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Abstract

We consider recursions of the form z,41 = pn[z,] ,
where {¢,,n > 0} is a stationary ergodic sequence
of maps from a Polish space (£,&) into itself, and
{zn,n > 0} are random variables taking values in
(E,€). The question of when stationary solutions
exist for such recursions, whether they are unique,
and whether there is convergence to a stationary so-
lution starting from arbitrary initial conditions is of
considerable interest in discrete event system applica-
tions. Currently available techniques can only answer
such questions under strong simplifying assumptions
on the statistics of {¢n}n (such as Markov assump-
tions), or on the nature of these maps (such as mono-
tonicity).

In this paper we introduce a new technique for
studying stochastic recursions without such simpli-
fying assumptions. To do so, we weaken the solution
concept: rather than constructing a pathwise solution
we construct a probability measure on another sample
space and families of random variables on this space
whose law gives a stationary solution to the recursion.
The problem of existence of a stationary solution is
then translated into the problem of establishing tight-
ness of a sequence of probability distributions, and
uniqueness questions can be addressed using tech-
niques familiar from the ergodic theory of positive
Markov operators on spaces of continuous functions.

1 Introduction

Let (2, F, P) be a probability space. We assume that
(Q, F)is a Polish space (1.e.  is a complete separable
metric space and F is a sub o-algebra of the Borel o-
algebra of Q) - see, for instance, Parthasarathy [15]
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for background on Polish spaces. Let # be a mea-
surable map from (2, F) into itself such that P is
¢-invariant: P(071(A)) = P(A) for all A € F. We
assume that P is f-ergodic: if A € F is such that
6=1(A) = A up to sets of P-probability 0, then A has
P-probability 0 or 1. Qur reference for basic ergodic
theoretic concepts will be Krengel [12].

Let (E, &) be a Polish space and ¢g a random vari-
able defined on (Q,F, P) that takes values in the
space of measurable maps from (E, £) into itself. Let
¢n(w) = po(0"w). Then, under P, {pn,n > 0} is
a stationary ergodic sequence of random maps from
(E, ) into itself.

We are interested in solutions of recursions of the
form

(1)

Here {z,,n > 0} are random variables taking val-
ues in (E,£), and to avoid confusion we have used
square brackets to write ¢, [z,] for the evaluation of
the map o, (w) at z,(w) € E. Given an initial condi-
tion, say ¢ at time 0, there is of course no problem
in constructing a pathwise solution to (1) for n > 0.
In view of the stationarity and ergodicity of {¢p }n,
one expects that, if some stability condition holds,
the solutions constructed in this manner converge in
some suitable sense to a stationary solution. By a
stationary solution of the above recursion we mean
a stationary process {z,,n > 0} that satisfies the
recursion.

Tap1 = @nlzn] .

The question of when such stationary solutions ex-
ist, whether they are unique, and whether there is
convergence to a stationary solution starting from ar-
bitrary initial conditions, is of considerable interest in
discrete event system applications. This is because
discrete event systems subject to random influences
can often be described by recursions of the form (1).
At the present time it is often the case in recursions
of practical interest that stability conditions can be
derived - and answers to the existence, uniqueness.



and convergence questions can be given — only if one is
willing to make strong simplifying assumptions about
the statistics of {¢,},. This situation is far from
ideal, since such simplifying assumptions are typically
not met in practice. Thus there is an important role
for the study of recursions of the form (1) in the gen-
eral stationary ergodic context.
The canonical example of such a recursion is

Znt1 = P(Zn, &n) (2

where {£,,n > 0} is a stationary and ergodic se-
quence of random variables and ¢ is a deterministic
function. If one assumes that ¢ is continuous in both
variables and increasing in the first one, an idea due
to Loynes [13] can be used in certain cases to iden-
tify stability conditions and to explicitly construct
stationary solutions. This technique has been devel-
oped to deal with a number of applications — see Bac-
celli and Brémaud (2, 3], Bambos and Walrand [5],
Konstantopoulos and Baccelli [11, 4], and Walrand
[18], for several examples. In many of these examples
uniqueness conditions and convergence theorems can
also be derived. However, the assumed monotonicity
plays a key role in this development.

