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A FUNCTIONAL CENTRAL LIMIT THEOREM FOR THE 
JUMP COUNTS OF MARKOV PROCESSES WITH AN 
APPLICATION TO JACKSON NETWORKS 

VENKAT ANANTHARAM *Cornell University 
TAKIS KONSTANTOPOULOS **University of Texas at Austin 

Abstract 

Each feasible transition between two distinct states i and j of a continuous-time, 
uniform, ergodic, countable-state Markov process gives a counting process counting 
the number of such transitions executed by the process. Traffic processes in 
Markovian queueing networks can, for instance, be represented as sums of such 
counting processes. We prove joint functional central limit theorems for the family of 
counting processes generated by all feasible transitions. We characterize which 
weighted sums of counts have zero covariance in the limit in terms of balance 
equations in the transition diagram of the process. Finally, we apply our results to 
traffic processes in a Jackson network. In particular, we derive simple formulas for 
the asymptotic covariances between the processes counting the number of customers 
moving between pairs of nodes in such a network. 

MARKOV CHAIN; COUNTING PROCESS; COUPLING; INFINITE-DIMENSIONAL BROWNIAN 

MOTION 

AMS 1991 SUBJECT CLASSIFICATION: PRIMARY 60J25 

1. Introduction 

We consider a Markov process, denoted by {X(t), t - 0}, in continuous time with 
countable state space S. The process is assumed to be uniform and ergodic with 
stationary measure r. Let qij be the rate of jumps from the state i to state j and 
qi = ;ji qi7. Since the process is assumed uniform, we have qi q-q < X for all i E S. 
The jump process {Aij(t), t - O} from state i to state j # i with qij > 0 is defined as the 
right-continuous process that counts the number of jumps from i to j. Let A(t) 
denote the vector with components Aij(t), ordered in one way or another. Ergodicity 
implies that its asymptotic mean A exists: 

A = lim-A(t). 
t--o t 
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A functional central limit theorem for the jump counts of Markov processes 

Clearly A is a vector with components Aij ordered in the same way as the 
components of A, given by Aij = zriqij. Consider the process 

(1) Zn(t) = [A(nt)- ntA], t e [0, o), n = 1, 2,. 

It is expected that the sequence Zn = {Zn(t), t- O} converges weakly to a Gaussian 
process with zero drift. Our goal is to prove this weak convergence theorem and 
discuss the structure of the limiting process. For the basic definitions and results on 
weak convergence of stochastic processes see Billingsley [5], Ethier and Kurtz [8], 
Pollard [15] or Jacod and Shiryaev [12]. 

Here is a brief summary of the rest of the paper. We first consider finite-state 
Markov processes. Let d be the number of pairs (i, j) for which qij > 0. The vectors 
A(t), A, Zn(t) are vectors in Rd. Let Dd[0, cc) be the space of Rd-valued functions on 
[0, oo) which are right continuous and have left limits, equipped with the usual 
Skorokhod topology. Theorem 1 in Section 2 identifies the weak limit of Z = 
{Z (t), t_ 0} as a sequence of random elements of Dd[0, oo). This theorem gives 
explicit formulas for the entries of the covariance matrix of the limiting Gaussian 
process in terms of the differences of certain sojourn times of the process. In Section 
3 we discuss some ways of computing these excess sojourn times. 

Let RN denote the space of real sequences with the product topology. For 
processes with countably infinite state space, we first view A(t), A, Zn(t) as vectors in 
RN. Let DN[0, oo) denote the space of Rl-valued functions on [0, oo) which are right 
continuous and have left limits. In Theorem 2, we prove that Z = {Z (t), t - 0} 

converges weakly as a sequence of random elements of DN[0, oo). Here we need to 
impose the additional condition that for some state (and hence every state) the 
mean time to hit it, starting from the stationary distribution, is finite. The covariance 
of the limiting Gaussian process is explicitly identified and the formulas in Section 3 
can be used to compute these covariances. 

We next observe that the marginals of the limiting Gaussian process are in (2 
almost surely. This suggests we consider Z, as a sequence in De2[0, oo), which is the 
space of mappings from [0, oo) into e2 which are right continuous and have left 
limits. In Theorem 5, we show that Zn converges weakly as a sequence in De2[0, o). 
This is an improvement over Theorem 2, because it allows the use of the continuous 
mapping theorem to derive functional central limit theorems for a larger class of 
functionals of the path than is allowed by Theorem 2. In Theorem 6 we show that 
Theorem 5 is tight in some sense. For any > 0, there are uniform Markov 
processes (in fact birth and death processes) for which the marginals of the limiting 
Gaussian process are almost surely not in e2-~. Finally, Theorem 7 gives a 
sharpening of Theorem 2 if appropriate conditions are met. 

A few simple examples are discussed in Section 4 to illustrate our results. These 
examples point to the fact that the range of the limiting Gaussian process is often a 
proper subspace of the sequence spaces in which we have proved our limit 
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theorems. One source of this singularity is the balance equations associated to the 
transition diagram, which say that the total number of jumps into a state cannot 
differ from the total number of jumps out of the same state by more than 1. It is 
natural to investigate if there are any other sources of singularity in the limit. In 
Theorem 8 and Theorem 9 of Section 5 we characterize the subspace spanned by the 
limiting Gaussian process for finite-state processes and countable-state processes 
respectively. The characterization demonstrates that the balance equations just 
discussed are the only source of singularity in the limiting process. 

In Section 6, we discuss an important application that served to motivate much of 
this work. We discuss the traditional stable Jackson network and use our results to 
describe the covariances between traffic processes in the network that count the 
number of customers jumping between pairs of nodes. Simple formulas for these 
covariances can be derived in terms of certain sojourn times associated to the 
network. 

Throughout, we let Ei denote expectation when X(0) = i and E, when X(0) - n. 
Eo denotes Ejo, where jo is a fixed state chosen as in Section 2. Statements made 
without specifying the initial distribution are true for all initial distributions. 

2. Limit theorems 

We first assume {X(t), t _ 0} is a finite-state ergodic Markov process. Let m denote 
the number of states, and d the number of pairs (i,j) with qi> 0. Let Z = 

{Zn(t), t -0} be defined as in the introduction. Let rj(t) be the time spent in state j, 
on the time interval [0, t]. It is easy to see by coupling that the limit 

(2) ai = lim [E,[rj(t)]- rjt] 
t--*oc 

exists. The following theorem gives explicit formulas for the covariance matrix of the 
jump processes of the finite-state Markov process {X(t), t _ 0}. 

Theorem 1 (finite state space). Consider the sequence of processes Z, as random 
elements of the space Dd[0, oo) equipped with the Skorokhod topology. Then Zn 
converges weakly, as n -- oo, to a zero-mean Brownian motion with covariance matrix 
C with entries Cij,ke given by the following formula: 

(3) C.k = {qijqke(7riajk + Frkaei) if (i, j) s (k, g) 
'ij 12rtq2aj,i + riqij if (i, j) = (k, f). 

Proof. Recall that {X(t), t 
- 0} is piecewise constant and continuous on the right 

with left limits. Fix a pair of states (io, jo) for which qio0 > 0 and let T1, T2, ?* * denote 
the increasing sequence of times t such that X(t-) = io, X(t) = jo. Consider also the 

counting process 

(4) A?(t) := Aioo(t) = l{Tk - t}. 
k=l 
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In the following the superscript or subscript 0 will refer to this specific pair of states 
(io, jo). Let Ao = lrioqiojo denote the rate of the counting process A?(t). Let 

(5) (n) = Aij(Tr) -Ai(rT ), 
and q(n) be the vector with entries ii(n), with qi > O, ordered in the same way as 
the entries of A(t). Clearly, the random sequence {iI(n), n = 1, 2, * * *} is an i.i.d. 

sequence in Rd, provided that the process starts with X(O) = jo. Let vi = Eo4ij(n). A 
standard regenerative argument shows that 

(6) vi = r= 
q .ij 

AO Cioq ioijo 

Consider now the IRd-valued process 
1 1 LntJ 

(7) ZO?(t) 
= 

T{A(TLl TLJ) - A tJ} = [(m) - 
Am], 

where rm:= Tm- Tm-i. Since E0oz = 1/Ao, the sequence +(m) - AT,, m = 1, 2, * * * 

is a zero-mean i.i.d. sequence in Rd. It follows from Donsker's invariance principle, 
see [13], Theorem 5.1.2(c), that 

(8) Z? => C?W as n oo, 
where W is a standard Brownian motion in R8d and CO is a positive semi-definite 
matrix with uniquely defined self-adjoint square root /C?, and having entries 

(9) C?,ke = E [ ij (n) Air,n][ Jke(n) - Ake,]. 

