Queueing Systems 22 (1996) 203247 203

Stationary tail probabilities in exponential server tandems
with renewal arrivals

A. Ganesh? and V. Anantharam®*

®Department of Computer Science, University of Edinburgh,
Edinburgh EH9 3JZ, UK
E-mail: ajg@dcs.ed.ac.uk
YEECS Department, University of California, Berkeley, CA 94720, USA
E-mail: ananth@eecs.berkeley.edu

Received 6 April 1995; revised 9 August 1995

The problem considered is that of estimating the tail stationary probability for two
exponential server queues in series fed by renewal arrivals. We compute the tail of the
marginal queue length distribution at the second queue. The marginal at the first queue
is known by the classical result for the GI/M /1 queue. The approach involves deriving
necessary and sufficient conditions on the paths of the arrival and virtual service
processes in order to get a large queue size at the second queue. We then use large
deviations estimates of the probabilities of these paths, and solve a constrained convex
optimization problem to find the most likely path leading to a large queue size. We find
that the stationary queue length distribution at the second queue has an exponentially
decaying tail, and obtain the exact rate of decay.

Keywords: Tandem queues, large deviations, rare events.
1. Introduction

Networks of queues are widely used to model communications systems. Bit
streams representing either voice, video or data, arrive at the nodes of the network,
and need to be transmitted to other nodes, either directly or via intermediate nodes.
The bit streams are usually broken up into cells or packets for transmission. The
arrival process is modeled as a stochastic process; the packet sizes may also be
random. Packets need to queue at the nodes to await transmission, because link
capacities are finite. Questions of interest in the design of communication networks
relate to the probability of packet loss due to inadequate storage capacity at a node
of the network, or the probability of large queueing delays within the network,
which may be unacceptable in applications involving voice or video transmission.
Estimating these probabilities requires knowledge of the tail stationary distribution
in the associated queueing network model. Such distributions are known at present
only for a few special types of networks.

There has recently been considerable interest in the use of large deviations
techniques to estimate tail stationary probabilities. The problem of fast simulation
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of tail probabilities in M /M /1 tandems was studied by Parekh and Walrand [22].
The model is of exponential servers in series with Poisson arrivals. The system is
started empty, and the problem considered is that of estimating the probability
that the total number in system exceeds a large number, N, before the system is
again empty after having had customers. Large deviations ideas were used to relate
the problem heuristically to a variational problem involving the most likely path to
the build-up of large queue sizes. This variational problem was solved for a system
of two queues in tandem. The solution was extended to an arbitrary number of
tandem queues by Frater et al. [14]. An alternative approach using the time reversal
of Markov chains was followed by Anantharam et al. [3] to find the most likely path
to large queue size. The heuristic derived in [22] was made rigorous by Tsoucas [23]
by relating the path of the queue length process to that of the ‘free’ process which is
obtained as the difference of the arrival and service processes at each queue. The
connection was made explicit for two queues in series, and the general idea sketched
for an arbitrary number of queues in series, though the detailed analysis becomes
cumbersome as the number of queues increases. More recently, the problem of
estimating the tail distribution in a single queue with several multiplexed traffic
streams at the input has been studied by several authors, see for example [10, 13,
17]. Solutions were obtained for fairly general arrival and service distributions.
The estimation of tail probabilities in intree networks using fast simulation was
studied by Chang et al. [9].

In this paper, we consider the problem of estimating the tail of the stationary
distribution in a tandem of exponential server queues with renewal arrivals. We sus-
pect that some of the techniques developed here will be relevant in extending the
result to more general network models. We use ideas from large deviations theory
to estimate the most likely path along which the system builds up to a large queue
size. More precisely, we use large deviations results to estimate the probability of a
path leading to large queue sizes, and solve a constrained optimization problem to
find the most likely such path. We find that the stationary queue length distributions
decay exponentially, and obtain the exact exponential rate of decay. For an illustra-
tion of the key ideas in the simpler case of a single exponential-server queue with
renewal arrivals, see [16].

One approach to estimating the tail of the queue length distribution at the
second queue would be to characterize the large deviations behaviour of the output
process of the first queue and use the known results for a single queue (see [10], [13]
or [17]). This approach has been followed successfully by a number of authors, see
[5,7, 8, 11, 21]. Chang [8] estimates the tail stationary probability in intree networks
of deterministic service nodes, for quite general arrival processes. O’Connell [21]
characterizes the large deviations behaviour of the departures from a queue with
fairly general arrival and service processes and multiple customer classes. Indepen-
dently of our work, Bertsimas et al. [5] have recently extended Chang’s result to
acyclic networks of queues with general independent service times and quite general
arrival processes. The techniques used in [5] are quite different from ours, and while
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the setting of [5] is more general, the asymptotics of the tail probability are charac-
terized more sharply in our work. We have verified that the result obtained here
agrees with the specialization of the result of Bertsimas et al. to our model.

2. Problem formulation and result

The model we consider consists of two queues in series. Customers arrive into
the first queue according to a renewal process, move to the second queue after
receiving service, and leave the system after being served at the second queue. There
is a single server at each queue, and the service discipline at each queue is first-come-
first-served (FCFS). Let 7;,i = ..., —1,0,1, ..., denote a sequence of arrival epochs
with 7, = 0, and define T; = 7; — 7;_; to be the corresponding sequence of inter-
arrival times. Then, the T; are independent, identically distributed (i.i.d.) random
variables. Let T denote a random variable with their common distribution, denoted
F. The service times of the customers at the two queues are i.i.d. exponential
random variables, with mean 1/u; at the first queue and 1/, at the second queue.
The arrival process and the service processes at the two queues are mutually inde-
pendent.

Let X (1) = (X'(£), X*(¢)), t € R denote the queue length process. Here X (1)
and X 2(t) denote the queue lengths in the first and second queues respectively at
time ¢. We are interested in the queue length process seen by arrivals. Denote
X, = X(r,) to be the queue lengths seen by the nth arrival, X, = (X;,X,f). Then,
X, is a Markov chain because of the memoryless property of the service time
distributions. We construct the process X (z) as described below.

Let V() = (V'(1), V*(1)), t € R denote a pair of Poisson processes with rates
1, Wy, defined on the same sample space as the arrival process. These are taken to
represent the virtual service processes at the first and second queue respectively. It is
assumed that the arrival process, the virtual service process at the first queue, and
the virtual service process at the second queue are mutually independent. A virtual
service at either queue results in an actual service if the corresponding queue is non-
empty, and is wasted otherwise. Such a construction of the service process is possi-
ble because of the memoryless nature of the exponential distribution. We define
V,=V(tp11) — V(7,) to be the number of virtual services at the two queues
between the n'® and (n + 1) arrival epochs. Note that

k

e_("’+”2)tdF(t). (1)

, T (8) (upt
4 P} =5V =k = [0
0

We assume that ;4 ET > 1 and u, ET > 1, that is, the service rate at each
queue is faster than the arrival rate. This is the stability criterion, and is needed
to ensure that the queue sizes do not blow up. Under this assumption, it is known
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(see [18]) that the waiting time process for each arriving customer, and hence the
queue length process, can be constructed from the above description; the queue
lengths and waiting times are finite a.s., and the queue length and waiting time pro-
cesses are stationary and ergodic. We make the additional assumption that the paths
of the queue length process are continuous from the left. That suffices to completely
and uniquely specify the queue length processes (up to sets of measure zero).

We wish to compute the stationary distribution of the queue length process
seen by arrivals. We shall confine ourselves to computing the marginals of this dis-
tribution. That is, with the system started at —oco, we want to compute P(X, 1=
and P(X? = k), for all j, k, and an arbitrary n, say n = 0.

Define F* to be the Laplace transform of the inter-arrival distribution.

F(s) = E[e™T] = Je‘“dF(t).
0

Since T is a positive random variable, there is —oo < ¢ < 0 such that F*(s) is finite

on (0, o), and infinite on (—o0, o) (if —oo < 0). F*(0) could be either finite or infi-

nite. The following properties of F* are well-known, see for example Lemma 2.2.5,

p. 27, in [12]. F*(s) is a convex, decreasing function of s, and in fact strictly convex

and strictly decreasing if T is not identically zero, as we assume. F* has derivatives

of all orders on (g, 00). Finally, log F*(s) is also a convex function of s.
Consider the pair of equations

sz*(:ui_,uix)’ i= 1a2 (2)

We show that each equation has two solutions, v; and 1, and that v; < 1. Clearly,
x = 1 is a solution for each i. Furthermore,

d . d . .
aF (i — pax) = —/«Lia‘;F )|, = wET > 1, i=12,

x=1
where the inequality follows from the stability criterion. That is, the slope of the
curve y = F*(p; — p;x) exceeds that of the line y = x, at x = 1. At x = 0, we have
F*(p; — u;x) > 0=x. But F*(y; — p;x) is a continuous function of x € (0,1).
Therefore, (2) has a solution v; € (0, 1), for i = 1, 2. Further, by the strict convexity
of F*(s), (2) has no solutions other than »; and 1. We also note the following proper-
ties of the solutions.

LEMMA 1
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Proof

Recall that F*(s) is a strictly convex function of s, and analytic on (o, c0), for
some o < 0. Also, F*(u; — p;x) — x takes the value zero at x =v; and at x = 1.
From this, we have

%F*(ui —px) =1 forsome xé€ (v,1).

Hence, by the strict convexity of F*(u; — p;x),

d

b i) | < L -

LEMMA 2
Let vy, v, be defined as above. If y; > u,, then v; < v,, and vice versa.

Proof

We saw above that each equation in (2) has v; and 1 as its only solutions, with
v; € (0,1). Also, F*(u; —px) is a strictly increasing function of x, and
F*(u; — p; - 0) > 0. Thus, by continuity of F*,

v; =min{x > 0: F*(y; — p;x) < x}. (3)
Now suppose pu; > py. Then, for any x € (0,1), p(1 —x) > pp(l —x) and so

F*(p — p1x) < F*(uy — ppx). Therefore, it is clear from (3) that v; < v,. The argu-
ment when u; < u, follows along parallel lines. O]

The stationary distribution of an embedded GI/M/1 queue is known expli-
citly (see [4]); thus

P(X{ > N) =1},

In this paper, we compute the asymptotics of P(X; 3 > N). Our result is summarized
in the theorem below.

