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The Common Randomness Capacity of a Pair of
Independent Discrete Memoryless Channels

Sivarama Venkatesastudent Member, IEEEand Venkat AnantharanMember, IEEE

Abstract—We study the following problem: two agents Alice sources. Typically, this exchange must take place over noisy
and Bob are connected to each other by independent discrete channels. However, in this situation, it is conceivable that they
memoryless channels. They wish to generatmmon randomness could generatadditional common randomness by somehow

i.e., agree on a common random variable, by communicating loiti th . th h Is. In fact intuiti
interactively over the two channels. Assuming that Alice and €XPIOIUNG (he noise on those channels. In 1act, Intuiion

Bob are allowed access to independent external random sourcessuggests that the agents should be able to generate common
at rates (in bits per step of communication) of H4 and Hg, randomness even in the absence of any external random
respectively, we shoyv that they can generate common rgndomnesssources, simply by communicating over the noisy channels
%t a rate of max{min[H + H(W | Q). I(P:V)] + min[Hp + 4 making use of the randomness in the channel outputs. It
(V| P),I(Q; W)]} bits per step, by exploiting the noiseon . . . . ;
the two channels. Here,V is the channel from Alice to Bob, IS then naturally of interest to determine the maximum rate, in
and W is the channel from Bob to Alice. The maximum is over bits per step of communication, at which common randomness
all probability distributions P and @ on the input alphabets could be extracted from channel noise in this way.
of V' and W, respectively. We also prove a strong converse | this paper, we answer the above question for the case
\;\:thd(;goensltabllshes the above rate as the highest attainable in this of two agents Alice and Bob connected to each other in
both directions by independent discrete memoryless channels
Index Terms—Common randomness capacity, generating ran- (ppMC's). To illustrate the problem, consider the simple case
domness from noise, interactive communication. where the channel from Alice to Bob is binary symmetric
with crossover probabilityl /2, and that from Bob to Alice
|. INTRODUCTION is a noiseless binary channel. Suppose the following commu-
S pointed out by Ahlswede and Csiszin [2], there nication_takes place b_etween them: Alice transnfitin n
A are several situations in which common randomneSECCessive steps; and in stef2 < k < n, Bob echoes the bit
available to communicating agents plays a significant rola€ received in step—1back to Alice. Then, aftex steps, both
For example, in the theory of identification via noisy channef§ice and Bob know the value of a random variable uniformly
(1B1-[5]), the maximum achievable identification rate is essefistributed over a set of siz&"~*, i.e., they have generated
tially determined by the amount of common randomness tHag~ 1 Pits of “common randomness.” _ _
the transmitter and receiver can set up. Common randomnes§ 0t that this common randomness is derived from the noise
available to transmitter and receiver also allows them R the channel from Alice to Bob at a rate @f — 1)/n bits
use random codes for data transmission, which can be P& Step, which can be made arbitrarily closel tby making
superior to deterministic codes in certain situations, e.g., with!arge enough. It is not hard to see that in the absence of
arbitrarily varying channels ([1], [7]). Finally, in the theoryexternal sources no rate higher than 1 b|t/step can be_ ach_leved
of communication complexity, it is known that common rant€ré. Thus the common randomness “capacity” of this pair of
domness can significantly reduce the amount of interproces§Bannels is 1 bit/step, even without external sources.
communication required to perform certain computations in In the general case of arbitrary discrete memoryless chan-
a distributed setting ([8], [11]). For these and other reaso¥€ls both ways, the situation is more complicated; it may
Ahlswede and Csisz [2] proposed a systematic study of théot be possible to guarantee perfect agreement between Alice
role of common randomness in information theory. and Bob, or to generate random variables with perfectly
Now, in a situation where the communicating agents Oaniform distributions. Therefore, we will only require that
have access to private random sources, they must set up cOf-e and Bob generate random variables that agree with
mon randomness by exchanging the outputs of their respect‘i\}@h probability, and have distributions close to uniform on
some common set. The question of interest, then, is how fast
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both agents have access to independent i.i.d. (independentwaiidbe denoted by(Z,Z’, U), or justU if no confusion can
identically distrbuted) sources of randomness, which they cegsult.
sample once for each step of communication (this constrainsP(Z) will denote the set of all probability distributions
the rate at which they receive external randomness). While tiois the setZ, and 7,,(Z) C P(Z) will denote the set of
problem appears to be more general, we will show in Sectiali n-types, i.e..P € P,(2) iff nP(z) is an integer for all
[I-D that it can actually be reduced to the problem with ne € 2. W(Z, 27) will denote the set of all DMC'’s with
external sources. input alphabetZ and output alphabe£. The notation for all
For the simple special case of a DMC with perfect instandard information-theoretic quantities is that of [6].
stantaneous feedback, the common randomness capacity wasl logarithms and exponentials will be to the base two.
obtained by Ahlswede and Dueck in [3], as an auxiliary resufthroughout,[L] will denote the set of integer§l, 2, - -, L}.
in the proof of their identification theorem. They considered
two situations, one where no external randomness is availae,
and another where the agent at the transmitting end of the ) ) )
DMC has unlimited randomness (in both situations, the agentVeé Will now formulate precisely the problem of generating
at the receiving end of the DMC is essentially “passive” sin®mmon randomness over noisy channels in the absence of
he cannot control the inputs to the feedback channel in afyternal sources. Later, in Section II-D, we will show how
way). In fact, in all the identification problems studied irfXternal sources can be incorporated into this framework.
[3] and [4], it turns out that the (second-order) identification L€t the DMC from Alice to Bob bg', X', V), and that from
capacity equals the (first-order) common randomness capacg@P to Alice be(Y, Y, W)-_ To generate common randomness,
These results were an important motivation for our study éficé and Bob communicate with each other for a certain
the common randomness capacity in the general case, wHatgber of steps. In each step, Alice transmits a symbol to 'Bob
both agents can play an “active” role and both channels ferossV” and, simultaneously, Bob tran.smlts a symbol to Alice
allowed to be noisy. acrossW. These symbols are determined by an agreed-upon

