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Optimal Flow Control Schemes that
Regulate the Burstiness of Traffic

Takis Konstantopoulos, Member, IEEE, and Venkat Anantharam, Member, IEEE

Abstract—The problem of designing burst reducing flow con-
trollers for traffic in an ATM network is studied. By requiring
that the output flow obey certain burstiness constraints, it is
shown that an optimal design exists and that it can be easily
implemented in real time. Two versions of the problem are
considered. The first one places constraints on the buffer size and
the second one on the maximum delay that a cell can experience.
Both problems are solved for arbitrary traffic processes. To
treat the problems in this generality we introduce reflection
mappings and use them, in a rather novel way, to establish
optimality results. As a by-product of our analysis and methods,
the optimality of the popular leaky bucket flow control scheme
is also established.

1. INTRODUCTION

HERE is a need to rethink basic flow control and re-

source allocation issues to deal with the novel kinds of
traffic encountered in a Broadband Integrated Services Digital
Network (B-ISDN). This includes traffic with widely differing
characteristics, such as audio, data and video. Some of this
traffic is expected to be of a highly bursty nature, making
the traditionally employed models, such as Poisson or renewal
processes, of doubtful relevance in deriving design insights.
Several analyses of samples of traffic have pointed to the
deficiency of traditional traffic models in the new applications
context; see, for instance, Leland et al. [12], and Jagerman and
Melamed [10]. There is a serious need to incorporate explicit
burstiness modeling in the traffic models used for performance
analysis.

A simple and versatile class of models was introduced by
Cruz (5], and has been further developed by Low and Varaiya,
{13], [14]. Let A be a traffic process. Following Cruz [5],
we say that A obeys (o, p) constraints if there are positive
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constants o, p, such that

Al0,t] <o+ pt, forall t >0
A(s,t] <o+ p(t—s), forallt >s>0

where A(s,t] denotes the amount of traffic over the time
interval (s,?]. Intuitively, p poses a constraint on the long-
term average rate and o on the instantaneous bursts. A more
precise characterization is that A obeys (o, p) constraints iff
when A is fed to a server with service rate p that is started
empty at time s and has an infinite buffer, the backlog in the
buffer never exceeds ¢ at any time. There are a number of
reasons why this class of flows is useful to consider. First
of all, the above is an intuitively appealing characterization
of burstiness, measured by the backlog induced in a simple
queueing system, and as such is amenable to analysis and
so to intelligent design choices. Second, it is a very simple
characterization. Users may have to negotiate the parameters
of the flows that they offer the network; the parameters o and p
are a simple pair with which to work, representing burstiness
and average offered load.

Our focus in this paper is on the issue of flow control to
ensure that a flow obeys burstiness constraints in the above
sense. We examine the question of how a user, constrained to
offer a flow obeying (o, p) constraints can optimally control
his source to ensure this requirement. Our key result is that
there is a very simple answer to this question, involving
recursively updating a quantity, which, for precision, we call
the virtual backlog. This quantity can also be shown to work
as a sufficient statistic to study various natural allocation
problems within a B-ISDN network, as shown in [1].

One should mention that the leading contender for a stan-
dard for implementing the B-ISDN concept is asynchronous
transfer mode (ATM). In ATM traffic is segmented into fixed
length cells (the standard calls for cells of length 53 bytes)
which are routed through the network along virtual circuits.
One of the most popular flow control schemes for traffic
consisting of ATM cells is the “leaky bucket” flow control
scheme; see, for example, Eckberg and Lucantoni [8]. This
scheme has been shown in practice to be very effective in
regulating burstiness and is also simple to implement. In [2]
we analyzed a model of the leaky bucket, driven by a stationary
and ergodic arrival point process, and showed that it is burst-
reducing, in the sense that the delay induced by its output
is stochastically reduced. A similar result was also obtained
independently by Low and Varaiya [13] and by Kuang [11].
These results suggest that the leaky bucket is a good flow
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control scheme. It is interesting that an examination of the
protocol shows that the output flow from the leaky bucket
obeys (. p) constraints.

Previous work on flow control for high-speed networks
has been similar in that it has focused mainly on the perfor-
mance evaluation and comparison between difterent proposed
schemes. In this paper we take a harder look at the problem of
designing an optimal flow control scheme. We pose the design
problem as follows: we are given a target burstiness parameter
pair (0. p). The flow controller is allowed to delay incoming
cells by at most d time units, d > 0. At each point of time the
flow controller can either reject or transmit part of the delayed
cells or the incoming traffic. The decision of the controller
(whether and how much to transmit or reject) at each point of
time ¢ is allowed, in principle, to depend on the entire past
of the input process up to time £. The only requirement is
that the flow control scheme should create an output traffic
stream that must satisfy the (o, p) constraints. Every policy
that obeys the above requirements is called a delay-constrained
feasible policy. The goal is to find the best delay-constrained
feasible policy in the sense that the rejected traffic is as small
as possible. It turns out that there is an optimal policy that is
rather simple in nature and can be implemented by recursively
updating the quantity we call the virtual backlog. It appears to
be very easy to implement in real time.

A second design problem can be posed as follows. Besides
the target burstiness parameter pair (o, p), we are also given a
bound K on the maximum number of cells that can be stored in
the flow controller’s memory. The goal is as above, namely,
the design of a scheme that obeys the above requirements
(buffer-constrained flow controller) and which rejects the
smallest possible amount of traffic. Once again, it turns out
that there is an optimal policy that can be easily implemented
by recursively updating a virtual backlog. Further, this policy
is essentially the leaky bucket scheme.

