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across the channel—thus the indexlenotes the “address” to which input at each step of communication to the outputs from all previous
the message must be sent. It is now required that if eveig@ steps. Accordingly, we define anstep feedback functices a vector
the actual outcome then i) receivey the intended recipient of the f = (f1, - -+, f»), wheref: Y*=1 — X. When the transmitter uses
message, should decide that eventccurredanddecode the messagethis feedback function for communication, it sends the synibpk=
correctly with high probability; and ii) for any’ # a, receiver f.(Y*™') in stepk, 1 < k < n, whereY*~! is the sequence of

a' should recognize with high probability that the message is nohannel outputs in the firét— 1 steps. The corresponding probability
intended for it, i.e., that event' did not occur. These probabilitiesthat Y = y", denotedQs(y"), equalsW"(y™ | f(y")), where

are assumed to be averaged o¥épossible messages. The questiorf(y™) is thez™ € X™ given byz;, = fr(y* '), 1 < k < n. Clearly,

of interest, then, is how fas/ and N can simultaneously grow with the probability that(X™, Y") = («", y"), denotedW, (2", y"),

the number of channel uses permitted to the transmitter. equalsQs(y™) if 2" = f(y"), and0 otherwise.

The straightforward “time-sharing” solution to this problem would An rn-step feedback strategy’ for the channelWW is defined
be to encode the message (ih— «)n symbols using a classical as a probability distribution (p.d.) otF,,, the set of alln-step
data transmission code, and encode the “address” in a header offeedback functions. To communicate according to the strafégy
symbols using an identification code {s the number of channel the transmitter randomly choosg¢se F,, with distribution F’, and

uses). This scheme would permit then uses it as described above, to decide its channel input at each

M = exp[n(l — a)C — o(n)] step. The probability thatX™, Y") = (=", y™) under the strategy

F, denotedW,. (2", y"), is then

and

N = exp {exp [naC — o(n)]} Z F(f)yWy(2", y")
and would require randomization for the address encoding. However, 1€7n
it is possible to do better. In [5], it was shown that in fact and the corresponding marginal probability that = y", denoted

M = exp [nC — o(n)] Qely"), is
and > F(HQrly™.

FEFN

N = exp {exp [nC — o(n)]}

aresimultaneouslyachievable, if the address and messaggaingly A general strategy, as defined above, is allowed to use randomiza-
encoded using an “identification plus transmission” code, instefi@N. The strategyr” is called deterministicif F'(f) = 1 for some

of separately as above; moreover, the joint encoding does dof /»- Clearly, such a strategy does not require any randomization.
require randomization (essentially because the message itself providede will now define the identification plus transmission codes to
enough randomness for the address encoding). be studied here. In the definition below, and in the rest of the paper,

In this correspondence, we study an analogous identification piud “ {1, 2, .-, J} for any positive integer.
transmission problem when the transmitter ip@sfect and instan- Definition 2.1: An (n, N, M, A, i) identification plus transmis-
taneous feedbaclkrom the output of the DMC connecting it to sion (IT) code is a collection
the receivers. It is well known that feedback does not increase
the data transmission capacity of a DMC. In marked contrast,
feedback can have a dramatic effect on its identification capacifyhereF, ., is ann-step strategyD.... C V", and for eact € [N]:
In [1], the sequel to [2], it was shown that feedback increasesl) D
the identification capacity of a DMGV with positive Shannon
capacity tomaxp H(PW)—the maximum unconditional output 2) (1/M)§QFQ,M(DH,M) >1-X;
entropy, over all input distribution®—when randomized encodin ) / _
is alloﬁ)/\)//ed. It was algo shown that feedback increases the determir?istig) (1/M);QF‘I’”(DG,) < pforalla # a whereDs =
identification capacity from zero tenax, H[W(:|x)]—the maxi- U Dar, m-
mum, over all input symbols:, of the conditional output entropy The code is called deterministic if all the strategiEs . are
when x is transmitted. deterministic.

