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Abstract !

Several recent empirical studies of traffic to
be carried by broadband networks have es-
tablished the importance of studying queue-
ing behaviour with traffic models having long-
range dependence. We consider discrete time
models for an ATM bufler fed by a class of
long-range dependent arrival processes that
includes the asymptotically self-similar arrival
processes of the kind recently proposed by
Likhanov et al. [8]. An arrival model in this
class is parametrized by a session generation
rate A > 0, a cell generation rate per session
R > 0, and a session duration random vari-
able 7 which is positive integer valued with
finite mean and infinite variance and has reg-
ularly varying tail, i. e. P(7 > t) ~ t7*L(t)
where 1 < a < 2 and L(-) is a slowly varying
function. The service is modelled by a sin-
gle parameter, the service rate s > 0. The
stability condition s > RAET is assumed to
hold. We study the asymptotics of the tail of
the stationary sojourn time distribution of a
typical session.

1 Introduction

Several recent empirical studies of traffic to
be carried by broadband networks have es-
tablished the importance of studying queue-
ing behaviour with traffic models having long-
range dependence. For instance, Leland et
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al. [7] have demonstrated the self-similar na-
ture of Ethernet traffic by a statistical analy-
sis of Ethernet traffic measurements at Bell-
Core; Beran et al. [2] have demonstrated
long-range dependence in samples of variable
bit rate video traffic generated by a number
of different codecs; and Paxson and Floyd [11]
have concluded the presence of long-range de-
pendence in TELNET and other wide area
network traffic.

Queueing models are traditionally used to
analyze the behaviour of buffered systems car-
rying traffic, such as communication networks.
In order to appropriately design these systems
the distribution of the traffic backlog in the
buffers and of the delay incurred by traffic are
of interest. Motivated by the empirical evi-
dence for long-range dependence in network
traffic, a number of studies have recently ap-
peared that investigate single-server queues
with long-range dependent arrival models.
These include the works of Norros [10] (dis-
cussed further by Duffield and O’Connell [5])
who uses a fractional Brownian arrival model;
Resnick and Samorodnitsky [12] who use an
arrival model derived from a stable integral;
and Likhanov et al. [8] who use an asymptot-
ically self-similar discrete time arrival model
(which also appears in the survey of Cox [4,
page 68]).

In this note we consider a single-server queue
driven by a class of discrete time long-range
dependent arrival models that includes, as a
special case, the asymptotically self-similar
arrival processes of the kind proposed in [3].
An arrival model in this class is parametrized
by a session generation rate A > 0, a cell gen-



eration rate per session R > 0, and a session
duration random variable 7 which is positive
integer valued with finite mean and infinite
variance and has regularly varying tail, i. e.
P(r > t) ~ t7®L(t) where 1 < a < 2 and
L(-) is a slowly varying function. The service
is modelled by a single parameter, the service
rate s > 0. The stability condition s > RAET
is assumed to hold.

Suppose the sessions are served in FIFO or-
der of arrival. When the additional condi-
tion s < R holds no session will enter service
prior to the completion of all work brought
in by preceding sessions. We first observe
that in this regime classical results in queue-
ing theory allow one to explicitly determine
the asymptotics of the tail of the stationary
sojourn time distribution of a typical session.
We next investigate the case s > R. In this
situation we give an asymptotic upper bound
for the tail of the stationary sojourn time dis-
tribution of a typical session.

Without loss of generality, we will set R =
1 throughout the subsequent discussion. As
usual N and Z denote the set of natural num-
bers and the set of integers respectively. ¥*
" will denote a random variable with the distri-
bution of the stationary sojourn time of a typ-
ical session. Thus the asymptotic behaviour
of P(¥* > z) in z is the topic of interest in
this note.

2 Preliminaries

We consider a class of discrete time models
for arrivals into an ATM buffer. The dura-
tion between time [ and [ + 1 is called slot
l. At time ! a random number & of new ses-
sions arrive at the buffer. (§,l € Z) are in-
dependent and identically distributed (i.i.d.)
Poisson random variables with mean A. Ses-
sion ¢ arriving at time [ is active for a ran-
dom duration 7(z), i.e. it is active during
the slots {,{ +1,...,0 + n(i) — 1. Here the
(n(@),l € Z,1 < i < &) are i.i.d. random
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variables taking values in N. Let p,, denote
P(ni(:) = m) and ¢ = Yio,, Pk- The ses-
sion duration random variables are assumed
to be regularly varying with finite mean and
infinite variance, 1.e. there is a slowly varying
function L(-) and 1 < e < 2 such that

qe ~ k™ L(k) .

(See the appendix for the basic definitions on
regular variation.) Each session active dur-
ing a slot generates traffic at rate 1 during
that slot. This completes the description of
the arrival model. Note that, since there are
many different slowly varying functions, there
is considerable flexibility in the choice of ar-
rival model.

