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Abstract

Consider a discrete memoryless stationary information source with �nite alphabet�
Suppose that the letters emitted by the source are not all distinguishable� This might
be the case� for example� if the symbols were handwritten letters� Distinguishability be�
tween letters is a symmetric relation and thus determines a graph on the source alphabet�
Similarly� one talks of distinguishability between �xed length strings from the alphabet�
Korner considered the problem of block coding for such a source with the requirement that
only indistinguishable strings can be assigned the same codeword� He found a fundamental
quantity� the graph entropy� which gives the minimum rate at which coding can be done
with vanishingly small error probability� In this note we compute the error exponents for
this source coding problem�
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Error Exponents in a Source Coding Problem of Korner �

�� Introduction

Consider a discrete memoryless stationary information source �X�P � with �nite al�
phabet X and marginal distribution P � Suppose that the letters emitted by the source
are not all distinguishable� This might be the case� for example� if the symbols were hand�
written letters� with slight di
erences in handwriting making no di
erence in the meaning
of the symbol� Distinguishability between letters determines a symmetric relation on the
source alphabet X� If we draw an edge between each pair of distinguishable letters� we
get a graph G � �X�E� with vertex set X and edge set E� The triple �X�E�P � is called a
probabilistic graph� Now� two sequences x � �x�� � � � � xn� � Xn and y � �y�� � � � � yn� � Xn

are distinguishable i
 they are distinguishable in at least one co�ordinate� The co�normal

product Gn is the graph on Xn which has an edge between x and y i
 there is an edge
between xi and yi for some 
 � i � n� Clearly� the co�normal product describes the
distinguishability relation on Xn�

We are interested in a special kind of source coding problem for the information source
�X�P � with distinguishability structure G � �X�E�� We would like to code n�sequences
from the source so that the same codeword is assigned to a pair of n�sequences i
 they are
indistinguishable� If the code uses Mn codewords� it is said to have rate logMn

n
� Here and

in the rest of the paper logarithms are taken to base �� The error probability of the code is
the probability of the the set of source strings which are not coded� �Alternately they may
be coded by means of a special error symbol ��� A source coding scheme is a sequence of
source codes for each string length n� It is said to have asymptotic rate R if

lim
n��

logMn

n
� R �

A source coding scheme may thus be described by functions �en��n�� where en � Xn �
�Mn� � f�g� with �Mn� denoting f
� � � � �Mng� The restriction is that the strings mapping
into any m � �Mn� form an independent set in Gn� i�e� no pair of such strings can share
an edge� The error probability of the code on blocks of length n is then

Err�en� � Pn�x � Xn � en�x� � �� �

The source coding problem described above was �rst considered by Korner� ���� The
main result of Korner is the existence and characterization of a fundamental quantity
H�G�P �� the graph entropy of P relative to the graph structure G� which plays a role
analogous to the usual entropy in conventional source coding� where all the symbols from
the alphabet are assumed to be distinguishable from one another� For any � � � � 
� let
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M�n� �� denote the minimum number of codewords needed to encode n�sequences from
the source with error probability less than �� Then

lim
n��




n
logM�n� �� � H�G�P � �
�
� �

Equation �
�
� says that the indicated limit exists and is independent of �� In partic�
ular� one can make the following statements �

�A� Consider any source coding scheme �en��n�� which uses Mn codewords to code strings
of length n and having error probability Err�en�� If

lim sup
n��




n
logMn � H�G�P �

then
lim
n��

Err�en� � 
 �

�B� There is a source coding scheme having

lim
n��




n
logMn � H�G�P �

with
lim
n��Err�en� � � �

Thus� in order to do source coding with vanishingly small error probability� we must
have rate at least as large as the graph entropy�

Graph entropy has turned out to be of importance in a number of problems in com�
munication theory� graph theory� and computer science� ���� ���� ���� ���� For more on the
source coding problems that originally motivated its introduction� see ���� ���� ����

The purpose of this note is to discuss the form of the error exponent in the above
source coding problem of Korner� Namely� we are interested in studying how rapidly the
error probability can be made to decrease� given an upper bound to the asymptotic rate at
which coding has to be done� For a probability distribution Q on X� let K�Q�P � denote
the Kullback�Leibler information discrimination of Q relative to P � given by