Our purpose in this paper is to discuss a new tech-
nique for constructing stationary solutions to (1) that
does not depend on the recursion being of the type
(2) with monotonicity conditions. To achieve this we
have to weaken the solution concept, along lines that
are familiar from the theory of stochastic differential
equations - see, for instance, Stroock and Varadhan
[17]. That is, rather than constructing a pathwise
solution to (1), we construct a probability measure
on another sample space and families of random vari-
ables on this space whose law gives a stationary solu-
tion to (1).

Our approach is based on the following construc-
tion: consider the product space 2 x £, endowed with
the product o-field F ® £ and the new measurable
shift O(w,2) : Q@ x E — Q x E defined by

O(w,z) = (w, po(w)(z]). (3)
Note the following composition rule.
O w,z) =
= (07w, po(0"w)po(8" " w) . po(w)[x])
= (0w, pn_1(W)pn—2(w) ... po(w)[z]) .
O™ (w,z) = O"(O™(w,z)) .
The problem of existence of a stationary solution is
then translated into the problem of existence of a
probability measure @ on (2 x £, F @ &) that is in-
variant under ©, and whose 2 marginal is P. Indeed,

suppose it was possible to construct such a probabil-
ity measure (. Consider the new random variables

Xo(w,z) =2, ®plw,z) = @o(w) ,

defined on  x E and let
Xn(w,z) = Xo(O"(w, 2)), Pp(w,z) = (0" (w,z)),

for n > 0. X, takes valuesin (F,£) and ®; takes val-
ues in the space of measurable mappings from (£, £)
into itself. A simple calculation shows

Xn(w,z) = ppo1(@)pn-2(w) ... po(w)[z]) (4)
O, (w, ) Pn(w) .

1

Thus {X,, n > 0} solves the recursion
Xn+1 = Qn[Xn] .

Since Q is ©-stationary, { X, ®,}, is stationary un-
der Q. Since @ has Q marginal P, {®,}, has the
same distribution as {¢y, },. We refer to such a mea-
sure () as a weak stationary solution for the recursion
(1).

We note that a point of view similar to the one pre-
sented here has been taken by Crauel [9], who calls a
recursion of the form (1) a random dynamical system.
The focus here is quite different from ours: it is as-
sumed that ¢, is a homeomorphism, and the concern
is with the Markovian nature of the solutions. In fact,
the idea to construct @ as in equation (3) is an old
one in ergodic theory, see for instance Krengel [12,
pg. 261], or Petersen [16, pg. 11], where it is called a
skew-product. Again, the concerns in ergodic theory
are quite different: an underlying invariant measure
on the space on which the skew-product acts is taken
as given, and most of the interesting work deals with
the case where E admits a group action, and ¢ is a
random element of the group.

Stationary queueing systems have also been con-
sidered by Brandt et al [8]: a concept of “stationary
weak solution” is introduced and several examples,
where the solution is constructed on an “enlarged
probability space” (because one does not exist on the
original probability space) are treated in detail. What
is made clear in our formulation is that it suffices to
consider the product 2 x £ as this enlarged probabil-
ity space. Also, one should note that a technique for
the construction of stationary solutions, based on the
concept of “renovating events”, has been developed
by Borovkov (see, for instance, [7] for applications to
communication networks) and Foss [10].

In Section 2 we describe a technique to construct a
probability measure Q on 2 x E of the desired type,
when a certain tightness condition is satisfied. We
also give a siinple way of checking this criterion with-
out reference to the construction of the product space
2 x E. In Section 3 we illustrate our approach by
rederiving the well known existence result in the sin-
gle server queue, which corresponds to finding a sta-
tionary solution for the Lindley equation. Our point
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of view is such that the monotonicity in the Lind-
ley equation is not appealed to; for lack of space we
have not explicated this further here, for details see
[1]. We point out the interesting fact that a station-
ary recursion on a compact state space always ad-
mits a stationary solution in our sense. In Section
4, we discuss the question of uniqueness of station-
ary solutions. Here we give a theorem on uniqueness
along lines familiar from the ergodic theory of positive
Markov operators on spaces of continuous functions -
see, for instance, Krengel [12, Chapter 5]. In Section
5 we demonstrate how the uniqueness theorem can
be used to establish uniqueness of solutions in the
problem of the single server queue. More examples
are discussed in [1], but could not be included here.
Some concluding remarks are made in Section 6.