THEOREM 3
The stationary distribution of the queue length of the second queue, as seen
by arrivals, satisfies

1 ,
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where 3 is defined as follows:

d
Lo I g2 mand oo ' EF*(M — 112X)|xey, > 1, then B = log v,
d
2 If < and 2 P iy — mx)leey, > 1, then S= log 1L,
| dx ! M2
3. If the conditions in nelther (1) nor (2) are satisfied, then 5 = log v,, where
(v1,v,) is any solution of the pair of equations
F™(p1 — Xy + pg — pipXa) = X1, (4)
d
F*(py — puXx 4+ iy — pox) | = X, (5)
dx X=X
which satisfies the requirements
d .
vy 21, vy <un <l ?‘,——F (i — vy +pp — ppx) | <y (6)
X X=Uy

The existence of a solution of eqgs. (4) and (5) satisfying (6) is proved in
Appendix A; see also Lemma 11 in section 4.

The next four sections deal with the proof of the above theorem. The proof
consists of deriving upper and lower bounds on the logarithm of the desired
probability as N goes to oc. The problem of estimating this probability is reduced,
in section 3, to a constrained optimization problem which is solved in section 4. The
solution is used to derive the upper bound in section 5 and the lower bound in
section 6.

It is usually not possible to get closed form solutions for 5. However it can
be computed numerically from the description in Theorem 3, see [15] for details.
If the arrival process is Poisson with rate A which is less than y; and yu,, then it is
a classical result, (see [4] for example), that the stationary queue length distribution
is given by

N\ M/
PG 2 N X 2 Ny) = (—) (—-) , ™
A1 Ha
and so
)\ N
POG > N) = (—) . ®)
2

We show below that the result obtained using Theorem 3 is consistent with (8).
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Suppose the arrival process is Poisson of rate A. That is, the inter-arrival times
are I.1.d., exponentially distributed with mean 1/\. The Laplace transform of the
inter-arrival distribution is

A
A+

o0
F*(s) = J Ae Me ™ dt =
0

The stability condition is that p;/A > 1 and p, /A > 1. We assume that X satisfies
these requirements. Solving the fixed point equations in (2) and taking the solution
other than 1, we obtain

A A
v =—, vy = —. 9)
H Ha

We shall consider separately the cases when p is bigger than, less than, and equal to
ty. Suppose first that p; > py. Then

431 d *
L R —
1oy, dxy (Hz szz)

1 oA _ oM

X2=1 Mol ()\ + Uy — [L2V2)2 253

)

where the last equality is obtained using (9). Thus, y; > u, implies that condition 1
of Theorem 3 holds. So, by Theorem 3,

A N
H2

where the approximate equality means asymptotically exponentially equal. Suppose
next that u; < p,. Then,

4
pivy dx

P2 pA _

= v (A g — ) H1

F*(py — p17)

3

where the last equality is due to (9). Thus, u, > p; implies that condition 2 of
Theorem 3 holds. So, by Theorem 3,

N N
P(X3 > N) = (ﬂi) - (i) .
Ha Ha

Finally, suppose 11 = u,, so that vy = v,. Then,

1 /,Lz)\

= — =1’

¥ V2 (A2 — o)’

4
pavy dx;

F*(py — paxz)
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where the last equality follows from (9). Clearly, the same equality holds if we inter-
change 1 and 2 in the subscripts. Therefore, neither 1 nor 2 holds in Theorem 3.
Hence, by condition 3 of Theorem 3, we need to solve

A+ pg = pyvy + 2 — p2vy) = vy,
At + gy — vy + py — )2 = vy,

subject to
v 21, oy <oy <1, MM py — oy + gy — pav2) 7 <y

It is easy to verify that (1,1,) is a solution, keeping in mind that y; = p,, and using
(9) and the stability condition. So, by Theorem 3,

A N
P(X; >N) =~ (—) :
12%]

Thus, we see that in all cases, the approximate result obtained using Theorem 3 is
consistent with the exact result obtained by traditional methods.

3. Reduction to an optimization problem

Consider a tandem of two queues with exponential servers and renewal arrivals as
described in the last section. We are interested in estimating P(X3 > N), where we
use the notation X,, = X(7,). The above probability is the same as the stationary
probability at the arrival instants. We describe below certain necessary conditions
for the event {X o > N} and use an estimate of their probability to obtain an upper
bound on P(Xj > N).

It was shown in [18] that under the stability assumption, each queue empties
infinitely often, with probability one. Thus, on the path leading to X*(r,) > N, there
is a last time ¢ < 7 at which the second queue is empty, and ¢ > —oc almost surely.
More precisely, define

t=inf{s: X*(u) >0V u € (s, 70)}.

It follows that every virtual service at the second queue in [z, 7y) results in an actual
service. Also, by left continuity of the paths of X(z), we have X*(¢) = 0. Define

n=sup{k:t <7}

We now have the following upper bounds for the queue length of the second queue
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at time 7,:

Xm) < V(7)) — Vilir) 3 (7

i=-—n

XZ(TO) < XI(T—n—l) +1- Vz([th—n)) + i(Vil - Viz),

i=—n

X2 (70) < XN (7opot) + 1= VA([t,720)) + i(l — V3.

i=—n

The first equation uses the fact that the total number of arrivals into the second
queue during [¢,7,) is bounded above by the number of virtual services at the first
queue during this period. The second equation uses the total number in the first
queue at time 7_,_;, plus the arrival at 7_,_;, as an upper bound on the number
of arrivals into the second queue during [¢,7_,); the corresponding upper bound
for the interval [r_,, 1) is provided by the number of virtual services at the first
queue during this period. In the third equation, the number of arrivals into the
second queue in [¢,7y) is bounded above by the number at the first queue at time
T_n_1 plus the number of arrivals into the first queue in [7_,_1, 7). All three equa-
tions use the fact that X?(¢) is zero, and that the number of actual services at the
second queue during [z, 7,) is the same as V([¢, 7)), the number of virtual services.

Hence, for a given number N, a necessary condition for X3 > N is that there
existan n > 0, a time 7 € [7_,_1,7_,), and K, L, M > 0 such that

Viiera) =K, V(e7,) =L, (10)

XI(T—n—1)+]:Ma (11)

ML +Y.(V-V})2 W, (12

Observe that, for fixed n, K, L, M, the events in (10), (11), (12) are independent. The
reason is that the event in (10) depends only on the virtual service processes in-the
interval [7_,_;,7_,), the event in (11) depends only on the virtual service processes
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before time 7_,_;, and the event in (12) depends only on the virtual service processes
after time 7_,; their independence then follows from the Poisson nature of the vir-
tual service processes.

An upper bound on P(X 2>N } is given by the probability of the union over
all (n, K, L, M) > 0 of the intersection of the events in (10), (11) and (12). By the
independence of said events, the probability of the intersection is the product of
the individual probabilities. The probability of the union may be bounded above
by the sum of the corresponding probabilities. We thus get

P(X; > N)
<y P(Ite ) V(7)) = K V(16 7) = L)
n,K,L,M=0
CP(XMN 1) +1=M)
K—L'}_Zz;l—n(Vil — sz) > N
Pl M-L+¥ 2,V -V = N | (13)
M—L_I_Z;—-l—n(l_Viz) 2 N

In order to estimate the above probabilities, we need the following result.

DEFINITION 4
The Kullback-Leibler distance, or relative entropy, D(q;p), between two
probability distributions q and p on a countable set 7 is defined as

q.
D(gp) =) g log o
1

iel

where the logarithm is to base e, and 0 log 0 and 0 log (0/0) are defined to be 0. If
I has cardinality two, then the distributions are completely specified by giving the
probability of one of the points, and we shall make use of the notation

Dy(Bra) =6 log D 4(1- ) log 12

We also note the following properties of the Kullback-Leibler distance.
D(q;p) is well-defined and non-negative, though it could possibly be +oo. It is

zero if and only if q = p. D(q;p) is convex in each of its arguments. For a proof
of these properties and the theorem below, see [6].

THEOREM 5 (Sanov)
Let X7y,...,X, be i.i.d. random variables with common distribution p, taking
values in a countable set X. Denote the type (or empirical distribution) of X1, ..., X,
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to be the probability distribution on X" defined as
(=13 1% = x)
q\x) = ni- i= Xy

Let P,(A) denote the probability that X7, ..., X, has its type lying in a convex set .A
of probability distributions on X. Then

P,(A) < exp <—n érelgD(q;p))-

We now estimate each of the terms in the product in (13). The first term is
bounded above by the probability that there exists a time ¢ < 7_, such that
V'([t,7_n)) = K and V*([t,7_,)) = L. Since V', V'* are Poisson processes, this is
the same as the probability of getting K heads and L tails in K + L tosses of a biased
coin with P(head) = p1/(u; + p2). Thus, by Sanov’s theorem,

P(Eit € [Tnot1,Tn) ¢ Vl([t, T_,)) =K, Vz([t, T_n)) = L>

K
< (K+L)D2(m;ﬁ>~ (14)

The second term is given by the known stationary distribution for a single GI/M /1
queue, since, for fixed n, 7_,_; is just an arbitrary arrival time and the system is in
stationarity. Thus,

P(XY ) +1=M) = (- 1{M > 1}. (15)

We now estimate the last term. Fix n,K,L,M non-negative integers and let p denote
a probability distribution on Zi. Define

g](p,l’l,K,L,M) =N+L—-K-n Z (j_k)pjk7
j.k=0
g2(pan’K7L7M):N+L_M_nZ(j_k)pjkv (16)
j,k=0
g3(p,l’l,K,L,M) =N+L-M-n Z (1 _k)pjka
Ji k=0

if Y k—ojpp and ) 7% _okpy are finite. Otherwise, define

1) =&() = g3() = +oo.
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Let A denote the set of probability distributions p on Zi defined as
A={p:g@nK LM)<0,i=1,23}. (17)

Itis clear that (V;, —n < i < —1) satisfies the constraints in (13) if and only if its type
lies in the set .A defined above (the finiteness condition on ) jp; and > kpj, are
automatically satisfied by the empirical distributions since these involve only a finite
number of the V;). It is also easy to see that A is a convex set. Hence, by Sanov’s
theorem, the probability of the last term in the product in (13) is bounded above
by exp(—ninfpe 4 D(p;a)), where a = {a;} is given by (1).

Now, using the estimates computed above, we can rewrite (13) as

POGEN < Y expl-f(nK,L,M)), (18)

where

5 K I ) 1 -1y
K,L,M) = (K + LD, ——— — o
i K, £, ) = (K4 DD () — tog (1)

— M log v+ x(M) + ngnaD(p;a). (19)
S

Here x(M) denotes the function which takes value +oo at M = 0 and zero at all
other M, and the set A is defined in (17) (note that the definition of A involves
the values of n, K, L, and M, though this dependence has not been made explicit
in the notation).