Although (8) has been established only when X(0) = jo, it is easily seen that it is true 
for any initial distribution. Having established (8), write Z,(t) as follows: 

Z,(t) = -{A(nt) - ntA} 

1 1 
(10) = n {A(nt) - A(TAo(nt))} + {A(TAo(nt)) - A TAO(nt)} 

+ / {TAo(nt)- nt}A. 

As n - , TAo(nt) 
- nt converges in distribution to a finite random variable 

distributed like the stationary age of the renewal process A?. Hence the third term of 
(10) converges to zero in probability. For the first term, we have 

(11) --A(nt)-A(TAo(,n)) A(TAo(nt)+l)-A(TAo(nt)) 

where the inequalities are to be interpreted componentwise. The random sequence 
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{A(TAO(nt)+l) - A(TAo(nt)}n is tight, because Aij(TAo(nt)+l) -Aij(TAo(n,)) is the number 

of jumps from i to j over a typical interval (TAo(n,), TAo(nr)+l] of the renewal process 
A?. It follows that the first term of (10) also converges to zero in probability. From 
Equation (7) we see that the second term of (10) is equal to 

z A?nt). 
\ n r 

We now claim the following. 

Lemma 1. The sequence of processes {Z?(A?(nt)/n), t O}, n = 1, 2, , as 
random elements of Dd[O, oo), converges weakly to a Brownian motion: 

{zOA nt)w 

Proof of Lemma 1. The proof involves a random time change argument, as in 
Billingsley [5], Chapter 3. We first have the fact 

A?(nt)_ for all T > 0, sup A - , asn -oo. 
tE[0,T] n 

This implies that the family of processes {A?(nt)/n, t 0}, converges weakly in 
Dd[0, oo) to the continuous deterministic process {Aot, t _ 0}. Furthermore, from (8), 
we have Z?I> V?W as n->oo, where W is a Brownian motion, and hence 
continuous. The process Z?(A?(nt)/n) is now the composition of two processes in 
Dd[O, oo). Since the composition operation Dd[O, o) x Dd[O, oo) Dd[O, oo) is con- 
tinuous whenever the two arguments are continuous functions, it follows from the 
continuous mapping theorem that {Z?(A?(nt)/n)} converges to {VW(Aot), t - 0}. 
But the latter has the same distribution as VAoC?W. This proves the lemma. 

From Lemma 1 and the preceding observations we conclude that {Zn} converges 
weakly to a zero-mean Brownian motion in Rd with covariance matrix 

(12) C = A0C?. 

At first sight it seems that C depends on the rate of the chosen embedded process, 
but, of course, this is not the case. 

Lemma 2. The covariance C of the limiting Brownian motion, defined by (9) and 
(12), is also given by 

Ci,ke = lim E[A,(t) - Ait][Ake(t) - Aket]. 
t-*oo t 

Proof of Lemma 2. It is easily seen that the right-hand side does not depend on 
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the initial distribution. Letting o(t) be a function such that o(t)/t- 0, as t-- oo, we 
have: 

Eo[Aij(t)- A,t][Ake(t)- Aket] 

4AO(t) - 4AO(t) 

(13) = Eo E 1ii(m) - 
AijrAo(t)[ ke(m)- AkeTAo(t)] + (t) 

AO(t) A?(t) 

=EoE fm E 77m+o(t), 
m=l m=l 

where ,m = ti(m)- AijTm and r, = ke(m) - Akem. Now 

n n 

(m r1m - nE[o?7o], n = 1, 2, . . . 
m=l m=l 

is a martingale. From the optional sampling theorem it follows that (13) equals 

Eo[A?(t)]Eo[orl0o] + o(t) = tAoCC, ke + o(t). 

The conclusion follows after dividing by t and letting t oo. 

The final step is the computation of Cj,ke. To this end, we use Lemma 2 and the 
Markov property of X. Regarding Ai,, Akt as random integer-valued measures, we 
write: 

E,rAl(t)Ake(t) = E, Ai(ds) Ake(du). 

Now split the integral into the integrals over {s <u}, {s > u}, and {s = u}. The last 
part is non-zero if and only if (i, j) = (k, t), in which case it equals 

ft 
(14) E. dAij(s) = 7riqit. 

The integral over {s < u} is 

E,rf Aij(ds)Ake(du) = E, Ake(du) Ai,(ds) 
o~s<u~t0 

(15) = E Ai(u)Ake(du) 

= E,r Aij(u)l{X(u) = k}qke du, 

where the last formula follows from the fact that Ae(u) - t l{X(u) = k}qkedu is a 
zero-mean martingale with respect to the filtration ar{X(u), u t}. To compute 
E,[Ai(u)l{X(u) = k}], fix u and let X(s) = X(u - s), 0 < s - u, be the reverse time 

481 



482 V. ANANTHARAM AND T. KONSTANTOPOULOS 

process over the interval [0, u]. This has transition rates qji = ziq,jl/j and, of course, 
the same stationary distribution. So, by Bayes' formula, 

E,[Aj(u)l{X(u) = k}] = rkEk[A ji()] 

= 7kEk Aji(ds) 
fo 

(16) = 7rkEk qj,il{(s) =j} ds 
(16) 

=7k qj (X (s) = j) ds 

= Ckf r rjPj(X(s) = k) ds 

Let Ps(j, k) denote Pj(X(s)= k). Substituting (16) into (15) gives the following 
expression for the integral over {s < u}: 

riqijqke (t - s)Ps(j, k) ds. 

The integral over {s > u} is similar. Hence, if (i, j) = (k, f) we get 

(17) EEAqj(t)Ake(t) - AiAket2 = 7iqijqke (t - s)(Ps(j, k) - 7rk) ds 

+ 7kqijqke (t - s)(Ps(l, i) - re) ds 
fo 

where we have used the obvious formula t2 = 2fo (t - s) ds. Let 

Fjk(t) = (P(j, k) - k) ds. 

Integration by parts gives 

(18) f (t - s)(Ps(j, k) - irk) ds = Fjk(s) ds. 

Substitution of (18) into (17) then gives 

E,rAja(t)Ake(t) - AAket2 = 7riqiqke IFjk(s) ds + 7rkqjqke F,i(s) ds. 



A functional central limit theorem for the jump counts of Markov processes 

Thus, if (i, j) # (k, f), we have 

Cij,ke = lim- [EAij(t)Ake(t) - yAjAket2] 
t-,-o t 

= 7iqiqkelim - Fjk(s) ds + 7kqijqkelim - Fei(s) ds 
t-oo t Jo0 t--? t Jo 

= 
7iqijqkeajk + zkqijqkeaei, 

whereas, if (i, j) = (k, 1) the additional term from (14) gives 

Cij, = 2rciqiaji + 7riqij. 

This completes the proof of Theorem 1. 

Let now {X(t), t ' 0} be a uniform and ergodic Markov process with countable 
state space S. We next turn to central limit theorems for jump processes counting 
collections of jumps of {X(t), t ' 0}. For convenience, let us order the states of S in 
some way as S = {1, 2, 3, * * *}. Let dK denote the number of feasible jumps between 
pairs of states in {1, * * , K}. Define a projection 

SK: RN-- RdK 

by erasing all but the first dK coordinates of a vector in IRN. Even though the process 
is uniform, it may be the case that the excess sojourn times a,i are infinite. To 
exclude this from happening, we shall consider only Markov processes with aij < 00 
for all i, j. From the analysis that follows in this and the next section, it will be seen 
that it suffices to assume that the mean hitting time to some state j is finite, given 
that the process starts with the stationary distribution. Then the following theorem 
follows easily from the finite state space Theorem 1. 