K�Q�P � �
X
x�X

Q�x� log
Q�x�

P �x�
�

Then the main result of this note is the following �

Theorem ��� � Let � � R � supP H�G�P �� Then there exists a source coding scheme
�en��n�� using Mn codewords to code source strings of length n such that

lim
n��

logMn

n
� R



with

lim sup
n��




n
logErr�en� � � inf

Q � H�G�Q��R
K�Q�P � �
���

and

lim inf
n��




n
log�
� Err�en�� � � inf

Q � H�G�Q��R
K�Q�P � � �
�	�

Further� this result is optimal in the sense that for any source coding scheme having

lim sup
n��

logMn

n
� R

we have

lim inf
n��




n
logErr�en� � � inf

Q � H�G�Q��R
K�Q�P � �
���

and

lim sup
n��




n
log�
� Err�en�� � � inf

Q � H�G�Q��R
K�Q�P � � �
���

Finally� for � � R � supP H�G�P � the right hand sides of �
��� and �
��� are equal� as are
the right hand sides of �
�	� and �
����

Remarks � �
�� The proof of �
��� and �
��� is by counting� The existence of codes satisfying
�
��� and �
�	� is proved by random coding arguments � it is an interesting question whether
one can �nd universal codes �i�e� codebooks that are independent of P � for a �xed graph
structure G� with the same error exponent�

���� The original motivation of the investigation was to see if it would unearth a fundamen�
tal quantity standing in the same relation to Kullback�Leibler information discrimination
that graph entropy bears to usual entropy� This continues to be an interesting question�

�� Preliminaries

Before proceeding with the proof of Theorem 
�
� we �rst need the information
theoretic characterization of graph entropy due to Korner� ���� An independent set in
G � �X�E� is a subset A � X such that no pair of vertices from A share an edge� A
kernel is a maximal independent subset� Let A denote the collection of kernels of X�
Let X � A denote the subset of X 	 A consisting of the pairs �x� a� such that x � a�
Let M�X� denote the collection of probability distributions on X� Given a probability
distribution Q � M�X� a Q�admissible probability distribution Q on X � A is one for
which

P
a�xQ�x� a� � Q�x�� We let MQ�X � A� denote the collection of Q�admissible

probability distributions on X � A and consistently use Q to denote a generic element of

MQ�X �A�� We also consistently use �Q to denote the probability distribution on A given

by �Q�a� �
P

x�aQ�x� a�� where Q � MQ�X � A��
FollowingKorner� ���� we de�ne random variablesX � X�A � X and Y � X�A � A

giving the �rst and second co�ordinates respectively� The following information theoretic



characterization of graph entropy is proved in ��� �

H�G�Q� � minQ�MQ�X�A�I�X 
 Y �

where I�X 
 Y � denotes the mutual information between X and Y � We let An denote
the set of n�sequences of elements from A� We observe that An is precisely the collection
of kernels of Gn� see e�g� the last paragraph of Section � of ��� for a proof�

We let Mn�X� denote the collection of probability distributions on X for which the
probability of any source symbol is a rational number with denominator dividing n� Given
an n�sequence x � Xn� its empirical distribution or type is the probability distribution

�N�xjx�
n

� x � X�� where N�x j x� denotes the number of occurence of the symbol x in the
string x� Note that this belongs to Mn�X�� Thus Mn�X� is also called the collection of
n�types� It is easy to see that

kMn�X�k � �n� 
�kXk

where kXk denotes the cardinality of X�

Fix K � �� Given Q � M�X�� an n�sequence x � Xn is said to be Q�typical if� for
every x � X

j N�x j x� � nQ�x� j� K
p
nQ�x� �

The following lemma is Lemma 	 of Korner� ���� See also Csiszar and Korner� �
��

Lemma 	�� � Let Tn�Q� � Xn denote the set of Q�typical sequences� Then� for every
x � Tn�Q�

��nH�Q��Cpn � Qn�x� � ��nH�Q��C
p
n

and
�nH�Q��Cpn � kTn�Q�k � ��nH�Q��C

p
n �

Here C depends only on K and kXk� and in particular is independent of n and
Q� Throughout this note K � � will be �xed once and for all� as will P � the marginal
distribution of source letters� Q will be used for a generic element of M�X� and C will
denote a �nite constant that is independent of n and Q� but may vary from line to line�

We also need to discuss the special situation of probabilistic graphs �X�E�Q� where
the relation x�y � f either �x� y� � E or x � yg determines an equivalence relation on
X� Clearly then G � �X�E� is the union of pairwise disjoint complete subgraphs� Let
H�Q j �� denote the conditional entropy given the equivalence class �� namely

