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Abstract — The Capacity of networks with multiuser
receivers together with efficient usage of the resources,
is analyzed in the uplink scenario of a single cell
synchronous Code Division Multiple Access (CDMA)
system. The capacity of the system is the maximum
number of users per unit processing gain admissible
in the system such that each user has its quality-of-
service (QoS) requirement (expressed in terms of its
desired signal-to-interference ratio) met. We charac-
terize the capacity of a single cell for both the optimal
linear receiver (MMSE receiver) and the matched fil-
ter receiver structures. This characterization of the
capacity has a simple “effective bandwidth” interpret-
ation. We also identify the “optimal” signature se-
quences and transmit powers to be allocated so that
the users meet their QoS requirement.

I. INTRODUCTION

We consider a single cell synchronous CDMA system and fo-
cus on the uplink. The users are distinguished from each other
by their signature sequences or codes. Let the processing gain
of the system be L. We say that M users are admissible in
the system if one can allot transmit powers and signature se-
quences to the users and linear receiver structure for each user
at the base-station so that the signal-to-interference ratio (SIR)
of each user is greater than its SIR requirement. We are in-
terested in characterizing the maximum admissible number of
users per unit processing gain, called the capacity of the sys-
tem. In practice, two linear receivers are of particular interest:
the MMSE receiver which is the best linear receiver (in the
sense of maximizing the SIR of each user, see [5]) and the
matched filter receiver. Our main results are as follows:
1. With the MMSE linear receciver for each user, M
users with SIR requirements 8i,...,B8as are admissible
in the system with processing gain L if and only if

M B;
Zi:l 148 < L.
2. With the matched filter receiver for each user, M
users with SIR requirements Si,...,8 are admissible

in the system with processing gain L if and only if
Zfil 1—%5‘— < L. Thus we have the somewhat unex-
pected result that by using perfect power control and
choosing “good” signature sequences there is no loss in
capacity by using the, a priori inferior, matched filter
receiver.

This allows us to characterize the admissibility of the
users via a notion of effective bandwidth. If we consider
1—%5—‘ as the effective bandwidth of a user with SIR re-
quirement f; then M users are admissible in the system
with processing gain L if and only if the sum of the ef-
fective bandwidths of all users is less than or equal to

L.
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3. We identify the “optimal” signature sequences and
transmit powers to allot to the users so that the users’
SIR requirements are met.

For related literature, see [10, 4, 5, 7] on multiuser receiver
structure design and analysis and [3, 1, 9] on convergent power
control algorithms for channelized systems and CDMA sys-
tems with fixed signature sequences. The problem of identify-
ing good signature sequences has been studied in [6] in the con-
text of a spread-spectrum system with conventional receiver
and equal received power for all users. Different from these
works, we study here the joint optimization problem of design-
ing multiuser receiver structure, power control and spreading
sequences, and obtain simple characterizations of the resulting
system capacity.

II. MODEL AND DEFINITIONS
In the multiaccess symbol synchronous CDMA system, user 3
spreads its information on the common channel through mod-
ulation using its signature sequence, denoted by s;, a unit vec-
tor in R*. As is traditional in multiaccess systems, we model
the information transmitted by the users as independent zero
mean random variables, say X;. We denote the received power
of user ¢ as E [X,z] = pi, the product of the transmit power
of user 7 and the path gain from user 1 to the receiver (base-
station ) The ambient noise is assumed to be white gaussian
independent of the users, denoted by say W ~ N (0, 0'21).
Then the received signal at the base-station can be written as

M
Y = ZS;X,’ + W
i=1
Let S = [s1...5m] and D = diag {p1,...,pm}. When the

symbol of user 7 is decoded using a linear receiver represented
by ci, the achieved SIR of user ¢ is given by

(ciys:)? pi

SIR; =
o2 (ciyci) + E#; (cirs;)? p;

(1)

We say that M users are admissible in the system with pro-
cessing gain L if we can find powers pi, signature sequences
si and linear receivers ¢; for each user ¢ so that SIR; > ;
where S; is the QoS requirement of user i. Under the choice of
MMSE linear receiver, ¢; = (SDS' + a2 —p;s;sf)_l s;i (see
[11]) and under the matched filter receiver ¢; = s;. The cor-
responding SIR; for the MMSE linear receiver can be verified

to be s¢ (.S’DSt + 0?1 -—p,'Sg.Sf) ! sips (see [11]).