Theorem 2 (countable state space). Consider the sequence of processes Zn as 
random elements of the space DN[O, oo). Then Z, converges weakly, as n -> o. The 
limit distribution has continuous paths almost surely, and is uniquely characterized as 
a zero-mean RN-valued Gaussian process with independent increments, and having 
covariance matrix C given by (3). 

Proof Kuelbs [13] has proved that a functional central limit theorem for a 
sequence of i.i.d. random variables taking values in a complete separable Banach 
space B holds iff the usual central limit theorem holds. The result of Kuelbs is stated 
for the measures on the space CB[O, 1] of continuous B-valued functions on [0, 1], 
but it is easily seen that the result extends to DB[O, oo) with the Skorokhod topology. 
Further, the limiting process is continuous. Our theorem is therefore most easily 
proved by considering the process (Z?(t), t > 0), which is constructed from a sum of 
independent and identically distributed variables when the process starts at jo. Let 
AK(t), AK, Z,K(t) and ZK(t) denote the RaK-valued vectors sK(A(t)), sK(A), sK(Zn(t)) 
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and SK(Zn(t)) respectively, where the definition of Z?(t) is made as in the proof of 
Theorem 1 by picking (io, jo) for which q0io > 0. Note that 

1 1 LntJ 
(19) Z?K(t) = { AK(TLntJ) - AKTL } = [K(m) - AKm], 

1=l 

where Tm:= Tm - Tm-i and ?qK= SK(#), with ?f defined as in (5). As before, 
qK(m) - AKr, m = 1, 2,... is a zero-mean i.i.d. sequence in dK when X(0) = jo, so 
by Donsker's invariance principle, we have 

(20) ZO ,K> V W as n - oo, 

where W is a standard Brownian motion in RdK and CO has exactly the same 
expression in terms of the jump rates, stationary distribution and the aij. From this it 
follows easily that ZO?K(t) converges in RRN to a limiting Gaussian distribution having 
covariance matrix with entries determined by the restrictions tCO'K of tC?. Now the 
result of [13] gives the weak convergence in DN[0, oo) of {Z?(t),t -0} to an 
independent-increments zero-mean Gaussian process with continuous paths having 
covariance matrix C?. The same time change argument carries over word for word to 
give weak convergence of {Zn(t), t _ 0} to a continuous-path zero-mean Gaussian 
process with covariance matrix C = A0C?, whose entries Cij,ke are given by (3). 

The value of a functional central limit theorem is that it allows one to immediately 
write down central limit theorems for various functionals of the path. In applica- 
tions, we are interested in taking weighted sums of the jump processes above and 
identifying the central limit fluctuations of such sums. In order to derive limit 
theorems for such sums from an underlying functional central limit theorem, we 
need to work with an appropriate topology on the underlying space. 

For instance, let us examine Theorem 2 in more detail. Since the topology used on 
the marginals is the product topology on sequence space, we can only derive central 
limit theorems for sums of a finite number of the basic counting processes. In typical 
applications this is not enough. For example, in the Jackson network example 
discussed in more detail in Section 6, to derive functional central limit theorems for 
the traffic process of customers jumping from one node of the network to another, 
we need to be able to add up the counts from an infinite number of types of jumps. 
With this end in view, we now turn to refinements of Theorem 2 that allow more 
continuous functionals to be handled. 

In the following, our main reference for discussion of Gaussian measures on 
sequence spaces will be [17], especially Chapters 1 and 2. For the basic facts about 
sequence spaces, see for example [16]. Note in particular that Co denotes the space 
of sequences converging to zero, with the topology of uniform convergence. 
The following result is Theorem 2.2.5 of [17] and is central to extending the scope of 
Theorem 2. 

Theorem 3. For a Gaussian distribution on RN with mean sequence {mk} and 
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covariance matrix {sjk} to be concentrated on eP, 1 p <oo, it is necessary and 
sufficient that {mk}k E tP and {Skk}k E ?p/2 

As an immediate consequence, we have the following. 

Theorem 4 (marginals of the limit). For any 0 _ s < t, the marginal distribution of 
the weak limit of Z, on DN[0, oc) is concentrated on e2. Hence it is also concentrated 
on tP for 2 p _ oo and on co. 

Proof. Since the marginal distribution is Gaussian and has zero mean, by 
Theorem 3 it suffices to verify that the diagonal of the covariance matrix is in f1. 
Equivalently, by virtue of (12) we need to prove: 

(21) C?,y< , 
ii 

or, using (9), 

E Eo[ij(1) - Aijl]2 < oo. 
ij 

Let ri(n) denote the time spent in state i on the interval [Tn,_, Tn). We write 

(22) > Eo[?t(n) - AiTj]2 - 2, Eo[qij(n) - qir1(n)]2 + 2 q2Eo[;i(n) -i n]2. 
i22 iEiji) 

j ij 

Since 

Eo[,(n) - t ,]2 < Eo[i(n)]2 + r2Eo[n]2 
i i i 

Eo[ r,(n)] +Eo[n]2 

=2Eo[n ]2, 

we have 

q2,Eo[ri(n) - ri,n ]2 = q E0[ri(n) - ,Tr12 qij 
ij i j#i 

q2E EO[ri(n) - irn]2 

2q2Eo[Tn 2, 

so the second term on the right of (22) is finite. As for the first term, we may realize 
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the process on a sample space supporting independent Poisson processes Nij of rates 
qij in the obvious way, permitting us to write 

Eo[qij(1) 
- 

qij'i(l)]2 = Eo 1(X(s-) = i)[Nij(ds) - qij ds] 

= Eo[ 1(X(s-) = i)qj ds] 

= 
q%jEo[Ti(l)] 

so that 

Eo[i)(n) - q?,i(n)]2 ' q jEo[ri(l)] 
ij ij 

= o Eo[T(l)]E qij 
i joi 

q qEo[Tl], 

and the first term on the right of (22) is also finite. This completes the proof. 

In view of Theorem 4, we may ask if the weak convergence of Theorem 2 holds in 

De,[0, oo). This is indeed the case. 

Theorem 5 (strengthening the limit theorem). Consider Z, as random elements of 
the space De2[0, oo) endowed with the Skorokhod topology. Then Z, converges 
weakly, as n - oo to the zero-mean independent increments Gaussian process 
described in Theorem 2. The corresponding statement is also true in DB[O, oc), where 
B denotes one of the (P spaces 2 'p ' oo or co. 

Proof Since 12 is complete and separable, we may appeal to the result of Kuelbs 
[13] for sequences of i.i.d. random variables to reduce the problem to the one of 
showing that the central limit theorem for the sequence {f(n) - Arn} holds in p2. 
Note that this sequence is {2-valued, by virtue of (9) and Theorem 3. From Theorem 
2, we know that this sequence obeys the central limit theorem in 11R with a limit in 
12. It follows from Theorem 2.3.2 of [17] that it obeys the central limit theorem in 
f2. 

Finally, let B be one of the spaces fP, 2 ' p oo, or the space Co. Note that (' and 
co are not separable. Nevertheless, it suffices to observe that the inclusion 
De2[0, oo)-. DB[O, oo) is continuous, and apply the continuous mapping theorem ([5], 
Theorem 5.1; [15]) to complete the proof of the last statement. 

Using Theorem 5, we can derive a central limit theorem for weighted sums of the 
different types of jumps as long as the weighting sequence is in f2. This is an 
improvement over Theorem 2 and can lead to interesting conclusions in examples. 
For network examples, however, such as the Jackson network example discussed 
just before Theorem 3, we would like to be able to handle weighting sequences in 
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{'c. We therefore ask if Theorem 5 can be strengthened. It turns out this is not 

possible in general for the class of uniform ergodic countable-state Markov 
processes. The next result shows that Theorem 5 is tight in some sense. This result 
depends on a characterization of the excess sojourn times aij that is derived in 
Section 3, but is placed here because it properly belongs with the other results in this 
section. 

Theorem 6. For any E > O, there is a birth and death process for which the limiting 
Gaussian process of Theorem 2 has marginals that do not belong to e2-~. 

Proof By Theorem 3 it suffices to show that for any E > 0 there is a birth and 
death process for which the diagonal of the covariance matrix given by (3) is not in 
~'-'. Fix 8>0 and consider the birth and death process on {0,1,2, --} with 

up-rates Ak, k - 0 and down-rates 1Lk, k _ 1, given by 

Ao = 1 

/ k \1+6 

Ak=(k+) ' 1 

/k = 1, k'1. 