In section 5, we derive an upper bound on the sum in (18) in terms of the maxi-
mum value of the summand. We now turn to finding this maximum value, or equiva-
lently, the infimum of f(n,K,L,M) over (n,K,L,M)cZ%. For notational
convenience, we shall drop the term log (1 — v /v;), remembering that it gives rise
to a multiplicative constant in the final estimate. Also, we compute the infimum
over (n,K,L,M) € Ri. Clearly, this is no larger than the infimum over Zi, and hence
provides an upper bound for the maximum value of the summand in (18). Likewise, we
drop the term x (M), noting that this too does not increase the estimate of the infimum
of f. We are thus left with the following constrained optimization problem.

: K H
f K,L,M) = nD(p;a) — M 1 K+L)D ; 20
inff(p,n, K, L,M) = nD(p;a) og 1+ (K+1L) 2<K+L’m+uz) (20)

subject to the constraints

g(p,n, K, L,M) <0, i=1,2,3. (21)
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4. Solution of the optimization problem

A reformulation of the above problem using the change of variables q = np
yields a convex optimization problem. This can be solved by introducing a
Lagrangian and using standard techniques. The solution procedure is described
in detail in [15]. We omit most of the details here for brevity, but merely describe
sufficient conditions for a point to achieve the minimum in (20) subject to (21).
We then find a point satisfying these conditions.

THEOREM 6

Let x° = (po, no, K°, LO, MO) haven®, K°, L® and M° non-negative. Then, p0 is
a probability distribution and x° minimizes f in (20) subject to (21) if there exists
y¥ € R3 such that the following conditions are satisfied.

(Cl) f(x°) <400

(C2) g,-(xo) <0,i=1,2,3.

(C3) { y ,8(x 0)) — 0, where (-, -) denotes the inner product on R>.

(C4) ph = apv] "5V (j,k) € 72, where v) = ST gy = o UIHEN),
(C5) F*(py — vy + py — o) = 010

(C6) log 11 +13+13 <0, M°(log v+ +)5) =0.

(C7) K% =% =0 and, for all K, L >0,

K H1 0 0, .0,.0
K+L)D : WK+ 0+ )L > 0.
( ) 2<K+L u1+uz) K+ +y2+y3)

Proof

Let x° = (p % K% I M 0) and y* € R+ be such that the conditions in the
theorem are satlsﬁed Then p° is a probability distribution. Indeed, by (C4) and
the fact that y° € R3, p]k is positive for all j, k, while

jk=0 7, k=0
o X
vt (o) _
UIUZ -1 § : J #’1 1 /'[’1 1) (V«l"’ﬂl ldF(t)
]7k=0 -

= (0v2) T F (g ~ vy + g — avs) = 1, (22)
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where the second equality comes from the definition of a in (1) and the last from
(C3).

Let x = (p,n, K, L, M) have f(x) < 400 and g;(x) <0, i=1,2,3. We shall
show that f(x) > f(x° ) for any such x. This establishes the theorem smce if x 1s
such that f(x) = +oo, then f(x) > f(x°) by (C1). Since g(x) <0 and »° ER
observe from (C3) that ()% g(x)—g(x")) <0. Therefore, f(x)>f(x") 1f

Fx)+ (00 g(x)) > £(x°) + (3°,2(x)). But
Fx)+ (3, 8(x)) — (%) = (3°,8(x"))

. P .
=n Y pjk[ og f—(leryz)(J— D+ 01+ +33)(k - 1)]

[e0]

DPik .

- [Iog Lok G -D+ 0+ + )k - 1)}
J k= 0

K #
+ (K+L)D
( ) 2<K+L u1+uz>

~ WK+ 0+ + )L — (M - M°)(log v, +)3 +19),

where we have used the fact that K° = L = 0 by (C7). Since K, L and M are non-
negative, observe from (C6), (C7) and the above equality that

Fx)+ (30, g(x)) > £(x°) + (5°,8(x")) if

n Z pjk{log LA+ - D+ +0+ 08k - 1)}
j k=0

—n’ Z p,k{log i _ O+ =D+ 0 +25+8) (k- 1)} > 0. (23)
J k=0

Observe from the definition of p° in (C4) that the left hand side above reduces to

0
Pi
n Z pi log =& — n’ Z P log 2% = nD(p;p).
7, k=0 pjk J k=0 ka

Therefore, by the non-negativity of the Kullback-Leibler distance, the inequality in
(23) holds. But this was shown to imply that f(x) > f(x°), which establishes the
claim of the theorem. O

It may be noted that »° is the vector of Lagrange multipliers for our con-
strained optimization problem. Our next task is to find x° and y° which satisfy
the conditions in the theorem above. We first show that (C7) follows from (C1)—
(C6) if K° and L° are both zero.
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LEMMA 7

Let y° € R? be related to vy, v, as in (C4), where (v;,v,) is any solution of
(C5). Suppose also that 3° satisfies (C6); that is, log v, + yg + yg < 0. Then, for
all K, L >0,

K 1 0 0, .0, .0
K+ L)D : PR+ P+ +59L >0. 24
( ) 2(K-|-L N1+Mz) K+ +y2+3) (24)

Proof

It is clear that equality holds above if K = L = 0. Suppose K and L are not
both zero. Then K + L > 0, so we can divide throughout by (K + L) in (24). Letting
p=K/(K+ L), and defining

Ly 0 0 0 0
h(p) = Dy | p; —yww+ 1+ +y3)-p),
(p) 2 (P o Mz) yir+ (1 +y2+y3)(1—p)

we see that (24) holds if A(p) > 0 for all p € [0, 1]. We show that this is indeed the
case by showing that, under the conditions of the lemma, inf,¢;o 1 2(p) > 0. Setting
the derivative of / equal to zero gives the equation

log —2— — log XL (239 4+ )3 +39) =0.
I-p 7

Letting p denote the solution, we get

iz

_ Mz 20455+
, .
H1Z + pho

p= where z=¢

Since 4 is convex, the minimum of A(p) for p € [0, 1] is attained at p. Also

A " (NI+N2)Z] . [Ml‘i'uz] . 0, .0,.0
h(p) = p lo {7+1— log [ L2 5. log 24+ (0 430+
») o . (L-p) log izt P loe 1 +y2+y3)

ﬁ%@ﬂ%_mw
iz + o

~ Jog (M) (25)

1202 + fho)

where the second equality follows from the fact that log v, = —(y(l) + 33 +33) by
(C4). We wish to show that the last quantity is non-negative. From (C4),
vy = exp(—yg) < 1since »3 > 0. Recall that F*(s) < 1if, and only if, s > 0. Since
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(v1,v,) are assumed to solve (C5), it follows that
P — vy + py — povy 2 0. (26)

Now, z was defined as exp(2y1 + yz +13). Therefore, by the definition of v; and Uy
in (C4), and the fact that »° € R+, we get

zvy = exp(3]) < exp()} +)93) = vy (27)

It follows from (26) and (27) that py + py > pyzv; + pyv,. Hence, by (25), A(p) > 0.
Since A achieves its minimum over p € [0, 1] at p, it follows that A(p) > 0 for all
p€[0,1]. O

Let p° be given as in (C4), where the ay were specified in (1). If
M1 — pqvy + py — ppvp is less than o, the left limit of finiteness of F*(s), then
F*(uy — pqvy + py — povy) = 00, so (C5) cannot hold. If either v; or v, is less
than zero, then p° is not non-negative, and hence cannot be a probability distribu-
tion. Thus, if we let D denote

D ={(x1,%) : x>0, %3 >0, pyx) + ppxa < py +pp — 0}, (28)

then we may certainly restrict attention to (v;,v,) € D, where D denotes the closure
of D. We may, in fact, say more : for (C5) to hold, it is not possible to have v,v, = 0,
and it is only possible to have p; — pyv1 + py — povy = o if F*(0) is finite.

We shall need to make use of the quantities ) 77%_ ]p](-)k, and » ko kp](-)k,
which we now compute. We have

00
Z JPJk Z Ja kU1 o= " c’)vl Z a]kU1U2

Jak 0 ] k=0 ] k=0
Lo & [ (mt) (o) g
_- o, (ﬂ1+#2)tdF ¢
v avlj,;oj ke g
1 0 _,
= ;2'6—01}7 (11 — o1 + g ~ Hpvy). (29)
We likewise get
s 1 9
0
Z kpy = v_lc’?—sz (1 — vy + pia — ppvy). (30)

If pty — pyvy + pp — pov; is equal to o, the left limit of finiteness of F*(s), and F*(o)
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is finite, then the above derivatives have to be interpreted as one-sided derivatives
and could possibly be infinite. We also note that

= J —tdF(1) = —ET. (31)
0

We assume in the following that K° = L° = 0. We shall find x°, 3° satisfying condi-
tions (C1)—(C6) of Theorem 6. Then, by Lemma 7, they also satisfy (C7). Hence, by
Theorem 6, x° solves the constrained optimization problem in (20), (21). We shall
see that the constraint g° (xo) < 0 holds tightly (i.e., with equality). We distinguish
four cases depending on which of the other two constraints, g;(x°) < 0,i= 1,2, is
tight, and analyze each case separately.

LEMMA 8
There exists (x°, y°) satisfying (C1)-(C6) with g (x°) < 0 and g,(x") < 0if p,
1y and F satisfy

d
P L Py — )| > 1 (32)

> and
B Z Ho Lo, A%, =,

If the above condition is satisfied, then one such (x°,3°) is described as follows:

1 y? ¥ =0,)8=— log n.
2 p = ajkyzk L
3 M?® =0 and n° solves n° Z (1— k)ajkvz T=N.
J,k=0
The global minimum value is given by f(x°) = —3N, with 3 = log v,.

Proof

Suppose (32) holds and x° , 1 are spemﬁed by conditions 1-3 of the lemma
Then y° € R? since v, < 1. We shall show that »° is positive, g, (x x°) and g,(x x") are
negative, and that (x°, yo) satisfies (C1)—(C6).

Observe from conditions 1 and 2 of the lemma that (C4) holds with
(v1,v;) = (1,1n), and that (C5) holds by definition of v,. This is turn implies that
p° is a probability distribution, see (22). Since x; > p, by (32), v; < v, by Lemma
2. As M° = 0 by condition 3 of the lemma, we see that (C6) is satisfied.