The paper is organized as follows. In Section II we consider
flow control for arbitrary traffic process models. In particular,
fluid models as well as point processes are covered by our
analysis in a unified way. This unified approach is based
on the concept and properties of the reflection mapping with
(possibly) time-varying boundaries. These are summarized in
Appendix A. We first solve the problem of optimal instanta-
neous flow control (Section 1I-A). Subsequently we consider
buffer-constrained flow controllers (Section II-B). Finally we
deal with the case of delay-constrained flow controllers (Sec-
tion II-C). The topics are organized in increasing order of
complexity. In Section III we show how, from the results of
Section II, to obtain the optimal flow controllers in discrete
time. In particular, we re-discover a simplified algorithm
for the results of [3] concerning the discrete time optimal
flow controller with delay constraints (Section III-B). The
algorithm for the optimal discrete time flow controller with
buffer constraints is also given (Section III-A). Appendix B
summarizes the formulas for discrete time reflection mappings
used to obtain the results of Section IIl. In Section IV we
establish the optimality of the Leaky Bucket flow control
scheme. Briefly, not only does the leaky bucket produce a
(0.p) constrained output but it also does so in an optimal
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way. This result is, to the best of our knowledge, the first one
concerning the optimality of the Leaky Bucket. Finally, some
concluding remarks are presented in Section V.

II. FLow CONTROL FOR GENERAL TRAFFIC PROCESSES

The system operates in continuous or in slotted time. We
consider optimal flow control problems for general traffic
processes. We shall allow processes that are fluid-like, that
is, messages arrive at an arbitrary time-varying rate, as well
as processes that have instantaneous jumps (bulk arrivals).
More generally, a traffic process can be a combination of
the above types. A suitable object for representing a traffic
process is a nonnegative, sigma-finite measure on the real line.
The notion of sigma-finiteness excludes the possibility of an
infinite volume of traffic on a finite interval of time. Let M be
the collection of all sigma-finite measures. Henceforth all such
measures are restricted to {0, oc). Our purpose is to provide a
formulation and design methodology for various types of flow
control problems associated with traffic processes in M.

In [3] we formulated and solved optimal flow control
problems in discrete time. The proof techniques in discrete
time are conceptually easier, because induction techniques can
be used. The general optimal flow control design problem
will be considered in the sequel. Because of a) the generality
of traffic processes considered and b) the fact that we are
working in continuous time, it is not possible to use induction
type arguments to prove optimality. We thus need a more
global approach to the matter. It turns out that the structure
of the optimal flow controller as well as the proof of its
optimality relies on the construction and properties of the so-
called reflection mappings, which are reviewed in Appendix
A. Their use not only achieves easier proof schemes but also
allows for a wider interpretation of the burstiness constraints.

To precisely state what is meant by burstiness constraints,
we recall that a traffic process A € M is (o, p) constrained
with initial virtual backlog oo < o iff

A[0.t] < g+ pt. forall t >0,
A(s.t] <o+ p(t—s), forallt > s> 0.

The terminology virtual backlog will be made more apparent
through the course of development of the flow controller
dynamics. More generally, we may replace {pt} by another
measure & € M. We then say that

Definition 1: A € M is (09,0, R) constrained iff

Al0.t] < o9 + R[0,t]. forall t >0,
A(s.1) < o + R(s,t], forall t > s > 0. )

The measure R is a parameter of the design. The reader should
notice that intervals (s.t] are conveniently taken to be open
on the left and closed on the right. The initial interval [0, ¢]
is taken to be closed on both sides. Occasionally we shall use
the notation

Ay = A0, ¢].

Note that such a process is right continuous with left limits
(cadlag ; see Appendix A) for each 1.
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A flow controller is regarded as a map, say ¢, mapping
M into itself. Naturally, such a map should be causal, in the
sense that, for any A1, 4> € M,

(ALY 4 ALENOD — (A0 forall t >0, ()

where AS denotes the restriction of the measure A on the
subset S of the set R of real numbers. Besides causality, a
feasible flow controller should map arbitrary traffic processes
into traffic processes with a predescribed degree of burstiness
as defined by the parameters o, o and the measure R. In other
words, a feasible ¢ should be such that ¢(A) is (09,0, R)
constrained, for any A € M.

We can consider two optimal flow control problems. One
that poses a constraint on the buffer size, say K, that can be
used (i.e., on the maximum number of messages that can ever
be stored in the flow controller’s memory), and one that poses
a constraint on the maximum delay, say d, that an incoming
message can experience before it is transmitted or rejected.
(The discrete time version of the latter problem is precisely
the one that was considered in [3].) The constraint on the
buffer size can be expressed by the requirement that

0(A)[0,t] < A[0,¢],t > 0,
P(A)(s,t] < K + A(s,t],t > s >0, 3)

while the delay constraint can be expressed by

w(A)[0,] < A[0,8],t >0,
0(A)(s,t) < A(s —d.t],t > s >0, (4)

with A(s — d,t] defined to be A[0,t] for s < d. Thus, given
06 >00<0y <0, ReMO<<K < x0<dLx,
we have

Definition 2: A buffer-constrained feasible flow controller
@ is a causal flow controller that produces a (og,0, R)
constrained output traffic stream that also satisfies (3).

Definition 3: A delay-constrained feasible flow controller
¢ is a causal flow controller that produces a (og,0, R)
constrained output traffic stream that also satisfies (4).