It is elementary to see that the process is uniform and positive recurrent, with 
stationary distribution given by 

7rk= 7rk-(1+) k 1 

I - k= - 
;0= 1 + Ek-(l+8). 

In Section 3 the following probabilistic characterization of the excess sojourn times 
is given, see Equations (29) and (30). 

(23) aj = 7(Erj- Eioj), i j 

(24) ajj = 7njEror, 

where rj denotes the first hitting time of state j. The reader is referred to Section 3 
for the derivation of these formulas. From (3) what we need to demonstrate is that 
for any e > 0, we can choose 8 > 0 so that 

(27iq2.aji + r,qijl = oo 

and also E,-rj < oo. It can be seen that the latter holds for all large enough 8. So, in 
view of (23), and because the process is birth and death, it is enough to show that 

i=l 
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Notice that ji = 1 for all i ' 1. This leads to the observation that if we can 
demonstrate 

(25) EKcri - Ei_lo-i > 0 for all sufficiently large i, 

then choosing 8 so that (1 + 8)(1 - e)<1, the fact that Sr Irl--= o is itself 

enough to yield the claim. We proceed to demonstrate (25). First observe that for 
any k i, we have Ei-i, +- Ekoi,+. Fix K, to be chosen later, and let i > K. We may 
write 

1 /Ji 
Eioi+1 = + Ei-_1ri+i 

i +i Ai- +i 

<1 / i Ik=O rkEkoi+l + A = 

Ai + i-i Ai + -i Kk=0 Jrk 

Hence 
K 

E,ai+l - EiSri+l E rkEkOi+l - Eici+l 
k=O 

k=0QEk 
K 1 'i 2'=0 =kEk'i+1 
K / A,Ekk i+l k=O 1 

k= Ai 0+ i + z 

=o Ekk (1 Ai + Ai yk=O k Ai + I-i 

Choose K so large that k=o rk > 2. Since limi,_ Ekroi+l = 00 for all 0 - k - K, and 
since limio. {ti/(Ai + ,i)} = ?, it follows that the right-hand side of (26) is strictly 
positive for all large enough i. This concludes the proof of the theorem. 

While we cannot expect a sharper result than that of Theorem 5 in full generality, 
we get sharper results if the covariances satisfy the appropriate condition. The result 
of the following theorem will be applied to Jackson networks in Section 6. 

Theorem 7. Let 1 _p < 2, and suppose ,ij C-~j < oo. Then as n -> oo, Zn converges 
weakly as random elements of DeP[O, oo), to the zero-mean independent increments 
Gaussian process described in Theorem 2. 

Proof. By virtue of (9), (12), and Theorem 3, the sequence {(If(n) -Ar} is 
eP-valued. From Theorem 2, we know that this sequence obeys the central limit 
theorem in Rl with a limit in eP. It follows from Theorem 2.3.2 of [17] that it obeys 
the central limit theorem in eP. Since fP is complete and separable, we may appeal 
to the result of Kuelbs [13] to conclude. 

3. Characterizing the excess sojourn times 

In this section we give a characterization of the excess sojourn times aij defined in 
Equation (2) in terms of the rate matrix of the process. This characterization is 
useful in calculations, as will be demonstrated in some simple examples in Section 4. 
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It is quite straightforward to derive, and is discussed in some detail only for the 
convenience of the reader. Clearly we have the first step equation 

E[j(t)] = qik exp (-qis)Ek[j(t - s)] ds 
k9i O 

where i j. Let Dij(w) denote the Laplace transform of the excess sojourn time 
function Ei[rj(t)] - rjt. Then for i j we have 

Dij(w) = exp (-wt)[E[rj(t)] - rjt] dt 

J~~o~ 

= (-w) exp (-qiexp(-qs)Ek[j(t - s)] ds dt - 

= qik exp (-(qi + w)s) exp (-w(t-s))Ek[j(t 
- s)] dt ds - 

w2 

qik Dk() 

ki qi 
- 

W W2 W2 

qik Dkj(w)- -' 

kiqi + w w(qiDw) (q+ 

Since we assume aij = limt,, {EiTj(t) - rjt} exists and is finite for all i, j, we have 

(26) ai = lim wDi(w) q ak - 
i_ 

w--O k'i qi qi 

For each state j E S the equations (26) may be written in matrix form for the relative 

sojourn times aij - ajj, i j. Let a and Aj be the column vectors whose components 
are given by 

a{= (aij- ajj)ij 
1 -15 

IL = qi 8j, 

where 8i = 1 if i =j and 0 otherwise, and let Fr denote a matrix with entries 

qik 
F'=k , ik, i j, k #j. 

qi 

Thus, Fr is the matrix obtained by deleting the jth row and jth column from the 
transition matrix of the discrete time Markov chain obtained by observing the states 
of X(t) after each jump. Then it is easily seen that (26) can be written as 

(27) aI = riaj - rjl. 

I - F is invertible, where I denotes the identity matrix. Note that the kt entry of 
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(I - FJ)-' is just the mean number of visits to state e starting in state k before being 
absorbed in state j; this is always finite. It follows that aj - ajj, i #j, are uniquely 
determined by (27). To complete the determination of the excess sojourn times in 
terms of the rate matrix we further observe that for each j E S we have 

raij = 0. 
ieS 

This gives 

(28) ajj + ri(aij - ajj)= 0 
iqj 

which determines ajj, and hence all the aCy, i E S. Letting e1 denote the unit vector 
(row) in the direction i we can write the following explicit formula for aij: 

aij = j(7r' - e')(I- F)-ltz. 

The excess sojourn times also admit another probabilistic interpretation. Let o-y 
denote the hitting time of state j, and ' = EiOr. Let 4 be a column vector whose 
components are given by 

Xi= =sij 

We then have 

J = (I - )-1i. 

Writing the inverse of I - Fj as Ek=o (Fr)k and using (27) gives 

aij - ajj = -rjEi[Jj], i j. 

Substituting in (28) we also have 

(29) aojj = rjEto[j] 

Hence 

(30) a,i = nj(E[ioj] - Ei[aj]), i #j. 

The discrete-time version of (29)-(30) is further discussed in [1], Proposition 7.1. 

4. Simple examples 

In this section we carry out computations for some simple examples; a two-state 
process, a random walk on a complete graph, the countable-leafed flower, a general 
birth and death process, and an M/M/1 queue. These examples will also serve to 
motivate the discussion in Section 5. 
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1 2 

Figure 1. A two-state process 

4.1. Two-state process. Let S = {1, 2}, and let {X(t), t >0} be described by the 
rate diagram of Figure 1. The rate matrix and the stationary distribution of this 

process are respectively 

Q[A A] 
Q 

-= -L /U - 

- 
- A ] 

A+/A A+/, 
From (27) we get 

, -1 
a = -t21- all 

2 - a a 12-a 22 
A+/ 

Together with (28) this gives 
A -A 

(31) [aC11 a12] 1 (A +)2 (A+/L)2 
Ca21 a22 

- 
/, 

(A+ )2 (A+ )2 

The counting process associated to (X(t), t 0) is W2-valued, with the first and 
second coordinates counting the (12) and (21) jumps respectively. The covariance 
matrix of the limiting Brownian motion can now be identified from (31) and (3). We 

get 

-A(A2 + A2) A(A2 + 2)- 

C12,12 C12,21 (A + ,)3 (A + ,)3 

C21,12 C21,21 A (A2 + 2) AA(A2 + 2) 

_ (A+ ,U)3 (A + )3 _ 

Note that the rank of the limiting Brownian motion is 1 and that it lives on the 

subspace of R2 given by the linear equation x1 = x2. Also notice that in this process 
the count of (1,2) jumps cannot differ from that of (2, 1) jumps by more than 1. 
More will be made of this observation in Section 5. 
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4.2. Continuous-time random walk on a complete graph. Consider a symmetric 
random walk on a complete graph on n nodes. Here each node has stationary 
distribution 7ri = (1/n). Further aij - ajj is clearly the same for all i j, and for all j. 
Let this common number be denoted a. From (27) we have 

n-2 1 
a = Ca -- 

n-1 n 

which gives a = --(n - 1)/n. From (28) we have ajj = (n - 1)2/n2 and aij = -(n - 

l)/n2 for i j. This allows us to compute the covariance matrix of the limiting 
Brownian motion, based on Theorem 1. We get 

n2-2 

jji'- n3 

2 

Ci n3(n 1) where k = i 
n - 2 

Cij,kj n3(n) where k i 

n-2 
Ck=n3(n - 1) 

where ki 

2 
Cij,kl 

= n3(n -1) where i, j, k, t are distinct. 
n (n- 1) 

From this we learn, for example, that the excess over the mean of (ij) jumps is 
positively correlated with jumps into i and jumps out of j, but negatively correlated 
with all other kinds of jumps. 