Another area in which common randomness has an obvicti§2t€gy, as functions only of all the past receptions available
significance is cryptography: if two agents share a randdi the respective senders. _
key about which an eavesdropper has no information, theyFormally, ann-step strategy is a palif, g), with
can use it to achieve secure communication between them,
through encryption of messages. In this context, the problem f=1f2e0 fn)
is one of secret sharing, i.e., generating common randomnassl
at two terminals without giving information about it to an
eavesdropper. This has recently been addressed by Maurer

([9], [10]), and Ahlswede and Csiar [2]. Here Py and. for2 < k < k-1, y
In the “channel-type” model introduced in [2], the two, 4 Lq’lfl:e/{,k’_‘?lij;_ Let’ X, and ¥, génfgté %e sy_r>nboIS

terminals are connected by a DM.C with one input and MPansmitted by Alice and Bob, respectively, in thth step,
outputs. One terminal governs the mpu_t, while the output_s Zj(eS k < n, and let these be received a&, and Y;,
seen t?y the other. terminal ar_wd the wiretapper, respeg:uy spectively. ThenX, = fi, Y1 = g1, and, for2 < k < n,
There is also a noiseless public two-way channel of unlimited ~_ Sh—1 - Sh_1
: ; . ) r = Y1) andY, = g (X*1). Note that

capacity connecting the two terminals. Both terminals have
access to independent and unlimited sources of randomn%srTXn _ Y=
to begin with. The authors proved bounds on the maximum .
rate at which the two terminals could generate a shared secret _ A Ak—1\Y . Ak—1
key, under various restrictions on the use of the public channel. kl;[l[v(xk 7@ - W Lan (@) ()

We remark that our results are not applicable in a cryp-
tographic context, since no secrecy constraints are imposgsk i = 1 term on the right-hand side is to be understood as
on the process of generating common randomness, i.e., thex, | f1) - W (i1 | g1).
random outputs generated by the two agents need not be keptfter » steps, each agent separately decides whether the
secret from any eavesdroppers. However, the results progtémpt to generate common randomness was successful or
here are not implied by those of [2], because both channeilst, and in the former case computes a random output. Alice’s
here are allowed to be noisy and constrained in capacity, afétision is based only o™, and Bob’s is based only on
no restrictions are imposed on the allowed use of these t&0*, Their random outputs take values in the common finite
channels. set[K] = {1,---,K}. Formally, Alice computes = S(Y™)
and Bob compute§” = T(X™), whereS : I — {¢} U [K]
andT : X" — {¢} U [K]. Here,e is a symbol indicating
failure to generate common randomness.

The quadruple(f, g, S,T) defines an(n, K) protocol for
generating common randomness. Of course, the “amount” of

A discrete memoryless channel (DMC) with input alphabeandomness generated by the protocol, and the extent to which
Z, output alphabetZ, and transition probability functio®/ it is “common,” are determined by the joint distribution §f

Definition of a Protocol

g=1(91,92," ", 9n)-

/"]

Il. STATEMENT OF PROBLEM AND RESULT

A. Preliminaries
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and 7. Ideally, we would like to have Theorem 2.1 (Main Theorem).et
. . R*(V,W)= mas in[H(W APV
Pr[S(P™) = T(X™) = 1] = % for eachl € [K] (2) V:W) rERCy (il H(W | @), I(F3 V)]
. . +min[H(V | P), I(Q; W)]}. 9)
with K as large as possible. If (2) were trifeand7” would be
equal with probabilityl, and uniformly distributed ovejk]. Then
(There would be no “failure” events of positive probability.) a) (Direct part)
In general, it is not possible to satisfy (2) except in the trivial 1
caseK = 1. Therefore, we will have to settle fapproximate liminf = log K(n,\) > R*, forall A € (0,1). (10)
equality and uniformity ofS and7. To this end, we make the e
following definition: (f, g, S,T) is an(n, K, \) protocol if b) (Converse part)
1
1- N A ; oo *
A < PuS(Y™) = T(X™) = 1] ll’flri)solip - log K(n,\) < R¥, for all A € [0,1).
K L (11)
< %, for each! € [K]. (3) Thus