Here, we determine the region of all rate-pdif& , R-) such that The interpretation of the above code is as follows: if the transmitter
the transmitter can reliably send one &f = exp[rR:1 — o(n)] wishes to send messageto receiver, it communicates according to
messages to one df = exp {exp [nR2 — o(n)]} receivers across the strategyF., .. After n steps, receiven decides that it is indeed
the DMC W, in the presence of feedback. As in [1], we considethe intended recipient if the received sequence falls in D, =
both the case where randomized encoding is allowed, and the caeD., ; in this case, because of Condition 1) in the definition,
where the encoding must be deterministic. The problem is formulattitére is a uniquen such that™ € D, .., and it takes thisn as the
more precisely in Section II, and the results are stated in Theoréransmitted message. Otherwise, i.eYif ¢ D,, receivera decides
2.1. The identification theorems of [1] can be viewed as special caskat the message is not intended for it. Condition 2) guarantees that
of these results, obtained by setting the transmission rate requirentbéetintended recipient decodes the transmitted message correctly with
R, to zero. As in [1], the converses proved here are “strong.” Asm@obability greater thari — )\, while Condition 3) guarantees that
by-product of these converses, we also have a new proof of the stramy other receiver wrongly decides it is the recipient with probability
converse to Shannon’s coding theorem for DMC’s with feedback,l@ss thanu. Note that these probabilities are averaged overithe
result first proved by Kemperman [6]. possible messages.

The rate-pair(R:, R») will be called (), u)-achievableif there
exists a sequence o0fi, N,,, M,,, A, i) IT codes such that

The DMC connecting the transmitter and the receivers is assumed liminf n ' log M, = Ry
to have finite input and output alphabetsand)’, respectively, and " )
transition probability functionV = {W(y|z): = € X,y € y}. and
In the presence of feedback, the transmitter can adapt its channel liminf n~" log log N,, = Rs.

{(Fa,m» Da, m): (a, m) € [N] x [M]}

a,m N Dy e is empty ifm #£ m';

Il. STATEMENT OF PROBLEM AND RESULTS
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If this sequence can be chosen to be deterministic, {fen R>) exp [nI(P; W)] codewords—P is the common type of the code-
will be called deterministically(\, i)-achievable words—whose maximal error probability ove¥ decays exponen-
Theorem 2.1. Main TheoremAssume that the discrete memory-tially with ». By the second part of Lemma 3.1, the decoding set
less channélV has positive Shannon capacity= maxp I(P; W). corresponding to each codeword in such a code can be partitioned
Then, for any(\, p) satisfyingA > 0, ¢ > 0, and\ + o < 1, the into aboutexp [n H(WW|P)] sets—all of which havexactlythe same

rate-pair(R1, R2) is (A, p)-achievable if and only if probability—and a remaining “error” set whose probability decays
R <C and R.< max H(PW) exponentially withn.
P I(P; W)>Ry Lemma 3.2:Let 0 < ¢ < 1, and letJ > 2/¢, S > 1, and
and is deterministically\, z2)-achievable if and only if N < exp(€°S5/2) be integers. Then, there exists ahx S array
. ] S (N rows andS columns) with entries fronj.J], any two rows of
N P 1(1171;1%()2121 HW|P). which are at a Hamming distance greater thian- ¢)S from each
The assumptiona > 0 andy > 0 are, of course, reasonable. WePther. )
also need the assumptidr-p < 1 in order to get meaningful results; Proof: See the Appendix. o

if A+ > 1, it can be shown that arbitrarily high identification rates Lemma 3.2 is based on the arguments in [1, Sec. lll], though
R, are achievable. The assumption tifat> 0 precludes trivialities it is stated there differently. It is the essence of thén" trick” of

of the opposite kind; ifC’ = 0, it can be shown that there does nofll. Which can be used to prove all known achievability results in
exist any(n, N, M, A, p) IT code withN > 1 or M > (1 — )¢ identification theory. (In the absence of feedback, the original “Gilbert

(assumingr > 0, ¢ > 0, and A + p < 1). bound” approach of [2] may be simpler.) In its present form, the name