The covariance matrix can be written out as an n(n - 1) X n(n - 1) matrix which 
determines a symmetric Toeplitz form. One can easily write vectors that null the 
form, for example, if wij = j,ke- ij,tk, then 

_ wijC~j,lwl = O. 
ij,ij 

One might ask for a complete description of all the vectors which null this form. 
Such a description is an immediate consequence of Theorem 8 in Section 5 below. In 
particular, the rank of this form is (n - 1)2. 
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1 
P1 

4 

Figure 2. Countable-leafed flower 

4.3. Countable-leafed flower. Let S ={0, 1, 2, * * } and let (X(t), t-0) be de- 
scribed by the rate diagram of Figure 2. The transition rates are given by 

qoi = Pi 

qio = 1, i = 1, 2, ... 

where pi > 0, and -=1 pi = 1. The stationary distribution is given by 

7ro = , ri = Pi ii, = 1, 2,** . 

The mean time to visit 0 starting from stationarity is s, so Theorem 2 applies. A 
straightforward computation yields 

2 3 
E,o = !, E,roi - 

Pi 2' 

2 
Eooci =-- 1, 

Pi 

2 
Eiaj =-, 

Pi 

Eiao = 1, i = 1, 2, , 

i,/ e{1, 2, ?- - }. 

From this one calculates, using (29) and (30) that 

=1 3Pi 
aCoo = 1 - P i = 1, 2, 4 4 

P i * 1 1 

4 
o=4 i0=-43, = 1, 2, 

ar=-3l , i,jE{l,2,***}. 
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The basic formula (3) then yields 
2 

(32) Cooi = Cio,io= -Coi, i= -4+ i = 1, 2, 

(33) Co0,0j = Ci0oj0 = C0o,jo = P~ P 
i, j e {1, 2, * }. 

Equation (32) comes about because an excursion into a leaf must necessarily 
return to the root. From Equation (33) we learn in particular that the fluctuations in 
the number of loops made in any leaf of the flower is negatively correlated with the 
fluctuations in the other loops, as one would expect. Theorem 9 in Section 5 
identifies which linear combinations of edge fluctuations with bounded weights are 
null. 

4.4. Birth and death process. Let {X(t), t 0} be a positive recurrent birth and 
death process with state space S = {O, 1, 2, * * }. We follow the notation in Dynkin 
and Yushkevitch [7], Section 4.2. Let a, denote the rate of the exponential time the 
process spends in state n before jumping, p, the probability that the jump is to state 
n + 1 and qn = 1 -p,, n = 0, 1, 2, * * *. Then 

qn n+l = anPn, qn n-1 = anqn, n =1, 2, ? , 

and Po = 1, qol = ao. Following [7], we place the process on its canonical scale by 
defining 

8o = 1, n , n= 1,2, , 
Pi " ' Pn 

UO =O = , = SO+ ' ' + -,1, n = 1, 2, ? '. 

We define the velocity measure (/Xn) by 

1 Pi' 'Pn-1 
2o =-, 2 =- , n = 1,2, ', 

ao an q'l qn 

and let 

Vo = 2/o, Vn = 2/u + ' ' ' + 2,n, n = 1, 2, * * . 

If v, = 22=o /Ak, then v, < oo for a positive recurrent process. Finally, we define the 
characteristic of the process by letting 

n-1 

So= , Sn= - Vm,, n = 1,2, . 
m=0 

The mean hitting times can be expressed in terms of the characteristic, and thence 
the mean excess sojourn times via (29) and (30). We have, for i <j 

j-1 

Ei = 'S - 
Sj 

= > Vmm m 
m-=i 
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whereas, for i >j 
i-i 

Eiaoj 
= Si - Sj + (ui - uj)v- = E (v. - V,)m. 

m=j 

From these expressions and Equations (29) and (30) all the desired covariances 
between jumps can be determined, provided that E,orj = ,i rEio-j < oo where 

7ri - 2,i. A case where the computations can be carried out explicitly is given next. 

4.5 M/M/1 queue. The M/M/1 with arrival rate A and service rate , is a special 
case of the birth and death process with 

q(n, n + ) =A, q(n + 1, n)= L,, n =0,1,2, . 

Let p = A//p and assume p < 1 for ergodicity. We have 

ao = A, anA + , n 1, 

q = , Po = 1 qn = 1, Pn = 1, n 1. 

The quantities 8,, /p,, v, are easily computed as follows: 

8, = p-", 2xn = A-lpn 

=A-1 - pn+l - n+1 
n, v,oo - v,n =- A 

1-p l-p 

The mean hitting time Eij, is then given by 

Ei = A( - p) - - 
- 

P (j 
- i 

), if i <j 

P(i -) if i >j. 
,A(1- p) 

The mean hitting time starting from stationarity is 

E =rj 7Ea, = 7iEi(2j + 1)P, E =cr 0 E = A(1 -p) -p (2+1) 

where we used the formula 7i = (1 - p)p' for the stationary distribution. This is 
finite, so Theorem 2 applies. The excess sojourn times can now be computed from 
formulas (29), (30). We have 

A-lp[1 (2j + 1)], if i=j 

aij= <A-l p[ 
- P -(i + +)p], if i<j 

A-'p[ -(i+i +l)p], 
if i >j. 

1 - p ( j+1P 
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These formulas can be compactly written as 

aij = A-lp U-+ _ (i +j +- ? 1 
p=O-_p[i+p+l)p] 

where (j- i)+ = max {j - i, 0}. Using this expression and formulas (3) we can 
compute the covariances Cij,ke. For i, k - 0 we find 

Ci,i+l;k,k+l = Ci+l,i;k+l,k = Ci,i+l;k+l,k = A(1 + p)pivk - 2/.(l - p)(i + k + 2)pi+k+2 

Note that, after computations, _i-o 2k_O Ci+l,i,k+l,k = A, a consequence of the fact 
that the arrival and departure processes are Poisson with rate A. 

This example is generalized in Section 6, where the case of a Jackson network is 
treated in detail. 

5. Range of the limiting Brownian motion 

From the examples of the preceding section we see that the range of the limiting 
Gaussian process is often a proper subspace of the space in which we have proved 
the limit theorems. One source of this singularity is clearly the balance conditions 
imposed on the transition counts by the requirement that the total number of entries 
into a state and the total number of exits from the state cannot differ in absolute 
value by more than 1. It turns out that this is the only source of singularity for the 
limiting process. The formulation of this result is straightforward for finite state 
space, but somewhat more tricky for countable state space. 

We first discuss the finite state space result. For each i E S, let Vi E Rd denote the 
vector with entries 

vi= +1 if q >0 

vi = -1 if qi > 0. 

Theorem 8 (finite state space). The subspace of Rd spanned by the limiting 
Brownian motion is the orthogonal complement of (v', i E S). In particular, the rank 
of the covariance matrix C is d - m + 1. 

Proof. We first show that each vi is orthogonal to the subspace of Rd spanned by 
the limiting Gaussian process. Consider the process 

A'(t) = vkAJ(t). 
jk 

Since this process counts the net number of jumps out of state i it is bounded in 
absolute value by 1 for all t. From Theorem 1 and the balance relations for the 
Markov process it follows that Ai(nt)/n converges weakly to the Gaussian process 
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with covariance ljk,em VkCjke,m'em as n - oo. But this process also clearly converges 
weakly to the path that is identically 0. It follows that vi is in the null space of the 
self-adjoint square root of C, i.e. it is orthogonal to the subspace spanned by the 
limiting Gaussian process (which is the range of this self-adjoint square root). 