A -
This definition is of interest only foi in [0, 1). For, if A > 1, nlgr;o n log K (n, A) = R, forall A € (0,1).

we can satisfy (3) with arbitrarily largé (for any=) simply Define rate R of generating common randomness to be

by tgking 5(@y) and T.@n) to bec for all (z7,§"), thus achievable if there exists a sequencgwofK,,, A,) protocols
making the problem trivial. such that

To motivate the above definition, note that (3) implies

r K
lim A\, =0 and liminf 252 >R (2
Pr[ Uis=r=03>1-1 (4) Then, (10) is obviously equivalent to the statement that any
le[K] rate not exceedin&* is achievable. A “weak” converse to (10)

would merely assert that rates abok# are not achievable.

so that, if A is small, both agents compute tsemerandom |, the Appendix, we outline the simple proof of the following
output with high probability. In particular, the probability thatsiatement which implies the weak converse:
either agent declares failure to generate common randomness

is small. Further, sinc®r[S # T] < A, Fano’s inequality limlimsupllogK(n,)\) < R*. (13)
gives A0 n—oo T
However, (11) says much more than (13); in the usual
max{H(S | T), H(T'| 5)} <14 Alog K. () terminology, (11) is a “strong” converse to (10). Together,
(10) and (11) justify the interpretation d@t* as thecommon
randomness capacitpf the given pair of channels (in the
K absence of external sources). We will prove (10) in Section
H(S,T) > — Zpr[s =T =1]logP1[S =T =1] Il and (11) in Section IV.
=1

K K D. Incorporating External Random Sources
z < K ) log <1 T )\) We will now address the following question: In the above

=1 . framework, suppose Alice and Balw have access to external
z (1= MNlogK -1, since0 < A <1. (6) gources of randomness at certain rates. What would the com-
mon randomness capacity then be, as a function of these rates
and the characteristics of the channels?

While this problem appears to be more general, we will
show that it is not really so. Suppose Alice and Bob have
independent i.i.d. sources with respective entrogdies and
cﬁ% bits per symbol. Letd;, A, - - - be the sequence of outputs
from Alice’s source, and3, B>, - - - that from Bob’s source.
We will assume that Alice and Bob can sample their sources
once for each step of communication, i.e., just before the
kth step of communication, Alice learn$; and Bob learns
. By.. (Thus they receive external randomness at the rates of
C. Main Result H, and Hp bits per step.) They are then allowed to choose

Fix A € [0,1). For eachn > 1, define K(n, \) to be the X; and Y; as functions of(A* Y*~1) and (B¥, X*~1),
largest K such that there exists afm, K, \) protocol. The respectively. SimilarlyS = S(A™ Y™) andT = T(B", X™).
main result proved here is the following: The requirement for ar{n, K, A) protocol is the same as

Also,

From (5) and (6)

min{H(S),H(T)} > (1 —2X)log K — 2. (7)
Thus if X is small, each agent generates a random output wh
distribution is close to uniform ofiX’]. For future reference

note also that, by (5) and (7)

I(S;T) > (1 -3\ 1og K — 3. (8)
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before, viz., for eacli € [K], Pr[S = T = l]—which now is attained by theP and () that achieve the Shannon
involves an averaging overd™, B™) also—should be within capacities ofl” and W, respectively, and the common
AK of 1/K. randomness capacity reduces to

If K'(n,\) is the largestK such that there exists an
(n, K, ) protocol in this situation, then for any € (0,1) min[H4 + HY,CY] + min[Hg + H,C"].

we claim that lim (1/n)log K'(n, A) equals
In fact, this is always an upper bound on the capacity.
In particular, consider the case whéreand W are both
: . binary-symmetric channels, with crossover probabilitiend
+ Hp+H(V | P),I{(Q;W)]}. (14 . )
win[Hp V12, (@ Wl (14 q, respectively. Then, assumigis = Hg = 0, the common
To see this, consider the original problem (without externgandomness capacity equals
sources) but with the channelst, X, V) and (),), W)

e {min[Hy + HOV | Q) 1(P; V)

QEP(Y)

replaced by(X, X x B,V) and (), ) x A, W), respectively. min{h(p) + h(q),2 — h(p) — h(q)}

Here, A and B are the alphabets in whickl; and B,

respectively, take values where h(-) is the binary entropy function. Note that this is
f/(a?,b | 2) = V(2 | z)Pr[By, = ] 0 iff h(p) = h(q) = 0 or h(p) = h(q) = 1. In the first

and case, the two channels do not provide any randomness (zero

Ajq, As,--- to Alice, in addition to behaving likd” and W,
respectively.

. entropy), although they allow for perfect agreement between

W(g,aly)=W(G|y)Pr[Ar = a]. the two agents (high capacity). In the second case, the situation
is reversed; a transmission by either agent provides a totally
random bit to the other (high entropy), but the randomness

generated this way cannot be reliably communicated back to

the sender (zero capacity).