H�Q j �� �
X
x�X

Q�x� log

P
y � x�y Q�y�

Q�x�

Let R denote the collection of equivalence classes under �� Let us write Q� for the prob�
ability distribution on R given by Q��r� �

P
x�r Q�x�� Then the following lemma is easy

to prove �



Lemma 	�	 � The number of Q�typical n�sequences in a Q��typical n�sequence of equiva�

lence classes is bounded above by �nH�Qj���Cpn and below by �nH�Qj���Cpn�

Proof � Let r � �r�� � � � � rn� be a Q��typical n�sequence� Namely�� for each r � R

j N�r j r�� nQ��r� j� K

q
nQ��r� �

Then we have� for each r � R�

nQ��r� � max��K�� �N�r j r�� ���
�

because if nQ��r� � �K� then nQ��r� � �K
p
nQ��r�� and so

N�r j r� � nQ��r� �K

q
nQ��r� � nQ��r�

�
�

Let x � �x�� � � � � xn� be a Q�typical n�sequence in r� i�e� xi � ri� 
 � i � n� Then� for each
x � X

j N�x j x�� nQ�x� j� K
p
nQ�x�

by Q�typicality of x� We claim that for each r � R the restriction of x to those co�ordinates

having ri � r is � Q�x�
Q��r�

�x � r��typical� with a di
erent K� Indeed� for x � r� we have

j N�x j x� �N�r j r� Q�x�
Q��r�

j� j N�x j x� � nQ�x� j � j nQ�x� �N�r j r� Q�x�
Q��r�

j

�K
p
nQ�x� �

Q�x�

Q��r�
K

q
nQ��r�

�K�

s
Q�x�

Q��r�
�

Q�x�

Q��r�
�
q
nQ��r� �

Using ���
� gives

j N�x j x� �N�r j r� Q�x�
Q��r�

j�max�	K��
p
�K��

s
Q�x�

Q��r�
�

Q�x�

Q��r�
�
p
N�r j r�

��max�	K��
p
�K�

s
N�r j r�Q�x�

Q��r�
�

It follows that �
n
P

r�R
N�rjr�
n

H�Qj��r��Cpn
and �

n
P

r�R
N�rjr�
n

H�Qj��r��Cpn
are respec�

tively an upper bound and a lower bound for number of Q�typical n�sequences x in r�

where H�Q j � � r� denotes
P

x�r
Q�x�
Q��r�

log Q��r�
Q�x�

� But the Q��typicality of r ensures that

we can further bound this above by �nH�Qj���Cpn and below by �nH�Qj���Cpn where� as
before� C depends only on K and kXk�



Finally� we need to discuss the continuity properties of the functions Q � H�G�Q�
and Q� K�Q�P � onM�X�� GiveM�X� the topology of pointwise convergence� which is

the same as its induced topology as the unit simplex in RkXk� � Then K�Q�P � is a bounded
continuous function of Q � M�X�� which is also convex and nonnegative� and is zero if
and only if Q � P � See Ellis� �	�� for proofs of these statements� here we are assuming
without loss of generality that P �x� � � for all x � X� Regarding the graph entropy� we
require two lemmas �

Lemma 	�� � H�G�Q� is a continuous function of Q�

Proof � Given Qn � M�X� with Qn � Q as n��� let Q	 achieve the minimum in the
information theoretic characterization of H�G�Q� as minQ�MQ�X�A�I�X 
 Y �� Consider

Q
n
� MQn�X � A� given by

Q
n
�x� a� � Qn�x�Q

	�a j x� � Qn�x�
Q	�x� a�
Q�x�

We have

H�G�Qn� �
X

�x�a��X�A
Q
n
�x� a� log

Q
n
�x� a�

Qn�x� �Qn�a�

where �Qn�a� �
P
x�aQn�x�Q

	�a j x�� Clearly� Q
n
� Q	 as n � � in the topology

of pointwise convergence on M�X � A� and also �Qn � �Q in M�A�� It follows that
H�G�Q� is upper semicontinuous as a function of Q � M�X�� For the converse� let
Q	
n
� MQn�X � A� achieve the minimum in the information theoretic characterization

minQ
n
�MQn�X�A�I�X 
 Y � of H�G�Qn�� By restricting to a subsequence if necessary� we

can assume that Q
n
converges to some Q � M�X �A� as n��� Clearly Q � MQ�X �A�

and we have

H�G�Q� �
X

�x�a��X�A
Q�x� a� log

Q�x� a�

Q�x� �Q�a�

� lim
n��H�G�Qn�

which completes the proof of the lemma�

The next lemma is most easily proved by using a geometric characterization of graph
entropy due to Csiszar� Korner� Lovasz� Marton and Simonyi� ���� From the graph G we

construct a convex subset V P �G� of the orthant R
kXk
� called the vertex packing polytope

of G� V P �G� is the convex hull of the indicator vectors of the independent sets of G� Then
we have