A flow controller ©* is buffer-optimal (respectively, delay-
optimal) iff

¢"(A)[0,1] = (A)[0,1] 5

for all A € M, t > 0, and all buffer-constrained (respec-
tively, delay-constrained) feasible flow controllers ¢. The two
problems will be treated separately in the sequel.

Let us first start by expressing the constraints (1) in a more
convenient way. Consider the cadlag process (function)

$t=U_UO+At_Rt- (6)

(Recall that we use the shorthand A; = A[0,¢].) Then the
inequalities (1) are easily seen to be equivalent to!

inf z,A0<go, forallt>0. @)
0<s<t

Ty —
But z; — info<s<: 25 A O is precisely the reflection of z; up-

wards at zero (see Appendix A). The advantage of expressing

!'The operations min and max are supposed to have priority over plus and
minus; thus —a A b means —(a A b).

(1) in the equivalent form (7) is that the reflected quantity can
be “updated dynamically”. So, to verify that a traffic process
A € M satisfies (oq, o, R) constraints, it suffices to verify that
the reflection of its associated “free process” z;, as defined in
(6), is below ¢ for all ¢. Equivalently, one could express the
constraints (1) by defining

yy=00+ Ry -~ Ay =0—1¢

and by requiring that its reflection downwards at o, i.e., the
process (; = info<s<t(ys —Ys +0) Ay, stay above zero for all
t > 0. This follows from the fact that the reflection operator
commutes with affine transformations (see Appendix A). Note
that, for ¢ > 0, it is precisely (;— that one would refer to as
the virtual backlog corresponding to the traffic process A. Our
observations so far lead to

Fact 1: The following are equivalent.

1) A € M is (0,0, R) constrained.

2) The reflection of o — og + A; — I, upwards at zero stays

below o for all ¢.

3) The reflection of og + Ry — A; downwards at o stays

above zero for all ¢.

It is convenient to exemplify the method of the reflection
mappings in the special case of an instantaneous flow con-
troller, i.e., a ¢ with K = 0 in Definition 2 (or, what is the
same, d = 0 in Definition 3). This is done in the sequel.

A. Instantaneous Optimal Flow Controllers
An instantaneous flow controller ¢ should satisfy (3) with
K =0, ie,
(A)]0,2] < A[0,t],t >0,
o(A)(s, 1] < A(s.t].t > s> 0.

We are looking for the best ¢, in the sense of (5), which is also
causal and produces a (g, o, R) constrained ¢(A). Consider
the map ¢* defined via the following procedure. Given A € M
define its associated free process

Ty =0—09+ A — Ry
and reflect it at zero and o

g =z + 0 —up
=[o =00+ Ay — Re]+ £ —uf. (8

where ¢* = Roqo{z), ¥ = Log(x), v = Uy () are,
respectively, the reflected process, the lower boundary process,
and the upper boundary process (sec Appendix A for the
notation used). The map ¢* maps, by definition, A into B*
defined by

Bf = As —uj. 9)

We note that B* is indeed an element of M. To see this, first
note that By > 0 because if u§ = 0 then By = Ao > 0, while
if uf > 0, we necessarily have ¢ = o and [§ = 0, so that (8)
gives BY = oo + Ro > 0. Second, for ¢ > 0, if u; = u;— we
have Bt = At — U > At_ — U = Bt_, while if Ut > Up—
we necessarily have ¢; = o and ¢, = £,_, so that (8) yields

Bi=oo+Ri— b >00+ R — 4 > A —uwpm = B,
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Lemma I: (Feasibility) i) The greedy flow controller o* is
causal; ii) ¢*(A) is (o9, 0. R) constrained; iii) ¢*(A)[0.¢] <
Al0, 8], *(A) (s, 1] < A(s.t].t > 5 > 0.

Proof: The causality of ¢* follows immediately from the
causality of the reflection mapping (Property 1 of Appendix
A). Let B* = ¢*(A), as defined by (9). To show ii) we use
Fact 1. According to it, one has to ensure that the reflection
of ¢ — o9 + B} — IR, upwards at zero stays below o. To this
end, rewrite (8) as

@ =lo—00+ B — R+ ¢}

Since ¢} increases only if ¢f is zero, it follows, by the
uniqueness of the reflection mapping, that ¢* is also the
reflection of o — oy + B} — R, upwards at zero. Of course,
q; < 0, because it was originally defined as the reflection of
x at zero and o. Finally, iii) is immediate from (9) since u}
is nonnegative and nondecreasing. g
The main result is the optimality of the greedy flow controller.

Theorem 1: (Optimality) For any A € M and any feasible
©,

0 (A)r > @(A).t > 0.

Proof: Let B* = ¢*(A), as in (9), and B = ¢(A).
The assumption that ¢ is feasible means that B is (0¢. 0. R)
constrained and that B[0.1] < A[0,#]. B(s.1] < A(s.#],
t > s > 0. Reflect 0 — 09 + B3y — R; at zero and o, and let
¢, £, u be, respectively, the reflected, lower boundary, upper
boundary processes:

qr = [0 — 00+ By — R) + 4 — uy.