. . On the other hand, the capacity attains its maximum value

Clearly, to any(n, K, \) protocol in the problem with of 1 whenever the entropies and capacities balance each other,

Then, we may think of the channdl as_providing the
sequenceiy, Bs, - - - to Bob, and the channél” as providing

external sources over” and W, there corresponds am + ie when
1, K, \) protocol in the problem without external sources over
V andW (an extra step is required at the beginning just to

provide A; to Alice and B; to Bob); and to any(n, K, \) h(p) + ha) = (1 = h(p)) + (1 = h(g))-

protocol in the latter problem, there corresponds(@ani’, \)

protocol in the former. Therefore, by Theorem 2.1, It is somewhat surprising that it is possible to generate
] L. common randomness at a rate of 1 bit/step in all these cases.

nlggo(l/n) log K'(n, A) = R*(V, W), for any A € (0,1). In the binary-symmetric case, a much simpler proof of

Theorem 2.1 is given in [12]. This proof can easily be extended

It only remains to observe thdt*(V, W) reduces to (14). o the case wher& and W are symmetric DMC's.
In fact, the capacity remains the same eventtf and B™

are revealed to Alice and Bob right at the start of @an
step protocol. The proof of this only requires some simple
modifications to the proof of the converse in Section IV.

2) Supposéd™ =0, i.e.,W is completely noiseless. Then,
(14) reduces to

max{min[H,, I(P; V)] +min[Hp + H(V | P),C" ]}

E. Examples
Let In addition, a) if H4 = 0, then the capacity is
) min[Hg + HY,C"]; b) if CW > HY, Hy > OV,
HY =maxH(V(- | z)) and Hg < CW — HV, then the capacity isHg +
and ’ maxp H(PV). These are slight generalizations of the
. results of Ahlswede and Dueck [3] for DMC’s with
HY = In3XH(W(' | ))- feedback, mentioned in the Introduction. On the other
Let hand, if CY = 0 (i.e., W is completely noisy), then
(14) reduces tanin[H 4 + HY,CV].
¢V = maxI(P;V) 3) If Hy > CY and Hg > C%, then (14) just equals
P CY 4+ CW. Thus if Alice and Bob have external ran-
and ) domness available at sufficiently large rates, then there
" = IHSXI(Q; W) is nothing to be gained from channel noise (they can
simply exchange their source outputs, using the usual
be the Shannon capacities Bf and V. channel coding techniques, in order to generate common
1) Suppose H(V(- | z)) = HY for all z, and randomness at the optimal rate). Note, however, that the
HW(- | y)) = HY for all y (this holds, e.g., for proof of the strong converse is nontrivial even in this

all symmetric channels). Then, the maximum in (14) extreme case!
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Ill. PROOF OF THEDIRECT PART where ¢ > 0 is small enough that?4 and Rz are pos-
We will now prove that Alice and Bob can generate commaf{Ve: Then, g(RAv P V), E(Rp, Q" W), F(Rp,P",V),
randomness at rates arbitrarily closeRd, i.e., for anyR < andF'(R4,Q", W) are all positive. Choose typf%, € Pi(X)
R*, we will prove the existence of a sequence(of K,,, \,) aﬂd Qr € Pu(Y), t=1,2,---, such thath, — P* and@; —
protocols satisfying (12). This suffices to prove the direct pafd. @St — oo. By continuity, E(R4, B, V), E(Rg, Qi W),

of Theorem 2.1. F(Rp, P, V), andF (R4, Q:, W) are all bounded away from
Actually, to prove that rateR is achievable, it is sufficient 2670 if ¢ is sufficiently large. _ , _
to exhibit a(t2, K=, \2) protocol for eact, such that The sequence of protocols to be described will achieve
T oo K the rateR4 + R = R* — 2¢. The protocol witht2 steps
Og +2

> R. requires two block codes of blocklength (one for each

B channel), and equipartitions of their decoding regions w.r.t.
For, given anyn satisfyingt? < n < (¢ +1)2, Alice and Bob the corresponding codewords. We will describe these now.
could execute thét?, Kz, A=) protocol and fill the remaining  Let

n — t2 steps arbitrarily, without affecting the rate achieved.

lim A =0 and liminf
t—oo t—o0

(Essentially, this is becaudn; ... t2/(t+1)? = 1.) We will M= [2"4] -1
therefore restrict attention to protocols withsteps, in all that N =|2%7| -1
follows. But, first, we state some results that will be needed p = exp{—tF(Rp, P, V) + o(t)}
in the proof.
and
A. Preliminary Results o =exp{—tF(Ra,Qi, W)+ o(t)}.

Definition 3.1:A (¢, L, v) block codefor the DMC(Z, £,U) _ . ,
is a collection{(¢;,C;) : { =1,2,---,L}, wheree; € Z¢ for Pick arbltra_ry sequencas € A* andb € )* of types F; and
eachl € [L], C1,Ca, ---,Cy, partition 2t and UHC | ¢) > (¢, respectively. Then, Lemma 3.2 guarantees that

1 — v for eachl € [L]. 1) there exists ariV, p) equipartition of Xt w.r.t. a over

Lemma 3.1:Lett > 1, R > 0, andL < 22 Then, for any V, into subsetsA(c), A(1),- -+, A(N);
P € Pu(2), there exists dt, L, exp[—tE(R, P,U) + o(t)]) 2) ther_e exists ariM, o) equipartition ofJ* w.r.t. b over
block code for the DMCZ, 2, U), all of whose codewords W, into subsets3(¢), B(1),- -+, B(M).
have typeP. Here From the definition of equipartition, it follows that
E(R,PU)= min [DU ||UP)+I(P;U)—-R)]. 1 1-—

( ) U'evv(z,z?)[ (W HUIP) + (I )= N2 VHA®G) | a) > Tp’ for eachj € [N] (15)
E(R,P,U) is a continuous function o and P, which is 1 1ol l-0¢ .

