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Correctness Within a Constant of an
Optimal Buffer Allocation Rule of Thumb

Venkat Anantharam and A. J. Ganesh

Abstract—The problem is to allocate a fixed number of buffers
among the nodes of an open network of exponential servers with
Bernoulli routing and Poisson arrivals so as to optimize some
performance criterion associated with the time to buffer over-
flow, such as maximizing its mean or maximizing the probability
that it exceeds some value. In earlier work, we used pathwise
probabilistic arguments to derive a simple rule of thumb for this
problem: allocate the buffers in inverse proportion to the loga-
rithms of the effective service rates at the nodes. Here effective
service rate denotes the ratio of the service rate to the stationary
arrival rate in the network with infinite buffers. We showed that
this rule of thumb is accurate to within a known constant times
the logarithm of the number of buffers as the number of buffers
to be allocated becomes large.

In this paper, we use time reversal and Poisson clumping
arguments to show that our rule of thumb is, in fact, much
better than previously demonstrated. We show that the optimal
buffer allocation is within a constant of the rule of thumb as the
number of buffers to be allocated becomes large, although now
we cannot estimate the constant. In numerical terms, our earlier
result reduced the search space for the optimal buffer allocation
from O(N’~!) to O((og N)’ 1), where J denotes the number
of nodes and N the number of buffers to be allocated. Our
improvement reduces the search space to O(1).

Index Terms—Buffer allocation, communication networks,
Jackson networks.

1. INTRODUCTION

ETWORKS of queues are commonly used as mod-

els for the queueing processes taking place in
computer networks, communication networks, and manu-
facturing systems. An important problem in these applica-
tions is how best to allocate buffer spaces among the
nodes of the network so as to avoid frequent overflows.
Indeed, buffer overflow often has catastrophic conse-
quences in the applications above.

In this paper, we address the problem using an asymp-
totic approach. That is, we assume that the number of
buffers to be allocated is relatively large. This seems to be
a fairly reasonable assumption, at least in the communica-
tion network applications. Our network model will be the
skeleton of a Jackson network. Here we have a network of
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J exponential servers, with Bernoulli routing and Poisson
exogenous arrivals. The problem studied is how to allo-
cate a fixed number N of buffer spaces among the nodes
of the network so as to optimize some performance crite-
rion associated with the time to buffer overflow, such as
maximizing its mean or maximizing the probability that it
exceeds some value.

It is generally accepted that this problem is analytically
intractable. In view of this, the problem of estimating the
time to buffer overfiow by simulation has been studied by
several investigators. Simulation-based approaches to this
problem include the large deviation-theory-based ideas of
Cottrell et al. [5] and Parekh and Walrand [9], [10] and the
perturbation analysis technique of Ho et al. [6].

In [2], the following rule of thumb for this problem was
considered: allocate the buffers in inverse proportion to
the logarithms of the effective service rates at the nodes,
where effective service rate means the ratio of the service
rate to the stationary arrival rate in the network with
infinite buffers. It was shown there that this rule of thumb
is accurate to within a constant times log N as the num-
ber of buffers to be allocated becomes large. That is, if
one considers the optimal buffer allocation scheme con-
sisting of the optimal choice of buffer allocations for each
N, then there is an explicitly known constant K indepen-
dent of N such that, for each N, the rule of thumb buffer
allocation is within K log N of the optimal allocation.

Our contribution in this work is to show that the rule of
thumb is, in fact, much better than previously demon-
strated. We show that there is a fixed constant indepen-
dent of N such that the rule of thumb allocation is within
this constant of the optimal buffer allocation for each N.
We also give an explicit estimate for the constant when
the criterion of interest is the mean time to buffer over-
flow. In numerical terms, the earlier result reduced the
search space for the optimal buffer allocation from
O(N’~1) to O((log N)Y’~1). Our improvement reduces the
search space to O(1).