Since B is (0¢. o, R) constrained, the upper boundary process
u is identically equal to zero. Rewrite the above as

g =0—0oo+ A — R+ — (A — By). (10)
Since B[0.t] < A[0.t], B(s.#] < A(s.t],¢ > s > 0, the latter
term A; — B, is nonnegative and nondecreasing. Compare

(10) with (8) and use the minimality property of the reflection
mapping (Property 2 of Appendix A) to obtain

E: S fﬂ“? S At - Bt'

To finish the proof, read the latter inequality as B; < A;—u} =
B;. O

We thus established the optimality of the greedy flow
controller. The interpretation of the construction should be
clear, especially in the case where the arrival traffic process A
and the process I? are absolutely continuous with derivatives,
say, ag, Ty, respectively. Then, from (9), we see that B* is also
absolutely continuous with derivative equal to a, whenever
g; < o and r, whenever ¢ = o. The expression (9) for the
mapping ¢* : A — B* precisely takes care of the cases where
A is allowed to have jumps as well.
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B. Flow Control with Buffer Constraints

Consider the optimization problem among the class of
buffer-constrained feasible flow controllers ¢ (Definition 2).
We follow the method introduced above. Namely, we first
define a special flow controller ¢* by performing a suitable
reflection operation on the free process x; = 0 —og+ Ay — Ry
associated with an arrival process A. Then we show that ¢*
is indeed feasible. Finally, we show that it is optimal in the
sense of (5).

The suitable reflection operation that defines ™ is a re-
flection of x at zero and o + K: letting ¢* = Ry ,4n(2),
= Lygen(x), uv* = Upsix(x) be the reflected, upper
boundary, and lower boundary processes, respectively, we
have

qf:[afao+A,—Rt]+ﬂf—u:. (l])
Define ¢* : A — DB* by
o JA - itgf <o
By = {m) + Ry — ¢  otherwise. (12)

We argue that B* € M. For this, first note that By > 0.
Indeed, if u = £ = 0, then if ¢§ < o we have B§ = Ag > 0,
while if ¢5 > o, we have B = oo + Ry > 0. If u§ > 0,
we necessarily have ¢f = o + K and ¢ = 0, so that
B§ = oo+ Ry > 0.1f €5 > 0, we necessarily have g5 = 0 and
uyy = 0, so that By = Ag > 0. Second, if ¢ > 0 is such that
qi_ < o and ¢ < o, we necessarily have uf = w;_, so that
Bf = A —u; > A —wf_ =B . Ifg;_ <oandg >0,
we necessarily have /7 = /£;_, so that

B =00+ Ry =¥ 200+ Ry —¥0]_ > A —u;_ =B} .
If ¢y > o and ¢f < o we necessarily have u} = uj_, so that

Bl =Ay—u; > A —uj_ >o0+ B —{;_=Dj_.

Finally, if ¢f_ > o and ¢} > o, we necessarily have ¢f = ¢} _,
so that

B::U()ﬂ‘Rf*é:ZUU+Rt-—1{:7=B:7,

Note that we can use (11) to write (12) in either of the
following ways:

By = Ay —uj = (qf —0)"

=og+ R =0 — (0 —g)T.

(13)
(14)

Lemma 2: (Feasibility) i) The greedy flow controller ¢* is
causal; ii) B* = ©*(A) is (09,0, R) constrained; iii) for all
t>s>0, B <Ay, and Bf — B < K+ Ay — A,

Proof: Causality is immediate from the causality of the
reflection mapping (Property 1 of Appendix A). Assertion ii)
will follow if we ensure that the reflection of ¢ — o+ B; — R,
upwards at zero does not exceed o. Use the identity
)+

c—(c—q)T =0ANgq

to rewrite (14) in the form
oNg =0 —o0o+ By — R+ {5,

By definition, ¢} increases only when ¢; = 0, or equivalently,
only when ¢; Ao = 0. Thus, ¢; Ao is the sought reflection of
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o — o9 + B} — R; upwards at zero; and certainly g; A o does
not exceed o. To show iii) we use the following fact.

Fact 2: Let A, B € M. Then the following are equivalent.

1) BtSAt; B; — B, $K+At—As,forallt2320.

2) The reflection of { A;— B, } downwards at K stays above

zero for all ¢.
The proof of this is essentially the same as that of Fact 1.
From (13) we have
(g = 0)* = [Ac = B{] ~ui.

By definition, u; increases only when ¢ = K + o, or,
equivalently, only when (gf —o)™ = K. Thus the reflection of
A, — B} downwards at K is precisely equal to the nonnegative
process (g; — o)*. Owing to Fact 2, this establishes iii) and
so the lemma has been proved. O

Theorem 2: (Optimality) For any A € M and any buffer-
constrained feasible flow controller ¢,

" (A)e 2 (A, t 2 0.

Proof: Consider an arbitrary buffer-constrained feasible
flow controller ¢, let B = ¢(A), and let B* = ¢*(A). We
re-express the two basic properties of the map ¢ : A — B
via Facts 1 and 2. First, the inequalities B; < A;, By — B; <
K+ A, — A, for all t > s > 0 are equivalent to the fact that

the reflection of A; — B; downwards at K stays above zero,
that is if we let

g = [A = Bi] + & — uy, (15)
with ¢*, £%, u! being the refiected, upper boundary (at K), and
Jower boundary (at zero) processes, respectively, then £* = 0.
Second, the inequalities B; < oo+ R:, Bt—Bs < 0+ R:— R,
for all t > s > 0 are equivalent to the fact that the reflection of
o — 09+ B; — R, upwards at zero stays below . So, if we let

@2 =0 — 0o+ By — Ry + €2 — uf, (16)

with ¢2, £2, u? being the reflected, upper boundary (at o), and

lower boundary (at zero) processes, respectively, then u? =
Add up the previous two displays (15) and (16), to obtain

qt1+qt2=[a—ag+Atht]+Ef——u%.

