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Abstract

In this paper we model the interaction between the net-
work and the network users as a noncooperative game
.and study the Nash equilibrium points (NEP) of the
game. We show that there is a unique NEP of the
game in our model with generalized power functions as
the benefit function, and that the Nash mapping from
the price vector space to the feasible system flow con-
figuration space is both continuous and injective. We
discuss how the network, an active player, can drive the
users into an efficient state, by using a pricing mecha-
nism. The convergence result for both synchronous and
asynchronous schemes for a simple network is proved
when users adopt a variation of the greedy algorithm.

We also demonstrate that the results proved in this
paper depend on the natural properties of the benefit
functions, not on the particular form of the benefit func-
tions used in the paper. This tells us that the results
proven in this paper can be applied to more general
benefit functions.

1 Introduction

In the future network services are likely to be provided
by profit-seeking, private entities. These network ser-
vice providers (NSP) may provide different QoS services
at various prices. In order to recover their costs and
raise profits, these NSPs need to understand the users’
behavior. If network users must pay for their service,
each network user will be interested only in maximiz-
ing its own benefit at the lowest possible cost, and its
choice of action will depend on those of other users.
The behavior of users in such an environment can be
addressed in the framework of game theory. One fun-
damental question that arises in such an environment
is the existence and possibly uniqueness of an equilib-
rium where no user finds it beneficial to change its flow
configuration unilaterally. Such an equilibrium is called
a Nash equilibrium point (NEP) [1].

We consider a simple network with a finite number of
users. The network service provider presents to the
users a menu that describes the capacities of the servers
and the price per unit flow for each server. Users de-

0-7803-5250-5/99/$10.00 © 1999 IEEE 4008

cide their flow rates to each server after they see the
menu and agree to pay the network. Each user receives
some benefit from obtaining a certain amount of flow
rate, which depends on the delay it experiences. Some
users may be more sensitive to delays than others, and
some may get higher benefit than others for receiving
the same amount of flow rate. If users are charged for
the amount of flow rate they send, their choices of flow
rates will depend not only on the actions of other users
but also on the prices they have to pay to the network.
The users are assumed to be selfish and interested only
in maximizing their own benefit. We model this inter-
action between network and users and among the users
as a noncooperative game and show the existence of an
NEP and its uniqueness. We also show that the Nash
mapping from the price vector space to the system flow
configuration space is continuous and injective.

The fact that the flow rates chosen by the users depend
on the prices suggests that the NSP may be able to
control the network load through pricing. In the sec-
ond part of the paper we investigate the case where the
network is an active player that tries to maximize its
objective function. The network initially observes the
actions chosen by the users and attempts to estimate
the parameters of the users. Based on the estimated
net benefit functions of the users, the network exercises
price discrimination to drive the users to an operating
point that maximizes its objective function. Conver-
gence results for a simple network are demonstrated
under the Gauss-Seidel and Jacobi schemes. We show
that the uniqueness and convergence results depend on
the natural properties benefit functions would possess,
but not so much on the form of the benefit functions
used in this paper. This tells us that the results proved
in this paper can be extended to much more general
benefit functions.

The rest of the paper is organized as follows. Section 2
describes the model, and section 3 shows the existence
and uniqueness of an NEP, which is followed by the
proof of the continuity and injectivity of the Nash map-
ping from the price vector space to the feasible system
flow configuration space. Then, we discuss the case of
a more active network that attempts to drive the users
to its optimal point, and prove the convergence results.
This is followed by a discussion on the robustness of
NEPs. A numerical example is given in section 7.



2 Model and Problem Formulation

user 1

Figure 1: Network Model.

We consider a simple network model as shown in Figure
1. There are a finite number of users, I = {1, 2, ..., I},
that share the network. The network service provider
(NSP) provides different classes of service with various
service rates. Let L = {1, 2, ..., L} be the set of classes
of service and C),! € L, be the service rate of server ! if
there is a dedicated server for each class, or the service
rate allocated to class ! if there is only one server. In the
second case all the residual service rate can be assumed
to be diverted to the best-effort service class with no
guaranteed service rate. We assume that each class
has a dedicated server. Without loss of generality, we
assume that classes are ordered by decreasing service
rate, i.e., C1 > C3 > -+ > CL. Each user is assumed to
be selfish in the sense that it only attempts to maximize
its own net benefit.