We next observe that the subspace of Rd spanned by (v1, i e S) has dimension 
m - 1. Indeed, the m x d matrix formed by stacking the rows ((vi)T), i E S) in some 
order is just the incidence matrix of the directed graph G with vertex set S, which 
has a directed edge from i to j if and only if the transition (ij) is feasible. 
Irreducibility of (X(t), t > 0) is equivalent to strong connectedness of G. It is well 
known that the incidence matrix of a strongly connected directed graph has rank 
m - 1; for example [3], p. 38. 

To complete the proof it suffices to show that the orthogonal complement of the 
subspace spanned by the limiting Brownian motion has dimension at most m - 1. 
Let S0 denote the set of all finite strings of states s = [so, s,, * * *, Sk+1] with k - 0 
and such that o =jo, = iO, Sk+l =o0, and, if k 1, (si, Si+1) (io, Jo) for all 
0 _ i k -1. Observe that S * is a countable set. From the path of the process 
{X(t), t _ 0} started at jo, we define the Sr-valued random variable E which gives the 
state sequence executed by the path till it completes the first transition from io to jo. 
Note that the path may visit io and/or jo several times during this sojourn. 

Let eij denote the unit vector in the direction (ij) in Rd. Let V: S -> Rd be given 
by 

(34) T'(s) = N(ij s)e 
ij 

where N(ij s) denotes the number of (ij) transitions in s (for example N(io, jo | s) = 
1 for all s). Note that 

(35) IJ(-) = i(l)ei 
ij 

where frij(1) are defined in (5). 
Since C is just a scalar multiple of C?, see (12), the subspace spanned by the 

limiting Gaussian process is the range of the self-adjoint square root of C?. Consider 
the null space of C?, i.e. the space of d dimensional vectors with coordinates w1j such 
that 

(36) wjCj kewke = 0. 
ij, k 

We will now show that this space has dimension at most m -1, completing the 
proof. 

Let w denote the column vector of the wij listed in the same order as the 
transitions of the process, and suppose (36) holds. From (35) and (9) we have 

Eo[wT[W(5) - AT1][V(-) - Al]Tw] = 0. 

497 



V. ANANTHARAM AND T. KONSTANTOPOULOS 

In view of (34), we may rewrite this as 

0 
Eo[L w1(N(ij - Aijrl)] 

But this implies that 

(37) C w(N(iNj | )- AijrT)= 0 
ij 

holds almost surely. Since the time spent in a state before a jump is independent of 
the choice of where to jump, (37) can only hold if 

E wi|N(ij ) E)=0 
ij 

holds almost surely. Since each state sequence in SO has positive probability, this can 

only hold if 

(38) wijN(ij I s) = 
ij 

for all s e SO. 
Let a= [o0o, Oar, , k] be any closed directed walk in G, i.e. ro = ok, and 

(cr, (oi+1) is a feasible transition for all O i-k-1. Let N(ij I ) denote the 
number of (ij) transitions in a. Then (38) implies that 

(39) N wijN(ij c) )= 0 
ij 

for all cr. To see this, first assume that (io, jo) is a transition in o. Fix such a 

transition, and consider the closed directed walk in G that starts at jo, follows the 

sequence of states dictated by a till state aok = ro, and then continues along states 

aO, a2, ... in sequence, till it ends with the chosen transition from io to jo. This 
closed walk has the same weighted transition sum as a, and it can be thought of as a 
concatenation of elements of SO, hence the weighted transition sum of a is 0 in this 
case as a consequence of (38). If the transition (io, jo) does not appear in a, we 
choose s E S in which the state oro appears and choose an occurrence of o0- in s. We 

generate a new element of S* by following s up to the chosen occurrence of a0, 
following a once, and then finally executing the remaining transitions in s. The 

weighted transition count of this new element of SO is the same as the weighted 
transition count of o-, but this must be 0, by (38). 

It is now a simple exercise in graph theory to show that the subspace of w 

satisfying (39) is at most (m- 1)-dimensional. Note that since G is strongly 
connected, it admits a rooted tree, T, which is directed into the root. Now, any 
vector of weights wij satisfying (39) is completely determined by the weights on the 

edges on this tree. Indeed, if T is a rooted tree in G directed into its root r, and if 
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o(i), i # r denotes the successor of state i in T, then any vector of weights w = (wij) 
satisfying (39) can be expressed as 

W Wia(i)vi 
i#r 

This completes the proof of Theorem 8. 

The formulation of the analogous theorem for countable state space is somewhat 
delicate. The reason is that there may be infinitely many jumps into or out of a state, 
so that the vectors v', as defined above are in general only in (--on the other hand, 
as we know from Theorem 6, the marginals of the limiting process may not be in 'l, 
so we cannot consider them as defining functionals on the limiting process. To prove 
the appropriate theorem we first need the following simple lemma. 

Lemma 3 Let (Y,, n ' 1) be i.i.d. random variables such that 

(40) Y 

Then each Yn is almost surely 0. 

Proof of Lemma 3. Note that we do not a priori assume anything about the 
existence of moments for the Y,. Let V, denote the left-hand side of (40). The 
characteristic function of V, is related to that of the Yn by 

vn(t) = E exp (it+ Yi=)] 

where 4y(t) = E exp (itY1). By virtue of (40) we have 4vn(t) converging pointwise to 
1 as n -+ oo. Taking logarithms gives 

y(E) = exp (o(E2)). 

From this one concludes that (y admits first and second derivatives at 0, and these 
are both 0, i.e. EY and EY2 both exist and equal 0. The conclusion follows 
immediately from an application of Chebyshev's inequality. 

Now for each i e S let vi e t' be given by 

v~,= +1 if qj > 0 

vi = -1 if qi > 0. 

Then we have the following result. 

Theorem 9 (countable state space). For each i E S, the sequence of processes 
(akl vikeZ,ke(t), t _' O) converges weakly to the identically zero function in D[0, oo). If 
w = (wi) E ('= is such that the sequence of processes (Si wiiZ,ji(t), t _ O) converges 
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weakly to the identically zero function in D[O, oo), then w lies in the weak-* closure of 
the subspace of {f spanned by (vi, i E S). Finally, if w = (wij) e to is in the weak-* 
closure of the subspace of t' spanned by (vi, i E S), then the sequence of processes 
(2ii wijZn, i(t), t 0O) converges weakly to the identically zero function in D[0, oo). 

Proof Part of the statement is that the indicated processes are well defined- 
since for any t the process (X(t), t _>0) can have only executed finitely many jumps 
up to time t, almost surely, and since i /riqii< q< o, this is clear from the 
definition of Z,, (1). For the first statement, it suffices to observe that the nth 
indicated process is almost surely bounded in absolute value by 2/Vn. Thus it 
remains to verify the latter statements. The topology mentioned here is the weak-* 

topology of (" as the dual space of e1; see [16] for background. 
Let w E (t be such that the sequence of processes (ij wijZn,ij(t), t 

> O) converges 
weakly to the identically zero function in D[0, oo). Then we also have 

(2ij wiZn,i>(t), t - 0) converges weakly to the identically zero function in D[O, oo), 
and in particular, that the sequence of i.i.d. variables {ij wij(qij(n) - AijTn)} with 
central limit scaling converges weakly to 0. Note that these variables need not admit 
second moments a priori. Nevertheless, as a consequence of Lemma 3, we learn that 

they must be almost surely zero. 
Let SO, _ and N(ij I s) be as defined above. The conclusion of Lemma 3 can be 

written as 

(41) E wij(N(ij A )- Ail) = O. 
ii 

As in the proof of Theorem 8, (41) can only hold if 

w,ijN(ij E) = 0 
ii 

holds almost surely, by virtue of the independence of the time spent in a state from 
the decision of where to jump on leaving that state. Since each state sequence in S* 
has positive probability, this can only hold if 

(42) 2 w (iN(ij s)=0 
ij 

for all s e S*. As in the proof of Theorem 8 we can conclude that if o= 

[Cro, crl, * * , ck] is any closed directed walk in the directed graph G associated to 
the process, then 

(43) E wiN(ij I o) = 0. 
ij 

Since the underlying Markov process is irreducible, it is easily seen that one can 
construct an exhaustion of the state space S by a sequence of finite subsets 

S1 c S2 C ..SKC 
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such that if GK denotes the restriction of the directed graph G associated to the 
process to SK, then each GK is strongly connected. We choose a root r E SI and 
construct an infinite tree T rooted at r and directed into the root by starting with 
such a tree T1 for G1, and, with TK-1 already constructed as a tree for GK-1 directed 
into the root, constructing TK as an extension of TK_1 which is also a tree for GK 
directed into the root. T is the limit of (TK). We may now define cr(i) for i # r as the 
successor of state i in T. 