7 7 _ > P > ¥

positive if R < I(P;U) and zero otherwise. M~ WHEB(@) [b) 2 M’ for eachi & [M]. (16)

Proof: Standard. See [6, p. 165, Theorem 5.2]. [
Definition 3.2: Let ¢ € Z' and C C Z'. An (L,7)
equipartition of C w.r.t. ¢, over the DMQ 2, Z,U), is a
partition ofC into L + 1 subset€(e), C(1), - - -, C(L) such that
U(C(1) | e) is the same for all € [L], andU*(C(e) | ¢) < 7. o = exp{—tE(R4, P, V) + o(t)}

Lemma 3.2:Lett > 1, R > 0, andL < 22, Then, for any Y
¢ Zt andC C Zt, there exists atiL,exp[—tF (R, Q,U) + and
o(t)]) equipartition ofC w.r.t. ¢, over the DMQZ, Z,U). B = exp{—tE(Rp, Q:, W) + o(t)}.
Here, @ € P,(Z2) is the type ofe, and

Before communication begins, Alice and Bob agree upon such
sequences and equipartitions.
Next, let

Then, by Lemmas 3.1 and 3.2

F(R,Q,U)= U,E%I(g 3)[D(U/ | UIQ)+HU | @)-B)]. 1) there exists dt, M + 1,«) block code{(a;, A;) : i €
_ ) _ o {e} U [M]} for V, all of whose codewords have type
F(R,Q,U) is a continuous function ot and @, which is P,. Further, for eachi € {¢} U [M], there exists an
positive if B < H(U | @) and zero otherwise. (N, p) equipartition of.A4; w.r.t. a; over V, into subsets
Proof: See the Appendix. O Ai(e), Ai(1), -, Ai(N);

2) there exists dt, N + 1,3) block code{(b;,B;) : j €

B. Block Cod d Equipartiti f Their Decoding Regi
ock-odes and Equipartiions of Thelr Becoding Regions {e} U [N]} for W, all of whose codewords have type

Let P* € P(X) and Q" € P(Y) be the distributions Q;. Further, for eachj € {e} U [N], there exists an
achieving the maximum in (9). Assume thit and W are (M, &) equipartition off3; w.r.t. b; over W, into subsets
such that bothmin[H(W | Q*),I(P*; V)] and min[H(V | Bj(e), B;(1),- -, B;(M).

P*), 1(Q*;W)] are positive. The degenerate cases whereg; ..

one of these terms is zero can be handled with obvious

modifications, and will therefore not be considered. Let 1>VHA |a) > 11—«
Ra=min[HW | Q*),I(P"; V)] —¢ and

Ry = min[H(V | P*), I(Q"; W)] — ¢ 1> WHB; | b)) =17
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we have Claim 3.1:
1 1o a) For eachk € {1,2,-.-,t — 1}, choose any(iy, jx) €
5 2 VAU | a) & P for eachy’ € [N] [M] x [N]. Then
(7) 1 N 1—X
W > Pr [S =T= ((LkaJk))izﬂ P W
—_A3_ where
% > WHB; (') | b) > #, for eachs’ € [M].

o _ _ b) lim (1/t*)log(MN)~!t = R* — 2e.
Before communication begins, Alice and Bob agree upon such = t—o )
block codes and equipartitions of their decoding regions. ~ Proof: Let Gy, = {Sy = i, Tx = jix} and Gy =
{Sk = iy, I = Jk} Then

C. Outline of the Protocol t—1
— T — ({5, 3. )ML] — g
The protocol proceeds inrounds indexedd, 1, ---,£t—1.In Pr[§ =T = (i, ji))j=;) = Pr ﬂ (GrNGi)|. (19
k=1

each round, Alice and Bob send each other sequences of length
t, so that the total number of steps #5 We will describe Now, for eachk > 1, (gijSkH’TkH) is conditionally

theset rounds recursively. _ independent of(S{“‘l,Tf_l,S‘{“_l,Tf_l), given (Sy, T3).
In round0, Alice and Bob transmit the sequenaesindd, Therefore

respectively. Alice defines; to be thei € {e} U [M] such that

the sequence she received from Bob falls3ii). Similarly, =t A
Bob definesr; to be they € {¢} U [N] such that the sequencePr ﬂ (G N Gr)
he received from Alice falls ind(j). This completes round. k=1 s
Now let1 < k < £. Assume that Alice and Bob have com- _ - A A
putedSy, € {e} U[M]andT}, € {e} U[N], respectively, based = Pr{Gi] <U Pr{Gy N G | Gk]) PriGio | Gl
on the sequences they received in roénd1. Then, in round b=l (20)

k, Alice transmits the codeword(S;) and Bob transmits the

codewordb(7},). (The indices are written in parentheses, rathgye will bound each of the terms in the above product

than as subscripts, for typographical convenience.) separately. To begin with
Based on the sequences they receive from each other, Alice
and Bob try to guess the index of the codeword sent by Pr[G1] = Pr[T1 = ji1] - Pr[S1 = ii]
the other, and also decide the index of the codeword to =V A(5) | @) WHB(i1) | b).