Compare this with the expression (11) for g} . Since £2, uj are

nondecreasing and since q} + ¢? € [0,0 + K], it follows, by

minimality (Property 2 of Appendix A), that
uy < ug,

<

an

(18)

Use inequality (17) in the expression (15) for qt1 to obtain
0<gq} <A —By—uf =Bf —Bi+ (¢ —0)*,

where we also used (13). Likewise, use inequality (18) in the
expression (16) for qt2 to obtain

o> >0—00+Bi—Ri+4; =B, —Bf to— (0 —q)*,

where we also used (14). From the last two displays we readily
obtain

B, — B < min{(g; — o), (c—g)T} =0,

where we used the obvious identity min{z*, (—z)*} = 0. O

The interpretation of the optimal flow controller is especially
interesting in this case, since, it turns out that it is the Leaky
Bucket flow control scheme, an accepted standard for flow
control in ATM networks. For more details, see Section IV
below.

C. Flow Control with Delay Constraints

A delay-constrained feasible flow controller ¢ : A — B
should satisfy inequalities (4), i.e.,

B[0,1] < A[0,t], B(s,t] < A(s — d,t],t > s >0, (19

where for s < d, A(s — d,t] is interpreted as A[0,¢]. The
problem is to find the best such . The idea behind the optimal
construction hinges on the fact that the above inequalities can
also be interpreted via reflection mappings. To see this, write

A(s — d,t] = A(s — d, s] + A(s, 1]
and let
s = A(s — d, s].
Then inequality (19) can be written as

0i<I;f<t{A(s,t] — B(s,t] + s} A(Ay— Bt) 2 0, forall ¢ > 0.

o (20)
We interpret the nonnegative cadlag process {s,s > 0}
as an upper (time-varying) boundary. The quantity in the
left hand side of (20) is then the reflection of the process
{A; — By, t > 0} downwards at the upper boundary 1 (see
Appendix A). We now need to use

Fact3: Let A/ B € M, and ¢ a nonnegative cadlag
function. Then the following are equivalent.

1) By < A4, B; — B, < s+ Ay — Ag,forall £ > s > 0.

2) The reflection of {A; — B;} downwards at {t;} stays

above zero for all i.

The proof of this fact is also essentially identical to that
of Fact 1.

Fact 3 suggests to define a greedy flow controller ¢* in a
manner analogous to that of the buffer-constrained problem.
Consider the reflection of ¢ — o9 + A; — R; upwards at zero
and downwards at {o + ¢ }. This yields

g =lo—o0+ A — R+ 4 — g, 1))

with £*, u* being the lower and upper boundary processes,
respectively; £; increases only when ¢; = 0, ie., J g >
0}d¢; = 0, while u} increases only when gf = o + ¥,
ie., [1{gf < o+ ¢}du; = 0. The greedy flow controller
is then defined precisely by the same expression as before,
namely (12), or, equivalently, (13) or (14). We argue that
B* € M. The proof for this is identical to that used in the
buffer constrained problem, with the only difference being that
to show By > 0 in the case that ug > 0, we need to observe
that g5 = o + 9§ > o and [§ = 0, so that B} =00+ Ro>0.

The structure of this ¢* may at this point seem rather
abstract. But in discrete time (i.e., when all measures consid-
ered are supported on the integers) o* is exactly the optimal
flow controller studied in [3]. In Section 3 below we shall




428

derive, starting from the definition (12), an algorithm for the
implementation of ¢* that is simpler than the one presented
in [3].

Lemma 2: (Feasibility) i) The greedy flow controller ¢* is
causal; ii) B* = ¢*(A) is (09.0, R) constrained; iii) for all
t>s2>0, Bf <Ay, and B*(s.t] < A(s — d.t].

Proof: Precisely as in the proof of Lemma 2 one observes
that o A ¢f is the reflection of o0 — 09 + B — R; upwards at
zero, which establishes ii). Also, (g7 — o)* is the reflection
of A; — By downwards at {¢;}, and this establishes iii). The
causality of ¢* is a direct consequence of the causality of the
reflection mapping with time-varying boundaries. O

Theorem 3: (Optimality) For any A € M and any delay-
constrained feasible flow controller ¢,

@ (A)e > (At > 0.

Proof: Exactly as the proof of Theorem 2, with
Kreplaced by the time-varying boundary {}. |

III. THE STRUCTURE OF DISCRETE TIME OPTIMAL FLOW
CONTROLLERS AND SIMPLE IMPLEMENTATION ALGORITHMS

The design of optimal flow controllers was considered in
the previous section. In this section we look into the structure
of the optimal flow controllers in discrete time. In particular
we will derive explicit recursions for their implementation.
Both buffer-constrained and delay-constrained flow controllers
will be examined. In Section III-A we derive recursions
for optimal buffer-constrained flow controllers. In Section
III-B we derive recursions for optimal delay-constrained flow
controllers. Recursions similar to the latter ones were derived
in [3] using entirely different techniques.