The NSP presents to the users a menu with prices per
unit flow of each server and the service rates of the
servers. The price per unit flow of server | € L that
user i needs to pay, denoted by p{ > pmin > 0, is a
positive real number. The minimum price per unit flow
Pmin charged by the network can be made arbitrarily
-small. Our formulation includes the special case where
the network does not discriminate among the users, and
charges the same price p; = pf for all< € I. In this paper
we study more general cases where price discrimination
is allowed. Hence, the price vector p is an element in
P = R™L, where R = [pmin, o). User i sees the menu
and decides how much flow rate r{ it wants from each
server [ and agrees to pay Y, P} - 7} to the network.
We must have r} > 0 (nonnegativity constraint) and
r} < Cy (service rate constraint) because the users know
the service rate of each server I before they make the
decision. Let r; denote the total flow rate to server [
from the users. The flow rate configuration of user 7
is denoted by r¢, and the system flow configuration by
r=(rl, 7%, .., r0). Let r—% = (v, .. ri=t pitl ),
t' = ¥, rf denote user i’s total flow rate, and ¢;*
the total class [ flow rate from the users other than
user i. A user flow rate configuration rt is said to be
feasible if it satisfies the nonnegativity and service rate
constraints. We denote the set of all feasible flow rate
configurations for user i by R:. Note that R? is same for
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every user. Similarly, a network flow rate configuration
r is feasible if every user flow configuration is feasible,
and R = R'® - - - ® R! denotes the set of all feasible
system flow configurations.

The net benefit user ¢ receives when the system flow
configuration is r is quantified by a function J*(r,p).
This equals the benefit received from the flow minus
the price it has to pay to the network to carry the
flow. The benefit of user ¢ depends not only on its own
flow configuration but also on those of other users, and
therefore, so does the net benefit. Since we assume that
every user is selfish, the problem can be modeled as a
noncooperative game where each user tries to maximize
its net benefit. A natural question that arises in such
settings is the existence of a Nash equilibrium point.
In other words, we are interested in finding a system
flow configuration such that no user finds it beneficial
to change its own flow rate configuration when no other
users do. Mathematically, a system flow configuration 7
= (#,72,...,#) is an NEP if, for all ¢ € I, the following
holds:

JiF,p) = JHFA, .., 7N A A p)
= rrpea;sJi(Fl,--.,Fi“,r",Fi+‘,-.-,f‘,p)(l)

The importance of an NEP is that it is a point at which
no user has an incentive to deviate.

The network attempts to fit the net benefit functions
of the users to a form given by

']i (T) p) Z Jli (Tv p)
leL

>_((r))* (G = min{r,, C1})% ~ rip}

leL
—Kitif‘l")
> (D™ (Cr — min{r, C})* ~ rip})

leL
-Ki(t')? (2)

where K; is a fixed constant that governs the interde-
pendency among user ’s flow rates to the servers, and
a; € (@,1),0 < a9 < 1, and B; € (ﬁo,l],o < fBo <1,
are the parameters that determine user ¢’s sensitivity
to the flow rate it receives and the delay it experiences.
Here we assume that K; > 0 for all { € I because we are
mainly interested in the case where the flow rate of a
user to a server also affects the benefit the user receives
from another server. The first term in (2) is a general-
ized power function, and the second term is the price
user 4 pays to the network. The last term accounts for
the decrease in the rate at which the benefit increases
as t' increases, i.e., a decrease in marginal benefit with
t' 1. The results we prove hold when the actual net
benefit functions of the users are close to this form and
satisfy certain natural qualitative properties.

I This is the law of diminishing utility.



3 Nash Equilibrium Point and Mapping

3.1 Nash Equilibrium Point
The following theorem proves the existence and unique-
ness of NEP. The proof of this theorem is in [2].

Theorem 1 There ezists a Nash equilibrium of the
game, and the Nash equilibrium is unique.

