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Abstract

Consider a finite number of agents interconnected by an
arbitrary network of independent, point-to-point, discrete
memoryless channels. The agents wish to generate common
randomness by interactive communication over the network.
Our main result is an exact characterization of the common
randomness capacity of such a network, i.e. the maximum
number of bits of randomness that all the agents can agree
on, per step of communication. As a by-product, we also ob-
tain a description by linear inequalities of the blocking-type
polyhedron whose extreme points are precisely the incidence
vectors of all arborescences in a digraph, with a prescribed
root of out-degree 1.

1. Introduction

Two or more communicating agents are said to have com-
mon randomness if there is a random variable, e.g., arandom
bit string, whose value is known to all of them. This notion
of shared randomness turns out to be of significance in many
problems of information theory. For example, common ran-
domness available to a transmitter and receiver allows them
to use random codes for data transmission, which can out-
perform deterministic codes in certain situations, e.g., with
arbitrarily varying channels [1], [6]. In the theory of iden-
tification over noisy channels [4], [3], [5], the maximum
achievable identification rate is essentially determined by
the amount of common randomness that the transmitter and
receiver can set up. Common randomness can also sig-
nificantly reduce the communication complexity of certain
distributed computations [7], [9]. Finally, secret common
randomness available to a transmitter and receiver allows
them to communicate securely over a channel with eaves-
droppers [2], [8].

An important observation is the possibility of exploit-
ing channel noise to generate common randomness. To see
how channel noise could actually be useful in this context,
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consider a situation where there are two agents A and B con-
nected to each other in both directions by a pair of channels.
As an extreme case, assume that neither agent has access
to any external sources of randomness (such as a random
bit generator). Even then, A and B may be able to gener-
ate common randomness! The intuition is this: suppose A
transmits some known input sequence to B. If the channel
from A to B is noisy, then the resulting output sequence seen
by B will be random. Since the input sequence is known,
B could somehow “cancel” out its effect on the output se-
quence, and extract the randomness due to noise. Now, if
the channel from B to A has positive Shannon capacity, then
B could reliably convey the randomness thus obtained to A,
using suitable encoding techniques; A and B would then
have common randomness.

A natural question that arises now is: what is the max-
imum rate, in bits per step of communication, at which
the two agents can generate common randomness this way
from the noise on the two channels, i.e., what is the com-
mon randomness capacity of the given pair of channels?
This question was posed and answered in [11], under the as-
sumption that the two channels are independently operating
discrete memoryless channels (DMC’s). The main result of
[11] is that A and B can generate

JJnax {min [H(YB|XB), I(Xa;Ya)] +

min [H(Ya|Xa), [(Xp;YE)]} (D

bits of common randomness per step of communication over
such a pair of channels. In (1), (X4,Y4) and (X, YE)
are random input-output pairs for the A-to-B and B-to-A
DMC’s, respectively, and the maximum is over all possible
distributions for the inputs X4 and Xg. The rate in (1)
was shown to be optimal with a “strong” converse, which
was proved by developing a novel typical sequence machin-
ery for interactive communication. Further, it was shown
that the common randomness capacity in the presence of
independent, discrete memoryless sources of external ran-
domness at the two terminals could also be derived from
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In the special case where both channels are binary sym-
metric with crossover probabilities p and ¢, respectively, the
expression in (1) reduces to min{h(p) + h(¢),2 — h(p) —
h(g)}, where h(-) is the binary entropy function. Ob-
serve that this is 0 if and only if either A(p) = h(g) = 0
(no randomness on either channel) or hA(p) = h(q) = 1
(plenty of randomness but no ability to agree); moreover
the capacity equals its maximum of 1 bit per step when
h(p) = h(¢) = 1/2. For details and other examples, see
[11].

In this document we consider a network of agents, rep-
resented by a digraph G = (V, F). The vertex set V of this
digraph is just the set of agents, and theedge set E C V x V
describes their interconnections — (u, v) € E means there
is a channel whose input is controlled by u, and whose out-
put is seen by v. As in [11], we assume that these channels
are all DMC’s, and that they operate independently. Com-
munication occurs simultaneously on all the channels, and
in synchronism (i.e., there is a common clock).