We now introduce some auxiliary variables
which will facilitate the subsequent discus-
sion.

Let &(m) denote the number of sessions
starting at time [ that are active for m slots.
We have & = Y %°_; &(m). Also (&i(m),l €
Z,m > 1) are seen to be independent Poisson
random variables, with &(m) having mean
Apn. Note that every such session will cease
being active at time [+m. We define n;(m) as
the number of sessions that are active for m
slots and cease being active at time [. With
this notation, we have &(m) = niym(m). We
further define m = Y oo_, m(m). Note that n;
is also Poisson with mean A and that (m;,[ €
Z) are i.i.d.

Let xi(m) denote the number of sessions
starting at time [ that are active during slot
I+ m —1. Then (xi(m),l € Z,m > 1) are
Poisson random variables with x;(m) having
mean Ag,. Further, we have

xi1)>xi(2)>... >0 a.s.

and -
xi(m) = Y &(k) .
k=m
Note that x;(1) = &.
Let ¢ denote the total work brought in
by sessions starting at time [. Thus ¢ =



522, xilk) = T2, ke(k). Similarly, let
denote the total work brought in by sessions
that cease to become active at time [. Then
i =352 kmi(k).

Let u;(m) denote the total work brought in
during slot [+m—1 by sessions that started at
times prior to {. Then (wi(m),l € Z,m > 1)
are seen to be Poisson random variables with
u;(m) having mean A Y32 ., qx. Further, we
have

w(l)Z2w(2)>...—>0 a.s.

and

-1
w(m)= > xall+m—n).
n=—0oo

Let U, denote the total work brought in
during all slots following time [ by sessions
that started at times prior to . Thus U; =
Y=y w(m).

We now describe the service offered at the
buffer. The buffer is served by a single work-
conserving server whose service rate is s > 0.
If Y, denotes the total work already present
in the system immediately prior to the ar-
rival of the work during slot [, its evolution is
described by the equation

Yip1 = max(0, Y 4+ xi(1) + w(1) —s) . (1)
Further, we have

w(f) =w(@+)+x(G+1) ,3=12,...

The evolution of (Y7, wi(1),w(2),...), | € Z)
is therefore described by a Markov process
driven by thei.i.d. sequence ((x:(1), x:(2),---),
[ € Z). Under the stability condition s >
A%, gk (which is the same as s > Elxi(1)+
u;(1)]) this process can be seen to have a
unique stationary distribution. (In fact, un-
der the stability condition, the technique of
Loynes [9] (see also Baccelli and Bremaud [1,
Sec. 2.2]) yields the existence of a unique sta-
tionary regime assuming only that ((x:(1),
x1(2),...), | € Z) is a stationary ergodic se-
quence. )

3 Statement of results

We will assume that the sessions are served
in FIFO order of arrival, with the order of
sessions arriving at the same time being de-
termined in a manner independent of the rest
of the process. Our goal is to investigate the
sojourn time distribution, ¥*, of the typical
session, and more particularly to study the
asymptotics of P(£* > z) in z. We need to
distinguish between two cases : s < 1 and
s > 1. If s < 1, once a session enters ser-
vice no other session can receive service till
its departure. This is not true if s > 1.

Case s <1:

We first consider the case s < 1. We remark
that the asymptotics of the tail probability of
¥* can be explicitly determined from classical
results in queueing theory.

Let Z; denote Y;+U;. This has the interpre-
tation of the remaining work at time [ that it
is already known will have to be handled by
the system. In the case s <1 we have

ZI+1 = maX(O, Z; + ¢1 — S) .

Thus the unique stationary regime of (Z;,! €
Z) is given by

-1
2t = max(0,max( Y ¢u—ks)) (2)

=" n=l-k
(see [1, Sec. 2.2]).
One sees that
&

¢ = (i) .

=1

Thus we have the following lemma.

Lemma 3.1 It holds that

P(¢r > z) ~ xz™"L(z) .



Proof:
See [6, Problem 31, pg. 288]. O

Observe now that (¢;,! € Z) are i.i.d. Fur-
ther, we have E¢; = AET < 5. From Lemma
3.1, ¢ has regularly varying tail. Thus we are
in the situation addressed by Cohen [3]. We
therefore get the following lemma.

Lemma 3.2 It holds that

A

P> a) ~ =3

z'7L(z) .

Proof:
See [3, Eqn. (3.18)]. 0O

We may now arrive at the following result.

Theorem 3.1 Ifs <1, it holds that

A

P> 2)~ (o — 1)s*~1(s — AET)

Proof:

Define o7 so that [ 4 o7 is the first time at
which any session arriving at time { will enter
service. With of denoting the correspond-
ing stationary quantity, we have of = Z}/s.
Now, the total time spent serving all the ses-
sions that arrive at time [ is ¢;/s. We have

o] Sst X" Sgt o] +— .