3.2 Nash mapping .

In the previous subsection we have proved the unique-
ness of NEP. Consider the function N : P — R, that
assigns to each price vector p € P the Nash equilibrium
N(p) of the respective game. The function A will be
referred to as the Nash mapping. In this section we
show that the Nash mapping is both continuous and
injective. The proof of this lemma is in [2].

Lemma 1 The Nash mapping N : P — R is both con-
tinuous and one-to-one, i.e., if N(§) = N(p), then
p=7p.

The Nash mapping is, however, not surjective. To see
this one can show that there does not exist a price vec-
tor that yields an NEP r = (Ci,..., C1,). Hence, the
image NV (P) is a strict subset of R.

The fact that the Nash mapping N is injective has an
important implication. Suppose that the NSP chooses
a desired load level for each server based on require-
ments such as average delay guarantees, and the desired
load is in M (P). Then, using the inverse mapping, the
NSP can compute the unique price vector p € P such
that M (p) coincides with the desired load vector. For
example, suppose that the network provides differenti-
ated services with quality of service (QoS) guarantees
and the average delay can be computed as a function of
the total load at the server. Then, the network should
control the load level at each server by computing the
appropriate prices, at whose NEP the guaranteed QoS
requirements are met. If users converge to an equilib-
rium, they will converge to an NEP, which is the desired
load. This is discussed in sections 4 and 5.

4 Pricing as Congestion Control Mechanism

In the previous sections we have assumed that the net-
work chooses the prices at the beginning and does not
change them. In other words, after it sets the prices, the
network makes no attempt to drive the users to a more
preferable state for itself. In many cases, however, this
may not be the case. For instance, the network, as a
social player, might want to maximize the total benefits
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of the users. In some other cases, if the network is op-
erated by a private entity, the objective of the network
might be maximizing the total revenue. This suggests
by setting prices we allow the network to be an active
player in the game and investigate the possibility of
achieving a more efficient state of the network. In this
section we heuristically describe how this may be done.
Formal results for simple cases are given in section 5.

Consider the following. The network does not a priori
know the benefit functions of the users. Thus, the net-
work cannot simply run an optimization algorithm to
find the price vector that yields its maximum benefit
at the unique NEP corresponding to the price vector.
Hence, initially the network sets the price vector ac-
cording to some rules and observes how users update
their flow rates as described below.

Suppose that when a user gets a chance to update its
strategy, it computes the unique ? strategy that maxi-
mizes its net benefit function and updates its flow rates.
We assume that when a user sees that a server is sat-
urated after step n, i.e., 7(n) > Cj, the user sets its
flow rate to the server to zero at the next step. This
is to ensure that the total rate to a server is strictly
less than its capacity after a finite number of updates
from any initial flow configuration. We call this the
greedy algorithm. Under the greedy algorithm, the net-
work can estimate the parameters o, 8;, and K; of user
i’s net benefit function as follows. The network keeps
records of the strategies used by the users when they
update their flow rates. If each user updates at least
three times and the available service rates to the user
are different at each time, then the network can com-
pute user i’s parameters, «;, 8;, and K; that satisfy
the three independent sets of nonlinear equations that
result from the Kuhn-Tucker conditions [4] and deter-
mine its net benefit function or at least estimate it. If
users’ true net benefit functions are only approximate
of the form in (2), then the network can continue to
update the information regarding the true net benefit
functions of the users until it has the approximates of
the form in (2) that are closest to the true net benefit
functions. We may assume that this estimation scheme
converges, perhaps using some stopping rule.

Once the network knows the true net benefit functions
of the users or at least has good estimates of the pa-
rameters, it can compute the price vector that optimizes
the network objective or satisfies the QoS guarantees at
the corresponding NEP. A numerical example is given
in section 7.

After computing the price vector, the network informs
the users of a price change and presents the new price

2The uniqueness of maximizing strategy follows from that the
user faces a concave optimization problem given the strategies of
other users.



vectors. Again, each user looks at the price presented
by the network and decides its own flow rates to the
servers. As described before, each user continues to
update its flow rates to maximize its net benefit, given
the aggregate flow rates of other users. One can imagine
that the network and the users repeat this process.

