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Abstract

The problem of designing burst reducing flow
controllers for traffic in an ATM network is con-
sidered. By requiring that the output flow obeys
(o,p) constraints, we show that an optimal de-
sign exists and can be easily implemented in real
time.

1 Introduction

There is a need to rethink basic flow control and
resource allocation issues to deal with the novel
kinds of traffic encountered in a Broadband Inte-
grated Services Digital Network (B-ISDN), that
is, traffic with widely differing characteristics,
such as audio, data and video. This traffic is ex-
pected to be of a highly bursty nature, making
the traditionally employed models, such as Pois-
son or renewal processes, of doubtful relevance
in deriving design insights. Several analyses of
samples of traffic have pointed to the deficiency
of traditional traffic models in the new applica-
tions context; see, for instance, Beran et al [4],
and Jagerman and Melamed [8]. There is a seri-
ous need to incorporate explicit burstiness mod-
elling in the traffic models used for performance
analysis.

A simple and versatile class of models was in-
troduced by Cruz [5], and has been further de-
veloped by Low and Varaiya, [10], [11]. Let A
be a traffic process. Following Cruz, we say that
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A obeys (o, p) constraints if there are positive
constants o, p, such that, if A[s,?] denotes the
amount of traffic over the time interval [s, t] then,
for all s < t,

Als,t] < o+ p(t — s).

Intuitively, p poses a constraint on the long-term
average rate and o on the instantaneous bursts.
A more precise characterization is that A obeys
(o, p) constraints iff when A is fed to a server with
service rate p that is started empty at time s, and
has an infinite buffer, the backlog in the buffer
never exceeds ¢ at any time. There are a number
of reasons why this class of flows is useful to con-
sider. First of all, the above is an intuitively ap-
pealing characterization of burstiness, measured
by the backlog induced in a simple queueing sys-
tem, and as such is amenable to analysis and so
to intelligent design choices. Secondly, it is a
very simple characterization. Users may have to
negotiate the parameters of the flows that they
offer the network; the parameters ¢ and p are
a simple pair with which to work, representing
burstiness and average offered load.

Our focus in this paper is on the issue of flow
control to ensure that a flow obeys burstiness
constraints in the above sense. We examine the
question of how a user, constrained to offer a flow
obeying (g, p) constraints can optimally control
his source to ensure this requirement. Qur key
result is that there is a very simple answer to
this question, involving recursively updating a
quantity, which, for precision, we call the virtual
backlog. This quantity can also be shown to work
as a sufficient statistic to study various natural
allocation problems withing a B-ISDN network,



as shown in [1].

One should mention that the leading con-
tender for a standard for implementing the B-
ISDN concept is Asynchronous Transfer Mode
(ATM). In ATM traffic is segmented into fixed
length cells (the standard calls for cells of length
53 bytes) which are routed through the network
along virtual circuits. One of the most pop-
ular flow control schemes for traffic consisting
of ATM cells is the “leaky bucket” flow control
scheme; see, for example, Eckberg and Lucantoni
[7]. This scheme has been shown in practice to
be very effective in regulating burstiness and is
also simple to implement. In [2], we analyzed a
model of the leaky bucket and showed that it is
burst-reducing, in the sense that it produces an
output that induces delays within the network
smaller than those that they would have been
produced without the leaky bucket. A similar
result was also obtained independently by Low
and Varaiya, [10] and by Kuang, [9]. These re-
sults suggest that the leaky bucket is a good flow
control scheme. It is interesting that an exami-
nation of the protocol shows that the output flow
from bucket obeys (o, p) constraints.

Previous work on flow control for high-speed
networks has been similar in that it has focused
mainly on the performance evaluation and com-
parison between different proposed schemes. In
this paper we take a harder look at the prob-
lem of designing an optimal flow control scheme.
We pose the design problem as follows : we are
given a target burstiness parameter pair (o,p).
The flow controller is allowed to delay incoming
cells by at most K time units, k' > 0. At each
point of time the flow controller can either re-
ject or transmit part of the delayed cells or the
incoming traffic. The decision of the controller
(whether and how much to transmit or reject) at
each point of time ¢ is allowed, in principle, to
depend on the entire past of the input process up
to time ¢t. The only requirement is that the flow
control scheme should create an output traffic
stream that must satisfy the (o, p) constraints.
Every policy that obeys the above requirements
is called a feasible policy. The goal is to find the
best feasible policy in the sense that the rejected
traffic is as small as possible. It turns out that
there is an optimal policy that is rather simple
in nature and can be implemented by recursively
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updating the quantity we call the virtual back-
log. It appears to be very easy to implement in
real time.