The discrete time arrival process is described by a se-
quence of nonnegative numbers (a,,,n > 0). We write 4,, =
S h_o @k, m > 0and set A_; = 0 for notational convenience.
To this sequence we may associate the cadlag function
(As,t > 0) defined by

oc

Ay = Al0.4] = > 1k < thay
k=0

thought of as an arrival process in continuous time, i.e. as an
element of M. Note that this continuous time traffic process
is piecewise constant with jumps only at the nonnegative
integers. Similarly, we assume given a sequence (r,.n > 0)
of nonnegative numbers; write 12,, = >_p_q 7, 1 > 0, setting
R_; = 0 for notational convenience; and associate to this
sequence the cadlag function (R;,t > 0) defined by

o

R, =R[0,4] =Y 1{k < t}ry
k=0

which we interpret as the element of M prescribing the desired
(00,0, R) burstiness constraint that the regulated output must
satisfy (in addition to the buffer or delay constraint on the flow
controller). From the already derived structure of the optimal
flow controllers we then see that all the derived processes, i.e.
the free process, the regulated process, and the upper and lower
boundary processes, will be cadlag piecewise constant with
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jumps only at the nonnegative integers. This is the situation
dealt with in Appendix B.

A. Structure of the Optimal Flow Controller
with Buffer Constraints

Recall the way that the greedy flow controller ¢* was
defined in Section II, (11) and (12). The construction is valid
for all values of the allowable memory K, including K = 0
and K = oc. Using the formulas of Appendix B we can write
explicit recursions. See also Cruz [7] for similar recursions in
a queueing framework. With A, = 3" _gar, Ry = 30 o s
consider the reflection of the free process

T, =0—09+ A, —R,.n>0. (22)
at 0 and o + K. The reflected process is
g =Tn+ 0, —u. (23)

where £, u], are the lower boundary, upper boundary pro-
cesses, respectively. For notational convenience, we letx_; =
o — 09 = q*,, which is consistent with the above equations,
and with the interpretation of (¢ —g,, )™ as the amount of token
left after the decision at time n. From (41), (42), and (43) of

Appendix B we get

g =g+ da, )0 24)

Al =0, — 0y = ~(gh_1 + Az) AO (25)
Aut =ul —ul_; = (q_y + Az, —o — K) V0. (26)
Denote by B = >_,_, bf the flow controller’s output process.
The defining relations for B, (13), (14), now yield

By = A, —uy — (g, - 0)"
=00+ Ry~ —(0—q)".

We are looking for a recursion for b, = AB;;, = B — B, _;.
It is convenient to define

27
(28)

Ay =(ghy —o)" (29)
=0 NGy (30)
on :a—u;:(a~q;_1)+. 3D

Note that A\ = (¢*; — (J')+ =0, puy = 0 — g, and o = 0.
We claim that b}, satisfies

by, = (an + AL) A(rn +07). (32)

The proof of this is a series of straightforwardly tedious
computations, which we undertake in the sequel. From the
first of the defining relations for B} (27) and (29) we have

by =an — Aup — A+ AL

n

(33)
From (23) and (25) we obtain

q:‘: = q:,—l + Amn + Aé: - AU:
=q¢_ + Az, — Aul = (gh_1 +Azy) AO
= (gi_y + Az, — Auy) V (—Auy).
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The definition (29) of A} together with the above display gives
A1 = (g, =) VO
=(q_;+ Az, — Au, — o)V (=Au), — o) VO
=(qh_; + Az, — Au;, — o) VO.

Substitute the latter display into (33) and use Ax,, = a, — 1,
(from (22)) to obtain

by, =(an —Au) A (0 +rn —gn_y) + A,

=an Ao+ K +10 =g )AN(0+ 70— g1) + AL
by (26)
=an Ao+ T —gn_) + A,
= (@ + N Ao+ — gy +AD)
= (an + XN)A (0 + 70— gny + (ghg — o)),
by (29)
= (an + X)) A (1 + (0 = g5-1)7)
= (an + Ay) A (rn + o), by 31).

So (32) has been proved. We now obtain recursions for the

quantities A}, and o}, appearing in the derived formula for b7.
From (33) we obtain

A1 = An + an — by, — Aug
when, by summing from zero up to n and using Aj = 0,

A = [An = Bi] — g

n:

Notice that A}, < K. Also, Auj, > 0 implies A}, = K. It
follows that { Ay , ,} is the reflection of {4, — B;;} downwards
at K, implying that (see formula (43) of Appendix B)
Aul = (A +a, — b, — K)VO0.
Substitute this into (33) to obtain
A= +a,—by)AK. 34

From the second expression (28) for B} and definition (30)
we have

My =[0—00+ B — R,)+ 45, (35)

Notice that p},,, > 0. Also, Af;, > 0 implies y;,, = 0. It
follows that {471} is the reflection of 0 — o9 + B — R,
upwards at zero, and so (see formula (42) of Appendix B)

A = —(py + b5 — 1) AO. (36)
Expressions (35) and (36) yield
fonr = (po + b7, =) AO.
Finally, substituting the latter into (31), we obtain
Oni1=0AN(on+r, — b)) (37)

To recapitulate [cf., the recursions (32), (34), and (37)] the
algorithm that defines the optimal flow controller with buffer
constraint K is as follows:

by = (an + X)) A (r,+05)
)\:(l+1 = (’\:L + n — bTL) NK

Oh =0 A (o] B).

The algorithm is initialized with Ay = 0 and ¢ = 0. Note
that the quantity ¢ is the virtual backlog, also encountered
in [3]. The physical meaning of this algorithm is clear: send
forward as much flow as possible subject to the burstiness
constraint given by the virtual backlog. Retain as much of the
remaining flow as possible in the buffer (up to K units of
flow).

One observation that is probably worth mentioning at this
point is that all computations above remain valid if the traffic
processes do not necessarily have jumps on the integers k =
1,2,..., but on an increasing sequence of times 77 < Ty < ...