Since the users do not necessarily start from the unique
NEP, the above model is useful only if the users even-
tually reach the NEP, i.e., they converge to the NEP in
the limit. If the users do not ever reach a point close
to the NEP, then the network does not have any rea-
son for computing the price vector that maximizes its
benefit at the corresponding NEP. This is discussed in
the next section.

One expects that if the users converge to an NEP (with
the actual net benefit functions but with prices set by
the network based on its estimated net benefit func-
tions), it should be close to the NEP expected by the
network. This is discussed in section 6.

5 Stability of NEP

In this section, we address the stability of the NEPs
in more details. We only discuss the simple cases with
only one server. Suppose that the network sets the
prices and the users iteratively update their low con-
figurations in a self-optimizing way. We show that there
is convergence to the NEP under both synchronous and
asynchronous Gauss-Seidel schemes. Due to an oscilla-
tion effect, convergence is not guaranteed under a Ja-
cobi scheme. However, a modified Jacobi scheme with
a damping constant is proved to yield convergence. Al-
though it is not discussed here, the Gauss-Seidel scheme
can be proved to converge in the two-server and two-
user cases also. '

5.1 The Gauss-Seidel Scheme

In this subsection we consider a dynamic scheme in
which users update their flow rates in an asynchronous
manner. In other words, the users change their flow
rates in a sequence in such a way that in each step
only one user updates its flow rate. We assume that
each user has an accurate measurement of the aggregate
flow rate before updating its flow rate. Although we do
not assume any particular order of updates, we require
that there is some finite number that upper bounds the
number of steps between any two subsequent updates of
each user. This is called an asynchronous Gauss-Seidel
scheme.

We assume that the price vector p = (py, ..., pr), where
p; is the price charged to user %, is fixed by the network
and let r* = (r!*,...,71*) and t* denote the unique NEP
corresponding to p and the total flow rate at the NEP
r*, ie., t* = 25=1 r#*, respectively. Assume that r(0)
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is such that ¢(0) < C, where C is the available service
rate of the server. This guarantees that ¢(n) < C for all
n because the optimal flow rate for the updating user is
always strictly small than the service rate available to
the user. The following theorem states that the users’
flow rates converge to the unique NEP under the Gauss-
Seidel scheme. This theorem is proved in [2].

Theorem 2 Under the asynchronous Gauss-Seidel
scheme, the flow rate vector r(n) converges to the
unique NEP r* as n = 00, i.e., limyoor(n) =r*.

Since the synchronous Gauss-Seidel scheme is a special
case of the asynchronous Gauss-Seidel scheme, the syn-
chronous Gauss-Seidel scheme also converges.

5.2 The Jacobi Scheme

This subsection discusses the convergence of a syn-
chronous dynamic scheme, called the modified Jacobi
scheme. Under the Jacobi scheme, at each step n all
users update their flow rates simultaneously, based on
the information on the total flow rate from the previous
step, n—1. As stated in [3] this assumption on simul-
taneous update should be interpreted as that each user
has available only information from the previous step
due to delays, rather than as a synchronization require-
ment. We show that if users use a modified version of
the greedy algorithm, then the flow rate vector r(n)
converges to the unique NEP. Suppose that t(n) < C,
where C is the service rate of the server, and the users
adopt the following updating rule

Fn+1) =@ + 1 FEE ) -r@), )

where I is the number of users® and #*(n+ 1) is the flow
rate computed by user i according to the original greedy
algorithm. We assume that ¢(0) < C. This ensures that
t(n) < C for all n > 0. The following theorem states
that the users’ flow rates converge to the NEP under
the modified Jacobi scheme. The proof is in [2].

Theorem 3 Under the modified Jacobi scheme given
in (3),

limpeo r(n) = 1.

6 Robustness of NEP

In the previous sections we have assumed that the net
benefit function of each user is of the form given in (2).
The true net benefit function of a user, however, may or
may not be of the form. In this section we show that the
existence and uniqueness of NEP do not depend on the

3In fact, any constant M > I yields convergence.



particular form of the net benefit function used in the
paper, but are consequences of certain natural proper-
ties benefit functions are expected to possess. Suppose
that users’ benefit functions satisfy the following con-
ditions.