2 Existence of stationary solu-
tions

Suppose {z,,n > 0} is a stationary solution to (1).
In other words, this is a stationary sequence on the
original probability space (€2, F, P) and can thus be
termed a strong solution to (1). Consider the map
e:Q — Q x FE given by

e(w) = (w, zo(w)) .

Let @ = Poe~!. We note that @ has Q marginal
P,ie,Q(Ax E) = P(A) for all A € F. Using the
definition of © in (3), we have

QoO™! = Poe 1o0@7! = Pofloe™! = Poe"! = Q.

Thus @ is invariant under ©. In particular, the (con-
stant) sequence {Q o ©~",n > 0} is tight (see below
for the definition of tightness, and Billingsley [6], for
more details).

On the other hand, let us start with an arbi-
trary probability distribution Qo on © x E whose Q
marginal is P. Let @, denote the probability distri-
bution Qg 0o ©~" on @ x E . A simple calculation
shows Qn(A x E) = P(§~"A). By stationarity of P,
P(6~"A) = P(A), so @ also has  marginal P for
all n > 0.

Suppose now that the sequence {Q,,n > 0} is tight,
i.e. that for any € > 0 there is a compact set K C
Q x E such that Q,(K) >1—¢ foralln > 0. This is
enough to demonstrate the existence of a © invariant
probability distribution @ on Qx F having Q marginal
P. To see this, let

Gn:%(Q0+“’+Qn—l)1 nZI

Then {@,,n > 1} is also tight, and each Q,, has Q
marginal P . Let @ be any subsequential limit of this

sequence, say @ = lim,, . @,,. Clearly, @ has Q
marginal P. Also, for any measurable subset C C
Qx FE,

QO™(C) = lim_, (07(C))

= lim ,,(07(C)

QCY,

I

so () is ©-invariant.

We have thus proved the following theorem:

Theorem 1 Let Qo be a probability distribution on
Q x E whose Q marginal 1s P. Let Q, denote the
probability distribution Qo0 ©~" on Q x E. Suppose
that the sequence {Qn,n > 0} is tight. Then there
is a stationary sequence {X,, P}, defined on Q x E
with {X,}, taking values in (E,£) and {®,}, taking
values in the space of measurable maps from (E,E)
into itself, such that {®,}, has the same distribution
as {¢n}n and {Xp}n obeys Xpp1 = ®,{Xn], n > 0.

Conversely, if the stochastic recursion rny; =
enlzn], n > 0, admils a stationary solution, there is a
probability distribution Q on Q x E whose Q marginal
s P, and such that the sequence {Qo©~ ", n >0} is
iighi. O

At first sight it may appear that proving tightness
of {Qn,n > 0} would be difficult. However the fol-
lowing simple result shows that the question of the
existence of a stationary regime in our sense can of-
ten be settled without reference to the product con-
struction. The value of this result becomes clear in
the study of examples, see [1].

Lemma 1 Suppose that, for some z € E, the se-
quence

{pn-1(@)pna(@) ... po@)eln > 1}, defined on
(82, F, P) is tight. Let Q% denote the probability
distribution P ® 6, on Q x E. Then the sequence
{Q%,n > 0} is tight.

Proof. We first note that for any sequence {Q,,n >
0} having Q marginal P, tightness is equivalent to
tightness of the EF marginals. Thus it suffices to
show that the E marginals of {Q%,n > 0} are tight.
But from (4), this is precisely the assumption of the
lemma. 0
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3 Applications of the existence
theorem

In this section we consider an example of a stochastic
recursion arising in discrete event system applications
to illustrate the scope of our idea.