Let wK E t= be given by 

(44) wK= Wi,i)v 
i ESK, i,r 

Then wK is a finite linear combination of (v', i E S). We claim that the sequence 
(wK) converges to w in the weak-* topology of (C, establishing the second statement 
of the theorem. 

For k, t E SK, we have 

Wke Wi= (i)vk 
ieSK, ir 

=K 
Wke 

where the first equality follows from the fact that (43) holds for all loops a in GK 

(see the last paragraph in the proof of Theorem 8). Thus we may write, for any 
a = (aij) e , 

(45) wE ija,i - E wKai= w,ja - waj. 
ij ij i K SK or j SK i ' SK or j ' SK 

Since a E el, for any e > 0, we can choose K large enough so that 

E Ia%il > Ila ll - e. 
i,j E SK 

With such a choice of K, the first term on the right of (45) is bounded above by 
E 11wllo. For the second term on the right of (45), observe first that the summation 
can be taken to be over {i E SK, j SK} U {i e SK, j e SK}, by virtue of (44). Further 
each term of the first kind is wi,,()aij, and each term of the second kind is wjr(j)ani. 
Thus the second term on the right of (45) is also bounded above in absolute value by 
E Ilw 11|. Thus the absolute value of the left-hand side of (45) can be made as small as 
desired by choosing K sufficiently large, establishing the desired result. 

Finally, it remains to show the last statement of the theorem. Let w = (wi) E (e 
be in the weak-* closure of (vi, i e S). Then (43) must hold for all closed directed 
walks o, because N( I a) E ({. Further, SEi wijAij = O, because Sij vkAij = 0 for all 
k S and A = (Aij) E f. It follows that (41) holds a.s., hence the variables 
{ wijwij(fij(n) - ATjrn)} are almost surely zero. Hence the sequence of processes 
(Eij wijZ,i(t), t - 0) converges weakly to the identically zero function in D[O, oo), 
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and so also the sequence (ij wiiZni(t), t- 0). This completes the proof of the 
theorem. 

6. Fluctuations of traffic processes in a Jackson network 

In this final section we illustrate the applicability of our results to the important 
practical example of a Jackson network. We compute the covariance matrix of the 
traffic processes in the network using our results and express the covariances in 
terms of certain simple sojourn times associated to the network. 

A Jackson network of J nodes is a queueing network consisting of J first-come 
first-served exponential servers. The network is fed with customers by a Poisson 
process of rate y. Each customer is routed independently of the others to node i 
with probability ro, where Ei=l ro, = 1. On arriving at a node, the customer joins the 
tail of the queue and waits till it is his turn to be served. The service received at 
node i is an exponential random variable of mean x,-1; individual service times are 
independent. A customer completing service at node i is routed, independently of 
the others to node j with probability rij and out of the network with probability ro0. 
Here J=1 ri + ro0= 1. The arrival process, the routing decisions, and the service 
times are independent. We assume that the matrix R = [rij] is irreducible and strictly 
substochastic. The network can clearly be described by a Markov process {X(t), t > 

0} with state space ZJ+. 
Let Ai, 1 ' i - J solve the flow balance equations: 

(46) Ai = yroi + E Ajrj,. 
j=1 

From the preceding conditions on the matrix R it is easily seen that these equations 
admit a unique solution. It is known that {X(t), t > 0} is ergodic iff Ai < /i for all 
1 - i J, in which case it admits the unique product form stationary distribution 

J 

= nr (p)'(1 - pi) 
i=1 

where p, = Ai/,ui. Jackson networks are a popular and widely studied model for 
packet-switched communication networks. For more on the subject, see for instance 
[18]. 

Certain sums of the counting processes associated to jumps of {X(t), t - 0} are of 
particular interest. Here we focus on the following processes: the process of arrivals 
to node i, 1 ' i ' J, the process of departures from node i, 1 ' i J, and the process 
of jumps from node i to node j, 1 j i, j J. For simplicity, we assume that rii = 0, 
1 i _ J. This results in no essential loss of generality, for similar results can easily 
be derived without this assumption. Our purpose in this section is to demonstrate 
how the results we have derived in this paper can be used to compute the 
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covariance structure of the normalized version of all these processes. Interestingly, 
there is a considerable simplification in the expression, and the final expression for 
the covariances involves only certain simple sojourn times associated to the 
underlying network. This expression has a deceptive intuitive appeal, rather like the 
deceptive simplicity of the product form stationary distribution. 

We introduce some notation specific to this example. Let e' E/ ZJ denote the unit 
vector in the direction i. For a state x e ,Z+, let x' = x + e1. Also, let x? = x. 

Note that the sums of jumps we have to consider to define each of the processes 
above involve weighting sequences in e=. Thus, to apply our results, we first need to 
demonstrate the following. 

Theorem 10 (Jackson network). Let {X(t), t 0} be an ergodic Jackson network, 
with the states ordered in some way. Then, with the sum being over feasible jumps, we 
have xy C1y,xy< oo. As a consequence, as n-->o, the normalized processes Z, 
defined by Equation (1) converge weakly as random elements of Del[O, oo). 

Proof. The jumps of {X(t), t - 0} are of three types: jumps from x to x' (J such), 
jumps from x' to xj (J2 such), and jumps from x/ to x (J such). From Equation (3), 
and using the identity (a + b)12a1/2 + b112 for a, b 0, Ey C.2xy is obviously 
bounded above by the sum of six terms, each of which we now proceed to bound. 
For each 1 - i < J, we have 

C (xqxx,i)'/2= (yroi)1/2 (7r)1/2 
x x C X. X 

< oo. 

Similarly, for all 1 ' i, j _ J, 

> (r,qx,x,)"2 = (pitirij) 12k (xr)12 
x x 

< o, 

and for all 1 < i < J, 

C (xiqxix)12 = (pi,iriro)112 I (rx)1/2 
X X 

< 00. 

To bound the other three terms we need the following lemma. 

Lemma 4. Let x, y e ZJ, and let axy be defined as in Equation (2). There are 
absolute constants C1, C2 < oo depending only on the network parameters, such that 

lax,yl 
- C1 Ixl + C2 

where Ixl denotes 5J~=1 Xi. 
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Proof of Lemma 4. Corollary 1 of [2] demonstrates that the time to empty 
starting from x is stochastically dominated by the sum of Ixl independent random 
variables of finite mean. The time to couple to stationarity starting empty is a 
random variable of finite mean. The claim now follows easily. 

To complete the proof of the theorem, we bound the remaining three terms. For 
all 1 _ i < J, we have 

E (2rxq2xi l(axxl)112 
- 

yro, E (2rx(C1(lxI + 1) + C2))1/2 
x x 

< 00. 

Similarly, for all 1 ' i, j _ J we have 

(7rxiqx I xail)l2 < p 2, irij. (27r(C1(Ixl + 1) + C2))1/2 
x x 

<0 

and for all 1 - i J 

E (7rxiqx lacxil)2 P2liriO2 (27rx(C, Ixl + C2))2 
x x 

< o0. 

This completes the proof of Theorem 10. 

6.1. Computation of the covariance matrix of the traffic processes. We now 
consider the problem of explicitly computing the covariance structure of all traffic 

processes of a Jackson network. Recalling that Axy(t) denotes the number of jumps 
from state x to state y up to time t, we let 

(47) A'i(t) = E AxixJ(t) 
x 

be the number of customers jumping from queue i into queue j between time 0 and 
time t, 1 i, j < J. Equation (47) also defines A0?(t) to be the arrival process into 

queue j and A'?(t) to be the external departure process from queue i, 1 - i, j _ J. 
To formulate the result, define P3j to be the expected amount of time that a 

customer will spend in node j before leaving the network, given that it entered the 
network at node i, 1 _ i, j ' J. This quantity is computable from first-step equations 
for the substochastic routing matrix R. Let 

/3io = 3o =/3oo = 0, 1 i, j --J. 
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Observe that fPiji, is the total number of visits to node j by a customer starting at i. 
So, from first-step equations, we have 

fij j =sj + i rufkjLj. 
k=l 

So, in principle, the fBi can be computed explicitly. 
Recall that Ai, 1 i J is defined by the flow balance equations (46). Let 

Ao = go = y by convention. Recall that xi = x + ei, 1 _ i - J, and x? = x. 