transmit in thenext round. This is done as follows: Alice
finds the(s, j) € ({e} U [M]) x ({e} U [IV]) such that the
sequence she received falls B)(¢). She then estimate®, From (15) and (16), it follows that

as 1y = j, and takesSy4; = ¢. Similarly, Bob finds the 1 1 1
(4,4) € ({e} U [M]) x ({e} U [N]) such that the sequence he —— > Pr[Gy] > <—p> < 0) (22)
received falls in4;(j). He then estimates; as S, = ¢, and MN N M
takes}41 = j. This completes round. Next, forl1 < k < ¢ — 2,
Let -
. . . Pr[Gr N Gy | Gil
5= ((51,11), (52, 12) -+, (Se—1, T2-1)) = Pr[Si = ix, Thg1 = Jrg1 | Se = in]
T =((51,11),(S2,12) - -+, (St—1,T4-1)). Pr[Ty = jiy Skar = a1 | Tie = ]

t ; N WUHB (i :
Both § and T' can take on[(M + 1)(N + 1)]*~* different = V(A (k) | @) - WH(Bi (Ght1) [ b,)-
values. Of these, there af@/N)*~! in which none of the From (17) and (18), it follows that
2(t — 1) components ig. Let R be an arbitrary function that
maps theséM N )'~! possibilities ontd(M N)*~1], and maps 1 > Pr[Gr N Gryr | Gi] > <1 —a- p) <1 — B = 0>7
all the remaining possibilities te. MN ~ B N

Then, after round — 1, Alice and Bob take their random 1<k<

outputs to beS = R(S) andT = R(T"), respectively. Thus
both S and7 take values i{e} U [K], whereK = (M N)'~1.

Finally,

Pr[ét—l | Gt—l] = Vt('Ait—l | ait—l) ' Wt(Bjt—l | bjt—l)

D. Analysis
. . So that
We will now prove that the sequence of protocols just

described does achieve the rdté — 2e. 1>Pr[Giy | Gt > (1 —a)(1 - B). (23)
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By (19)~(23)
L/(MN)'= 2 Pr[S =T = ((ix, )iz

and

W

Pr[ :T:((Lkajk))t 1]

(505

< {(1 ﬁ%‘ﬁ“’)} -wa-p)
A—a-pa-p=-o)
= (MN)-1
Jl-Ha+p+B+0)
= (MN)1

which proves Part a). That — 0 ast — oo follows from the
fact that (R4, B, V), E(Rp,Q+,W), F(Rp, P, V), and
F(R,,Q:, W) converge to positive numbers as- cc.

Part b) is obvious from the definitions éf and V. O

IV. PROOF OF THE CONVERSE PART

Let (f,g,5,T) be any(n, K, \) protocol, withA < 1. The
aim is to prove thatk < 2*%"+e(®)_ This will be done by
exhibiting aP € P(X) and a@) € P()) such tha(1/n)log K
is bounded above by

min[H(PV), HQW),H(V | P) + HW | Q),
+ I(Q; W)] 4 o(1).

I(P;V)
(24)
The minimum in (24) equals
min[H (W | Q),

I(P; V)] 4+ min[H(V | P), 1(Q; W)].

For convenience, ldt; ,(&"
of (1), i.e., the probability tha(tX" Y") = (2™,9™) under the

strategy(f,g). If C C X™ x Y7, then let
Upg(©) = D Upgl@™ ")
(@ gmec

We will also need some notation for various empirical distri-

butions induced by afz™, ™) pair. Let

1) N(@ | 2") = [{k : 2 = 2}

N@ | g) = [k g = 3}

N(z | §7) = [{k: fi(@*7) = =}

Ny | 3") = [{k : gx(3"71) = y}.
3) N(z,& | 2",5") = {k : fu(@*Y) = 2,8p = 2}
4) N(y, | 27, 9™) = {k : gu(@*Y) =y, G = §1.
Finally, let H" (z)=H(V(-|z)) and H" (y) = H(W (-[y))-

4 ™) denote the right-hand side
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Lemma 4.1:Let £ be the set of al(i",§") € X" x J*
satisfying the following conditions:

a) |N(& | 2%) = > N(z | §)V(2 | z)| < 6y/n for all
e X. i
b) IN(G | 9") =X N(y | #)W(5 | y)| < 6y/n for all
Yy
ged.
c)

[log Uy o(2",5™) + > _ Nz | §")H" ()

+ZNy|

Then,1 — Uy 4(€) < /62, wherev is a constant determined
by the channeld” and W.
Proof: See the Appendix. O
For the rest of the proof, assume thatis so large that
Usg(€) > (14 X)/2. Forl € [K], let

= {87 TE") = o4yt ST

()] < 6vn.