In what follows we define the problem in a
more precise way (Section 2) and prove the opti-
mality results (Section 3). The whole analysis is
done in discrete time. For results that hold for
arbitrary traffic processes in continuous time we
refer to our forthcoming paper [3].

2 The discrete time flow con-
troller

Messages arrive at times » = 0,1,2,.... Let
a, be the amount of traffic arriving at time
n. We take a, to be a nonnegative real num-
ber. A flow controller maps {a,,n > 0} into
{b,,n > 0}. Thus b, represents the amount
of traffic transmitted at time n. Positive num-
bers o and p are needed for the definition of
the constraints. To set up the initial con-
ditions we also consider an initial constraint
0y < o. The sequence {b,,n > 0} is called
(o, p) constrained with initial constraint ag iff

zn:be <
£=0
Yobe <
f=m

Consider then a (o,p) constrained sequence
{b,,n > 0}. Fix now an index n. By isolating
the last term b,, from inequalities (2) we obtain

0'0+[)(n+1), n2>0, (1)

o+p(n—m+1), n>m>1.(2)

n—1
bp<o+pn—m+1)- Z be,1<m < n. (3)
{=m
Similarly, (1) yields
n-1
bn<oo+pnt1)— D by, n>0. (4)
£=0

Combining the latter inequalities (3), (4), we fur-
ther obtain

by <p+0n, n>0, (5)
where a,, is defined by
n—1
0, = min {[ao + pn — Z b,
£=0



n-1
lg&ln[vw(n—m)-gbz]} (6)
We refer to o, as the virtual backlog at time n.
Observe that o, depends on op and the past
{bm,0 < m < n — 1} only. What is important is
the observation that the virtual backlog can be
updated recursively:

0y = O0Op

Opy1 = min{o, o, +p—5,}, >0 (7)

The proof of this recursion follows easily from
the defining relation (6). We have thus proved
that if {,,} is (o, p) constrained with initial con-
straint oo then (5) holds with ¢, obtained from
the recursion (7). Conversely, given a traffic pro-
cess {b,}, with {o,} computed from the recur-
sion (7), then {b,} can be seen to be (o, p) con-
strained with initial constraint og.

Suppose first that we are interested in the case
where the flow controller takes instantaneous de-
cisions. Thus if a,, is the amount of traffic arriv-
ing at time n, the flow controller has to immedi-
ately decide the amount b,, < a, to be transmitt-
ted; the remaining amount is instantaneously
rejected. Furthermore, the decision at time n
should be based only on information up to this
time only. The above discussion shows that a
feasible policy must produce an output {b,} such
that b, < ay, for all n, and (5) holds.

Before proceeding to the solution, let us gen-
eralize to the situation at which traffic arriving
at time n is allowed to wait at most K time units
before it is transmitted. At each point of time n
let m? represent traffic that arrived at time n — ¢
(#=1,...,K) but has not yet been released. A
given policy produces b,, that is at most equal
to an + ml + - - -+ mE. Consequently, a feasible
policy is one that (i) is non-anticipative, and (ii)
produces an output {b,} such that

b, <min{o, +p,an + mk: + -+ mf}’ (8)

where o, is recursively obtained via (7).

3 Optimality results

Among all feasible flow controllers, as described
in Section 2, we are interested in those that max-
imize the rate of cells transmitted. We show

that this is possible by explicitly constructing
one such flow controller. This is made precise
in the following theorem.

Theorem 1 Given a nonnegative integer K,
nonnegative numbers ag, o > g, p, m}, ..., mk,
and an arrival sequence {an,n = 0,1,...}, let
0} = 0o, m§ = mi, 1 < i < K. Next consider
a policy which, at time n, releases an amount of
traffic b}, recursively defined through

b, = min{a;+p,an+m;1+._ ‘+m:K},

Ony1 = min{o,05+p-0,},

Mkt Amay, =

= @ptmin{m+- - 4m 1 mil 4 miK pr},
i=1,... K.

Jorn=0,1,.... Then {b%} is (0,p) constrained
with initial constraint oo, and for any feasible
policy {b,}, we have

n n
S b5 > Y be, for alln>o0. (9)

£=0 £=0

Proof. The fact that {b}} is (o, p) constrained
with initial constraint og is an immediate con-
sequence of the discussion of Section 2. We
shall show the validity of (9) by induction. Con-
sider an arbitrary feasible policy that produces
the output process {b,}. Let B, = T 7_obe,
B, = Yiobi, My = my +-- -+ mf, My =
myl + .-+ m:K. Next consider the following
inequalities.