3.1 The G/G/1 queue

A classical example of a stochastic recursion is the
Lindley equation describing the workload seen by ar-
riving customers into a G/G/1 queue. On a sample
space (Q,F, P) admitting a shift § under which P
is ergodic, we are given nonnegative random vari-
ables (09, 7o) satisfying Elog] = p~! < oo and
E[m) = A7! < oo, Let (on, ™) = (000 0%, 750 6™).
Thus {0, 7n }n Is a stationary ergodic sequence. The
interpretation of o, is the work brought in by the nth
customer to a server and 7,, denotes the interarrival
time between the arrival of the nth customer and the
n + 1st customer. The server works at rate 1 if there
i1s work in the system. Let W, denote the workload
in the system seen by the nth customer. Then, start-
ing from some initial condition, the workload evolves
according to the equation

Wat1 = (Wn+on— 1)t (5)

This recursion is of the form (2), is monotone in the
state variable, and continuous in the state variable
and the value of the driving process. Thus the exis-
tence of stationary solutions can be studied pathwise
using the idea of Loynes [13]. For details, see Bac-
celli and Brémaud [2, 3], or Walrand [18]. The path-
wise construction works under the assumption that
the shift has a measurable inverse, and leads to the
conclusion that there is a unique stationary solution
to the recursion if A < p. The pathwise construction
of the stationary solution involves constructing vari-
ables {W,, ,, —0o < m < n < +oc}, with the initial
condition Wy, m, = 0. The monotonicity in the state
variable gives that W, o increases when m decreases,
and the limit is the desired stationary solution. If
A < u, this can be shown to be proper.

On the other hand, our approach yields the exis-
tence of a stationary solution for A < p along slightly
different lines. To begin with, we assume that (Q, F)
is a Polish space. Referring to Lemma 1 and the no-
tation in the preceding paragraph, the existence of a
stationary solution for A < g - which in this example
means the existence of a ©-invariant probability dis-
tribution on Q x Ry having Q2-marginal P - follows if
we can show that the sequence {W; ,,,n > 0} is tight.
Let & = 09 — 70, and &, = £p 0 0™ = 0, — 7,. From
(5), we write

WO,n(w) = max(0, Eno1(w),bn1(w) + En2(w),. ..,

€n-1(w) + &na(w) + -+ &o(w)) -

Now, {£,,n > 0} can be extended to {£,,n € Z} on
an appropriate sample space. Consider the stationary
process {€,,n € Z} defined by £, = £_,. Then we
have

d ~ ~ ~
WO,n = max(ou gOr"': §O+"’+£n—l)

k
<st max(0, rgggg&)

= W, say,

where g denotes equality in distribution, and <gi de-
notes stochastic ordering — for more on these concepts
see, for example, Baccelli and Brémaud [3]. If X < p,
we have E£~0 < 0, from which it follows easily by the
strong law of large numbers that W* is a proper ran-
dom variable. Hence {Wy »}, is tight.

At first sight it may not appear that this proof is
significantly different from that of the Loynes con-
struction. However, an essential point is that mono-
tonicity of (5) has not been explicitly used anywhere
in the argument. The reader can easily verify this by
playing around with equations that are non-monotone
perturbations of Lindley’s equation, but match it for
large enough workloads; an explicit example along
these line is developed in [1], along with other exam-
ples which have been omitted for lack of space.

3.2 Compact state space

A simple but rather nice consequence of Theorem 1
is the following:

Theorem 2 Let (2, F, P) be a probability space, and
6 a measurable map from (U, F) into itself such that
P is 0-invariant and ergodic. We assume that (Q, F)
is a Polish space. Let (E,£) be a compact Polish
space and g a random variable defined on (Q, F, P)
that takes values in the space of measurable maps from
(E,£) into itself. Let p,(w) = po(0"w).

Then the recursion (1) always admits a stationary
solution, in the sense that there is a probability dis-
tribution Q on Q x E that is ©-invariant and has Q
marginal P, where © is the shift on Q x E defined in

(3).

Proof. This is an immediate consequence of Lemma
1. Indeed, any sequence of probability distributions
on a compact Polish space is tight. 0

4 Uniqueness

In this section we state a uniqueness theorem that
applies to recursions of type (1) under a broad range
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of conditions. This theorem is similar to theorems on
unique ergodicity in topological dynamics - see, for
instance, Theorem 9.2 on page 58 of Mané [14] - or
more generally, in the ergodic theory of Markov op-
erators on spaces of continuous functions — see, for
instance, Proposition 1.3 on page 178 of Krengel [12].
Let Cy(2 x E) denote the space of bounded continu-
ous functionson  x E .