) =11,

Then

Uf,g &n U & ZUfg Ufg ﬂ &
le[K] le[K]
14+ A
> —2 ) -
= (53 ) :
_[(1=)
=l )
Foro’ € P, (& x 2\9) andr’ € P, (Y x ji), let &, - be the
set of (2™, ¢9") € £ such thatN(z,z | 2", 4") = no'(x, )
and N(y,¢ | 2",4") = nr'(y,g) for all x,2,y,4. Since the

number of such(¢’,7’) pairs can be bounded above by,
for a suitably larger, there must existo, 7) such that

Uf7g< o7 N U 81> > nc)‘.

le[K]
From now on, we will focus only on those:™, ™) that
belong to the subsef, .. Let

(25)

(26)

and

be the marginals of andr. We will in fact prove (24) with

The key idea in the proof is the following lemma, whichP, and @, in place of P and Q).
helps identify a suitable high-probability subset of “jointly Now, by condition a) in the definition of, we have

typical” (&™,9™) sequences.

|P,(#) — P,V() |< 6/y/n for all &. It follows by the
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continuity of the entropy function (see, e.g., [6, Lemma 2.7, If | € £, thenU; (&, N &) > 0, so thaté, , N & is
p. 33]) that, for all largen nonempty. But this means that

(H(E,)~ HP, V)| < R0/ vy og(vfe). 27y D) IS Ear]
Sexp{n[H(V | Pp) + HW | Q)] + .
Similarly, by condition b) in the definition of, |Q.(§) — =" p{n[A V1L n( An| @l o)}
W(g)| < 6/+/n for all 3, and 2) £l < 3" - 35" st (@ ) € Eorl

|H(Q,) — H(Q,W)| < |V|(8/+/n)log(~/n/8) (28) < exp{nH(P,V) _|_0( )
T/ T > n)log(v/n
for all | ’ 3) L] < (g7 32" st (@",9") € €7}
or all large 7. -
If (&",§") € &, then N(z | ") = nP,(z) and < exp{nH(Q-W) +o(n)}.
N(y | ") = nQ-(y). Hence, The right inequalities in 1), 2), and 3) are by (29), (30), and

o (31), respectively. Together with the bound| > K(1 —
Up,g(2",3") 2 exp{=n[H(V | Po) + HW | Q)] - 6v/n} \)/8n° just proved, these inequalities yield three of the desired

by condition c) in the definition of, so that terms in the minimum occurring in (24) For the fourth term,
, note that
|80.r| < 2n[H(V|P0)+H(W|Qr—)1+9\/ﬁ' (29)
o K K
Also, the type of " must be P,, so that Pr(z") = 1> Zﬁg [Z an( ]
exp{—nH(P,)}. Therefore, = p
< 2
{&" : 30" s.t. (&7, 9") € Enr}| < exp{nH(P,)} K~ -
> Pr(T=-1(INYOr(S-1(]
< expinH(BY) + o{n)} 2 | 2 VR 0exs=)
(30) 2
A A Pn, —1 In —1
by (27). Similarly, " must have type?,, so thatQr(j") = 2 <§ Ve m)Qus UD) (33)

exp{—nH(Q,)}, and
{g" - 32" s.t.(8",0") € & r}| S exp{nH(Q-W) +o(n)}  Now

(B1) . .

, PHTH1)QH(SHD)
by (28). Finally, _ AQ(@")QZ(;}")

r(E)Qn () > ). BEmeram
< —(H(V | Pr)+HW | Q) - 6/Vn) (EmEENEy s
+(H(P,V) + H(Q:W) + 0(1)) > Y Upg(an, gy @l

=1(Po; V) + 1(Qr; W) + 0(1) (32) AN

where the inequality is by condition c) in the definition &f z <iKnc)Tn[l(P”;V)JFI(Q"W)}_OW)v if I e L.

(27), and (28). ) o o )
We will now show that many of the decision regiofis The second inequality is by (32). Substituting back in (33),

must intersect significantly wit, .. More precisely, let and using the fact thgiC| > K (1 — \)/8n¢, we get
— K< I(F,; I(Q; .
L= {z € [K]: Upy(€ar NE) > 1 A} < otnlllEs V) + Qs Wl + o)}
This completes the proof. O
We will prove that|£| > K (1— \)/8nc. To this end, note that
APPENDIX
1-X <U;, ( yr 0 U 51) Proof of the Weak Converse
2n l€|K] We will now sketch the proof of (13). Leff,g,S,T) be
any (n, K, \) protocol. Let
= Uﬁ 8077 n E |+ Uﬁ 8077 n &
g< IL€J£ ) g< IL¢J£ ) Pk(.’L'):PI‘[Xk:.’L']
1— X Qk( )—Pr[Ykzy]
< K - —
< Upyg <IL€%51> +( |'C|)<4Kn0> 0 IZPk
2 1-X
< il and
<15 +

ane Q) =1 Quly)
k

from which the desired bound dif| follows.
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Then
)52 H(
= Z (PLV)
H(PV). (34)
Similarly
H(Y™) < nH(QW). (35)
Also,
H(Xann) = ZH(XMYAVI& | Xk_lvyk_l)