H�G�P � � mina�V P �G���
X
x�X

P �x� log a�x�� � �����

see ���� Lemma 	�
�

Lemma 	�� � Fix any R� � � R � supP H�G�P �� Then fP � H�G�P � � Rg is the closure
of fP � H�G�P � � Rg�



Proof � Clearly it is enough to prove that every local maximum of H�G�P � onM�X� is a
global maximum� Since ����� characterizes H�G�P � as the minmum of a family of linear
functions on M�X�� which is a convex subset of the orthant� this is elementary�

Lemma ��	 and Lemma ���� together with the continuity of K�Q�P � in Q verify the
claim in Theorem 
�
 that for � � R � supP H�G�P � the right hand sides of �
��� and
�
��� are equal and the right hand sides of �
�	� and �
��� are equal�

�� Error Exponents

We proceed to complete the proof of Theorem 
�
� proving �rst the statements �
���
and �
��� and then �
��� and �
�	��

To prove �
��� and �
���� let �en��n�� be an arbitrary source coding scheme which uses
Mn codewords to code n�sequences of source symbols� and with lim supn��

logMn

n
� R�

Let Q � M�X� and let S 
 Xn be the set of n�sequences of letters from the alphabet
which are received error free� Then we have

Pn�S � Tn�Q�� �MnmaxA�AnPn�A � Tn�Q�� �	�
�

because we can write S as the union of at mostMn subsets consisting of strings which are
coded as the codeword m� 
 �m �Mn� and each such set of strings is an independent set
in Gn� Also

Pn�A � Tn�Q�� � max
x�Tn�Q�P

n�x�maxA�AnkA � Tn�Q�k � �	���

From Lemma ��
� we have

maxx�XnPn�x� �max
x�Tn�Q�

Y
x�X

P �x�N�xjx�

�
Y
x�X

P �x�nQ�x��K
p
nQ�x�

��
n
P

x�X Q�x� logP �x��Kpn
P

x�X logP �x�

�	�	�

Following the arguments on pp� �
� ��
� of Korner� ���� it is easy to see that

maxA�AnkA � Tn�Q�k � �
nmaxQ�MQ�X�A�H�Qj���Cpn

�	���

where � is the equivalence relation on X � A given by

�x� a���y� b� � a � b

and H�Q j �� denotes the relative entropy of Q given the � equivalence class� A sketch of

the reasoning underlying �	��� is as follows � Let A� � �a��� � � � � a
�
n� achieve maxA�AnkA �



Tn�Q�k� Pick x� � Tn�Q�� We construct Q� � MQ�X � A� using the conditional dis�

tribution Q��a j x� given by the empirical distribution of kernels in �a��� � � � � a
�
n� at those

co�ordinates where x� has symbol x� Then the n�string �x��� a
�
��� � � � � �x

�
n� a

�
n� is Q

��typical

and the n�string �a��� � � � � a
�
n� is �Q��typical� This shows that maxA�AnkA � Tn�Q�k is no

larger than the sum over Q � Mn
Q�X � A� of the number of Q�typical n�strings whose A

co�ordinates is �Q�typical� We can count these as the number of n�strings consistent with
a speci�ed type of n�string of equivalence classes under the equivalence relation given by
�x� a���y� b� � a � b�

On the other hand� we have

Pn�Tn�Q� �min
x�Tn�Q�P

n�x�kTn�Q�k
��nK�Q�P ��Cpn�Kpn

P
x�X logP �x�

�	���

From �	�
� ��	���� we get

Pn�S � Tn�Q��
Pn�Tn�Q��

��n	
logMn
n

�
P

x�X Q�x� log P �x��maxQ�MQ�X�A�H�Qj���K�Q�P �
��Kpn
P

x�X log P �x��C
p
n

��n	 logMnn
�H�G�Q�
�C

p
n

�	���
Now suppose H�G�Q� � R� 	 � R� Then �	��� yields

lim
n��

Pn�S � Tn�Q��
Pn�Tn�Q��

� � � �	���

Let E � Xn � S denote the set of strings that are received in error �i�e� coded as ���
Then �	��� is equivalent to