Note that the statement(R:, R.) is deterministically achiev- “array trick" may be more appropriate.
able” does not imply (R}, R>) is deterministically achievable if
R, < R"” The reason is that, with deterministic IT codes, théA. The General Case
transmission rate determines the amount of randomization availablgsix any s > 0 ande > 0. It suffices to prove that if
for identification coding. There is no such pathology in the result for
general IT codes. Ri<C—-6 and R:< . I(Pp}{}));R +6H(PW’) -6
We will prove the achievability parts of Theorem 2.1 in Section I, ST
and the converse parts in Section IV. The achievability results cHien (121, Rz) is (4¢, 4¢)-achievable. So leff, = [exp (nR1)]
actually be proved with Condition 2) in Definition 2.1 replaced by th@nd Nn = [exp [exp (nR2)]|. We will show that for all largen
stronger condition®s, _ (D..,,) > 1= for all m.” However, it is there exists arin + t, N,., M,,, 4¢, 4¢) IT code, wheret does not

a, m

not possible similarly to replace Condition 3) b}, ,.(Das) < p depend onn.

for all m and alla’ # a” without affecting the results. Averaging Let P* be a p.d. onX’ that maximizesH (PW) subject to
over messages is essential in controlling the probability of a receivéd’s W) > Ri + 4. Let

wrongly deciding that it is the intended recipient. R =I(P*: W) —6/2
Ill. PROOFS OF THEACHIEVABILITY PARTS and
The achievability proofs are based on those of [1]. We will first R" = HW|P") —5/2.

consider the general case in Section IlI-A. With very minor change|§ick any sequencd P,}, with P, an n-type on ., such that

the same arguments will work in the deterministic case as well (s?g — P* asn — oo,

Section I1I-B). We will need the following two lemmas. Let L, = [exp[n(R — R1)]|. Then,M,L, < exp (nR'), and
) Lemdma 3'31(: Letf Ee alrln-type onfk’ for S?me'"l/h? IS'e" Pd the first part of Lemma 3.1 guarantees the existence of sequences
is a p.d. on’ such thatnP(x) is an integer for all: € ¥), and . ¢ y» 4l oftypeP,, and sets.,.; partitioning)™ and satisfying

let d = X[ 7]. | 1= W™ (Contlemt) < an for all (m, 1) € [Ma] x [Ln]. Here
1) If R > 0 andJ < exp(nR'), then there exist sequences .
c1. -+, ¢y in X7, all of type P, and a partition ofy” into an = exp[-nE(R', Pp)+o(n)] <e
SubsetsCy, «-+, Cs, such that for all large n, because
abovedisplayskipdptl—W" (Cle;) < (71—1—1)4'1 exp[-nE'(R', P)] E'(R', P,) — E'(R', P*) > 0.

for all j € [J]. Here, E'(R', P) is a continuous function

- 1
of (R', P) which is positive if B < I(P; W) and zero Let K,, = |exp(nR")]. Then, by the second part of Lemma

3.1, each sel,,; can be partitioned further into subsefs.:x,

otherwise.
, e ¢ A i K
2) If R >0 andk < exp (nR"), then, for anye € X™ of type ke le,}riJ[{xn], such thatV" (C,..ix|¢.1) is the same for alk € [K,.],
and W" (Criclemi) < Bn. Here

P and anyC C Y", there exists a partition af into subsets =
C., Ci, -+, Ck, such that Bn =exp[-nE"(R", P,)+o(n)] < ¢

abovedisplayskipdptW" (Ci|e) = (1/K)[W" (Cle)=W"(C:le)] for all large n, because

for all k € [I'f], and E//(R// P )_> E”(R” P*) > 0.
abovedisplayskipdptW" (C.|e) < (71+1)d exp [-nE"(R", P)].
Here, E" (R", P) is a continuous function ofR”, P) which
is positive if R” < H(W|P) and zero otherwise.
Proof: See the Appendix. O by assumption. Hence, for all larggexp (nR2) < (¢ /2)M, L, K,
The first part of Lemma 3.1 is a standard result in channehd N, < exp [(¢*/2)M,, L, K,]. By Lemma 3.2, then, there exists

coding. It implies the existence of an “equitype” transmission codm N,, x (M, L,, K, ) array with entries fronj.J], any two rows of
for the DMC W (without feedback) of blocklength: with about which are at a Hamming distance greater than- €)M, L, K., if

