recover from it. A window-based congestion control algorithm
not only controls the transmission rate, but also limits the maxi-
mum number of outstanding packets according to the congestion
window size. This helps alleviate the long term effect of the in-
accurate estimation of the available bandwidth by the users. This
is an important advantage of a window-based algorithm. In an
open system such as the Internet, it is important to control the
number of packets the connections can keep within the network
for stability and to ensure that no users can arbitrarily penalize
other users by increasing their rates during congestion periods
due to incorrect estimates.

In this section we adopt the same fluid model used by Mo
and Walrand and propose a pricing scheme and a window-based
congestion control mechanism that can be used to solve the sys-
tem problem. We prove the convergence of the algorithm to the
system optimal rates.

A. Pricing Scheme

Section III tells us that, given (pi; i 2 I), the users can reach
a solution to NETWORK(A,C;p) using a window-based conges-
tion control mechanism, namely the (p; 1)-proportionally fair al-
gorithm of Mo and Walrand. The challenge now is to design a
mechanism that drives the users to the right p� where the result-
ing rate allocation solves SY STEM(U;A;C). In this subsec-
tion we describe a simple pricing mechanism that can achieve
this with the algorithm given in the following subsection. We
show that the price a user pays can be directly computed by the
user without any feedback from the network, by using the same
mechanism already built into TCP.

When the total rate through a link is strictly smaller than its
capacity there is no congestion, as each user receives its desired
rate without contention from other users. However, when the
total rate reaches the link capacity, any increase in a conges-
tion window size by a user i in an attempt to increase its own
rate results in increased backlog at the resource. This leads to

and for any other feasible vector x, we have

X
i2I

pi
xi � x̂i

x̂�
i

� 0:
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higher queueing delay at the resource. If the users are delay sen-
sitive this increase in queueing delay represents an increase in
the implicit14 cost the users pay through larger delay. From the
perspective of the network, this increase in queueing delay may
be interpreted as an increase in undesirable delay cost for the
system. In other words, the queueing delay caused by a user can
be interpreted as the delay cost it imposes on other users [17].

Suppose that the network attempts to recover the increase in
system cost due to queueing delay through a pricing mechanism
as follows. Let qj ; j 2 J , denote the backlog at resource j.
When the total rate through the resource is strictly smaller than
its capacity, we assume that there is no backlog, from (5). When
resource j 2 J is congested, i.e., the total rate through it equals
its capacity, the resource charges a price, where the price per
unit flow gj is the queueing delay at the resource, i.e., gj =

qj
Cj

.
Hence, the total price per unit flow for a user with route Ji �
J is

P
j2Ji

gj , and the total price per unit time user i pays is
xi �

P
j2Ji

gj . Then, the net benefit or the objective function of
the user is given by

Ui(xi)� xi �
X
j2Ji

gj = Ui(xi)� xi �
X
j2Ji

qj

Cj

(8)

We have, however, claimed that no information is explicitly fed
back to the end hosts from the network. Hence, the switches are
not allowed to send any information regarding the current price
per unit flow back to the end users.

In order to maximize the objective function in (8) given the
current prices per unit flow, a user only needs to know the total
price per unit flow of its route, but not the price at each resource.
We now show that users using TCP can compute their prices per
unit flow without any help from the network. Suppose that each
connection knows the propagation delay of its route. In practice
this is done by keeping track of the minimum round trip time of
the packets [2], [19]. Suppose that the target queue sizes of the
users are given by p = (pi; i 2 I), and the users’ window sizes
converge to the stable point of TCP, where the resulting rates are
weighted proportionally fair with the weight vector p. Then, the
price per unit time user i pays, hi, can be computed as follows:

hi = xi �
X
j2Ji

qj

Cj

=
X
j2Ji

qj �
xi

Cj

=
X
j2Ji

q ij = pi ; (9)

where qij is connection i’s queue size at resource j. Here we
have implicitly assumed that the queue size of each connection
at a congested resource is proportional to its rate, which is a
consequence of the assumption that the switches exercise FIFO
service discipline. Equation (9) tells us that the users can infer
the current price from the queueing delay and use their target
queue sizes to solve the user problem with our pricing scheme.15

This eliminates the need for any feedback from the network. One
thing to note is that the rate of a user depends not only on its own

14We say the cost is implicit because the users do not necessarily have to pay
in monetary form.
15Our algorithm discussed in the next subsection maintains the queue-based

congestion control mechanism nature of (p, 1)-proportionally fair algorithm, and
at the same time updates its target queue size pi based on the utility function
Ui(�).

target queue size, but also on those of other users. Hence, the
prices per unit flow at the resources depend on the congestion
level in the network or the demand of the users.