Theorem 3 Suppose that for every ©O-invariant
probability distribution Q on QX E having Q marginal
P, and all f € C3(Q2 x E)

.1
lim —
n—oo n

n-1

D (O (w,2)) = A(f) (6)
ji=0

erists Q-a.s. and is a constant for Q-a.¢. (w,z).
Then, if there is a O-invariant probability distribu-
tion Q on Q x E having Q marginal P, it is unique.
Conversely, if there is a unique O-invariant probabil-
ity distribution Q on QX E having Q marginal P, then
Jor all f € Cy(S2 x E) the limit in (6) ezists Q-a.s..
and is constant for Q-a.a. (w,z).

The reader is referred to [1] for a complete proof of
Theorem 3.

5 Applications of the unique-
ness theorem

In this section we illustrate the use of Theorem 3.
Before doing so, let us note that there are several well
known and important examples of recursions where
the uniqueness of stationary solutions does not hold,
see, for example, Baccelli and Brémaud, [2, 3]. Non-
uniqueness should therefore be thought of as being
relatively common, and certainly not pathological. In
such situations, one is interested in classifying the
different stationary regimes. Theorem 3 is clearly not
of much use for such investigations. Nevertheless, it
provides a useful tool to prove uniqueness in some
examples, as this section hopes to demonstrate.

5.1 The G/G/1 queue

We consider again the Lindley equation (5) of Sec-
tion 3.1. In Section 3.1 we have demonstrated the
existence of a probability distribution @ on 2 x R,
that is ©-invariant and has © marginal P, under the
stability condition A < p. To show the uniqueness of
this distribution, by Theorem 3 we need to show that
for every such distribution and every f € C,(Q2 x E)
the limit on the left hand side of (6) exists @-a.s. and
is constant for Q-a.a. (w, z).

The Q-a.s. existence of the limit is a consequence
of Birkhoff’s ergodic theorem, and we may call it

A(f,w,z). Note that for Q-a.a. z, A(f,w, z) is well-
defined for -a.a. w (or equivalently for P-a.a.w). Let
us now show that for all z; # z, such that A(f,w, z;)
1s well-defined for Q-a.a. w, i1 = 1,2, we have

‘A(f:w! .’C]) = A(f’wvxz) Q*B..S. . (7)

This is an immediate consequence of the following
lemma.

Lemma 2 For all 2, # x4, there exists a P-a.s. fi-
nite random time k(w) such that

O (w,21) = O (w,25) forall j>rw). (8)

Proof. Assume without loss of generality that z; <
z2, and define

Ka(w) =inf{j >0 : & (w,z9) =0} .

(x1(w) is defined similarly.) The P-a.s. for the se-
quence {£,,n > 0} and the fact that £¢; < 0. In-
deed,

P{w : ka(w) > m}

n—1

<Plw:z+ Zﬁj(w) > 0, for all n < m},

=0
and the latter probability goes to zero as m— oo since
the partial sums ','='01 &;(w) converge to —oo, P-a.s..
An examination of (5) reveals that «;(w) < Ka(w)
(admittedly, we use monotonicity here). Letting
k(w) = k2(w), (8) now follows immediately from the
above observations. 0

That Lemma 2 implies (7) is easily seen by exam-
ining the left hand sides of (6) for z; and z,.

Note that the excluded null event in Lemma 2 can
be taken to be the same for all pairs z;,z5. We have
thus demonstrated that A(f,w,z) is Q-a.s. a function
only of w, so we may write A(f,w,z) = A(f,w). But
A(f,w,z) is O-invariant, and being Q-a.s. equal to a
function A(f,w) defined on (, this latter function is
f-invariant. But then, by ergodicity of P, it must be
P-as. constant. Theorem 3 now implies the unique-
ness of the weak stationary solution for the Lindley
equation.

6 Concluding remarks

We have proposed an approach to the study of sta-
tionary solutions for stochastic recursions driven by
stationary ergodic processes that we believe is novel,
and which can be used to handle a much wider range
of situations than the currently available techniques.
Questions about the existence of stationary regimes
for such recursions are of considerable importance in
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discrete event systems applications. Our results are
clearly only a start in this direction, in that ques-
tions regarding the classification of stationary regimes
in situations where there is more than one such,
and questions of convergence to stationary regimes
from arbitrary initial conditions have not been ad-
dressed in this work. Nevertheless, several previously
intractable non-monotonic recursions might conceiv-
ably be amenable to a partial treatment using this
approach.
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