B: > B, (10)
B ,+0d. > B,1+4o0, (11)
B;—l +M1: 2 Bn—l+Mn- (12)

Clearly, they all hold for n = 0; indeed, b} =
min{oo + p,a0 + Mo} > bo (see (8) ), o = aq,
and Mg = Mo. Now assume that they hold when
n is replaced by n — 1:

Bioy 2 Bn (13)
B aton, 2 Bna+toay (14)

B;—2 + Mr:—l 2 Bn—2 + M -1 (15)
Inequalities (13) - (15) form our induction hy-

pothesis. We shall show that (10) - (12) hold
true.



Consider first (11). We have

B:_, +min{o,05_;+p—b;_1}
min{B}_, + 0,B;_y+0n_y +p}
min{Bp-1 + 0, Bn—z + 0n_1 + p}
Bp—y + min{o,0n-1+ p — ba-1}
Bno1 + 005

* *
Bn—l + Op =

v

we used (13), (14) of the induction hypothesis
to obtain the inequality in the third step above.
Thus (11) holds.

Next consider (12). To prove that this holds
we will make use of the following lemma.

Lemma 1 Consider the policy defined in Theo-
rem 1. If, for some n, m:K > 0 then m} = an_,
fori=1,...,K -1

Proof of Lemma 1. From the evolution equa-
tions of the policy defined in Theorem 1 we read-
ily obtain
' -1
my = min{M,‘l'__l,Z myl  }-

=1
i-2
—min{M;_,Y . m }i=2,... K. (16)
i=1
mi! = min{an-1 + 0, M, _;}. (17)

Suppose that, for some 2 < i < K, m} > 0.
Then, from (16 My, > Z'_l m,’ . (For if
M, < Z then (16) yields m¥ = 0.)
In pa.rtlcular, M _1 >0, and (17) ylelds m“1 =
Gn_1. Also, from (16) again, m = E, Zimy?

i22my, = myo], and thus mx=l > 0. So we
can replace ¢, in the above argument by i—1and
n by n — 1, and thus Lemma 1 has been shown
by induction.

Using the evolution equations of the theorem

statement, we now have:

no1t My =
K-1
B, +ana1+ z m;]._l +
=1
+min{0,m:", - b;,_,}. (18)
We consider two cases. First, if b%_, > mzf

then (18) gives
By +M;=
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K-1

=B +ana+ Y, mi,
1=1

=an1+ By, + My,

> an-1 + Bn2 + Mny

= Bn_1+ Mu-1 4 @peq — bpy
= Bp—y + M,,

+m:E b,

where we used inequality (15) of the induction

hypothesis in the fourth step above; the last

equahty is obvious. Thus, in the case b};_ L 2
K., (12) holds. Next, suppose bj,_; < my

In thls case, (18) gives

K-1
B +M:=B_  +tana+ Yy ml,
7=1

Since m*K, > 0, the condition of Lemma 1 holds,
and so we can write

Bi_ +M:=
=B, 1+apn_1+an2+- -+ ankK
>Bp1+ap-1+an2+ -+ an-g

> Bpoy + My;

here we used (13) of the induction hypothesis and
the fact that M, is, for a feasible policy, at most
equal to the amount of traffic arrived between
n—Kandn-1.

Finally, we show that inequality (10) holds as
well.

B,

B, .+ b,

B:_, + min{o} + p.an + M}

= min{B;_; + o, +p.an+ By, + M}
> min{Bp_1+0n+p,an+Br1 + lwn}a

where we used (11) and (12) to establish the lat-
ter inequality. This concludes the proof of the
theorem.

4 Conclusions and extensions

We investigated flow controllers whose goal is to
reduce the burstiness of traffic by imposing a tar-
get burstiness parameter pair (o, p), while, at the
same time, imposing delay constraints on the in-
coming traffic. We posed the problem in discrete
time and showed that the constraints can be op-
timally satisfied by the flow controller defined by



the recursions of the statement of Theorem 1.
A closer examination of this optimal flow con-
troller shows its similarity to the leaky bucket.
The results can be extended in continuous time
where the flow control problem can be posed for
arbitrary traffic processes, namely processes that
have a continuous (fluid) part as well as instan-
taneous jumps (point process part). It is worth-
while to notice that the implementation of the
scheme that we proposed can be done in a very
simple way and in real time.
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