As in the two-agent case, there are basically two steps
here in the process of generating common randomness. The
first step is for the agents to bring channel noise into play
by communicating over the channels, so that each agent can
then extract randomness from the observed channel outputs.
The second step is for each agent to convey reliably the
randomness thus obtained to each of the other agents, using
suitable encoding techniques. However, important new fea-
tures show up in the general problem that are not present in
the problem for two agents. In the two-agent case, there is
only one path along which an agent can deliver randomness
to the other, and this path consists of a single channel. Also,
the flows of randomness originating from the two agents do
not interact — each is confined to a different channel. In
contrast, in an arbitrary network of channels, there could be
several paths from one agent to each of the others, many
of these consisting of more than one channel, and all these
paths could be used simultaneously to deliver randomness.
Moreover, a given channel could be on several different
paths, which means that the flows of randomness from dif-
ferent agents must interact. For these reasons, the problem
of optimally disseminating randomness from each agent to
all the others is quite non-trivial in the general situation.
In fact, the solution to this problem leads to some purely
combinatorial results about blocking polyhedra, which are
of independent interest.

2. Problem Formulation

The following conventions will be in effect throughout
the remainder of this document : all logarithms and expo-

nentials will be to the base two. If N is a positive integer,
def

then [N] = {1,2,...,N}. |z| will denote the largest

integer not exceeding z. The standard sequence notation
2" = (21,22, ..., zx) will be employed. If S is a finite set,
then (z; : s € S) will mean a vector whose components are
indexed by the elements of S. R, will denote the set of
all non-negative real numbers, and Rf_ the set of all vectors
(zs € Ry 15 €8).

IfQ = (Qulz) : (z,y) € X x V) is the matrix of tran-
sition probabilities of a discrete memoryless channel (DMC)
with input alphabet A" and output alphabet ), P is a probabil-
ity distribution on X', and X and Y are random variables with
the joint distribution Pr{X = z,V = y} = P(z)Q(y|z).
then we will also write H (Q|P) and I(P; Q) for H(Y|X)
and I(X;Y), respectively.

As mentioned earlier, the network of DMC’s connect-
ing the agents will be represented by the digraph & =
(V,E). The DMC corresponding to the edge ¢ € E
will be assumed to have finite input alphabet X., finite
output alphabet Y., and transition probabilities Q. =
(Qe(ylz) : (z,y) € Xe x Ve).

We will say that the edge (u, v) exits u and enters v. If
W C V, then

W) ¥ {(uv)eE:ugWveW); (2
STy € {(uv
a(W)

)
JEE ueWvg W}, (3)
(W def {(y,v) e E:ueWveW}. (4)

Thus §~ (W) (resp. 67 (W)) is the set of edges that exit
(resp. enter) a vertex not in ¥ and enter (resp. exit) one in
W, while o(W¥) is the set of edges that exit and enter vertices
in W. To simplify notation, we will write 6~ (v), 6 T (v), and
o(v) for 6= ({v}), 6T ({v}), and o({v}), respectively. Note
that o(v), if non-empty, contains exactly one edge, viz. a
self-loop on v. It will also be convenient further to define

Sn(W) & (W) ue(W); (5)
Sout(W) & sTW)US(W). 6)

Thus d;, (W) (resp. dou: (W)) is the set of edges that
enter (resp. exit) a vertex in W. In particular, §;,(v)
(resp. Sout (v)) is just 6~ (v) (resp. 8 (v)) with the self-loop
on v thrown in, if it exists.

To generate common randomness, the agents communi-
cate interactively over the network for a certain number, say
n, of steps. This communication proceeds according to an
agreed-upon set of rules that specifies each agent’s channel
inputs in each step, based on the channel outputs available
to him from all previous steps. More elaborately, in step &
(1 < k < n), agent v does the following in sequence and in
synchronism with all the other agents:

e He determines the input symbol to be transmitted in
step k on each exiting channel e € J,y:(v), as a
function Xep = for(Y5' 1 € € in(v)) of the
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sequences of outputs Yf?l received in the previous
k—1 steps on all entering channels e’ € d;, (v).

¢ He then transmits the symbols X x on their respective
exiting channels.

o Finally, he receives the outputs Y x corresponding to
the symbols transmitted in step k on all his entering
channels.

After n steps, each agent either computes a random out-
put taking values in a common finite set of size, say, K

— without loss of generality, we will take this set to be

[K] %f {1,2,..., K} — or decides that the attempt to gen-

erate common randomness failed. Each agent’s decision is
based solely on the output sequences available to him. For-
mally, agent v computes a decision random variable S, that
is a function of all the output sequences Y7, ¢’ € §;,(v),
and takes values in the set {*} U [K]. Here, S, = * is sup-
posed to indicate that v declared failure to generate common
randomness.

