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Abstract

The problem of designing burst reducing flow controllers
for traffic in an ATM network is studied. By requiring
that the output flow obey certain burstiness constraints,
it is shown that an optimal design exists and can be easily
implemented in real time. Two versions of the problem
are considered. The first one places constraints on the
buffer size and the second one on the maximum delay
that a cell can experience. The problems are solved both
in discrete and continuous time and for arbitrary traffic
processes. As a by-product of our analysis and methods,
the optimality of the popular leaky bucket flow control
scheme is also established.

1 Introduction

In this paper we examine some fundamental problems
in the design of flow control for ATM based B-ISDN.
These networks are expected to handle new types of traf-
fic with widely differing and bursty characteristics. There
is a serious need to incorporate explicit burstiness mod-
elling in the traffic models used for performance analysis
in these networks. Several analyses of samples of traffic
have pointed to the deficiency of traditional traffic models
in the new applications context; see, for instance, Beran
et. al. [4], and Jagerman and Melamed [6].

In this paper we treat the problem of the design
of flow controllers that produce output traffic with pre-
scribed constraints on burstiness. To represent bursti-
ness, we employ a simple and versatile class of models
which was introduced by Cruz [5], and has been further
developed by Low and Varaiya, [9], [10]. We say a traffic
process obeys (o, p) constraints if, when fed to a server
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with infinite buffer and service rate p, the backlog never
exceeds o. There are a number of reasons why this class
of flows is useful to consider. First of all, the above is an
intuitively appealing characterization of burstiness, mea-
sured by the backlog induced in a simple queueing system,
and as such is amenable to analysis and so to intelligent
design choices. Secondly, it is a very simple characteri-
zation, which mimics to some extent aspects of the pro-
posed ATM standards. Users may have to negotiate the
parameters of the flows that they offer the network : the
parameters o and p are a simple pair with which to work,
representing burstiness and average offered load.

One of the most popular flow control schemes for
ATM traffic is the “leaky bucket” flow control scheme;
see, for example, Mitra et. al., [11], and Turner [12]. This
scheme has been shown in practice to be quite effective in
regulating burstiness and is also simple to implement. In
[2], we analyzed a model of the leaky bucket, driven by a
stationary and ergodic arrival point process, and showed
that it is burst-reducing, in the sense that the delay in-
duced by its output is stochastically reduced. A simi-
lar result was also obtained independently by Low and
Varaiya, [9] and by Kuang, [7]. It is interesting to note
that the output flow from bucket obeys (o, p) constraints.

Previous work on flow control for high-speed net-
works has focused mainly on the performancé evalua-
tion and comparison between different proposed schemes.
In this paper we take a prescriptive, design-oriented ap-
proach: We are given a target burstiness parameter pair
(c,p). The flow controller is allowed to delay incoming
cells by at most d time units, d > 0. At each point of
time the flow controller can either reject or transmit part
of the delayed cells or the incoming traffic. The decision is
allowed to depend on the entire past of the input process
up to time ¢. The only requirement is that the flow con-
trol scheme (policy) should create an output traffic stream
that satisfies the (o, p) constraints. The goal is to find the
best such policy in the sense that the rejected traffic is as
small as possible. It turns out that there is an optimal



policy that is simple in nature and can be implemented in
real time by recursively updating a quantity we call the
virtual backlog. In particular, the entire relevant informa-
tion about the past is surnmarized by a single number!

A second design problem places a bound K on the
maximum number of cells that can be stored in the flow
controller’s memory, the other elements being the same.
Once again, it turns out that there is a simple optimal
policy based on recursively updating a virtual backlog.
Further, this policy is essentially the leaky bucket scheme!
Thus, as a by-product of our analysis, we obtain the op-
timality of the leaky bucket. This result is, to the best of
our knowledge, the first one concerning the optimality of
the leaky bucket.

Below we study both discrete and continuous
time versions of the design problems.