B. Structure of the Optimal Flow Controller
with Delay Constraints

The definition of the greedy flow controller in presence of
delay constraint d calls for reflection of the free process
T, =0—09+ A, — Ry
at 0 and the time-varying upper boundary {o + 1, }, where
Yy = Aln —d.n] = ap_gy1+ -+ an.

The reflected process is

*
n

* N *
4, = Tn + g‘n — U

and satisfies the recursion (set «,, = 0 and 3, = o + ¢, in
formula (41) of Appendix B)
* * oty
In = [qn—l + AI”]O '

The algebra done earlier (Section HI-A) goes through provided
that we replace K with ¢, = ap,—q+1+ - - +an everywhere in
the computations. We omit the computations to save space. The
algorithm for the optimal flow controller with delay constraints
reads

by = (a, + X)) A (rn +07) (38)
/\‘7*1+1 = (ATL + p — b:) A (a'n,—d+1 + -+ an) (39)
ohr =0 A(og + e — b) (40)

with the initialization A§ = 0 and 6§ = 0. Again, the quantity

o7 is interpreted as the virtual backlog.

IV. OPTIMALITY OF THE LEAKY BUCKET FLOW CONTROLLER

It turns out that the optimal flow controller with buffer
constraints (Sections II-B, III-A) has the structure of the Leaky
Bucket flow controlier, a recently accepted standard for open
loop flow control in ATM networks. The leaky bucket operates
as follows. Cells arrive according to some (bursty) traffic
process A. Their transmission is controlled by objects called
tokens. Tokens are generated according to a process R (in
practice IR is a periodic process with rate p, i.e., one token is
generated every p~! time units) and are stored in the token
buffer that can hold up to ¢ tokens. An arriving cell that finds
a token in the token buffer is transmitted instantaneously;
otherwise, it waits till the generation of the next token. For
more details see [2].
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Now consider the flow controller ¢* of Section II-B. Its
evolution equations in discrete time are given in Section III-
A. Let ¢/ be the reflected process (11). Interpret (o — ¢;)*
as the number of tokens in the system at time ¢. Similarly,
interpret (g — o)™ as the number of cells in the system at
time ¢. (Note that, at all times, there are either cells or tokens
in the system.) A moment of reflection shows that the output
process B} given by (12) behaves exactly as the output process
of a leaky bucket. We thus have the following result.

Fact 4: The optimal flow controller that produces a
(00.0. R) constrained output traffic process and uses a buffer
of size K is a leaky bucket with token buffer size o, cell
buffer size K, token arrival process R and initial number of
tokens .

A leaky bucket with K = oc is referred to as a (o, p)
regulator (cf., [5]) In [2], we showed that this leaky bucket is
burst-reducing in the following sense: let A be a stationary and
ergodic point process with rate A and let R be deterministic
with rate p > A. Consider the output process as an input to a
queue with deterministic service rate u > p. Then the steady
state queue length in the latter queue increases stochastically
as ¢ increases.

V. CONCLUDING REMARKS

The problem of designing optimal flow controllers that
regulate the burstiness of traffic, while guaranteeing a bound
on the buffer or on the delay, was solved in a very general
framework. In a sense, our result is “model free.” No specific
assumptions on the input model have been used. There are two
important methodological points that should be emphasized.
First, the burstiness constraints of a traffic stream can be
summarized by the virtual backlog, which acts as a sufficient
statistic, summarizing the past information. This simple real-
ization allows one to pose and study a new class of control and
optimization problems of substantial relevance to the design of
networks handling burstiness constrained flows [1]. Second, in
this work, we realized that constraints on the buffer size and
constraints on the delay can be thought of as “generalized
(0. p) constraints” that can be expressed via a reflection map-
ping on a suitable “free process” (Section II). The analysis then
hinges on some structural properties of this reflection mapping,
the most important of which is its minimality (Appendix A).
It is likely that this simple realization made in this paper will
be useful in other optimization problems as well, for instance
in a multi-user environment.

Since the problems we considered were formulated in a
model free context, one could very well pose them in a
stochastic context as well, by requiring, for instance, that
the arrival process be an arbitrary stochastic process. The
greedy flow controller ¢* is then seen to minimize the average
loss rate when such averages exist. Indeed, our results hold
pathwise.

The Leaky Bucket flow control scheme was shown to be
optimal among the class of causal flow controllers. This is
a new result, to the best of our knowledge, that should be
comforting to network engineers, who plan to use it in any
case. In fact, it should be stressed that nowhere in the analysis
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did we make explicit use of the causality of the decision rule
of a feasible flow controller (except, of course, that we cannot
borrow flow from the future). Thus, the leaky bucket (a causal
controller by itself) is optimal even when one allows the flow
control decision to be made noncausally.

APPENDIX A
THE REFLECTION MAPPING AND ITS PROPERTIES

Reflection mappings are used throughout the paper in order
to define the flow controllers as well as in establishing their
optimality. In this appendix we review the definition of the
reflection mapping of a “free process” x; in a-possibly time-
varying interval I; = [ay. 3;]. We denote by D 4[0,00) the
collection of all cadlag (i.e., right-continuous with left limits)
functions mapping [0, oc) into a space A, a subset of R for
our purposes. One of the earliest references to reflection in
one dimension, in a stochastic context, is due to Skorokhod
[16]. See also Harrison [9], for a nice discussion of the
reflection with two boundaries and for continuous z, Chung
and Williams [4], and the references therein.