Note that
lim n~ " log (M, L,K,) = HP*W) -6 > Ry
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n is large. Here, we may také = [2/¢]. We will denote this array because}_,  E..(a, a’) is just the number of positions in which
by A, and think of its rows as being indexed by thg receivers. Its rowsa anda’ of the array.A agree, and this number is smaller than
columns will be indexed by triplegn, 1, k) € [M,,] x [L,] X [K,]. ¢(M,L,K,) for all largen. This completes the proof.

A(a; m, 1, k) will denote the array element in row and column

(m., 1, k). B. The Deterministic Case
Finally, pick an integer large enough that there exist sequences It suffices to prove that ii?, < ¢ — 6 and
- P t i 5 5 t oy
¢, ---'./tc{ in X' and a pgrtltlona, '."TL" of_y, satisfying Ry < Ry + max H(W|P) -5
1 - W'C,lé;) < e for all j € [J]. This is possible because the P: I(P; W)>R1+56
channel has positive Shannon capacity. for someé > 0, then for anye > 0 and all largen there exists

The transmitter encodes any address—message (paim) € an (n + t, N,,, M, 4¢, 4¢) deterministic IT code, withd,, =
[V»] X [My] in two stages. In the first stage, it picks a randonexp (nR:)] and N, = |exp [exp (nR2)]] (¢t being a constant, as
1 € [L,] with a uniform distribution, and sends the sequengg before). We have a proof of the existence of such codes if we simply

across the channel. There is then a unique triple change three sentences in the proof for the general case, starting from
Section llI-A. These are the first sentences of paragraphs 2, 3, and 5
(m, 1, k) € [M,] x [L,] x ({e} U[K,]) of Section IlI-A. The first of these must be changed to “Ist be a

p.d. onX that maximizesH (W|P) subject tol (P; W) > Ry + 6;”
such that the corresponding channel output sequence li€s,jn  the second to “Letl,, = 1;" and the third to “Note that
This triple, which is known to the transmitter also because of [jm n? log (M, L,K,)= R, + HW|P*) - /2> R
feedback, identifies a column of the arrayif £ € [K.] (i.e., if
k # e).

If & € [I,], then the transmitter sends the sequeagcén the
second stage, where= A(a; m, [, k) is the integer in rowz and
column(m, [, k) of the array.A; correspondingly, there is a unique
j € [J] such that the output sequence falls(in On the other hand,
if & = e, the transmitter and receivers declare an error, and the
transmitter sends a dummy sequence of leng#iaye., in the second
stage. We have thus implicitly defindd + t)-step strategie$w,
for each(a, m) € [N,] x [M,].

by assumption.” But for these changes, the proof in the general case
carries over word-for-word. The resulting sequence of IT codes is
indeed deterministic because, = 1 here; an inspection of the
previous proof shows that the transmitter needs randomizatibn

to generate a randoth € [L,].

IV. PROOFS OF THECONVERSE PARTS

Consider any sequence ofn, N,, M,, A, p) IT codes
{(Fa,m, Da,m)} achieving the rate-paitR;, R:), with A > 0,
At the end of n + t steps, receivera’ simply checks if > 0, and X + ¢ < 1. We will now outline the ideas for bounding

Ala's . 1, k) = j. If so, it assumes that it is indeed the intended®: and It,.

recipient, and that the transmitted message:isOtherwise, i.e., if 10 P89N With, {(F3 1, D1 m): m € [My]} is a sequence of
Ald'; 1, i k) £ j, it decides that the message is not intended f&n. M,,) transmission codes with average error probabiityor the
it. Fdrmélly this means that the decoding regibn. ., C Y"* DMC W with feedback. The encoding may involve randomization,

equalslJ, ;. ;) Cmik X C;, the union extending over all those triplesPut this doe’s not help at all in a trr]ansmis:siohn code.fS'mce 1 "
(1. . 7 for which A(a: m. 1. k) = j. Kemperman’s strong converse to Shannon’s theorem for DMC's wit