Let fo = (fe,-- s fen), and f = (fo:e € E). Let
S = (Sy : v € V). Then the pair (f, S), which all the agents
agree on before communication begins, sums up the set of
rules according to which the agents communicate over the
network and make their final decisions. We will refer to
(f,8) as an (n, K) protocol for generating common ran-
domness. Of course, the “amount” of randomness generated
by this protocol, and the extent to which it is truly “com-
mon,” are determined by the joint distribution of the decision
random variables S,,, v € V. Ideally we would like to have

1
Pr{S, =lforallve V} =

-

foreach ! € [K], (7)

with K as large as possible. If (7) were true, then all the S, ’s
would be equal with probability 1, and uniformly distributed
over [K]. (There would be no “failure” events of positive
probability.) Such a protocol could reasonably be said to
generate log K bits of common randomness in n steps of
communication.

In general, however, it is not possible to satisfy (7) except
in the trivial case K = 1. Therefore, we will have to settle
for approximate equality and uniformity of the S, ’s. To this
end, we make the following definition: (f, S)isan (n, K, \)
protocol if

1-—
K

L+ A

A
< Pr{S, =lforallveV} < I
8\
foreach [ € [K]. (8)

To motivate this definition, suppose that K = exp{nR —
o(n)} for some R > 0, and A o{1) — what this
means is that (f,S) is the n*® term in a sequence of
(n, Kn, An) protocols, with liminf,, ., (1/n)log K, = R

1361

and lim,, , o, A, = 0. Then, by (8),

Pr{3le[K]suchthatS, =lforallveV} > 1—A.
®

This means that all the agents compute the same random
output with high probability. In particular, the probability
that some agent declares failure to generate common ran-
domness is small.

The above considerations motivate the following defi-
nition of the common randomness capacity of the given
network:

Definition 2.1 R is an achievable rate of generating com-
mon randomness over the given network if there exists a
sequence of (n, K, Ap) protocols such that
. log K.
Iim A, =0 Chis

n—o0

= R.

Jim inf
7= OO

and (10)
The common randomness capacity of the nerwork is the
supremum of all achievable rates.

3. Results

Our main result is a “single-letter” characterization of
the common randomness capacity, in terms of the topol-
ogy of the network and the characteristics of the channels
constituting it.

For ease of reference, we first record the definitions of
some standard graph-theoretic concepts. All definitions are
with respect to the given digraph G = (V, E).

A path from vertex « to vertex w is a set of £ > 1 edges

{(vo, v1), (v1,v2), (v2,v3), .. ., (Vik—1, v ) },

with vo = w and v, = w. A circuit is a path from some
vertex to itself. Note that a self-loop (v, v) constitutes a
circuit by itself.

An arborescence rooted at v is a set T of edges, with the
following properties: (i} no edge in T enters v; (ii) for each
u # v, exactly one edge in T enters u; and (iii) 7" does not
contain any circuits.

It can be verified easily that the above properties imply
that (iv) |T'| = V]| — 1, (v) for each u # v, there is a
unique path in T from v to u; and (vi) the edges of T" form
a spanning tree in the undirected graph underlying G. We
will denote the set of all arborescences rooted at v by 7 (v),
andlet 7 = U, ey T (v).

If (u,v) € T, then we will say that u is the parent of v
inT', and v is a child of v in T'. Note that a vertex can have
more than one child in 7', but no more than one parent — in
fact, every vertex other than the root has exactly one parent
in 7" (the root has none). A vertex with no children in 1" will
be called a leaf of T' (every arborescence has at least one

leaf).



Foreache € E,let P, be aprobability distribution on the
input alphabet X, of channel e, and let P = (P, : e € E).
Let the vectors a(P) € RY and b(P) € RE be given by

w®P) £ 3 H(QJP), (1)
€€ din(v)
b(P) ¥ I(P:Q.), (12)

and let R(P) be the polyhedron of all vectors r € R}
satisfying the following constraints:

Z re < ay(P), foreachveV; (13)
TeT (v)
> rr < b(P), foreachec E.  (14)
T:eecT

Note that the constraint in (14) can be ignored if e is a self-
loop, because the LHS is then a summation over an empty
set (no arborescence contains a self-loop), and is therefore
equal to zero.