One important aspect of a pricing scheme is fairness. The
price a connection pays for using resource j 2 J should be
proportional to its rate. In other words, the price per unit flow
for each connection at a resource, should be the same. This is
obviously the case with the above pricing scheme. Moreover, it
is easy to see that when a new user comes into the network, the
price the new user pays is exactly the increase in the total system
cost, i.e., the increase in the total queueing delay experienced by
the packets. This can be seen from that the price user i pays per
unit time equals its target queue size pi and the total system cost
per unit time is given byX

j2J

Cj � gj =
X
j2J

Cj �
qj

Cj

=
X
j2J

qj =
X
i2I

pi :

Therefore, the fairness of the pricing scheme is automatically
guaranteed.

In the following subsection, based on this pricing mechanism,
we propose an algorithm that can be deployed over the current
Internet without an extensive modification inside the network.
All that is required is a modification of the already existing TCP
at the end hosts. We demonstrate, using a fluid model, that at an
equilibrium of the algorithm the resulting rates are the optimal
rates that solve SY STEM(U;A;C).

B. Algorithm

The algorithm we have proposed in [13] requires that the
users16 explicitly compute the optimal prices based on the cur-
rent prices per unit flow and use the (p, 1)-proportionally fair al-
gorithm to solve the NETWORK(A, C; p) problem with the given
prices p = (pi; i 2 I). In other words, the problem is formulated
as a discrete model where, given the prices per unit flow from
the previous period n� 1, users solve USER(Ui;�i(n � 1))
for period n. Then the (p, 1)-proportionally fair algorithm is
used to drive the users to the solution of NETWORK(A, C; p(n)).
Theorem 1 in [13] proves that there exists a unique equilibrium,
where users’ choices of prices or target queue sizes remain the
same, i.e., no user changes its price given a chance to update
its price, and the resulting rates at the equilibrium are the sys-
tem optimal rates. There are, however, a few implementation
issues that need to be addressed with this algorithm. For in-
stance, since the (p, 1)-proportionally fair algorithm converges
asymptotically, the users need to know how long they should
wait before updating their prices again or how often they should
update their prices. Further, the convergence of the algorithm
to the optimal rates has been established only for simple single
bottleneck networks.

In this subsection we introduce an algorithm that does not re-
quire a computation of the optimal prices, but the users’ prefer-
ences are implicitly reflected in the window size updating rule.
For the rest of this paper we assume that the utility functions sat-
isfy the technical assumption of Appendix A. This assumption
16In practice an agent at the end host may carry out the computation on behalf

of the user.
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is satisfied by the most commonly used utility functions such as
U(x) = a � log(x+ b) and U(x) = c � xd, where a > 0, 0� b �
1, c > 0, and 0 < d < 1 are arbitrary constants. Suppose that
the users update their window sizes according to the following
system of differential equations:

dwi(t)

dt
= �� �Mi(t) � ri(t) (10)

where

Mi(t) =
�di + U 0

i(xi(t)) + xi(t) � U
00
i (xi(t))

di(t)
; (11)

U 0
i(�) =

d
dxi

Ui(�); U
00
i (�) =

d2

dx2
i

Ui(�), and

ri(t) =
wi(t)� xi(t) �di � xi(t)U

0
i (xi(t))

wi(t)

= 1�
xi(t)( �di + U 0

i(xi(t)))

wi(t)
: (12)

Note that user i’s utility function appears in both Mi(t) and
ri(t).

The following theorem states that the algorithm given by (10)
- (12) converges to the unique stable point, where the resulting
rates solve the SYSTEM(U, A, C) problem.

Theorem 1: Let V (w) =
P

i(ri(w))
2. Then V is a Lyapunov

function for the system of differential equations (10) - (12). The
unique value minimizing V is a stable point of this system, to
which all trajectories converge.

Proof: The proof is given in Appendix B.

In this section for the purpose of analysis we have assumed
that users are delay insensitive. However, if the users are sen-
sitive to delay and the cost due to queueing delay is given by
hi in (9), then the algorithm does not require any pricing mech-
anism. Recall that the purpose of the pricing mechanism is to
impose the system cost due to queueing delay on the users in
an incentive-compatible way. In this case when users maximize
their utility functions with explicit delay cost, the resulting rate
allocation at an equilibrium is the optimal rate allocation.