T , ZrEE e
We will now bound the error probabilities of this IT code. Suppos@edbaCk [6] yielddim sup n™" log My, < €', which implies that

the transmitter attempts to convey messageto receivera. If
(m, ) = (m, 1), k # ¢, andj = j, then receiver will recognize Ry = liminf n~ ! log M, < C.
that the message is intended for it, and decode it correcthy.as

Therefore, by a union bound )
) _ However, it turns out that we can prove Kemperman's result here
1= Qre (Pa,m) < 0n + O + € < 3¢ with very little additional effort, and will therefore not appeal to it
for all large n. R directly. Our proof of this result is different from the original one.
Now, consider any receiver # a. If (1, 1) = (m, 1), k # e, The idea for bounding the identification rate is similar to that in [1].
J=Jj,and A(a’; m, I, k) # A(a; m, I, k), then receiver’ will  Fix anyy € (1. 1 — A). Suppose we could find subse®s C D,
correctly recognize that it is not the intended recipient. As beforgnd a numberk,, such that
the probability that eithetrin, [) # (m., 1), ork = e, or j # j is

Mo,

at mosta,, + 3, + €. Further, given thatr, i) = (m, ), k #e, 1 Z Qr, ..(D}) >~ and| D;| < K,,
andj = j, the probability thatd(a’; m, I, k) = A(a; m, I, k) is My =~
equal toF,,(a, a’)/ L, K,,, whereE,, (a, a') is the number of pairs for eacha € [N.].

(1, k) such thatA(a'; m, 1, k) = A(a; m, 1, k). This is because
1 is chosen with a uniform distribution ovéF, ], and, conditional )
onk # e, k has a uniform distribution ofk’,] for all values of (1/M) > Qry (Do) < < 7
(m, 1). Thus m

Then, since

) ’ Epn(a, a') for all «’ # a, the setsD; would have to be distinct. But this would
QFy, i (Dar) <+ 0n +e+ ﬁ imply that V., is no bigger than the number of distinct subsets of
But then e V" whose size is at mosk’,., which in turn is bounded above by
| M y*|%=. Thus we would have
M. Z QFq, m(Dar) n~ " log log N, < n ' log K, +o(1).
" om=1
M, , We will prove that ifn is large enough then there exist subsets
< n At B et Eo(a, d) D C D, satisfying the above conditions, wiih * log K,, being
- o A[n Ln I'Yn >
m=1 . max H(PW)+0(1)
<Ade, for all largen PL(P;W)>R -6
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in the general case, and
n”! log M, + max
P: I(P; W)>R1—6

HW

P)+o(1)

in the deterministic case. Heré, is an arbitrary positive num-

ber. The required bounds on the identification raf

liminf ™! log log N,, in the two cases will then follow from

the continuity inR of
H(PW)

max
I(P;W)>R
and

H(W|P).

max
(P, W)>R

For anyn-step strategyF’', and
(", y") € X" x Y"
let P (x|2"~", y*~") be the probability thaf{; = « given
(kal Yrkfl) _ (wkfl yk*l)
under the strategy’. Let PF. . be the p.d. onY' given by

n
P;:z,yn(m) =n"! Z Plf(»ﬂ»rk_], yk—1 ).
k=1

The “typical set”&(F') for the strategyF' is then defined as the

set of («", y™) such thatW, (z", y") > 0, and
|N(x, yla™, y") — 7LP517y71(J')I/T’(y|w)| < W (yla),

for all (x, y).