Note that vy, v, are positive and p; — pv; + gy — pov; 1s also positive, hence
bigger than o, the left limit of finiteness of F*(s). Therefore (v;,v;) is in D, and F~
and its derivatives are finite at pu; — vy + py — vy, Hence,

d > -
Z Jagh = ——F*(jy — paX2) | _,, o= > as (33)

k=0 a2 d; Jik=0
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where the first equality is due to (29) and the inequality is due to (32). Likewise,

d
kags™ = — F*(uy — ppxy) <l= s (34)
]kZO x2 2= ];O

where the first equality comes from (30) and the inequality from Lemma 1. The
quantities above are finite since F* was seen to have finite derivative at y, — pyvs.
Observe from (34) that D 7% _o(1 — k)ajky§_1 is positive and finite. Since N is
assumed to be positive, n0 given by condition 3 of the lemma is positive and finite.
Recalling that K° and L were assumed to be zero, we see from (16) and condition 3
of the lemma that g;(x°) = 0. Since n’ >0 and Y5 _ “o(j = 1)a s > 0 by (33),
we have from (16) that 0 = g5(x°) is bigger than gl( 9 and gz( %). Together with
conditions 1, this implies (C2) and (C3). Finally, since K°, L° and M? are zero,

f(x —no Z p]k IOg IOg vy - nO Z Cl]kl/2

J k=0 J k=0

Hence, by condition 3 of the lemma,
f(x%) = -pN, where 8= log . (35)

In particular, f(x°) is finite, so (C1) holds. This completes the proof that (x°,°)
specified by conditions 1-3 of the lemma satisfies (C1)—(C6). Consequently, by
Theorem 6, x° is a global minimizer and f(x®) the global minimum value for the
optimization problem posed in (20), (21). O

LEMMA 9
There does not exist (xo, yo) with K® = L° = 0 satisfying (C1)—(C6) with
g1(x°) < 0and g,(x") = 0.

Proof
Observe from the definition of the g; in (16), and the fact that K° = L’ = 0,
that g,(x°) < g,(x%). Clearly then, we cannot have g;(x°) < 0 and g,(x°) =0. O

LEMMA 10
There exists (x°,°) satisfying (C1)—(C6) with g (x") = 0 and g,(x°) < 0 if
Uy, by and F satisfy

uy d
2 ——F* (g — p1x1) > 1. (36)

p1 < pp and
M1 dxl X1=V



A. Ganesh, V. Anantharam |Tail probabilities in G/M]/1 tandems 221

In that case, one such (x°,3") is described as follows:

1 )= log H—?,ygz(), 3 =— log v,.

2 pjok a]kvl 'Ulzc 1, with v = &7 Uy :'ul_yl
< H1 2
3 n® solves n° Z (j‘k)P](')kZN-
J. k=0
4 Mis given by M0+n02(1_ W) =N.
k=0

The global minimum value is given by f(x°) = —3N, where 8 = log (111 / ).

Proof

Suppose (32) holds and x° y are specified by condltlons 1-4 of the lemma.
Then We ]R+ since pu; < pp and vy < 1. We shall show that n® and M° are positive,
g1(x°) is zero, g,(x") is negative, and that (x°,5°) satisfies (C1)—(C6).

Observe from conditions 1 and 2 of the lemma and the definition of vy, that
(C4) and (C5) are satisfied. Consequently, p’ is a probability distribution, see (22). It
is also clear from condition 1 that (C6) holds. Now, v; and v, are positive and

— vy + pp — oy is bigger than zero, hence also than o, the left limit of finite-

ness of F*(s). Therefore, (vy,v;) € D and F” is finite, with finite derivative, at
p1 — vy + pg — povy. Hence,

d
Z Jagv] 5T = =2 TP — )
Jik=0 173141 dx1 X1=v

o -1 k-1
Z agv] vy, (37)

j7k=0

where the first equality is due to (29), and the inequality is due to (36). Likewise,

d . k-1
Z kago{” d—xlF (1 =) | Z agol 15, (38)

where the first equality comes from (30), and the inequality from Lemma 1. The
quantities above are finite, since it was noted that F* has finite derivative at
B — vy _

Now, 3% _o(j — k)azv{ 'v5~" > 0 by (37) and (38), and it is finite. Since N
is assumed to be positive, #~ specified by conditions 2 and 3 of the lemma is positive
and finite. Also, by conditions 3 and 4,

M =n" > (j=1)pj >0, (39)
j k=0
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where the inequality is due to (37) and the fact that n° > 0. Since X° = L° =0,
applying conditions 3 and 4 of the lemma to the definition of g in (16) gives
g1(x") =0 and 23(x%) = 0. Since M° > 0, we also get g,(x%) < g (x") = 0. (C2)
and (C3) now follow from the definition of 1° in condition 1. Finally,

00 0
p.
fx0) = A Z pj(-)k log “E_ O log v
JF=0 i
0N 0 /; H2 H1 0
=n : -1 log|—=)+(kk=1)lo (—) - M logv
S U g (22) + -1) 10g (122)] - 0a" tog
=n’ Z (j—k)p]qk- log k2 _ (MO-I—nO Z (1 —k)pj(-)k) - log 1
j,k=0 ﬂl j:kZO
_ Ha2
= N log (—) — N log 1
I
= —fN, where ﬂzwl—. (40)

Ho

The second equality above holds by condition 2, and the fourth by conditions 3 and
4 of the lemma. Thus, f(x°) is finite, so (C1) is satisfied. We have thus shown that
(x°,°) specified by conditions 1-4 of the lemma satisfies (C1)—(C6). Therefore, by
Theorem 6, x° achieves the minimum in the optimization problem posed in (20),
(21). O

Let D C R% be defined as in (28), where o is the left limit of finiteness of F* (s).
Define

F(x1,x0) = F*(py — Xy + pg — X)) — x1%5.

In order to describe (x°,°) satisfying (C1)—(C6) with g, (x") and g,(x°) both equal
to zero, we need the following result, which is proved in Appendix A.

LEMMA 11
Consider the pair of equations
flxr, x2) =0, (41)
0
_871f(x1x2) =0, (42)

for (x1,x,) € ]R%r, and note that these are identical to (4) and (5) respectively. If
neither (32) nor (36) holds, then this pair of equations has a solution (v;,v,) € D
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satisfying the conditions

vy =1, v <y <l, if(xh?@) <0, (43)
8X2

(x1,%2)=(v1,02)

which are identical to (6).

Proof
See Appendix A.

LEMMA 12

If neither (32) nor (36) holds, then there exists (x°, °) satisfying (C1)—(C6) with
21(x°) = g2(x°) = 0. We describe one such (x°,°) below, in terms of (v;,v,) € D
solving (41) and (42) subject to (43). There is such a (v, v,) by Lemma 11.
1 y? = log v, 3 =0, y5 = — log (vjvy).
’ —1 k-1

p_}k = a]kvl Uy . .
3 M® =0, n° solves n® "% _o(1 — k)agv] v = N.

The global minimum value is given by f(x") = —3N, where 8 = log v;.

Proof

Suppose neither (32) nor (36) holds. Let (v, v,) € D solve (41) and (42) sub-
ject to (43), as in Lemma 11. We shall show that (x°, y°) specified in conditions 1-3
of the lemma has n° > 0 and satisfies (C1)—(C6) with g;(x°) = g,(x°) = 0.

(C4) is immediate from conditions 1 and 2 of the lemma, while (C5) holds by
the definition of f, and the fact that (v;, v,) solve (41). Consequently, by (22), p° is a
probability distribution. (C6) holds because (v, v,) satisfy (43). Since (vy, v,) is in
D, F* and its derivatives are finite at p; — pv; + py — pyv,. Hence,

= ; 19
. 1 k-
> jagv{ oy = 5 = F (1 — pavr + pa — pavn) (44)
k=0 Y2 o4

(e 0]
= Z o]
j.k=0

where the first equality is by (29), and the second by the definition of / and the fact that
(v, v,) solves (42). Likewise, by (30) and the fact that (v;,v,) satisfy (43), we have

> kago{" 'y = “‘—2F*(M1 — p1v1 + By — favs) (45)

Jsk=0
-1 k-1
<1 = E apv] vy .
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The quantities above are finite, since F* was seen to have finite derivative at
K1 — V1 + Hp — Hps.

Since N is assumed to be positive, and Y 7% (1 — k)a ij1 lvf 1s positive
and finite by (45), n° given by condition 3 of the lemma is positive and finite.
Condltlon 3, together with the assumption that K°=L°=0, also implies
that g;(x°) = 0, where the g, where defined in (16). Combining this with (44),
we get

£1(x") = g,(x") = g3(x°) = 0. (46)

Hence, (C2) and (C3) are satisfied. Finally,

Py N .
_no Zp]k IOg Jk=n0 ijoki:(]-—l) 10g 1)1+(k——1) log Val.
7 k=0 J,k=0

Therefore, by (44) and the definition of p° in condition 2,
f(x°) = —pN, where 8= log v,. (47)

Since (v}, v;) € D, v, is positive. Therefore f(x") is finite, i.e., (C1) holds. Thus,
(x",3°) specified by conditions 1-4 of the lemma has n° positive and satisfies
(C1)—(C6). Hence, by Theorem 6, f (xo) is the global minimum value for the optimi-
zation problem posed in (20), (21). O

5. The upper bound

In the last section we obtained a solution to the optimization problem posed
in (20) and (21) at the end of section 3. We shall now use this solution to compute an
upper bound on P(Xo > N). A lower bound will be derived in the next section,
thereby completing the proof of Theorem 3.

An upper bound on P(X o = N)is provided in (13) in terms of an infinite sum.
Each term in the sum is bounded above by exp( —f(n,K,L,M }), see (18), where the
function f is defined in (17) and (19). An alternative upper bound on the summands
in (13) is given by

K -1
1! exp[(K+L)Dz<K+L;Mlj:u2>] P(Y_(1-V)2N+L-M), (43)
i=—n

as follows from (13), (14) and (15).
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Our approach to obtaining the upper bound will be as follows. Recall that the
solution to the constrained optimization problem posed in section 3 provides a
lower bound to f(n, K, L, M) for all (n, K, L, M), after we re-introduce the constant
term — log [(1 —1;)/1y)] which was dropped from (19) for convenience in
discussing the optimization problem. That is, letting f(x°) denote the constrained
infimum of £, which was defined in (20), we have

l—Vl
L4

fn, K, L, M) > f(x°) — log V (n,K,L,M)eRS.

Consequently, v ' exp(—f(x°)) is an upper bound on each of the summands in (13).
We shall use this upper bound when », K, L and M are small, namely, when each is
less than a constant times N. Otherwise, we shall use upper bounds which are
derived below from (48).

Let V7 denote the number of virtual services at the second queue during the
i™ inter-arrival period. Let M (6) = E[exp 6(1 — V'?)]. Note that M(0) = 1 and

M'(0)=E[l — V}]=1— 1, ET <0.