V. NUMERICAL EXAMPLE

In this section we give a numerical example of a simple
network and demonstrate the convergence of users’ parame-
ters through simulation. The simulation is run using the Net-
work Simulator (NS) developed at Lawrence Berkeley Labora-
tory (LBL) and UC Berkeley.

The topology of the simulated network is given in Figure 1.
There are 18 users that share the network, and the routes of the
users are as listed in Figure 1. The capacities and delays of the
links are given next to the links in the figure. Table I has the
utility functions, optimal rates, and equilibrium prices (or target
queue sizes in packets) of the users.17 In this simulation each

17The rates x in Ui(x) are in packets per second, while x�
i

’s are given in
Mbps.
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Fig. 1. Topology of the simulated network and the users’ routes.

connection measures its rate, computes Mi(t) and ri(t), and up-
dates its window size according to (10) - (12) once per round trip
time. The parameter � is set to 0.1 for all connections. Packet
sizes are fixed at 1,000 bytes. The simulation is run for 20 sec-
onds.
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Fig. 2. Convergence of user prices and rates.

The evolution of the rates and prices of users 1, 3, 5, 7, and 11
are plotted in Figure 2. One can see that users’ rates converge
to a region around the optimal rates and the prices converge to
the unique equilibrium. Since the users use instantaneous values
of the rates and the queueing delays, their rates oscillate slightly
around the optimal rates.

The convergence rate of the algorithm obviously depends on
the parameters such as �. Further, simulation results indicate that
the convergence rate of the algorithm decreases with the round
trip delays of the users as expected. This is because the window
sizes of the users are updated only once per round trip time. Sup-
pose that a user enters a network with many users that is already
in an equilibrium with the existing users. Then, the simulation
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user Ui(x) x�i (Mbps) p�i
1 2:4x0:7 0.121 11.25
2 0:9x0:7 0.497 11.34
3 0:9x0:7 0.750 15.13
4 1:2x0:7 0.180 7.43
5 0:9x0:7 0.497 11.34
6 1:5x0:7 0.380 15.66
7 0:6x0:7 1.500 16.38
8 2:5x0:7 0.138 12.85
9 2:4x0:7 0.121 11.25

10 2:4x0:7 0.706 16.11
11 0:9x0:7 0.750 15.16
12 0:9x0:7 0.500 15.18
13 1:2x0:7 0.500 11.39
14 0:9x0:7 0.380 15.66
15 1:5x0:7 0.180 7.43
16 0:6x0:7 0.380 15.66
17 2:5x0:7 0.121 11.25
18 2:4x0:7 0.500 11.39

TABLE I

UTILITY FUNCTIONS OF THE USERS.

results suggest that with a wide range of round trip delays and
a reasonable choice for the value of � the system takes no more
than a few seconds to converge to a small neighborhood of the
new equilibrium. This fast convergence can be explained from
that the arrival of a new user does not perturb the existing users
too much, and this allows the new user to quickly estimate the
price per unit flow of its route and reach the equilibrium. Due
to the size of the Internet and a large number of users, if the
arrivals and departures of the users are reasonably frequent, we
expect the system to remain close to an equilibrium at any given
time.

VI. CONTROLLING THE BACKLOG AND QUEUEING DELAY

IN THE NETWORK

In the previous sections for simplicity of analysis we have as-
sumed that the buffer sizes at the resources are infinite. In the
real network, however, the buffer sizes are finite and there may
be packet losses due to temporary buffer overflows. In this sec-
tion we discuss how our pricing scheme and algorithms can be
extended to cope with these packet losses.

In our pricing scheme we have assumed that the price per unit
flow charged by a resource j is the queueing delay at the re-
source. Suppose that the price per unit flow at a resource is
proportional to the queueing delay, i.e., gj = 
 �

qj
Cj

, where

 > 0, but not necessarily equal to the queueing delay. In this
case the users face the same user optimization problem, except
that now the target queue size should be set to its willingness to
pay divided by 
. More specifically, U 0

i(xi(t)) and U 00
i (xi(t))

in (11) and (12) need to be replaced by 
�1 � U 0
i(xi(t)) and


�1 �U 00
i (xi(t)), respectively. One can show that under this more

general pricing scheme and modified algorithms, there exists a
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Fig. 3. Convergence of user prices and rates with various 
 values. (a) 
 = 3.0
(b) 
 = 0.3.