lim
n��

Pn�E � Tn�Q��
Pn�Tn�Q��

� 
 � �	���

But we have
Err�en� � Pn�E � Tn�Q��

So

lim inf
n��




n
logErr�en� � lim inf

n��



n
logPn�Tn�Q�� � �K�Q�P � �

It follows that

lim inf



n
log Err�en� � � inf

Q � H�G�Q��R
K�Q�P �

which establishes �
����

To prove �
���� observe that

Pn�S� �Pn��H�G�Q��R��T
n�Q�� � Pn�S � �H�G�Q��R��T

n�Q��

��N � 
�kXk� sup
H�G�Q��R��

Pn�Tn�Q�� � sup
H�G�Q��R��

Pn�S � Tn�Q���



Now



n
log sup

H�G�Q��R��

Pn�Tn�Q�� � � inf
H�G�Q��R��

K�Q�P �

and� from �	���� it follows that




n
log� sup

H�G�Q��R��
Pn�S � Tn�Q��� � � �

Hence

lim sup



n
logPn�S� � � inf

H�G�Q��R��
K�Q�P �

Letting 	� �� using Lemma ���� and the continuity of K�Q�P � in Q� �
��� follows�

To prove �
��� and �
�	�� we will use a random coding argument� For R � �� �
��� and
�
�	� are vacuous� Fix Q � Mn�X� with H�G�Q� � R� 	� Let Q	 � MQ�X � A� achieve
the minimum in the information theoretic characterization minQ�MQ�X�A�I�X 
 Y � of

H�G�Q�� Set �Mn � b �nR

�N���kXk c� We draw �Mn elements of An independently according

to the product distribution with marginal �Q	�n which for notational simplicity is denoted
Q
� Let A�� � � � � A �Mn

denote these elements� and denote their joint distribution by Q��
Fix x � Tn�Q� and let Ax � An denote the set of kernels of Gn that cover x� Then

Q��x is not covered by one of A�� � � � � A �Mn
� � �
 �Q
�Ax��

�Mn �	���

Now

Q
�Ax� � minA�Tn� �Q��Q

�A� � kAx � Tn� �Q	�k �	�
��

By Lemma � we have

min
A�Tn� �Q��Q


�A� � ��nH� �Q���Cpn �	�

�

Further� kAx � Tn� �Q	�k is bounded below by the number of Q	 typical X � A valued
n�sequences whose �rst co�ordinate is x� because the second co�ordinate of every such n�
sequence is a �Q	� typical n�sequence in An containing x� By considering the equivalence
relation 
 on X � A de�ned by the equality of the �rst co�ordinate� applying Lemma ����
gives the lower bound

kAx � Tn� �Q	�k � �nH�Q�j���Cpn �	�
��

From �	��� ��	�
��� we get

Q��x is not covered by one of A�� � � � � A �Mn
� ��
� ��nH�G�Q��C

p
n�

�Mn

��� �Mn�
�nH�G�Q��C

p
n

�����n��C
p
n�kXk logn



From this we get

EQ�Pn�Tn�Q� � � �Mn

i��Ai �
X

x�Tn�Q�

Pn�x�Q��x is not covered by one of A�� � � � � A �Mn
�

�����n��C
p
n�kXk log n

It follows that we can choose �Mn kernels A�� � � � � A �Mn
of Gn such that the Pn prob�

ability of all the n�sequences in Tn�Q� which are not covered by � �Mn

i��Ai is at most

���
�n��Cpn�kXk log n

� Thus one can choose b�nRc kernels of Gn such that the Pn prob�
ability of the totality of strings of type Q for any Q with H�G�Q� � R � 	 is at most

�n�
�kXk���
�n��Cpn�kXk log n

� This yields the existence of a source coding scheme �en��n��

for which

Err�en� � Pn��H�G�Q��R��T
n�Q�� � �n � 
�kXk���

�n��Cpn�kXk logn

and

� Err�en� � Pn��H�G�Q��R��Tn�Q�� � �n � 
�kXk���

�n��Cpn�kXk logn

For this source coding scheme

lim sup



n
log�Err�en�� � �infH�G�Q��R��K�Q�P �

and

lim inf



n
log�
 � Err�en�� � �infH�G�Q��R��K�Q�P �

Using Lemma ��� and the continuity of K�Q�P � in Q� one can now use a straightforward
diagonal argument to get a source coding scheme with

lim sup



n
log�Err�en�� � �infH�G�Q��RK�Q�P �

and

lim inf



n
log�
 �Err�en�� � �infH�G�Q��RK�Q�P �

proving �
��� and �
�	��
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