1) Benefit functions are continuous.
2) The total benefit V*(r) of user i is given by the sum
of benefits it receives from each server, i.e.,

Vi) =Y Vi) =Y Vi thy)

leL leL

where t;, = Z,,#, rh. For fixed r;* and i,
Vii(ri,7},t*,) is maximized by some ri < C; — r* if
T ! < (). Further, if r; > C), user i receives at most
zero benefit from a positive flow rate to server . The
net benefit Ui(r, p) is given by

Ui(r,p) =Y _Ui(r,p) = »_(Vi(r) = p} - }).

leL leL

3) For all i € I, given any r~* such that r;"* < C; for
some ! € L, benefit function is twice differentiable on
R“—{r ER’lr, <C’,—r,'fora.lllGLsuchthat
' < Cyand r} = 0 for all I' € L such that r;* > Cy
} Further, it is strictly concave on R* = {r' € R’ |
i <Cy—r;* for alll € L such that r;* < Cj and rf =
0 for all ' € L such that r;* > Cr}.
4) The derivatives of the net benefit function defined
on R*

aU*(r, p)

31‘," = Kli("'hrlj:ti—l:pli)

K;(r,p) =
satisfy the following properties:
(2) Kj}(r,p) is strictly decreasing in each of r},r;, and
tt L if r; < Cy. For instance, if r} and 7" are fixed, then
K}(r,p) is decreasing in £ ,.
(i) Ki(r,p)|, > Ki(r, p)lf, where 7 = 7 + & - (ef —
e,) # i, and €} is a unit vector whose only non-zero
element is (%, 1)-th element.

Let us first briefly motivate these assumptions. In order
to adjust its flow rates based on its total flow rate and
the delays, each user should be able to quantify the net
benefit it receives from each server. This is captured
by assumption (2). Furthermore, as a server becomes
saturated, the delay will be intolerably large and users
will receive no benefit from the server and may even
be better off not sending the packets to the server at
all. Therefore, at an equilibrium, if there exists any,
the total flow rate to a server should be strictly smaller
than its capacity. Although user ’s benefit from server
I increases with its flow rate r{ if the delay is fixed, the
actual increase decreases with the total delay its flow
experiences, which increases with the total flow rate.
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This naturally gives a rise to a concave benefit function.
Assumption (4) says that the marginal benefit user i
receives for extra e rate to server [, decreases not only
with r{, but also with the total flow rate it sends to
the other servers. This can be explained from the law
of diminishing utility. Moreover, the marginal benefit
decreases with the expected delay of the server, which
depends on the total rate to the server r;. Assumption
(4i7) is another way of stating that user i’s marginal
benefit decreases with r{ and t* when r; is fixed.

From the above assumptions, the existence of an NEP
follows from [5]. It turns out that the uniqueness of
NEP in the previous model follows from the proper-
ties these net benefit functions possess, and there is a
unique NEP of the game with any net benefit functions
satisfying 1)-4). Further, the Nash mapping defined in
section 3 is continuous with such net benefit functions.
The Nash mapping in this case, however, may or may
not be injective. However, one can show that there are
no two price vectors that yield the same NEP 7 such
that 77 > Oforalli€ I andl € L.

Suppose that we use the following metric to measure
the distance between net benefit functions :

dU'(), J'()) = Sgpz [Ui(r,p) - Jitrp)].  (4)

leL

Suppose now that the net benefit function of each indi-
vidual user satisfies 1)-4) and is close to a net benefit
function of the power function type described in sec-
tion 2 according to (4). Suppose the network attempts
to fit parameters (a;, B;, K;) to describe the net benefit
function of user . We assume that the network uses
a scheme that converges so that the parameters have
been fit so as to give, for each user, a power function
type net benefit function that is close to its actual net
benefit function. The network now uses price discrim-
ination to set the prices pi based on its estimated net
benefit functions.