2 The discrete time flow con-
troller with delay constraints

The system operates in slotted time. We denote by a,, the
amount of traffic arriving at time n = 0,1,.... This in-
coming traffic is arbitrary - in particular, it may be highly
bursty. The role of a flow controller is to produce an
output traffic stream, denoted by b,, satisfying prescribed
burstiness constraints. We say that {b,} is (6,0, p) con-
strained iff

n—1

1

bl .<_ oo+ pn, N 2 1) (1)
£=0
n—1

by < o+p(n—m), n>m>1. (2)
=m

The constant og is taken to be smaller than or equal to o
and sets up the initial conditions. Recursively define the
virtual backlog by

Oner =min(o, op +p—by) .

It is easily seen that (1) and (2) are equivalent to

n-—1
Zb£§0n+pn, n>1.
£=0

We now assume that there is a constraint d on
the delay that incoming traffic can experience. Denote

by mi, i = 1,...,d, traffic that is in the system at time
n and which arrived at time n — ¢. The evolution of m},,
i=1,...,d, depends on the particular flow control policy.

The policy can be arbitrary, as long as
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(1) ateach time n it transmits an amount of traffic equal
to b, such that

bp < an+ml+--+md

(ii) the transmitted traffic stream is (og,0,p) con-
strained, for given o, p, and

(iii) the decision taken at time n depends only on infor-
mation up to time n.

We are interested in designing an optimal flow control pol-
icy, in the sense that the throughput is as large as possible.
A feasible policy is any policy that satisfies (i)-(iii) above.
This problem is solved in the theorem that follows. There
is a policy that maximizes the amount of traffic trans-
mitted over a time interval [0, n], simultaneously for all
n. This is just the greedy myopic policy that releases as
much traffic as possible subject to the constraint imposed
by the virtual backlog of the released traffic, releasing
older traffic first.

Theorem 1 Given d, 09, ¢ > 00, p, m,...,m&, and
an arrival sequence {a,,n = 0,1,..}, let ¢ = oo,
mit = mh, 1 < i< d. Consider a policy which, at time
n, releases an amount of traffic b}, recursively defined
through '

b, = min{o}, + p, an +my' + -+ myd}

(3)
on41 = min{o, o} +p—bn} 4
miky ot My = ant

+mi = b},
(5)

forn=0,1,.... Then {b}.} is (00,0,p) constrained, and
for any feasible policy {bn}, we have

ib}‘ > ibg, n>0.
£=0 £=0

. 1 i1 1
+min{m}’ + -+ mt mit 4+

i=1,...,d

(6)

The theorem can be proved by forward induction argu-
ments. For a complete proof see Konstantopoulos and
Anantharam [§].

3 Flow control in continuous time

In this section we consider the design problems in contin-
uous time. Now induction type arguments cannot be used
in the construction of optimal flow controllers. We need a
more global approach to the matter. It turns out that the



structure of the optimal flow controller relies on the con-
struction and properties of the so-called reflection map-
pings. Their use not only achieves easier proof schemes
but also allows for a wider interpretation of the burstiness
constraints.

A flow controlleris a map ¢ : A — B, that takes
an incoming traffic process A and produces an outgoing
process B, such that B, < A; for all ¢ (here A, denotes
the amount of traffic over the interval (0,#]). The latter
is a causality requirement. It is required that B obey
prescribed burstiness constraints: given a shape function
R; and o > op > 0, we need

By < oo+ Ry, forallt > 0,

B —Bs <o+ Ry — Ry, forallt > s> 0. (7

A shape function R; is a non-decreasing function and is
also a parameter of the design. For instance, R, = pt
reduces to the familiar linear constraint.

Two types of burst-reducing flow controllers are
considered. First, suppose that a buffer of size K is avail-
able for storing incoming packets. Any packet finding the
buffer full is automatically rejected. A burst-reducing flow
controller is said to be buffer-constrained if, besides (7) it
also satisfies

Bi—B; <K+ A -4, t>s>0. (8)
Note that (8) precisely expresses the fact that a buffer of
size K is used.