unique equilibrium of the algorithms, and at the equilibrium the
resulting rates are the optimal rates that solve SYSTEM(U, A,
C). In other words, the equilibrium prices and resulting rates are
invariant under change of 
. One consequence of this is the fol-
lowing. Because the equilibrium prices are the same for all 
 >
0, the target queue sizes of the users are inversely proportional
to 
. Therefore, by increasing 
 we can arbitrarily reduce the
target queue sizes of the users and, hence, the backlog inside the
network. Further, as 
 goes to 1, one can see that the queueing
delay goes to 0 for all users because the target queue sizes of the
users go to 0. What this means in practice is that 
 can be chosen
to ensure that packet losses are negligible even when the buffer
sizes are finite.

We demonstrate this through simulation. Simulations are run
with the same network topology and set of users as in section V.
We set 
 to 3 and 0.3 in the first and second simulation, respec-
tively. The simulations are run for 20 seconds. Figure 3 shows
the rates and target queue sizes of the users. One can easily
see that users’ rates converge to similar values, while the target
queue sizes are inversely proportional to 
, i.e., the product of

 and target queue size of each user remains constant. This is
consistent with the claim made above.
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Fig. 4. Increase in measurement noise and decrease in convergence rate.

Maintaining small queue sizes in the network is good from
the perspective of the network. Choosing a large value of 

forces users to have small target queue sizes, and hence helps
keep small queue sizes in the network. However, since our algo-
rithm uses the queueing delay to estimate the congestion level in
the network, the sensitivity of the algorithm to the measurement
noise increases with 
 because queue sizes are time varying and
any fluctuation in queue sizes is magnified by 
. As a result not
only the convergence rate of the algorithm decreases with 
, but
also the algorithm may not even converge to the optimal rates in
a real network if 
 is set too large.

This is illustrated in Figure 4. The same network topology
and set of users in section V are used, and 
 is set to 10. The
simulation is run for 150 seconds. The plots clearly show that
the relative oscillation in users’ target queue sizes increases no-
ticeably from the previous simulations, and the rates of the users
do not converge to the same optimal rates as in the previous sim-
ulations. This can be explained as follows. In order for the users
to get an accurate estimate of the queueing delay, the queue sizes
inside the network should be relatively stable and not vary fast
compared to the round trip delays of the users. However, as
shown in Figure 4 the target queue sizes of the users are no larger
than 2 packets. Since packets of all users must traverse through
at least 4 routers, on the average users have less than 0.5 packets
backlogged at each router. This means that, with a small number
of users going through each router, the queue sizes are likely to
fluctuate widely at a rate faster than the round trip delays of the
users. As a result of this fast fluctuation in queue sizes the users
may not be able to obtain an accurate estimation of the conges-
tion level in the network, which is necessary for the convergence
of the algorithm. The fact that in the Internet there are a large
number of connections going through each router and the rela-
tive fluctuation in the queue size during a congestion period may
not be large can potentially help the users obtain a better estimate
of congestion level even with a large 
. However, choosing an
appropriate range of 
 values requires further study.

VII. CONCLUSIONS

In this paper we have investigated the fundamental problem of
the existence of an algorithm that achieves the system optimum

in a distributed network without any explicit feedback from the
network elements to the end hosts. We have described a pric-
ing scheme and an algorithm that solves the system problem at
the unique equilibrium point of the algorithm. We have demon-
strated that our algorithm is incentive compatible and does not
require any feedback from the network. Moreover, it achieves
weighted proportional fairness. It is also important to note that
the algorithm is window based. The algorithm is proven to con-
verge to the system optimum in any general network under a
mild technical assumption on the utility functions. A numerical
example is given to demonstrate the convergence of the algo-
rithm.

In this paper we have assumed that the routes of the users are
fixed. However, if the network charges the users based on the
congestion level along the route of the connection, the network
should ensure that no users get preferential treatment or penal-
ized through the selection of the routes. For instance, the routing
has to be done in such a way that no user is routed through a path
that has the highest price per unit flow among the available paths,
while other connections are routed through the cheapest path.
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APPENDIX

I. ASSUMPTION ON THE UTILITY FUNCTIONS

Assumption 1: Utility functions of the users satisfy the fol-
lowing:

U 0
i(xi) + xi � U

00
i (xi) � 0; xi 2 [0; Ci];

where Ci = minj2Ji
Cj :

II. PROOF OF THEOREM 1

We first define interior and boundary points. An interior point
is defined to be a window size vector, around which we can find
an open ball such that all the points in the ball have the same set
of bottlenecks. A window size vector, for which we cannot find
such an open ball is said to be a boundary point. One can show
that the boundary regions are linear and divide the window size
space into a finite number of convex regions. Hence, if w(t) is
an interior point, then for sufficiently small � > 0, w(t + �) is
in the same region as w(t). If w(t) is a boundary point, then for
any sufficiently small � > 0 w(t+ �) is in one of the neighboring
regions of the boundary point.