=Y H(X;, Yy | XLV X ) (36)

k=1
= z":[ (Xp | X))+ HY | V) (37)
k=1
=STIHV | P + HW | Q)]
k=1
=n[H(V | P)+HW | Q)] (38)

where (36) is becaugeXy, Y3) is a function of(X’“ Lyk=1y,
and (37) is becausé(k is independent of(X’“ 1 Y’“ ,Y3)
given X;, andY; is independent of Y#—1, X* Xk) given
Y.

By (34), (35) and (38)

(XY™ = HX™)+HY™) — HX™ V™)

< nll(P;V) + 1@ W)). (39)
But
1) (1- Nlogk — 1 < H(S,T) < H(X™, ¥™)
2) (1-2NlogK —2 <min{H(S), H(T)}
< min{H(Y"), H(X™)}
3) (1-3NlogK —3<I(S;T)<I(Y™;X™).

The left inequalities in 1), 2), and 3) are by (6), (7), and (8), 1o

respectively. The right inequalities hold becatisis a function
of Y™ and7 is a function ofX". Combining these with (34),
(35), (38), and (39), we have

nH(1—3\)log K — 3]
<min{H(PV), HQW),H(V | P)
+H(W | Q),I(P;V)+ I(Q; W)}
=min{H(W | Q), I(P;V)} + min{H(V | P),
< R*.

I(Q; W)}

The weak converse follows from this.
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Proof of Lemma 3.2

Let W,(Q) be the set of thosé” € W(Z,Z) such that
tQ(zx)U'(2 | z) is an integer, for allz, 2. For any suchl/’,
define 7/ (¢) to be the set of' such that

N(z,2]e2") =tQ(2)U'(2 | z) for all z, 2.
Here, N(z, % | ¢,2") is the number of occurences of the pair
(z,2) in (e, 2"). (Recall that@ is the type ofe.)
For eachl/’ € W,((Q), constructL pairwise disjoint subsets

of C N Ty (e), sayCy.(1),---,Cyr(L), each of size exactly
[ICN Ty (e)|/L] (the subsets are otherwise arbitrary). Let

U CU’ (l)v

U'eWwL(Q)

c(l) = Le[L).

It is then clear thalU*(C(l) | ¢) is the same for all € [L],
since everyC(l) has the same number of sequences of any
given conditional type w.r.te. It remains to upper-bound
Ut(C(e) | e), whereC(c) is the set of those sequences in
C that are not in any of thé€(l). To this end, note that

|C N Ty (e)| mod L < min{L, |7y (c)|}

< min{2'f, 2tH(U,|Q)}
— ot HU'|Q)=(HU'IQ)=R)T]

Therefore,
Ut(cle) | e)
= Z [|C N T/ (e)|mod L] - 2~ HHW I+ DU IIUIQ)]
Urenwy (@)
< W(Q)] max {2~ HPEIVIQ+HHTIQ)- R)ﬂ}

Uew(Q)
< 9~ tF(RQU)+o(1)

since |W,(@)| can be bounded above by a polynomialtin
The stated properties df(R, @, U) are easy to establish]
Proof of Lemma 4.1Let

Ci =1log V(X | fuT*71))
+log W (Vi [ gu(X*71),  1<k<n
Then
E[C XML YR =—HY (H(* 1) - B (qu(X*71).
Therefore,
gUsr (XY™ + Y Nz | Y"HY ()
+> Ny | XMHEY ()

E)

= llog V(Xi | fo0*71) +log W (Y5, | gi(X*1)]
k=1

+ D [HY ((YF1) + HY (gu(XH)]
k=1

E[Ck | Xk—l’ ?k—l])

[
M= .

(Ck —

=~
Il

1
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so that variances cannot excedd By taking a union bound over all
Z, we have

Pr{ logUs (X", Y™ + > N(z | Y"HY (z)
@ Pr{EIgf:s.t (2] X7 - ZNa:|Y" V(i |a:)>9\/7_1}

+ Y Ny | XHHY () >9x/ﬁ} < |X|/62. (42)

Y

_ Pr{ z":(ck _ E[Cy |X" o | > 9\/77} A similar argument proves that
k=1
n Pr{3j st [NY | Y= Ny | XWX |y) >9\/ﬁ}
< < )Var ZC’ (40) { zy:
k=1 <|y|/6%. (43
< 6/6°. (41) < PIe. 89

. il ot _ By (41), (42), and (43), the probability thatX™ v")
Here, €y, = Cy — E[C) | X*™5,Y"77], and (40) is by \jpjates any of the conditions in the definition &fis at most

Chebyshev’s inequality. To justify (41), observe that &igs ~/6%, wherey = § + |X| + |y| 0
are pairwise uncorrelated, and that there exists a conéfant

determined byV and W only, such thatVar (C;) < 6 for REEERENCES
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