By Lemma 3.1 and Lemma 3.2, ¢; has a tail
probability that decays strictly faster than
that of Z;. Further, ¢; is independent of Z;.
Thus P(X* > z) ~ P(o} > z). From Lemma
3.2 the result follows. 0O

Case s > 1 :

'™ L(z) .
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We next consider the case s > 1. Here we
will only derive an asymptotic upper bound
for the tail probability P(X* > z).

Let Z; denote Y; + U,;. From equation (1), we
have

Ziyr = max(Upa, Zi + ¢ — s) .

Thus the unique stationary regime of (7,1 €
Z) is given by

I-1
Z; = max(U,, rilzalx(Ug_k + n;z_k ¢n —ks)) .

One sees after an algebraic manipulation that

i

Zr < 0, n—k
F< max( r;ggf(nzéﬂtb s))
+ ) mmg(m) . (3)

j=1m=j+1

Further, the two terms on the right hand side
of equation (3) are independent.

Before stating our upper bound in this case,
we will first need the following lemma.

Lemma 3.3 It holds that

P S mims(m) > 2) ~

1=1 m=3+1

o
a—1

™ (z).

Proof:

Let 7} be Poisson with mean A(E7 —1). Let
7 be an N valued random variable with dis-
tribution

and let 7(1),7(2),... be i.i.d. with the distri-

bution of ¥ and independent of 7. Then one
sees that

7

fi i s 4370

Further, one has

(83

(a=1)(ET—-1)

P(f>z)~ et L(z) .



From [6, Problem 31, pg. 288], the claim fol-
lows.

O
The following is our result in the case s > 1.

Theorem 3.2 If s > 1, it holds that

. < Ml4oa(s—AET))
P> z)~ (o —1)s*1(s — AET)

Proof:

Define og; so that { + o, is the first time at
which any session arriving at time [ will enter
service. With o} denoting the corresponding
stationary quantity, we have of < Z}/s. We
next remark that once any session arriving
in slot | starts receiving service, there is a
guaranteed minimum amount of service effort
that sessions arriving in slot [ will receive in
all subsequent slots as long as they have work
outstanding. This is because it must be the
case that the total number of active sessions
among all those that arrived at times strictly
before | can now be at most [s~!] — 1. Thus
there is a fixed constant a(s) (depending only
on s) such that all the work in sessions that
arrive at time [ will depart within a time at
most (¢/a(s)) +2 of the time that it started
to get served. We have

b
afs)

The asymptotics of the tail probability of the
first term on the right hand side of equation
(3) can be handled by Lemma 3.2, in view
of the remark that (¢;,/ € Z) has the same
distribution as (¢,l € Z), cf. equation (2).
Together with Lemma 3.3, and the indepen-
dence of the two terms on the right hand side
of equation (3), appealing to the proposition
in [6, pg. 278] yields

< Ml+4+a(s—=AET)) _,

P> 2) = (T Ak

¥t <o + +2.

(4)

L(z) .
(3)

' L(x) .
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By Lemma 3.1, ¢; has a tail probability that
decays strictly faster than the upper bound
on the right hand side of equation (5). Fur-
ther, ¢, is independent of Z;. From equation
(4) and these observations the result follows.

O

4 Concluding remarks

We have studied the tail of the sojourn time
distribution of a typical session in a class of
models of a FIFO ATM buffer fed by long-
range dependent input traffic. The asymp-
totics of this tail probability were precisely
determined in the regime s < R, where once
a session enters service no work brought in
by any other session can receive service be-
fore this session completes service. A simple
asymptotic upper bound for the tail probabil-
ity was derived in the regime s > R. Studying
the regime s > R in more detail is likely to
be of interest.
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Appendix
Regular Variation

For convenience we reproduce the basic defi-
nitions on nonnegative random variables with
regularly varying tail. For more information,
consult Feller [6, pp. 275-284].

Definition 1 A positive (not necessarily mono-
tone) function L(-) defined on an interval [a, o0)
is said to be slowly varying if for every x > 0

it holds that

L(tz)
iso L(1)

=1.

Note that there are many slowly varying func-
tions. For instance, any power of any iterated
logarithm is slowly varying; any positive func-
tion that approaches a strictly positive limit
at oo is slowly varying.

Definition 2 A positive function G(-) defined
on an interval [a,c0) is said to be regularly
varying with ezponent —a if it is of the form

G(z) = z7%L(z)
where L(-) is a slowly varying function.

In this paper we are only interested in the
case 1 < a < 2.

Definition 3 A nonnegative random variable
X having cumulative distribution function F(z) =
P(X < z) is said to have regularly varying
tail if 1 — F(z) is regularly varying.