The “achievability” part of our main result essentially
states that for any P and any r € R(P), therate 5. rr is
achievable.

Theorem 3.1 (Achievability result) Let

C.(P) = max P, 15
( ) reR(P) er T ( )
c, max Cu(P). (16)

Then the common randomness capacity of the network is
bounded from below by Ck.

To establish that the common randomness capacity is
actually equal to C,, we must also prove an appropriate
“converse” result. For this purpose, it will be convenient
first to derive different, more explicit, expressions for C', (P)
and C,.

Note that Cx(P) is defined in (15) to be the optimal value
of a certain linear program (LP). We will now write down
the dual to this LP. From now on, we will refer to the LP in
(15) as the primal. The dual LP has a variable z,, € R, for
each v € V, and a variable y. € R4 foreach e € E. The
dual constraints are

©, + > ye > 1, foreachv € VandT € T (v).
ecT
a7
Let D denote the dual feasible region (which does not
depend on P). Thus D is the polyhedron of all vectors
(x,y) € RYxRY satisfying (17).

The dual objective is to minimize 3, .\ ay(P)zy +
Y eck be(P)ye. By linear programming duality, the op-
timal values of the primal and dual problems are equal, i.e.,

Ce(P) = min | > ay(P)zy + D be(P)ye| -
(x,y)eD VeV ecE
(18)
The key step in obtaining more convenient expressions
for C,{P) and C, is to decompose the polyhedron D as the
vector sum of the convex hull of its extreme points and the
cone generated by its extreme directions. (Every polyhedron
of non-negative vectors can be so decomposed.) Now, the
cone generated by the extreme directions of D equals all
of RY x RE because D has the following property: if
(x,y) € D,and X' > x,y' >y, then (x',y') € D. As
for the extreme points of D, the following result identifies a
finite set Dy C D that contains all of them.

Theorem 3.2 (Combinatorial result) For each non-empty
subset W of V, let x(W) € RY and y(W) € RE be given
by

def 1 ifveWw,
w(W) = { 0 otherwise; and
def 1 ifeeé (W),
ve(W) = { 0 otherwise. (19)

For each 1 < m < |V|, and each collection of non-
empty and pairwise disjoint subsets Vi, ..., Voo of V, let
YW1, Vi) € Rf be given by

wf [ 1/m ife e UM 6-(Vp);
b (Vis- o Vi) = { /0 otheeriJse.1 )
(20)
Let Dq be the set consisting of the vectors (x(W),y(W))
and (0,y(V1, ..., Vi) defined above. Then Dy C D; in
fact,
D = com(Dy) + RYxRY. Q1)

Here, conv (Dy) denotes the convex hull of all the vectors in
Dy.

The desired decomposition of D is given by (21).
We are now in a position to state the “converse” part of
the main result.

Theorem 3.3 (Converse result) Let

def

crP) £ min D a®)ey + Y be(P)ye |(22)
(x,y)eDo vev cCE
cr ¢ max C*(P). (23)

Then the common randomness capacity of the network is
bounded from above by C*.
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We claim now that C\,(P) = C*(P) for every P, and
hence C, = C*. To see this, note that by (21), and the non-
negativity of the vectors a(P) and b(P), the optimal value
of the dual LP equals the minimum of the dual objective
function over conv(Dy), which in turn equals the minimum
over Dy, by linearity. But the dual optimal value also equals
C«{(P) by LP duality (see (18)), and the minimum of the
dual objective over Dy equals C*(P) by definition (see
(22)). Hence C\(P) = C*(P). It follows now that both
Cx and C* equal the common randomness capacity of the
given network.

Theorem 3.3 essentially states that if lim,_, . A, =
0, then there does not exist a sequence of (n, K,,A,)
protocols for generating common randomness with
liminf, o (1/n)log K, > C*. (We can actually prove
a slightly stronger result, with liminf replaced by limsup.)
In the usual terminology, this is a “weak” converse to The-
orem 3.1. A “strong” converse would state that even if only
limsup,,_, ., An < 1 is assumed (instead of lim,, o, Ay, =
0), there does not exist a sequence of (n, K, A,) protocols
with limsup,, , . (1/n)log K, > C*. Such a result was
proved in [11] for the two-agent case. By similar meth-
ods, it is indeed possible to prove a “strong” converse in the
general case, too.

Proofs of the theorems stated in this document are avail-
able in [12], and a paper based on these results is currently
being prepared for the archival literature.
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