II1. CaPACITY CHARACTERIZATION
Qur main result is the following. It is true for both the scen-
arios of choice of MMSE linear receiver and matched filter
receiver.
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Theorem IIL.1 M users with SIR requirements By,...,8m
are admissible in the system with processing gain L if and only
8

oM B
# im s <L
—‘,3— as the effective

This allows us to consider the quantity
bandwidth of the user i. Thus M users are admissible in the
system if and only if the sum of their effective bandwidths is
less than the processing gain of the system, allowing a very
compact description of the capacity region.

The formal proof can be found in [11]; here we shall outline
the proof for the scenario when all the SIR requirements are
identical, equal to say 8. The proof of the necessity of the
above condition can be obtained in [11], here we shall focus on
the sufficiency. Let %‘% < L. If the number of users is less than
or equal to the processing gain, then the choice of orthogonal
signature sequences allows us to decompose the system such
that each user does not interfere with any other user and thus
with no transmit power constraints arbitrary SIR requirements
can be met. Hence, we assume that M > L. We shall now
allot signature sequences and powers for the users so that each
user has achieved SIR equal to tile requirement 3. We let the

received power p; = p = L—(l-_‘_‘iﬁ:_LM—ﬁ for each user 1. We
choose signature sequences s1,...,8n such that SS* = %I.

Such sequences were first introduced in [6] and were denoted
WBE sequences since they meet the so-called Welch-Bound-
Equality (see [12]); such sequences are known as tight frames
in the wavelet literature (see [2]) and [11] develops a formal
methodology to construct these sequences for arbitrary M >
L. With this choice of signature sequences and powers, it can
be verified that the linear MMSE receiver ¢; (as in (1)) is just
the same as the matched filter receiver s;. It is now easily
verified that the achieved SIR of each user is exactly 8. Thus
we have the somewhat surprising result that there is no loss in
capacity by using the a priori inferior matched filter receiver
when the signature sequences and powers are appropriately
chosen. It is also shown in [11] that this choice of signature
sequences and powers gives the lowest possible allocation of
sum of received powers of all users. This observation is then
used to characterize the effect of a transmit power constraint
on the capacity region.

IV. ConcLUSIONS AND DISCUSSION
We have characterized the capacity of a synchronous CDMA
system using linear receiver structures for the uplink. The
downlink scenario is very similar and the exercise of capa-
city characterization is done in [11]. However, complete syn-
chronization is idealistic and in practice one has asynchronous
reception of the users’ symbols by the base-station and multi-
paths are also present. Furthermore, the assumption of perfect
power control made in this study is also not valid in practical
systems. Nevertheless, these results give some insights to the
best one can achieve. We are currently studying the capacity of
systems with asynchronous reception. It also must be emphas-
ized that these results are for the case of a single base-station.
In a cellular system with many base-stations, the character-
jzation of the capacity region (now a mobile will have to be
distinguished by its path gains to the different base-stations)
is an important problem. In particular questions such as how
does the multiple base-station receiver capacity compare with
the single receiver capacity will be answered by such a charac-
terization. Our preliminary results in this direction show that
the answer depends on the path gains of the mobiles to the

base-stations and we discover an important property of these
systems - the need to do a kind of “channel-sharing”.

Recently, in [8], the authors analyzed the capacity of the
system (with the same modeling assumptions - symbol syn-
chronous, single cell, additive white gaussian noise) when the
signature sequences are chosen independently from a common
distribution. Such a system models current CDMA systems
such as [S-95 where pseudo-noise sequences span many sym-
bol periods. It is interesting to compare our results with the
corresponding one in [8]. The results in [8] are asymptotic and
are valid for a large system (i.e., a system with a large pro-
cessing gain and large number of users). There, it is shown
that for a system employing MMSE receivers and containing
M users (each user having SIR requirement () and processing
gain L as M — oo and L — oo and % — a, the users have
their SIR requirements met (in the sense of probability) if and
onlyifa <14 % Thus for a large system this suggests that
using random sequences is as good as using the optimal WBE
sequences for the signature sequences of the users. However,
when the receiver structure used is the matched filter, in {8]
the authors show that in a large system, a users per unit pro-
cessing gain have their SIR requirements met if and only if
a < 1. Thus 1 user per unit processing gain is lost asymptot-
ically when random sequences are used and the matched filter
receiver is used.
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