Here
N, yla”. ") = [{k: (2x. ye) = (. 9}

Lemma 4.1:Letd = |X||Y
1— Wr(E(F)) < dn™"/2
If (", y") € E(F) andy™ has type@, then

a) |log Q"(y") + nH(PL. ,»W)| < dn™/%;
b) |log W™ (y"|«™) + nH(W|PL ,»)| < dn™/*; and

. For anyn-step strategy’

c) |log (W™ (y™|z")/Q" (y"™)) — 71[(17,517 g W) < 2dn"/®,

Proof: See the Appendix.
For any« > 0, let

Ba(F) ={y": 32" € & (F) such thak( Pl ,«; W) > a}

|

where&y~ (F) = {z": (2", y") € E(F)} is the “section” ofE(F)

at y".
Lemma4.2:Let Fy,---, Far be n-step strategies,
Dy, - -+, D pairwise-disjoint subsets gf". Let
Bg(an) = yn - Ba(Fn7,)~
Then

1) (/M) Qr,(Dm N Bi(Fn))

m

and

<(1/M) exp{na+ o(n)} + o(1)

m [a% m < v
2) LM_JD N Bo(Fo)| <exp {71[P:1(111J1ﬁ?1(/)20H(P11 )]+ o(n)}
3) |JDm N Ba(Fin)
<M - ex a
<M - exp {n[}): 1(12;(155)26\/ H(W|P)] + o(n)}
if Iy, ---, Fa are deterministic.

Proof: See the Appendix.

|
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We will now return to the sequence @fi, N, M,, A\, p) IT
codes{(F., m, Da,m)} at the beginning of this section, and complete
the proofs of the converses. First, note that = C' thenB.(F1, )
is empty for allm, so thatD; ,, = Dy, N BL(F1,.). Therefore,
M,

A;,L 772—:1 Qs (Prm)
RN
- M,

where the second inequality is by Part 1) of Lemma 4.2, applied

with « = C. Since A < 1, the above inequalities imply that

limsup n~! log M,, < C, whenceR; < C. We have now proved

Kemperman’s strong converse for DMC'’s with feedback, and the

required bound on the transmission rate for general IT codes as well

as deterministic ones.

To bound the identification rate, we will choose the Bétto be

U,,, Pa,m N Ba(Fau, m) for eacha, with « = Ry —6 (6 is an arbitrary

positive number). This amounts to throwing away all sequentes

in the decoding regioD., ., which are, roughly speaking, either

“atypical” (i.e.,Ey» (Fa, m ) is empty) or of “low mutual information”

(i.e.,I(Pﬁ?j;’L; W) < Ri—éforallx™ € En(F.,»)). The intuition

is that, if n is large, such sequences cannot contribute significantly

to the probability ofD, because the IT code is required to transmit

messages at ratB,. More precisely, for any:

My, 1 M,

mZZI Qram(D2) 2 31 > Qra i (Daym N Ba(Fa )

m=1
1

1-2A<

exp {nC + 2(]77/7/8} + dn~"/?

1
M,

My,
= 1 Z QFaﬁm(Da,m)
:L[n m=1
M,
Z QFaﬁm(Da,m N B;(Fa,rn)>
m=1
exp [n(R1 — 8) 4+ o(n)]
M,
1-A—pu
1—-A—-—F,
> 3 ;

>, for all largen

as required earlier. In the second inequality above, we have once
again used Part 1) of Lemma 4.2, this time with= R, — 6.

The removal of the “inessential” sequences also trims d@wn
to the right size]D;| is bounded above by the right-hand sides of
the inequalities in Parts 2) and 3) of Lemma 4.2 in the general and
deterministic cases, respectively, withreplaced byR; — ¢ and M
by M,,. Thus the setd have all the properties postulated earlier,
and the converses are proved.

1
M,

>1-A—

—o(1)

for all largen

APPENDIX

Proof of Lemma 3.1:The first part is a standard result—see [4,
Theorem 5.2, p. 165]. We will, therefore, only sketch the proof of
the second part.

Let W,,(P) be the set of those DMC'¥ (with alphabetst and
Y) such thatn P(x)V (y|«) is an integer for allz, y. For any such
V', define7y (¢) to be the set of™ such that

N(x, yle. y") = nP(x)V(y|z)

for all x, y. Here, N(x, y|e, y") is the number of occurrences of
the pair (z, y) in (e, y"*). For eachV € W, (P), constructk’
pairwise-disjoint subsetd; (V), ---, Cx (V) of C N 7y (¢), each of
size exactly||C N Tv (e)|/ K| (the subsets are otherwise arbitrary).
Let Cr = Uy Cr(V), k € [K].
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ThenW"(Cx|e) is the same for alk € [K], since the number of  Supposéz”, y™) € £(F) andy™ has typel. Then, forany € Y
sequences i, of a given conditional type w.r.t is the same for P i .
all k. To upper-bound¥" (C.|e), where Q(y) = Pla pnW(y)| =0 [ D [N (2, yla", y")