Theorem 11 (asymptotic covariances). The asymptotic covariance between the 
counting processes A11 and Ake defined by (47), is given by 

(48) Cike = 
rijrke(Aipkjklk + [Akfiii ) + AirijSij,kl 

where 8ij,ke = 1 if (i, j) = (k, e) and 0 otherwise. 

Proof From Theorem 10, i.e. existence of the weak limit in Dte[0, oo), and 
formulas (47) we have 

cij,ke = 
Cxixj,ykyt 

x y 

(49) = I E Cxxij,ykyt + E CxixJ,yky' 
x#y x 

= C? ke + Cike 

The quantities in the middle line are as in Equation (3) of Theorem 1. When 
(i, j) = (k, f) the second term of (49) equals 

(50) C2i = xqxx= ,i x = Aiij. 
x x txi 

When (i, j) ? (k, f) this term is zero. For the first term, we have 

Ci,ke = E qx,ijqyky(7rxixiJy + Trykayxi) 
x y 

(51) 
(= 5) yirkrke E r 

{i lim Ex[rTy(t)- rykt] 
x y t" '*? 

(52) + 7yk lim Eyr:xj(t) 
- 7rxJt] } 

t-- - 

The limit and the double summation can be interchanged, see Lemma 5 below. Let 
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rk(t) be the busy time of node k up to time t. The first term in the summation above 
can be written as follows: 

y Erx Exi[ry(t)- ykt] 
= 

x xEx,(k(t)- t) 
53x y x b-i L-k 

(53) 

= E XrX[ExTk (t) - 
EXrk(t)]. 

/1i x 

Similarly, for the second term: 

(54) E ryEy,,i[r(t) 
- rXt] = 

A 
rys[Ey i(t) - EyT(t)] 

x y kk y 

Inserting (53) and (54) into (52) and interchanging the limit and summation once 
more, see Lemma 6 below, we get: 

C ke= tzirijLkrkelim { 7rx[ExJEk(t) - ExT(t)] +-k Zy[Eyr(t) 
- 

Ey(t)] 
t --.O i x I Lk y 

(55) = rijrke{ AikE 7rxlim [Ex,rk(t) - Exrk(t)] + Ak,LE 7rylim [Eyri(t) - Ey(t)]} 
x ty t-- 

= rjjrke(Ai3jk/Lk + Ak eii). 

The last step is justified in Lemma 7 below. Putting (50) and (55) together we obtain 
the required formula (48). 

We now proceed with the justification of the three steps in the proof of the 
theorem. First, the interchange of limit and double summation in (52) is a 
consequence of the dominated convergence theorem. 

Lemma 5. Let fx,y(t) = Exj(yk(t) - rykt). Then there exists fx,y such that Ifx,y(t)l 
Fx,y and Ex y 7rxx, y < o. 

Proof of Lemma 5. Let {XXj(t)}, {Xr(t)} be two independent copies of the Jackson 
network state process starting from state x' and steady state, respectively. Let also 
Mx' be their first meeting time. We can couple the processes after time Mx' without 
changing the marginals. We have 

fx,y(t) = E{ llXXi(s) = yk} ds - 1{X(s) = y } ds 

min(t,Mxj) 

= E 
1 

[1l{XX'(s) = yk} - 1{X,(s) = yk}] ds. 

Therefore 

Ifx,y(t)l - EJ [l{XXJ(s) = yk} + 1{X,(s) = yk}] ds = ,y. 
fo 
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Furthermore, 

r Sx,y -E x xE(2MMx). 
x y x 

The latter is equal to twice the expected meeting time of two independent stationary 
copies of the process, which is finite. 

Next, the interchange of limit and summation in (55) is again a consequence of the 
dominated convergence theorem. The proof is similar to that of Lemma 5. 

Lemma 6 Let fx(t) = Exirk(t) - Exrk(t). Then there exists jx, such that Ifx(t)-R x 
and Ex rxx < oc. 

Finally, let us verif3 the last line of (55). 

Lemma 7 Let 13i be the expected amount of time that a customer will spend in node j 
before leaving the network, given that it entered the network at node i. Then 

(56) lim [Exir'(t) - Exr'(t)] = ij, 
r---Oc 

for all states x. 

Proof of Lemma 7. The claim is obviously true if either i is zero or j is zero. So 
assume that they are both non-zero. Couple the initial states x and x' by having an 
additional colored customer starting in node i. Give this customer low priority in all 

queues of its path in the network. Pathwise the left-hand-side time of (56), inside 

expectation, increases, while the right-hand-side time does not only when the 
colored customer is in node j and it is the only customer there. But the colored 
customer's path through the network, followed at the times when service is offered 
to it, is that of a single customer starting in node i in an isolated network. Also, 
service is only offered to it when it is in node j if there are no uncolored customers in 
node j. The claim follows. 

6.2. Some examples. It is interesting to see what formulas (48) result in, in some 

specific cases. 
1. Departure process from a queue. Consider the overall departure process from a 

specific queue, say queue 1. This is J=o0A1. Its asymptotic autocovariance is thus 

given by the sum (see formula (48)) 

(57) E E Ci 'e= - E rl jre(,AiAjltl + Al318iAl) - 
E Alrlj = 2A,/,lE rli3jl + A1. 

j e j e i i 

2. Arrival process into a queue. Consider the overall arrival process into a specific 
queue, say queue 1. This is EJ=oA'0. Its asymptotic autocovariance is thus given by 
the sum (see formula (48)) 

E E rilrkl(Ai(lk/Lk + AkPkli,i) + E Airil = 2AlS Plk/.Lkrkl + A1. 
i k i k 
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Figure 3. A simple Jackson network 

Let us observe that the autocovariance of the arrival process in queue 1 should be 
the same as the autocovariance of the departure process from queue 1 in reverse 
time. Letting tilde over a quantity denote the quantity evaluated on the reverse time 
process, the autocovariance of the departure process from queue 1 in reverse time is, 
from (57), 

(59) 2A1 Frlk3kltLl + Ak. 
k 

It is easy to see that Alrlk = Akrk and 

(60) Ak/3klILI = A13lkgtk. 

Substituting (60) into (59) we obtain (58), as we should. 

6.3. A simple Jackson network with two queues. Consider the network of Figure 3. 
The external arrival rate is y and p is the probability of feedback. The service rates 
are 1, /2. We first compute the Pij: 

/3i11i = - = 121-2 = P22/2, 1 --p 

B21 t/ 1 - 
1-p 

The average flows are A1 = A2= y(l - p). So the asymptotic covariance between 
the process that counts customers jumping from queue 1 into queue 2 and the 
feedback process is given by 

2'YP 
C12,21 = r12r21(Al/22/L2 + A2311/1) = 2 

(1 _p)2' 

7. Concluding remarks 

We have proved joint functional central limit theorems for the family of all the 
counting processes associated to the jumps of a uniform countable state Markov 
process. For finite state space the technique for proving such theorems is rather 
standard, but we have given a complete proof in order to facilitate the discussion of 
the subsequent results. A novelty in the results for infinite state space is our analysis 
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of the function space topologies that one needs to use to derive such theorems; 
which topologies work depends on the underlying Markov process. For both finite 
and infinite state space processes, it is interesting and useful that we have simple and 
explicit formulas for the covariance matrix of the limiting Gaussian process. Further, 
the null space of this covariance matrix has been related in a simple way to the 
topology of the underlying rate diagram. 

Our motivation in addressing such issues comes from traffic theory, where traffic 
processes in Markovian queueing networks are expressed as the counting processes 
associated to certain sums of jumps of an underlying Markov process. For Jackson 
networks, we have demonstrated the value of our results by deriving simple explicit 
formulas for the limiting covariance structure of the fluctuations of the various 
internode traffic processes. 
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