Secondly, suppose that an incoming packet can
be delayed by at most d time units, by which time it has
to be either transmitted or rejected. We can express this
by the constraint

Bt—BSSAt—As_d,t25>O. (9)
This defines a delay-constrained flow controller.
We pose the following design problems.

Problem 1. Given o0p,0,R;, K, design a buffer-
constrained flow controller ¢* : A — B* such that

B;ZBtatEO!

for any other flow controller with the same parameters,
producing an output stream B.

Problem 2. Given oy, 0, Ry, d, design a delay-constrained
flow controller o* : A — B* such that

Bt*th)tzou

for any other flow controller with the same parameters,
producing an output stream B.
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A practical and elegant solution to both these
problems can be given. It relies on the so-called reflection
mapping which is briefly described in the sequel. For more
details see [8].

Reflection mapping. Let z; be a function of time
thought of as the unrestricted motion of a particle. Let ay,
3; be two functions such that ar < By and g < 2y < By.
We want to find a way to modify the motion z; so that
it stays between a; and §; for all times £. This can be
intuitively done by instantaneously reflecting the particle
upwards (resp. downwards) whenever it hits the lower
(resp. upper) boundary. The resulting motion, call it ¢,
is uniquely defined. The mapping from z into q is the
mathematical object that is known as reflection mapping;
1t enjoys properties such as causality and minimality; c.f.
[8]. Furthermore, ¢ has a representation as

=2+l —uy (10)
where 4;, u; are non-decreasing functions; in fact £, can
increase only when ¢; = «; and u; can increase only when

g = B

Here is how reflection mappings are used in the
design.

Design of optimal flow controller with buffer con-
straints. Given the incoming traffic process A, we shall
describe how B* is obtained. Consider the free process
r; = oc—09+A;— R; and reflect it at o = 0 and f=0c+K.
Let g7 be the reflected process. The formula that corre-
sponds to (10) is

q;‘:[a—oo+At~Rt]+Z:—u;‘. (11)

Define ¢* : A — B* by

By ::{

The above equations form the definition of the flow con-
troller. For the proof of its feasibility and optimality
see [8]. The interpretation of the optimal flow controller is
especially interesting in this case, since, it turns out that
it is the leaky bucket flow control scheme., (see Section 5
below).

At—uz‘
O'U+Rt—e;‘

ifgf <o
otherwise.

(12)

Design of optimal flow controller with delay con-
straints. Here, given an incoming traffic process A, we
define the boundaries

a1:01 ﬁt:0+wta

where ¥ = A; — A,_y. We perform the reflection of the
same free process as above, namely ¢ — og + A; — Ry
at the new boundaries. One gets (11) for the reflected
process and (12} for the output process B*. The form of
the equations is the same. What has changed is that we



use different boundary processes. In particular, the upper
boundary is now time-varying (c.f. [8]).

A particular case that is common to both prob-
lems is that of d = 0 or K = 0. We refer to this flow
controller as instantaneous flow controller.

The above designs are very general. One can
say that the problems have been posed and solved in a
model-free context. Since the description of the flow con-
trol designs is rather abstract (due to the unavoidable use
of reflection mapping) one is interested in explicit algo-
rithms that can be used for their implementation. Such
algorithms are indeed available in discrete time and are
described in the sequel.

4 Implementation issues and al-
gorithms

We assume throughout that all traffic processes A, B, R,
etc., are supported on the positive integers, and we let

o0 00
A = Y Hk<tlapos, Br=Y 1k <t}b_s,
k=1 k=1
Rt g Z 1{k S t}?‘k._l, etc.
k=1

Algorithm for the optimal flow controller with
buffer constraints. We show (for complete derivation
see [8]) that the flow controller ¢* defined by (11) and (12)
can be easily implemented by the following algorithm :

By = (antX3) Al +03)
A = (Ah+an—b)AK
Ont1 = o A(on +71n—br)

Note that the quantity ¢ is the virtual backlog, encoun-
tered in Section 2. The physical meaning of this algorithm
is clear: send as much flow forward as possible subject to
the burstiness constraint given by the virtual backlog. Re-
tain as much of the remaining flow as possible in the buffer
(up to K units of flow). Older traffic is sent forward first.