= nPf ()W ()] < X1,

K
c.=c-Jc
k=1 Now, if P, and P, are probability distributions on a finite s&t, and
note thatC, contains exacthyjC N 7y (¢)| mod K sequences from |Pi(2)—P:(z)| < g forall z € Z, then|H(P1)—H(P)| < |Z]\/B
Ty (e). So (this is a weaker, but more convenient, version of Lemma 2.7 on p.
33 of [4]). Therefore,

IC N Ty (c)|modK < min{K, |7v(c)|}
< min {exp (nR"), exp [nH(V|P)]}

= exp {n[H(V|P) — (H(V|P) - R")*]} Sincelog Q" (y") = —nH(Q), Part a) of the Lemma is proved.
For Part b), note that

|H(Q) = H(PL o W) < [Y|(JX]n )Y < dn ™3,

and
TN N e ya
W'(Cley= > [Ic N Tv(e)|lmodK] [ og W™ ")+ nH(W|Prn, )]
VEW,(P) = ‘Z[A'(l yll’”. yn)
-exp{—n[H(V|P) + D(V||W|P)]} 2,y
< (n4+ 1) exp[-nE"(R", P)]. - n,Pﬁz, g ()W (ylx)] log W(y|x)
Here < 3w W (yla)| log W(yla)| < dn”/®
E"(R". P) = min {D(V||W|P) + [H(V|P) - R"T"}
; _3/4 7/8 = . B .
(the minimum is over all DMC'sS with alphabetst andy). The Sincen™" <n'’7, and|yz log 2| < 1if 0 < = < 1. Partc)is an
obvious consequence of Parts a) and b). O

stated properties oE”(R", P) are easy to establish.

Proof of Lemma 3.2:Let the first row of the array be arbitrary.
Then, choose a random second row, by picking each element in
pendently and equiprobably fropd]. Sincee > 1/.J, the probability
that the second row matches the first at least9npositions is, by Qr(D') < Wr([X" x D' N E(F)) + dn—1/?

a Chernoff bound, no greater than Z Z (Ee(F) x (4") 12
= Wr(Eyn(F) x {y"}) +dn~
exXp {_5 ' D(fnl/J)} <exp (—552/2) <1 QEPL(Y) ym€D' NTg

Proof of Lemma 4.2:Let F be anyn-step strategypP C V", and
fo.= D N Bi(F). Let P, (Y) be the set ofi-types onY, andTg
the set ofy™ with type Q). Then

: 2 ; .
(we have used the bounfi(p|l¢) > 2(p — ¢)” for all p, ¢ in [0, 1] where the inequality is because- Wr(E(F)) < dn /2.
proved in [3, Lemma 12.6.1, p. 300]). Hence, there exists a “good Now, for anyy” € D' N To

2 x S array.
In general, if there exists a “good x S array for somel > 2, We(En(F)x{y"H = > PuHW"(y"")
and we pick an{ L+ 1)th row randomly as above, then the probability 2 EEm (F)

that this row matches any of the othBrrows at least ire.S positions
is bounded by

L-exp{=S-D(e|1/J)} < L-exp(=5¢°/2) < 1

<Q"(y") exp {na +2dn""}.

Here

Foony P b1 o1

if L < N. This proves the existence of a “good” x S array. [ Pyu(a") = 1:[Pk (ap|a®", 450,
Proof of Lemma 4.1:Let (X, ) be the random pair of input

and output sequences when the strat€gig used. Fix a paitz, y). The inequality is by Part c) of Lemma 4.1, and the fact that if
Forl <k <m,let A, = 1if (X, Y) = (2, y), and0 otherwise. y" € Bi(F) thenI(Pf. ,n; W) < « for all ™ € &y (F).