A. The Reflection Problem

We are given cadlag functions z, (the free process), o (the
lower boundary), and 3; (the upper boundary). Denote by I,
the interval [y, 3:]. (Usually, I; is constant.) It is assumed
that oy < 3; for all ¢ > 0 (note the strict inequality, which
is important for some of the statements below). The case
where one of the boundaries is at infinity is allowed. The-so
called-Skorokhod’s reflection problem looks for functions £,
(lower boundary process), u; (upper boundary process) such
that

1) The reflected process
g =+ 4 —uy

is in I; for all ¢+ > 0.

2) Both ¥, u; are nondecreasing with fo_ = uo- = 0
and ¢, (respectively, u¢) increases only when ¢; = oy
(respectively, q; = ), i.e.,

/ 1(qt > (Kt)(iﬂg = 0/
JR. Ry

1(qt < ﬂt)dut =0.

It turns out that the solution to this problem is unique and
can be constructed by successive approximations (cf., Harrison
[9]). The mapping x — (¢, u, q) is referred to as “the reflection
mapping.” Our notation is

q=Ras(x).f = Las(x),u=Uss()
Occasionally, we may also write
q=Ri(z).t = L1(z),u=Ur(z).

When one boundary is present (i.e., when either oy = —oc or
[+ = +oc) then explicit formulas are available.
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B. Formulas for Single Boundary Reflection

There are no explicit formulas when both boundaries are
present. However, when only one boundary is present (i.e.,
when either o, = —oc or 3y = +o0) we do have useful
explicit formulas.

1) Lower Boundary Only:

= — inf (z5— ay) A0,
0<s<t
G =zt = sup (¥y — x5 + ) V 1y

0<s<t

2) Upper Boundary Only:

u = sup (zs — f) VO,
0<s<t
a = il (v =2, +6,) A

C. Fundamental Properties

The following properties of the reflection mapping are used
in the paper.

1) Causality: Fix time s > 0 and consider the free process
after s, defined by

s

Ti = Qy— + Tspr — st > 0.

To obtain the reflected process at ¢ time units after s, we may
forget entirely the past of & and ¢ before s and consider the
reflection of the new free process {xz7,t > 0}, i.e.,

Gt = 05 + Lo 3(2%)s = Un ().t > 0.

2) Minimality: The boundary process ¢; —u, that maintains
g within the constraint set is the smallest process (in the sense
of smallest variation) that manages to do so. To put it in terms
of the £ and u, suppose that £;, u} are two increasing processes
such that

qy = x + b, — i} € [y, B3], forall t > 0.
Then
0 < louy <, forall t > 0.

In addition, the following properties are useful, though we
do not use them.

3) Monotonicity: When two free processes x,z’ compare
in the sense that

€y — ks < :1:; — .’IZL. 0<s <t and xg < :1:('J
then the reflected process compare in the sense that

¢ < g, t > 0.

4) Affine Scaling: Let T be a nonsingular affine transfor-
mation of R, ie.,

T(z)= A+ p, A #0.

Then, for any interval I = I; = [a,. ], and any free process
T = Ty

TR[(T) = RT](TZB)

In other words,

1 L
Ra,g(l’) = XR,\Q+;L)\(3+;1(/\-7; + M) - /X

APPENDIX B
FORMULAS FOR DISCRETE-TIME REFLECTION

Let {x;,t > 0} be a cadlag process, which is piecewise
constant and jumps only at the nonnegative integer points
n = 0,1,2,--- Let x_; be arbitrary, and set g_; = w_1.
Let Azr, = 2, — Zn_1,n > 0. Consider two boundaries «
and 8, possibly time varying, in which case we denote them
by ay, (3;, and assume that they are also piecewise constant,
cadlag , with possible jumps on the nonnegative integers, and
ay < 3, for all £ > 0. We denote by g; the process that is
obtained by reflecting z, in the interval [o, ;] and let ¢4, u; be
the lower and upper boundary processes, respectively. Clearly
(qt,t > 0), (£,t > 0), (ug,t > 0) are piecewise constant as
well, with jumps at the nonnegative integers. The purpose of
this appendix is to find explicit recursions for the values g, at
the nonnegative integer points 7 = 0,1.2,---. We have

Gn = Tn + ({n, — Up.

As in Appendix A, ¢;, u, are the unique nondecreasing
processes, with o = wup— = 0 that maintain g between
oy and S, for all £ > 0, and satisfy

/ 1(Qt > at)dlt = / 1((11» < /31)(lut =0.
R; Ry

Taking into account the fact that all processes are cadlag and
piecewise constant, the latter two relations are written as

> Han > an}Al, =0 = > Hau < ButAu,.
n=0 =0
Forn > 0, let AY,, = £, — {,,_1, Au,, = Uy — up_1, with
I_1 = u_y; = 0. For « < 3 we introduce the “truncation”
symbol
a, <
) =av@ap)=(ave)Af=Sw, a<z<p
g, x>0,

and claim that the following recursions yield the ¢,,, ¢,,, and
u, that satisfy the aforementioned requirements.

dn = [(In—l + A‘Lnl:y: “n
Al, = 7({]n~1 + Ay — ()’n) AO (42)
Ay = (g1 + Az, — 8,) VO. (43)

Indeed, observe that, for all n > 0, o, < ¢, < [}, and
Afl, > 0, Au, > 0. Furthermore, if A¢,, > 0 then ¢q,_; +
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Az, — a, < 0, implying that ¢, = . So ch:o {g, >
@ }Af, = 0. Similar conclusion holds for w,,. This proves
that (41), (42), and (43) solve the reflection problem for {z,}
at the boundaries {a,} and {3,}.
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