One observation that is probably worth mention-
ing at this point is that the algorithm remains valid even
if the traffic processes do not necessarily have jumps on
the integers k = 1,2, - - -, but on an increasing sequence of
times 17,75, - - -

Algorithm for the optimal flow controller with de-
lay constraints. The algorithm for the flow controller
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with delay constraints takes the following form:

by = (an+ X)) A(rn+0})
n+l (A5 + an = b2) A (Gpodgr + - + an)
Tnpr = OA(on 4T b))

It can be seen that this is a simplified form of the algo-
rithm obtained in Theorem 1.

5 Optimality of the leaky bucket
flow controller

The leaky bucket is a flow controller that operates as fol-
lows : Cells arrive according to some (bursty) traffic pro-
cess A. Their transmission is controlled by objects called
tokens. Tokens are generated according to a process R (in
practice R is a periodic process with rate p, i.e., one token
is generated every p~! time units) and are stored in the
token buffer that can hold up to ¢ tokens. An arriving
cell that finds a token in the token buffer is transmitted
instantaneously; otherwise, it waits till the generation of
the next token. For more details see [2].

Now consider the flow controller ¢* which is the
solution of Problem 1. Its evolution equations in discrete
time are given in Section 4. Let ¢} be the reflected process
(11). Interpret (o — ¢f)t as the number of tokens and
(¢f — o)t as the number of cells in the system at time
t. It is seen that Bj, given by (12), behaves exactly as
the output process of a leaky bucket. We thus have the
following result:

Fact 1 The optimal flow controller that produces a
(00,0, R) constrained output traffic process and uses a
buffer of size K is a leaky bucket with token buffer size
o, cell buffer size K, token arrival process R and initial
number of tokens op.

A leaky bucket with K = oo is referred to as a
(o, p) regulator (c.f. [5]) In [2] we showed that this leaky
bucket is burst-reducing in the following sense: Let A be
a stationary and ergodic point process with rate A and let
R be deterministic with rate p > A. Consider the output
process as an input to a queue with deterministic service
rate g > p. Then the steady state queue length in the
latter queue increases stochastically as ¢ increases.



6 Concluding remarks

The problem of designing optimal flow controllers that
regulate the burstiness of traffic, while guaranteeing a
bound on the number of buffered cells or on the delay,
was solved in a very general framework. In a sense, our
result is “model free”: no specific assumptions on the
input model have been used. There are two important
methodological points that should be emphasized. First,
the burstiness constraints of a traffic stream can be sum-
marized by the virtual backlog, which is a recursively
updatable real number summarizing the entire past in-
formation of a burstiness constrained flow for many pur-
poses. This simple realization in fact allows one to pose
and study a new class of control and optimization prob-
lems of substantial relevance to the design of networks
handling burstiness constrained flows, [1]. Second, in this
work, we realized that constraints on the buffer size and
constraints on the delay can be thought of as “generalized
(o, p) constraints” that can be expressed via a reflection
mapping on a suitable “free process” (Section 3). The
analysis then hinges on some structural properties of this
reflection mapping. It is likely that this simple realization
will be useful in other optimization problems as well, for
instance in a multi-user environment.

Since the problems we considered were formu-
lated in a model free context, one could very well pose
them in a stochastic context as well, by requiring, for in-
stance, that the arrival process be an arbitrary stochastic
process. The greedy flow controller ¢* is then seen to
minimize the average loss rate when such averages exist.
Indeed, our results hold pathwise.

The leaky bucket flow control scheme was shown
to be optimal among the class of causal flow controllers.
This is a new result, to the best of our knowledge, that
should be comforting to network engineers, who plan to
use it in any case. In fact, it should be stressed that
nowhere in the analysis did we make explicit use of the
causality of the decision rule of a feasible flow controller
(except, of course, that we cannot borrow flow from the
future). Thus, the leaky bucket (a causal controller by
itself) is optimal even when one allows the flow control
decision to be made noncausally.
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