Recall that V (t) =
P

i(ri(t))
2, where

ri(t) =
wi(t)� xi(t)( �di + U 0

i(xi(t)))

wi(t)
:

We show that for small � > 0,

V (t+ �)� V (t) = rT (t)Jr(t)(w(t + �)� w(t)) + o(�); (13)

where Jr(t) is the partial derivative

Jr(t) =

�
@ri

@wj

; i; j 2 I

�
;

which depends on the region in which w(t + �) is.
We first state a claim that will be used in the proof.
Claim 1: At an interior point w the partial derivative Jx =h
@xi
@wj

; i; j 2 I
i

is given by

Jx = �D�1(I �XAB(A
T
BX

�D�1AB)
�1AT

B
�D�1); (14)

where �D = diag(d1(w); � � � ; �di(w)) and �di(w) = �di +P
j2Ji

qj (w)
Cj

and where AB is the submatrix of A with columns
corresponding to the bottlenecks under w.

Proof: We first show that the mappingW from the window
sizes to the rates is differentiable at the interior points. Suppose
that w is an interior point and x = x(w). Let B be the set of

bottlenecks at w. We consider two cases.

Case (1) AB has full rank, i.e., rank(AB) = B = jBj. Let

gB(q
0
B ; w) = AT

Bx(q
0
B ; w)� CB ; (15)

where

xi(q
0
B ; w) =

wi

�di +Ai�q
0
B

(16)

and Ai� is the i-th row of AB . We use q0B to denote the queueing
delays, not queue sizes that are denoted by qB . We define

Jgq =

"
@gi

@q0j
; i; j = 1; � � � ;B

#
;

where

@gi

@q0j
=

@

@q0j
(
X
m

Am;ixm(q0B ; w)� Ci)

=
@

@q0j
(
X
m

Am;i

wm

dm +
P

k Am;kq
0
k

)

=
X
m

Am;i(
@

@q0j

wm

dm +
P

k Am;kq
0
k

)

=
X
m

Am;i(�
wm

(dm +
P

k Am;kq
0
k)

2
)Am;j

= �
X
m

Am;iAm;j

wm

(dm +
P

k Am;kq
0
k)

2

= �
X
m

Am;iAm;j

xm(q0B ; w)
�dm(q0B)

;

where �dm(q0B) = dm+Am� �q
0
B . This can be written in a matrix

form as

Jgq = �AT
BX

�D�1AB ; (17)

where �D = diag( �d1; � � � ; �dI ).
One can easily show that Jgq is nonsingular because

AT
BX

�D�1AB is positive definite. Therefore, by the im-
plicit function theorem, q0B(w) is differentiable [21], and so is
x(q0B ; w) from (16). Further, from the implicit function theo-
rem,

Jq(w) =

�
@q0j

@wi

; j = 1; � � � ;B; i 2 I

�
= �(Jgq )

�1Jgw ;

where

Jgw =

�
@gj

@wi

; j = 1; � � � ;B; i 2 I

�
= AT

B
�D�1 from (15):

Thus,

Jq(w) = (AT
BX

�D�1AB)
�1AT

B
�D�1: (18)

Case (2) rank(AB) = 
 < B. Let �B � B such that
rank(A �B) = 
 and

�� �B�� = 
. Then, applying the implicit func-
tion theorem to g �B as defined in (15) yields the differentiability
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of x(q0�B ; w). One can show that x(q0�B ; w) is the unique solution
of gB as follows. Since we delete dependent rows from AT

B , if
x is a solution of AT

�B
x = C �B , then it is a also a solution of

AT
Bx = CB . Since the solution is unique, x(q0�B ; w) is the solu-

tion of gB . Therefore, the differentiability follows.
We proceed to prove the claim with the assumption that AB

has full rank. If not, we can take A �B as described before and
prove the claim. SinceAB has full rank, we know that the queue-
ing delays are well defined from [20]. First, from (6) for all i 2 I
we have

wi = xi(w) � �di + xi(w)Ai�q
0
B(w): (19)