Then, From the last two paragraphs, it follows that
E[:’Lk|Xk71, )/k*l] — P;fv(;lj|1\fk71, }/kfl)l,v(m‘t)' QP(D,) S Z Qn(D) exp {na + 2dn7/8} + dn—1/2.
. QEPL(Y)
Thus if
. ol e Hence, if 1, -+, Fiy aren-step strategies, anfy, ---, D are
Ap = A = E[AXT Y] pairwise-disjoint
then (1/M) > Qr,. (D N Bi(Fu))

Z:{k = N(z, y| X", Y") = 77/17}1;‘711»'71 (2)W (y|z). e s
% < (1/M) exp {na + 2dn™*} P (V)| + dn~"/%.

It can be verified easily thatar (4;) < W(y|x), and that thed,’s  Since|P, (V)| < (n + 1)%, Part 1) is proved.

are pairwise-uncorrelated. Hence, by Chebyshev’s inequality, If y" € B.(F) N T, then there exists™ € &, (F) satisfying
- (P s W , and
Pr(| S Aul > 0¥/ /W(ylo)] < n™2. (Pl i W) > @, an
k

—n" " log Q"(y") < H(PL ,nW) 4+ dn™"/*

By a union bound over al:, y), we then have — Wg(E(F)) < max H(PW) + dn=L/%.
dn~1/2. T P (P W) >

IN



290 IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 44, NO. 1, JANUARY 1998

Here the first inequality is by Part a) of Lemma 4.1. It follows that Goppa Codes and Trace Operator
the number of sequences of ty@ein | J,. B (F') (the union over all
n-step strategied”’) is at most P. Véron
exp {n| max H(PW)] + dn"/® }- Abstract—We study Goppa codesT (L, g), defined by the polynomial

P (P W)>a

9(2) = a(2)Trp s iF 0 (B(2))-
Since the number of type is at most(n + 1), we then have ) . )
It is shown that the dimension of these codes never reaches the general,
well-known, bound for Goppa codes. New bounds are proposed depending
on the value of m and p. Furthermore, we prove that whenp = 2 these

<(n+1)%exp{n] max H(PW)| +dn"/%}.  codes have only even weights.
P: [(PiW)>a

| Ba(F)

Index Terms—Goppa codes, parameters of Goppa codes, redundancy
of Goppa codes, trace operator.

But this clearly implies Part 2).

Supposée” is a deterministia:-step strategy, sa¥'(f) = 1. Then, I. INTRODUCTION
(z", y™) € E(F) implies thatz™ = f(y™) (because of the condition
Wr(z™, y™) > 0 in the definition of £(F)). Thusy™ € Bu.(F)
implies I(Pf(,ny ,n; W) > a, and

o8

Binary Goppa codes defined by the polynomjét) = =% + =
have been introduced in [6]. Their dimension have been studied
in [8] and [9], where a new bound has been proposed. In this
correspondence, we generalize these results by studying the Goppa
—n"" log Qr(y") = —n"" log W™ (y"|f(y™)) Codes which are defined by the polynomial

I —1/8
< H(W|Ppiyny, yn) +dn 9(2) = a(2)Tap e i, (b(2))

< max H(W|P) +dn /%
P: I(P; W)>a

wherea(z) andb(z) are two arbitrary elements &f,~-[z]. We first
show that the usual bound cannot be reached by giving a general
Here the first inequality is by Part b) of Lemma 4.1. It follows thathew bound. Then, we treat the peculiar cases= 2 andp = 2.
Moreoever, we give a general property over the components of the
codewords which shows that their weight is even when 2.

|Bo(F)| < exp{n[ max H(W|P)] + dn™®}

P I(PW)>a

Il. GENERALITIES, DEFINITIONS

for any deterministicn-step strategyF. This, together with the  Definition 2.1: Let p be a prime number. Let and m be two
disjointness of the set®,,, implies Part 3). O integers,m>1, g(z) be a polynomial overF,~s, and L =
{a1,---,an} be a subset of-,=s, such thatg(a;) # 0,Vi =
1,-+-,n. The Goppa cod&(L,g), of lengthn, over[F,, is defined
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