Here T denotes a typical inter-arrival time, and the derivative should be interpreted as
a derivative from the right if M(8) = oo for all § < 0. The inequality is due to the
stability assumption. Thus, we may choose 0 < § < — log v;, and a > 0, so that

M(0) = exp(—a). (49)
We also note that, for any n > 1

P(_ZI(I—V,-Z)EN-l—L—M)

i=—n

=P <exp[0 _21(1 —VH] > exp[@(NJr-L—M)])

< exp[ 6N + L M)]- [Eexp(6(1 — V)]’
< exp[—0(N + L — M)] - exp|—an], (50)

with 6, o as in (49).

LEMMA 13
There exist constants ¢y, ¢; and X strictly positive, such that, for all L* >0
and 0 < L < L%,

S K 0

> exp[—(K-i'L)Dz(—;——)] < cpexp(—c1ALY),
K=[aL"] K+L i+
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and for all L > 0,

K 1
ex (K+L)D j— < ¢g+cL.
Z p[ 2(K+L mﬂm)] o

Proof
We write
K K L
2( : 1 ) _ log M1+H2_|_ log M1+ M

K
- m(gg)
K+ L

where H,(p)A —p log p— (1 —p) log (1 —p) denotes the binary entropy of p.
Let

1
A== log M1+M2’
2 BV g

where i V pp denotes max{u, 4, }. Then 0 < XA < log 2. Consequently, H,(p) is
equal to X for two values of p ; call the larger of these p. Note that

Hyp)<A V p<p<lL

Define ¢; =p/(1—p). Then, for 0<L<L* and K >c¢ L', we have
K/(K+ L) > p. Consequently, H,(K/K + L) < ), and

( K m )2 log F1tH K

; H
\K+L py+ o

> 22=A=A\
Vo K+L)_ A=A

It follows that, for 0 < L < L*,

o0

K o
2 eXp{_(K+L>D2<K+L"uziluz)} < 2 e
K

K=[c,L*] Sy

= (1 —e ™M) exp(—Ae L7).

Setting ¢o = (1 — exp(—\)) " gives the first claim of the lemma.
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Next, let L > 0 be given, and observe that

= K 7 )]
ex K—i—LD(
KZ::O p[( )2K+L P+

K 7
. Z CXP{_(K+L)D2(K+L;M1 +1H2)]

K=[e,L 1 >:|
E € K+ L)D ;
[¢ [ ( ) (K L py+ o
1L]

<o L+cyexp(—aAL) < ¢y+eL,

which gives the second claim of the lemma. O

A consequence of the above lemma and (50) is that

K 1 ] M1
ex (K+ L)D v
Z p[ 2<K+L u1+uz> :

-P(i(l-V?)zNJrL—M)

< vl (o + e L)exp(—an—O(N + L — M) + M log ;). (51)
Define
zy =exp(—a), zy=-exp(-0), z;3=-exp(log v;+0). (52)

Sincea > 0,6 > 0,and # < — log vy,wehavez; < 1,i=1,2,3. Leta;, a, and a; be
arbitrary positive constants, and define

K={(n,L,M) : n < ayN, L < a;N, M < a3N}.
It now follows from (51) that

00 K 1 ~
2 Zexp[_(K+L)D2(K+L;M1 Jrluzﬂ m

(n,L,M)¢K  K=0

1
P _(1-V))>N+L-M)
<u'zy Z (co+ )2z 23
(n,L,M)¢K
<l (cg+¢1)(z]" Ny Za3N) +2(Co + ClazN)ZgzN_ (53)
(1—2z)(1 —2)(1 — z3)
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We also note from Lemma 13 that, if (n, L, M) € K, then

N K 3! )J
exp| —(K+ L)D ; < cpexp(—ciaAN). (54
KE%N % ( )2(K+L;”+M co €xp(—c1a2AN) (54)

Define a4 = c1ay, and z4 = exp(—A), and note that 0 < z, < 1. We now get from
(54) that

o K P M-l
S RISUIN ML eS|
(n,L%l:)EIC K=a,N K+L P+t
-1
P _(1-V)2N+L-M)

i=—n

< aN  M—1 < a; a2N2 41 ZZ4N (55)
E C 14 —_—
- s M a vi(l—u)

(n,L,M)eK

From the solution to the optimization problem, we also have

G4N

K Ly M—1
ex (K+L)D ;
Z Z p[ 2<K+L MH‘Hz)]Vl

(n,L,M)eK K=0

K—L+Y,(v{-V}) > N

Pl M-L+Y L,V -V) > N
M—L+32,(1-V) = N

<! qyapaza,N* exp(6N). (56)

Let v = z5'¢®. Suppose a, ay, a3 and a, are chosen sufficiently large, so that
Y=

1111 < 2‘212 < Z3 < a4< B8
> 7> S 4y €,
-z (1—2) -z

which is possible since z; < 1,i = 1,...,4. We see from (53), (55) and (56) that the
sum in (13) is bounded above by

a azNzeﬁN a1a2a3a4N4eﬁN

2+ a,N)eN
(c0+c1)( +a2 )e Vl(l_yl) "
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Consequently, by (13),
P(X§ > N) < cN*exp(8N), (57)

where

a a I a|arasdy

= (o +a)2 + @) + 4

This completes the derivation of the upper bound.
6. The lower bound

In section 4, we obtained x° = (p°, %, K%, L°, M®) that solves the opt1m1za-
t10n problem posed in section 3. We found that KO = L% =0. The quantltles P’
, M° have the following interpretation. The probability distribution p is the
tw1sted distribution which describes the most likely evolution of the system to
large queue size. That is, in order for the queue size to build up, it is necessary
that the virtual service processes during each inter-arrival period have the
distribution p° rather than their original distribution a, that this behavior be
sustained over »° inter-arrival periods, and that we start with M° customers in
the first queue. We shall make use of the intuition sketched above in proving the
lower bound.
We derive sufficient conditions for the event {X7 > N}, and estimate their
probability. Define

m= Y Jpk  m= Y kpk (58)
Jik=0 jok=0

Let € > 0 be given. Consider the system at time 7_ +eyd having at least (1 + ¢)M"
customers in the first queue, i.c., X2 Z(em 2 > (1+€)M". Suppose that the virtual
service process during [7_ o0, 7'0) evolves in a tube around a straight line with
gradient (my,m,). More precisely, let § > 0 be a given constant, and suppose that
the evolution of the system dur1ng the perlod [T_(14em0, To) satisfies the following
constraints. For all k € {1,..., (1 + e)n°},

—(1+e)r®+k—1
m1k 1 1 mlk
—6< ;< =16, 59
(1+ e (1+e)n® i:_(l;é)no ! (1+¢)n° (59)
—(1+e)n’+k—1
myk 1 ) myk
—6< Vi < o 60
Trod “trgm 2 Vi <{rom’ (60)

i=—(1+€)n®
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If these constraints are satisfied for 6 = ce with ¢ sufﬁciently small, then we show
that X3 > N.

Let S, = (Sk, Sk) denote the actual number of services at the first and second
queue respectively during the interval [7;, 7,1 ). Clearly, then

(1+e)n
X3 > Z (SL;, — 8%). (61)

We shall obtain a lower bound on the sum of the S'; using (59), an upper bound on
the sum of the S?; using (60), and thereby get a lower bound on X3.

The number of actual services at the second queue during [7_(; 0,0, 7o) i8
bounded above by the number of virtual services during this same period. Hence,
if (60) holds, we have

(1+e)n

Z St < (L+e)(my+ 6. (62)

Suppose the first queue is never empty during the period (7_ +ey0> To]- Then, every
virtual service results in an actual service. Hence, by (59),

(14e)n°

> 8Lz (L4 - o). (63)

i=1

Next, suppose the first queue does empty during (7_(;4¢pn0> T0]- Let 7_(1 404, denote
the last time that the first queue is empty during this period. Note that
1 <k < (1+€e)n’. The first queue is never empty during (7 (1o +rs T0J» and 50
the number of services at the first queue during this period is the same as the number
of virtual services. The latter, by (59), is at least (1 + €)(m; — 26)n” — m;x. The
number of services at the first queue during [7_ (1,0, T_(11em01s) 18 €qual to the
number of external arrivals during this time plus the number originally in the queue
at time 7_y.¢)y0, since the first queue is empty at the end of this period. But this is
equal to % + (1 + €)M°. Thus, we get

(I+e) n’
Z St > (+eM + (1+e)(m —28n" + (1 —m)k.

But m; > 1 by (33), (37) and (44). We also noted above that k < (1 + e)no. Combin-
ing these observations with the above expression, we get

(14e)a°
YosL > (1+9M° + (1+€)(1-28)n". (64)
i=1
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From (61)—(64), we see that either

X5 > (1+€)(m —my — 26)n° (65)
X¢ > (1+ )M + (1 — my — 36)A"). (66)

or

Since x° solves the constrained optimization problem in (20) (21) g,%x ) <0 for
i=1,2,3, where the g; were defined in (16) Here x° = (¢°,n", K°, L%, M°), and
we saw that K® = L° = 0. Hence, with m', m* as in (58) we have

g(x®) <0 = (m —my)n’ >N, 200 <0 = M 4+ (1 —m)n® > N.
Therefore, (65) and (66) imply that
X§ > (14 €)(N — 38aN), (67)

where we have replaced n° by aN, and a is a positive real number defined in Lemmas
8,10 and 12. It is clear from (67) that, if § < ¢/[3a(l + €)], then XO2 > N. This is
exactly what we set out to prove.

Let P(e, 6, N) denote the probability that the virtual service process satisfies
the conditions in (59) and (60). We write N rather than n° in the notation since
the relation between N and n° is explicit by Lemmas 8,10 and 12. The probability
that the virtual service process satisfies these constraints is given by well-known
results in large deviations theory, see [20] or Lemma 5.1.6 of [12]. These results
use the additional assumption that F has exponentially decaying tails, which we
do not need for a result of the form we seek. We therefore give a proof below using
a change of measure argument.

LEMMA 14
Let Xi,...,X, be iid Z2-valued random variables with distribution a.
Denote X; = (X, ,1,X ,2) Let p be a probability distribution on Z2 of the form

i—1_ k-1 .
pr=agv] v; VYV jkeZ..