If we differentiate (19) with respect to wj ; j 2 I,

Æi;j = (Ai�q
0
B(w) +

�di)(Jx)i;j + xi(w)(Ai�(Jq)�j):

Again, note that Jq is well defined from (18). In a matrix form
this is given by

I = �DJx +XABJq ;

which yields

Jx = �D�1(I �XABJq):

Since Jq = (AT
B
�D�1XAB)

�1AT
B
�D�1 from (18), we get

Jx = �D�1(I �XAB(A
T
B
�D�1XAB)

�1AT
B
�D�1):

We continue the proof of the theorem. If w(t) is an interior
point, then from the algorithm and that x(w) is differentiable at
interior points from the above claim, we have

Jr = DXW�2 �DW�1Jx +XU 0W�2

�W�1(U 0 +XU 00)Jx

= DXW�2 �DW�1 �D�1

+DW�1 �D�1XAB(A
T
BX

�D�1AB)
�1AT

B
�D�1

+XU 0W�2 �W�1(U 0 +XU 00) �D�1

+W�1(U 0 +XU 00) �D�1XAB(A
T
BX

�D�1AB)
�1

�AT
B
�D�1 (20)

= (D + U 0 +XU 00) �D�2AB(A
T
BX

�D�1AB)
�1AT

B
�D�1

�W�1XU 00 �D�1; (21)

where
W = diag(w(t)), X = diag(x(t)), �D = diag(d1(t); � � � ; di(t)),
D = diag(d1; � � � ; �di), U 0 = diag(U 0

1(x1(t)); � � � ; U
0
I(xI (t))),

U 00 = diag(U 00
1 (x1(t)); � � � ; U

00
I (xI (t))), and AB is the subma-

trix of A with columns that correspond to bottlenecks at w(t)18.
If w(t) is a boundary point, then AB is the submatrix of A
with columns that correspond to bottlenecks at w(t + �). The
second inequality in (20) follows from that Jx = �D�1(I �
XAB(A

T
BX

�D�1AB)
�1AT

B
�D�1).

18For sufficiently small � > 0, w(t+ �) has the same bottlenecks as w(t).

Fix � > 0. Define Æw(t; �) = w(t+�)�w(t)
�

. Then, since Jr(�)
is well defined in [t; t + �] if the path w(t0) follows the straight
line betweenw(t+�) andw(t) and V (�) is a continuous function
of window sizes, one can see that

V (t+ �)� V (t) =

t+�Z
t

rT (s)Jr(s)Æw(t; �)ds

=

t+�Z
t

(r(t) + �r(s))T [Jr(t) + �Jr(s)]Æw(t; �)ds;

where �r(s) = r(s) � r(t), �Jr(s) = Jr(s) � Jr(t), s 2
[t; t+ �], and Jr(�) is defined as described above. Then,

V (t+ �)� V (t) =

t+�Z
t

rT (t) Jr(t) Æw(t; �) ds

+

t+�Z
t

rT (t) �Jr(s) Æw(t; �) ds

+

t+�Z
t

�rT (s) Jr(t) Æw(t; �) ds

+

t+�Z
t

�rT (s) �Jr(s) Æw(t; �) ds

= rT (t) Jr(t) (w(t + �)� w(t))

+rT (t) �

t+�Z
t

�Jr(s)ds � Æw(t; �)

+

t+�Z
t

�rT (s)ds � Jr(t) � Æw(t; �)

+

t+�Z
t

�rT (s) �Jr(s)ds � Æw(t; �)

= rT (t) Jr(t) (w(t + �)� w(t))

+o(�): (22)

Hence, from (22) if r(t) 6= 0,

lim
�#0

V (t+ �)� V (t)

�

= lim
�#0

rT (t)Jr(t)(w(t + �)� w(t))

�
+ lim

�#0

o(�)

�

= rT (t)Jr(t) _w(t) = ��rT (t)Jr(t)M(t)r(t) < 0;

where M(t) = �D�1(D+U 0+X �U 00). The last inequality fol-
lows from that Jr(t)M(t) is a positive definite matrix for (20).
Note that for a boundary point w(t) such that _w(t) lies along a
boundary region rT (t)Jr(t) _w(t) is the same for all Jr(t) with
differentAB of the neighboring regions. Hence, the limit is well
defined. Since (23) is true for all t unless ri(t) = 0 for all i 2 I,
the convergence follows.
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