We can show that the flow configuration of the users
converges to the unique NEP of the game (with the
actual net benefit functions of the users and the prices
set by the network) under the Gauss-Seidel and also un-
der the modified Jacobi scheme in a single server case®.
Simulation results also indicate that when the interde-
pendency between the benefits from different servers is
not too large, users converge to the NEP even in mul-
tiple server cases. A numerical example is given in the
next section. Furthermore, this NEP results in an over-
all benefit to the network that is close to the optimum
that the network could assure itself by setting the prices
even if it were to know the actual net benefit functions
of the users. Namely, there is a function A(e), with
A(e) — 0 as e — 0, such that if the network’s estimates

4For the modified Jacobi scheme, we need to assume that ev-
eryone sends a positive flow at the NEP.



of the actual net benefit functions are e-close according
to (4), then the overall benefit to the network is within
A(e) of what it would achieve even if it knew the actual
net benefit functions of the users. This is formalized by
the following lemma.

Lemma 2 Let the number of servers be L > 1. For all
€ > 0, there ezists 6(¢) > 0 such that §(¢) - 0 as e —
0 and such that

max |} — r{*| < 8(e)
1'7]

if dU(), Ji(-)) < € for all i € I, where 7 is the actual
NEP and r* is the NEP the network ezpects based on
its estimated net benefit functions Ji(-),i € I.

Lemma. 2 tells us that if the network can obtain good
approximates for the net benefit functions of the user,
using the form in (2), the network can use a pricing
mechanism as an effective means of controlling the net-
work loads.

7 Numerical Example

In this section we give an example with two servers and
five user. Although the theorems proved in section 5
apply only to the case with a single server, if the inter-
dependency between the flow rates to different servers
is not too large, i.e., K;,i € I, are sufficiently small,
the flow rates are expected to converge even in multi-
ple server cases. The service rates of servers 1 and 2 in
this example are 8.0 and 6.5, respectively. We assume
that the network already has the correct values of the
parameters in the benefit functions of the users.. These
are given in Table 1. The objective of the network is
to keep the load to the servers 1 and 2 at 5.0 and 4.0,
respectively. Suppose that the network wants the users
to send the data at the rates given in Table 1. We as-
sume that K; = 0.02 for all ¢ € I, and using the rates in
Table 1, compute the price vector that should be used
by the network. These prices are also given in Table 1.

et rmtme (e 1)

Figure 2: Convergence to NEP under Gauss-Seidel update
scheme.

The initial rate of a user for each server is randomly
selected from [0.2 0.7}, and Figures 2 and 3 show the
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User «a B | Server | Rate priceJ
1 05105 1 1.20 | 0.390
2 0.9 { 0.449
2 0.711.0 1 1.5 | 0.443
2 0.7 | 1.081
3 06105 1 0.9 | 0.745
2 0.8 | 0.693
4 0.8 | 0.7 1 0.7 | 1.427
2 0.5 | 1.392
5 04|06 1 0.7 | 0.551
2 1.1 | 0.151

Table 1: The parameters of the users, the desired rates
from the users and the corresponding prices.

convergence of user flow configurations to the unique
NEP. Since users may not be able to measure the rates
of other users correctly, we have allowed the measure-
ment noises of up to five percent. These figures clearly
demonstrate that the users do converge to the NEP.
Similar convergence results have been obtained from
simulations, with two servers and up to 55 users.

References

(1] D. Fudenberg and J. Tirole. Game theory. MIT
Press, Cambridge, MA, 1991

[2] R.J.Laand V. Anantharam. “Network pricing
using game theoretic approach” - full version, available
at http://www.path.berkeley.edu/hyongla

[3] A. Lazar, A. Orda, and D. Pendarakis, “Vir-
tual path bandwidth allocation in multi-user networks”,
Proc. IEEE INFOCOM 95, Vol. 1. pp. 312-20, 1995.

[4] D.G. Luenberger. Introduction to linear and non-
linear programming. Addison-Wesley Publishing Com-
pany, Menlo Park, CA, 1973

[5] J. Rosen, “Existence and Uniqueness of Equilib-
rium Points for Concave n-person games”, Economet-
rica, Vol. 33, pp. 520 -524, July 1965.

e caren Qe 2)

oo T 4o __es w8 oo

Figure 3: Convergence to NEP under Jacobi update
scheme.