In particular, we require that v, v, be positive and finite. Suppose the expectation
and variance of a random variable with the distribution p are finite, and denote the
expectation by m = (m,m;). Define S; = X; + ...+ X;. Let ||-|| denote the
Euclidean norm. Then, for all § > 0,

.1
hmlnfﬁ log P(HSk-ka <én 1 <k< n) > —D(pa).
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Proof

Let n, 6>0 be given. Denote by A,; the event {|S;—km| <
én, 1 <k < n}. Let P,, P, denote the product distribution on (Zi)” corresponding
to a, p respectively. We wish to estimate P,(A, ), the probability of the event A, 5
under the true distribution of X7,..., X,. But

Py(w)
Py( > P,(A,s) - inf == 68
w;:nﬁ p ) p( ,6) wEAMP (w) ( )
Now, for w = (xy,...,x,) € (Z2)",
log Po(w) Z l—x logv1+(1—x)logv2]

(.L)

If we A,z then || "% x; — nm|| < 6n, and so

o

log (w

> (1—my)n log vy + (1 —my)n log v, — né(| log vi| +| log vy|).

o

(w

Hence, by (68),

1 1
E log Pa(An,é) > Z log Pp(An,é) + (1 —ml) 10g v + (l _mZ) log (%)
—6(| log v| + | log w)). (69)
Recall that E,[X] = m by the definition of m. That is, if X has the distribution p,

then its expectation is m. Hence, by a functional law of large numbers,
Py(A,s) — 1 as n— oo, see, for example, Corollary 1 of [3]. Consequently,

hmmf — log P,(A,s5) = 0. (70)

n—oo A
Also note that
D(pa)= Y pul(j—1) log v; + (k- 1) log v,
FE=0

= (m; — 1) log vy + (my — 1) log vy, (71)

where the second equality uses the fact that m = (my,m,) was defined as the
expectation of the distribution p. Since P,(A, ) > P,(A,,) for all 0 < e < 6 and
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all n, we see from (69), (70) and (71) that

11m1nfl log P,(A,5) > —D(pa) —€(] log v;| 4+ log vy)) V 0<e<d.

A—00

Note that v; and v, are positive and finite, so log v; and log v, are finite. Letting ¢
decrease to zero above completes the proof of the lemma. U

Let p and n° be as 1n the solutlon to the optimization problem. We saw in
Lemmas 8, 10 and 12 that p]k = azv] ~15~1, where (v1,v,) € D for the set D defined
in (28). By the definition of D, F* is analytic in a neighborhood of
[ — V1 + ps — povy. Consequently, p° has finite mean and variance. Let m be
defined as in (58). As above, let P(¢, 6, N) denote the probability that the virtual
service process satisfies the conditions in (59) and (60). Then, it follows from the
above lemma that
(1+e)n’

D). (72)

o1
_ >
thrLlor.}f N log P(e,ce, N) >

Here a, defined in (1), is the original dlstrlbutlon of the virtual service process.

We have shown above that if x! e = (1 + M, 0 and (59) and (60) hold
for ¢ sufficiently smali, then Xo > N. By the known stationary distribution for the
first queue,

(1+e)M°
1 .

P(X g 2 (1+M°) = v (73)

Furthermore, this last event is independent of the event that (59) and (60) hold, since

(59) and (60) involve only the virtual service process after time 7_ +eyno- Hence, by
(72) and (73),

1+e

a1

h}zjnmf v log P(X; > N) > [MO log v —nOD(pO;a)]. (74)
Now, observe from the definition of f in (20), and the fact that K% =1 =0, that
the term in brackets above is precisely — inf f, the optimum value in the constrained
optimization problem. Also recall that inff = —3N, for 8 as defined in Lemmas
8,10 and 12. Finally, since € > 0 is arbitrary, we let ¢ — 0 in (74) to obtain

hmmf% log P(X§ > N) > 8. (75)

N—oo

Combining the lower bound in (75) with the upper bound obtained in the previous
section in (57), and with the value of 3 given by Lemmas 8, 10 and 12, the proof of
Theorem 3 is complete.
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7. Conclusion

We considered the problem of estimating the tail of the stationary queue
length distribution in a tandem of exponential server queues with renewal arrivals.
We showed that the marginal distribution at each queue decays exponentially, and
obtained the exact exponential rate of decay. That is, if X, i = 1,2, denotes the
queue length at the ith queue seen by the nth arrival, then, in stationarity

.1
Jim - log P(X; > N) =,

where 3 is defined in Theorem 1. By classical results for the GI /M /1 queue, we also
have

o
Jlim — log P(X, > N) = log u,

where v; is defined below (2).

A result of this sort impacts several related problems. For instance, in the tan-
dem above, consider how to optimally allocate a total of N buffers so as to minimize
some cost function associated with the time to buffer overflow. We suggest the fol-
lowing rule of thumb : allocate p; N buffers to the first queue and p, N to the second,
where p; + p, = 1, such that p; log v; = p,0. It can be shown that, for any reason-
able cost function associated with the time to buffer overflow, the above allocation is
approximately optimal in the sense that, if N;(N), N,(N) is the exact optimal allo-
cation for that cost function, then

. Ni(N . NN
g S e m
The technique for proving this is parallel to that in [1, 2].

Our solution technique identified the most likely path along which large
queue sizes build up in the second queue. The description of this path depends on
the values of the system parameters y;, yy and F. In terms of the quantities n°,
M®, v; and v, given in Lemmas 8, 10 and 12, the most likely way for the second
queue to build up a large backlog N when the system is started empty is as follows.
If M° is non-zero, which is the case only if (36) holds, then there is an initial phase
during which the first queue builds up a large backlog M°. If (36) does not hold,
then this phase is non-existent. In the next phase, the system evolves for n° inter-
arrival periods as if the service rates were p, v, at the first queue and p,v, at the
second, while the inter-arrival time distribution was

t

F) = JeXP [_(Nl = MU+ — szz)s} dF (s).
0
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We note that, if (32) holds, then the service rate at the first queue is unchanged
and the first queue remains stable under the modified inter-arrival distribution.
Therefore, the second queue evolves as if the modified arrivals feed directly into
it. Next, if (36) holds, then the first queue starts this phase with M % customers
already in it. It remains stable under the modified parameters, and is close to
empty after n° inter-arrival periods, while the second queue has built up. Finally,
if neither (32) nor (36) holds, then the first queue is critical under the modified para-
meters. In all cases, the second queue is unstable and therefore builds up a large
backlog.

The problem of extending our result to an arbitrary number of queues in
tandem remains open. It would also be of interest to extend the result to more
general service distributions, and to consider arrival and service processes that
are autocorrelated.
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Appendix A: Proof of Lemma 11

This appendix deals with the proof of Lemma 11, which was stated in
section 4. The function f was defined as

fx1,%2) = F*(py — paxy + pro — piaXa) — X1 (76)

Here F*(s) is the Laplace transform of F, which is the probability distribution
function of a non-negative random variable, 7, which is non-zero with
positive probability. Recall that F*(s) is a strictly decreasing, strictly convex
function of s, and that log F*(s) is a convex function of s. Hence, both
F*(u; — pyxy + pp — pox,) and its logarithm are convex functions of (xi,x;).
Also, F*(u; — px1 + 2 — ppx,) is an analytic function for (x;,x,) € D, where
the set D was defined in (28). o < 0 s the left limit of finiteness of F*(s), and o could
be —oo. Therefore, the restriction of f to D is in C*°(D) (for an open set I, we define
C*(I) to be the class of k times continuously differentiable functions on 7). Finally,
recall that y;, i = 1,2 were assumed to satisfy [;° y;tdF(t) > 1, and v;, i = 1,2 were
defined to be the unique solutions smaller than 1 of v; = F*(u; — pv;). We shall
make use of the above facts in proving Lemma 11

Note that eq. (41) cannot have solutions with x; =0 or x, =0 since
F*(u1 — pyxq + py — ppx,) = 0 is impossible for any finite (x;, x,). Consequently,
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we may restrict attention to

R = {(x,x) €R2 : x; >0, x, > 0}.

LEMMA 15 .
Eq. (41) cannot have three collinear solutions for (x;, x,) in RZF

Proof
Eq. (41) is equivalent to F™(p; — pyx; + gy — paXy) = x1x,. Taking loga-
rithms, we get the equation

g(x1,x2) = log F*(py — pux1 + pip — ppxz) — log x; — log x, = 0.

Since log F*(uy — px; + pp — ppxy) is a convex function of (x;,x,), and
log x; + log x; is a strictly concave function of (x1, x,), g(x,x,) is strictly con-
vex. Therefore, g(x1, x,) = 0 cannot have three collinear solutions. O

LEMMA 16 .
The set S = {(x1,x,) € RS : f(x;,x,) = 0} is a bounded subset of R,

Proof

Let p = min{p, pp} and z = p;x; + pyx,. Recall that F is the distribution of
a non-negative random variable 7', which is non-zero with positive probability.
Thus, there exist positive constants ¢ and 6, such that P(T > §) > e. Therefore,
F*(s) > eexp[—s6] for all s < 0. In particular, if z > 1, + y,, then
f(x1,%2) = eexp(z —py — pa) —x1x2 > (eexp(—p — i) exp(z) — (u~'2) 2.
It is clear from above that there exists X > p; + u, such that, if z > X, then

f(x1,x;) > 0. Therefore, we see from the definition of S in the statement of the
lemma that (x;,x,) € S implies u;x; + prx; < X. O

COROLLARY 17
Let the set S be defined as in the lemma above. There exists § > 0 such that

(x1,%) € S = x;>6 and x, > 6.

Proof

Let 6 = pF*(u + wp)/X where X is as in the lemma above, and note that
§>0. If xy;<8, then x;x)<8u™'(ux+paxz). If (x,x) €S, then
H1X1 + Xy < X by definition of X in the lemma above. Also, x;,x, are positive
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by the definition of &, and F*(s) is a decreasing function of s, so
F*(,LLI + /,62) < F*(/Jq — X1+ Uy — /,1,2)(2). Therefore, if (XI,X2) €S and Xy < (5,
then

FH(uy — a1 + o — paxa) > F (g + ) = 8 X > 8 (paxy + o) > x1%3,

where the equality holds by definition of §. But the above implies f(x;,x,) > 0,
contradicting (x1, x;) € S. A similar argument applies if x; < 6. O

LEMMA 18
Suppose the conditions in neither (32) nor (36) hold. Then,

M d *
— —F — X <1.
1oy, dx, (2 — pax2) Xyt =

Proof
Suppose first that p; > p,. Then, since (32) was assumed not to be satisfied,
we see that the conclusion of the lemma holds. Next, suppose u; < py. Then vy > v,

by Lemma 2, and so u; — p v, is less than py, — pyv,. Therefore, by the convexity of
log F*,

d log F*(s)

< d log F*(s)
ds

S=p -y ds

S=Hy—Haln

Since F*(u; — pv;) = v, i = 1,2, the above is equivalent to

-1 d

I _
oy dx (Ml lel)

-1 d

< —— —F (up — ppx
xi=n = vy dx (12 — p2x2)

Xo=U»

Note that dF*(u; — p;x)/dx > 0 for i = 1,2 and for all x, because F* is a decreasing
function. Hence, observe from the last inequality above, and the supposition that
p1 < po, that

H1 d * K2 d *
L p iy — o < P2 9 pr —gx
a2 d.X2 <M2 H2 2) X=1 dx1 (MI ‘ul 1) xX1=

V1

Since p; < py, and (36) was assumed not to hold, the conclusion of the lemma
follows from the above inequality. O

THEOREM 19
Let f(x;,x;) be defined as in (76). So the restriction of f to D is in C*°(D).
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Suppose (y1,¥,) € D satisfies the following conditions.
L o) =0, »n<l, pm<l

0
2. L, < 0.
Ay B2 | g S
3 if (x1,x2) <0
' xy” T ey k)= ) '

4. A9 >y f(¥1,72) = 0.

Then there is (v;,v,) € D solving (41) and (42) subject to the conditions

0
vy 2y, v <y, Ef(xhxﬁ <0. (77)

(x1,2x2)=(v1,v2)

We shall use the above theorem to prove Lemma 11. The proof of the
theorem proceeds through a sequence of lemmas, which we outline below. Note
that, if the condition in item 3 above is satisfied, then, by the Implicit Function
Theorem (see, e.g., [19]), there is an open neighborhood U of y;, an open neigh-
borhood ¥ of y,, and a unique function 4 : UV such that f(x, h(x)) = 0 for all
x € U. Further, h € C*(U) since f € C*(D) and (y;,y,) € D. Also, h(y;) =y,
by the uniqueness of 4.

The intuition behind the proof of Theorem 19 is as follows. We find a func-
tion 4 as above, defined on a neighborhood of (yy, y,), and satisfying f'(x, A(x)) = 0
for all x in this neighborhood. That is, (x, 4(x)) satisfies (41) for all such x. We wish
to show that we can define % on a large enough neighborhood that it contains an x
such that (x, A(x)) also satisfies (42).

LEMMA 20

Let f be defined as in (76), and suppose (y1,y,) € D satisfies conditions 1
through 4 of Theorem 19. Then, it is possible to define an open interval (g, ay)
that is the largest open interval satisfying the following conditions:

1. ¥ € (a1,03), and there is a unique C* function % : (o, a;)—R such that
h(y1) = », and f(x, h(x)) = 0 for all x € (ay, ay).
2. For all x € (o, ), (x,h(x)) € D and

af(xl ’ xZ) <
8)62 (¥1,%2)=(x,h(x))

Proof
We will show that we can take («;, a») to be the union of all open intervals
(61, B,) containing y; which satisfy the above conditions.
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Let (o, ay) be so defined. We first note that (o, o) is non-empty. Indeed, by
the implicit function theorem, there is a non-empty open interval (3;, 5,) satisfying
condition 1 of the lemma. By condition 3 of Theorem 19, and the assumption that
(y1,2) € D, condition 2 of the lemma is satisfied at (y;, y,). Since D is an open set,
f € C*®(D) and h € C*(fy,3,), condition 2 of the lemma is satisfied on a suffi-
ciently small subset (v;,7,) of (81, 5;). Thus, conditions 1 and 2 of the lemma are
both satisfied on (71, 7;), s0 (a, @) is non-empty.

Let x € (o, ;). Then x is in some interval (8, 3,) satisfying the conditions
of the lemma with some C* function A;. We set i(x) = h;(x) and claim this is a
valid definition of 4 satisfying the conditions of the lemma. To this end, we need
to show that, if (v;,7,) is another interval containing y; and x, satisfying the con-
ditions of the lemma with corresponding function #,, then A;(x) = hy(x).

Suppose not. Observe that 4;(y;) = hy(y1). Since A; and h, are continuous,
there exists z € [y}, x) (or (x,y;] as the case may be) such that h;(u) = hy(u) for
all u € [y, z], but in every neighborhood of z, there is a u such that /;(u) # hy(u).
Now f(z,h(z)) = 0, and since

0
By 1) |y <

by condition 2 of the lemma, one can apply the implicit function theorem to the
function f(-,-) at the point (z,%;(z)). One thus obtains that there is a unique
function g on some neighborhood, U, of z such that f(z,g(z)) = 0. Both A; and
h, satisfy this requirement, and thus equal g in a neighborhood of z. This contradicts
the definition of z. In other words, we must have 4, (x) = h,(x). This shows that A is
well-defined on (g, ay).

It is clear that, with 4 as defined above, f(x, 4(x)) = 0 and condition 2 of the
lemma is satisfied, for all x € (a,). It remains to be shown that
heC™ ((a1 , az)). Observe from the way 4 was defined above that, if x is contained
in (84, 5,), then so is some open neighborhood of x. Hence, A(x) = ;(x) on this
neighborhood, and so 4 inherits the C* property from A, on a neighborhood of
x. This is true for every x € (a;, ;). Hence, 4 is a C* function on (o, a,). O

LEMMA 21
Let (a;,a;) and A be as in Lemma 20 above. Then, A(a;) defined as
lim,,, A(x) exists and is finite. Hence, / is continuous on (o, o).

Proof

Suppose A(x) does not approach a limit as x increases to a,. Then, there exist
constants @¢; < a,, such that A is bigger than a,, and % is smaller than g, for infinitely
many values of x € (a;, ;). Since 4 is continuous on this interval, it must take the
value (a; + a,)/2 infinitely often. That is, f(x, (a; + a;)/2) = 0 for infinitely many
values of x. Then, these are all collinear solutions of f(x;, x,) = 0. This contradicts
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the conclusion of Lemma 15. Therefore, A(x) must approach a limit as x increases
to Q.

Observe that, for every x € (o, o), (x, h(x)) solves f(x1, x,) = 0. Hence, by
Lemma 16, (x, h(x)) is in the bounded set S ¢ R for every x in (yy, o). So the limit
of h(x) as x increases to y is finite. Hence, 4 is continuous at «,. As already shown,
h is also continuous, in fact C*, on (o, as). O

Let a4, o, and /4 be defined as in Lemmas 20 and 21 above. Define

af(xl ) x2)
Ox;  oxima)=(oh()’

fi(x) = x € (ag,a), i=1,2. (78)

We see from the fact that f € C°°(D) and condition 2 of Lemma 20 that the above
derivatives exist and are C* functions on (a4, a), and also that /5(x) < 0 on this
interval.

By the definition of # in Lemma 18, (x, 4(x)) satisfies (41) for all x € (a;, o).
We would like to show that (x,A(x)) also satisfies (42) for some x € [y, ;). We
outline here the steps involved in showing this.

Suppose (x,A4(x)) does not satisfy (42) for any x € [y, a,]. In particular,
(42) doesn’t hold at (y{,y;). Then, by condition 2 of Theorem 19 and
continuity of f; on (ay,a,), we have fi(x) <0 for all x € [y;, ;). The same is
true of f>(x) by Lemma 20. Now, if f,(a;) < 0, then by applying the implicit
function theorem at («a,,h(c;)) we can extend the definition of 4 to an interval
around ay. This contradicts the maximality in the definition, in Lemma 20, of the
interval (aj,qs). Therefore, we conclude that f5(«,) is either zero or is
undefined. The latter can happen only if (a,,h(ay)) € 9D and piap+
pah(as) = + po — 0. In either case above, we show a contradiction with f; and
/> being negative on [y;,a,). The steps outlined above are made precise in the
following.

Define

v = inf{x € [y1, an) - fi(x) = 0} Nag, vy = h(vy), (79)

where, as usual, the infimum of an empty set is defined to be +oc, and x A y denotes
min{x, y}. We shall show that v; < ;. Hence, f;(v;) =0, and (v, v;) solves (41)
and (42).

LEMMA 22
Let v; and v, be defined as above, and D as in (28). Then, for all x € [y, v{],
F*(py — pix + po — uph(x)) < 1, and (x, A(x)) € D. In addition, f(v{,v;) = 0.
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Proof
Let & be defined as in Lemma 20. Then, by the implicit function theorem,

H(x) = -Ai(x)/fx),  x€ (o, a) (80)

Now, f, < 0 on (o, o) by condition 2 of Lemma 20. Also, f;(y;) < 0 by condition 2
of Theorem 19. Hence, by the definition of v; and continuity of f; on (o, a,),
fi(x) <0 for all x € [y;,v;). Thus, by (80), #'(x) < 0 for all x € [y;,v;). Conse-
quently, for z € [y, vi],

Wz) = h(y) + [ H(x)dx < h(y), (81)

where the equality is because [y1,v;] C (o, o], h is differentiable on (a4, o), and 4
is continuous at «;. Now, A(y;) is equal to y,, which is less than 1 by condition 1 of
Theorem 19. Hence,

h(z) <1 ¥V z€ly,v] (82)

Suppose there exists x € [y, v] with F*(u; — pyx + pp — pph(x)) > 1. Then
p — mx + py — poh(x) < 0. Note that ju — pyyy +p — poyy >0 because
f(r1,72) =0 and y,y, < 1 by condition 1 of Theorem 19. Hence, by continuity of
hoon [y, 1] C (o, o), for all € > 0 sufficiently small, there exists z € (y;, x) such
that u; — 1z + py — poh(z) = e. Consequently,

dF*(s)
ds ls=e

£ = —h(z).

If € > 01is sufficiently small, then the first term on the right hand side is bigger than 1
by the stability assumption py ET > 1. The second term is less than 1 by (82). Hence,
we have z € (y;,x) C (y1,v;) such that fi(z) > 0. This is a contradiction, since we
saw above that fi(x) <0 for all x € (y;,v;). Therefore, we conclude that

F*(py — X + py — pph(x)) < 1 for all x € [y,v]. This proves the first claim of
the lemma.

We note as a consequence that
i — x4 p = mh(x)>0>0 Vo x€[p,uv, (83)

where o denotes the left limit of finiteness of F*(s). Recall from the corollary to
Lemma 16, and the fact that f(x, 4(x)) = 0 for all x € (o, a,), that

x>6, hix)>6 V x€(o,a).
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Since 4 is continuous at o, by Lemma 21, the above inequalities hold on (ay, @),
and in particular on [y, v;], which is a subset of this interval. It is now clear from
(83) and the definition of D in (28) that (x, 4(x)) isin D for all x € [y;, v;]. This com-
pletes the proof of the second claim in the lemma.

If v; < o, then f(v,v;) = 0 because f(x,h(x)) =0 for all x € (a;,a,). If
V] = o, then f(x, h(x)) is a continuous function of x at o, because # is continuous
at oy, f € C™(D), and (vy,v;) € D as proved above. Hence, f(v(,v;) = 0. O

Proof of Theorem 19

Let (v, v,) be defined as in (79). We show that (v, v,) solves (41) and (42),
and satisfies (43). We begin by showing that v; < a,.

Suppose otherwise. Then, by (79), v; = a, and we have from Lemma 22 that
(x,h(x)) isin D for all x € (ay, a,]. Hence, f; and f; are defined and continuous on
this interval. Therefore, by condition 2 of Lemma 20, f5(a,) < 0.

Suppose f>(ay) < 0. Applying the implicit function theorem at the point
(o, h(y)), we see that there is a neighborhood U of a5, a neighborhood V of
h(cy), and a unique C™ function g : U—V such that f(x,g(x)) = 0 for all x € U.
Also, (x,g(x)) €D for all xe U if we choose U small enough, because
(an, h(ay)) € D, and D is open. It is also clear that, by choosing U sufficiently small,
we can get

, 0 Vv e U.
(o x2) | ety < x

6)62

Thus, g satisfies conditions 1 and 2 of Lemma 20 on U. Also, by the uniqueness of g,
it agrees with hon U N (o, o). Extend the definition of A to U U (a, a,] by defining
it to be equal to g on U. Then 4 satisfies the conditions of Lemma 20 on the open
interval U U (ay, a,) that strictly includes (aq, o). This contradicts the maximality
of (e, o) defined in Lemma 20. Hence, we cannot have f>(a,) < 0.

We have thus shown that, if v; = ay, then f5(a,) = 0. Observe from condition
2 of Theorem 19, the definition of v; in (79), and the assumption above that v; = a;,
that fi(x) < 0 for all x € [y1, a,). Hence, fi(a,) < 0.

Suppose first that f;(a,) < 0. Since f>(c;) = 0, we have
lim #(x) = lim ~£(x)/A(x) = —oc

Xlay

XTOLZ

by the implicit function theorem. Let 7, be as specified in condition 4 of Theorem 19,
so that f(y1, 7,) = 0. Observe from Lemma 22 and the assumption that v; = «, that
Sf(ag, h(ay)) = 0. We shall show that there is a point (z1, z;) on the straight line join-
ing (y1,7,) and (a,, h(ey)) such that f(z;,z,) = 0. Define

~

gx) = 5, + M02) =2

) — N

+ X—=y1)
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That is, (x, g(x)) denotes the straight line joining (y1, ») and (a, A(;)). Now, for
6> 0,

glay — 6) = glay) —

whereas, by the intermediate value theorem,
Ix € (ap ~ 8, 0) : h(ay — 8) = h(ay) — 6-H(x).

Since g(ay) = h(ey) and lim,;,, #'(x) = —oo, it follows that for § > 0 sufficiently
small,

h(O&z — (5) > g(a2 — 5)

But g(y;) = J», A(y1) = y5, and so, by condition 4 in Theorem 19, A(y;) < g(y;).
Since g and 4 are continuous functions on [y;, @], the last two inequalities imply
that there is z € (y;,ap — 6) such that g(z) = h(z). Then, (y,J,), (z,h(z)) and
(0, h(cy)) constitute three collinear solutions of f(x;,x,) = 0. This contradicts
Lemma 15, implying that we cannot have f(a,) < 0.

Next, suppose fi(ay) =0. Let v; =y, vy =h(e), and define p by
Djk = ajkv{_lvg_l, where the ay are given in (1). Now f(v;,v;) = 0 by Lemma 22,
50 F*(y — vy + piy — piovy) = vyvp and, by (22), 3% _opx = 1. Hence, p is a
probability distribution. Also, f;(v;) =0 by supposition, and we showed above
that f>(v;) = 0. Since (v, v,) € D, we have from (29) and (30) that

=1, > kpp=L1

J.k=0 j. k=0
Therefore,
| > Pjk
D(p:a) = _ log P
(p:a) = ) py log ”
J,k=0 J

Z {(J — Dpy log vy + (kK — 1)py log vz]
jik=0

Hence, by the properties of the Kullback-Leibler distance, p = a, that is, v; and v,
are both equal to one. But we have from (81) that v; = A(v;) < y,, and hence from
condition 1 of Theorem 19 that v, < 1. Thus, by contradiction, we cannot have

filaz) =0.
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To recapitulate, we showed that, if v; = ay, then f5(v;) =0, and f(v;) < 0.
We showed that either equality or strict inequality in the last expression contradicts
f2(v1) = 0. Thus, we cannot have v; = a,. It follows from (79) that v; < a, and
fi(vy) = 0. In other words, (vy,v,) solves (42). We also see from (79) that v; > y,,
and from (81) that v, = A(v;) is no larger than y, = A(y;). Since v, € (a;, ),
f2(v1) < 0 by condition 2 of Lemma 20. Thus, (v;,v,) is seen to satisfy (77). Finally,
(v1,v,) in in D and satisfies (41) by Lemma 22. This completes the proof of the
theorem. OJ

We derive below a couple of additional facts needed to complete the proof of
Lemma 11.

LEMMA 23

Let g be defined on the positive reals as g(x) = v;/x, and 4 as in Lemma 20.
Then,

g)=h(x) = x=v or x=m/m.

Proof

By definition of A, f(x,h(x))=0. Therefore, if g(x)=h(x), then
fx,/x)=0. Hence, by (76), F*(u;—pmx+ py— povr/x)=v,. But
F*(uy — pvq) = vy, and F* is one to one. Therefore,

"
My — p1X + o T H = T

The above is a quadratic in x, whose only solutions are x = vy and x = p,/p;. O

LEMMA 24
Suppose neither (32) nor (36) holds. Then, the conditions of Theorem 19 are
satisfied for (y;, y,) equal to either (1,v5) or (py/p1, i1/ 12).

Proof

Suppose neither (32) nor (36) holds. Let (y;,y,) = (1,1,). It is clear that
(y1,¥2) is in D, which was defined in (28). With $, = 1, conditions 1 and 4 of
Theorem 19 are straightforward to verify. Condition 2 follows from Lemma 18,
and condition 3 from Lemma 1.

Next, let y; = pp/py and y, = pyvy /1o, and observe that (yq,3,) € D. Taking
V2 = 141/ 12, 1t 18 €asy to see that conditions 1 and 4 of Theorem 19 are satisfied. The
left-hand side of condition 2 evaluates to

d _, M1
—F — X -
dx, (1 — byxp) - 1
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and is no bigger than zero since (36) was assumed not to hold. The left-hand side in

condition 3 is equal to
_1}
X1=

and is strictly less than zero by Lemma 1. Thus, the conditions of Theorem 19 are
satisfied. O

2%) d *
el F -
1 |dx, (1 Mlxl)

We now make use of the above lemmas and Theorem 19 to complete the
proof of Lemma 11.

Proof of Lemma 11

Suppose neither (32) nor (36) holds. We show that (41) and (42) have a solu-
tion (vq,v,) € D satisfying (43).

Suppose first that 1 > py. Let (y1,1,) = (1,13), so that, by Lemma 24, the
conditions of Theorem 19 are satisfied. Let a;, a, and 4 be defined as in Lemma
20, corresponding to (y1,y,) = (1,1,). Let v;,u, be as in (79). Then, by Theorem
19, (v;,v,) is in D and solves (41) and (42) subject to (77). Comparing (77) to
(43), it remains to verify that v; < vjv, < 1. Observe from Lemma 22 and (79)
that F*(u; — pvy + py — pavy) is less than 1 and f(v;,v,) is equal to zero. Hence,
v1vy < 1 by (76). We show below that v,v, > 1.

Define g(x) = v /x. Since py/p; < 1 by assumption, and v; < 1, we see from
Lemma 23 that g(x) is not equal to A(x) for any x > 1. Now g(1) = v, whereas
h(1) = v, because (y1,y;) = (1,v,). Therefore, by Lemma 2, g(1) < i(1). Now g
and h are continuous on [1, v] C (ay, ), g(1) is less than (1), and g(x) is not equal
to h(x) for any x> 1. Therefore, g(v;) < h(v;). Since g(v;) = v;/v;, while
h(v) = v, by (79), we conclude that v;v, > v;.

Suppose next that p; < u,. Taking y; = py/py and y, = vy /py, we have
from Lemma 24 that the conditions of Theorem 19 are satisfied. Let o, o, and A
be defined as in Lemma 20, corresponding to the above choice of (y;,y,). Let
v1,v; be as in (79). Then, by Theorem 19, (v,v,) is in D and solves (41) and (42)
subject to (77). Comparing (77) to (43), it remains to verify that v; < vyv, < 1.
Observe from Lemma 22 and (79) that F*(u; — pv; + pp — pov,) is less than 1
and f(vy,v,) is equal to zero. Hence, v;v, <1 by (76). We show below that
V1V, 2 vi.

By the definition of A, we have A(uy/py) = wvi/pe- If v = py/py, then, by
(79), viv, = vy, and we are done. If not, we argue as follows. Let g be defined on
the positive reals as g(x) = vy /x. Then g(u, /1) = h{py /). In addition,

() = - () 2
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where g’(x) denotes the derivative of g at x. Also, by the implicit function theorem,
and the definition of 4 in Lemma 21,

h,(&> _ Silpa/m)

K1 fr(pa/ 1)
d . v
—F — X =
_ dx, (1 — paxr) - 1
p d . K2
M F — X — =
17 dox, (y — pxy) o "
27 d *
——F - -1
B p\2 v dx (1 — p1x1) - s
= () m iy (85)
—F (g — -1
dx, (y — pyxy) x=,

Observe from Lemma 1 and the assumptions that p; < u, and that (36) doesn’t
hold, that both the numerator and the denominator in the last term above are nega-
tive. Furthermore, the numerator is smaller in absolute value than the denominator
since p1, > py and vy < 1. We thus see from (84) and (85) that g'(uy /1) < H (ua/p11)-
Since g(u,/py) was seen to be equal to s(py/p ), we have

g(& + 6) < h(ﬂ + 6) for all 6 > 0 sufficiently small.
H1 H1

Hence observe from the continuity of g and A on [uy/p,v] C (@1, a,) that, if
g(vy) > h(vy), then g(x) = h(x) for some x € (p1p/p41, v1]. Then x > vy as well, since
it was assumed that u, > p. Thus, we have arrived at a contradiction of Lemma 23.
We therefore conclude that g(v;) < h(vy). But A(v;) = v, by (79), and g(v;) = vy /vy.
Hence, viv, > vy.

The proof of Lemma 11 is now complete. U
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