A closely related problem has been considered in [7]
and in [8], and solved analytically. The problem consid-
ered in [8] is that of estimating the mean time between
visits to a “rare” set in the equivalent infinite buffer
network in stationarity. The rare set is taken to be the set
of states corresponding to an overflow having occurred in
the finite buffer network. A solution to this problem using
ergodic arguments is presented therein. It is shown that
the buffer allocation that maximizes the mean time to
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buffer overflow is within a constant of the rule of thumb.
In a recent preprint [7],' a general class of Markov pro-
cesses is considered, and it is shown that the distribution
of the hitting time of a rare set, for the process in
stationarity, is approximately exponential; the parameter
of the exponential distribution is expressed as the eigen-
value of a transition rate kernel, and bounds are pre-
sented for the eigenvalue. Network problems are not
considered in this paper. However, we can specialize the
results of this paper to Jackson networks and derive a
result similar to ours. In particular, it can be inferred
from the bounds on the hitting time distribution therein
that the optimal buffer allocation is within a constant of
the rule of thumb.

A difference in our paper from the two mentioned
above is that we consider that the time to overflow in the
network started empty rather than in stationarity. Also,
we deal directly with the finite buffer network rather than
approximating the time to buffer overflow in the finite
buffer case with the hitting time of a corresponding set in
the infinite buffer case. The connection between the two
can be seen using Poisson clumping arguments [1]. Con-
sider the infinite buffer network in stationarity; let B
denote the set of states corresponding to an overflow in
its finite buffer counterpart. We wish to estimate the
hitting time of the set B. A typical picture of the path of
the process will consist of it starting with a small number
of customers initially in the system. This number will
eventually build up until the state enters the set B. There
may subsequently be a clump of returns to B before the
state again comes down to a small number of customers in
the system. Our paper and [7] deal with the time to first
hit B, and ignore the subsequent returns to B which we
expect will take comparatively short times. The work in [8]
finds the average time to hit B where the averaging
involves both the time to first hit B and the subsequent
return times. It will follow from the proof in Section V
that the mean number of returns to B, after hitting B and
before the network again becomes empty, is bounded
above by a constant, uniformly in B. This explains why
including the return times in the averaging does not
significantly affect the estimate of the hitting time.

Our results are more general than [8] in that they apply
to criteria associated with the time to buffer overflow
other than the mean. They also give much more detailed
information about the pathwise behavior of the network
than [7], which does not at all consider network issues
directly. Our technique is based on the use of time rever-
sal and pathwise probabilistic arguments to bound the
probability of buffer overflow in any cycle, starting with
the network empty and ending when the network first
empties after having had customers. This probability is
then related to the time to buffer overflow by the use of
renewal arguments to yield the desired result about opti-
mality.

"We thank a referee of the paper for bringing this work to our
attention.

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 40, NO. 3, MAY 1994

In Section II, we introduce some notation and state the
problem more formally. We state our main theorem in
Section III, and use it to obtain our result about the
approximate optimality of the rule of thumb. Section IV
and V deal with the proof of the theorem stated in
Section III. In Section IV, we introduce the reverse-time
network, and reduce the problem of proving the theorem
to that of bounding the probability of a certain event in
the reverse-time network from below. We obtain the
desired lower bound in Section V, completing the proof of
the theorem. Section VI contains some concluding re-
marks and discusses what seem to be important directions
for further investigation.

I1. PROBLEM FORMULATION

In this section, we describe our model and state the
problem more formally. A Jackson network with J nodes
is described by a J vector (p,*+, u;) of service rates at
the individual nodes, a (J + 1) X (J + 1) routing matrix
R that describes the interconnections of the nodes among
themselves and with the outside world, and a number y
corresponding to the rate of exogenous arrivals. Cus-
tomers arrive from the external world according to a
Poisson process of rate vy, are routed to node j with
probability r,;, and join the queue there to await service.
The service discipline at the nodes is assumed to be
first-come, first-served (FCFS). Service times are i.i.d. ex-
ponential, and independent of the arrival process. When a
customer finishes service at node j, he is routed to the
queue at node k with probability r,, and leaves the
system with probability 7. Routing is Bernoulli, indepen-
dent of the arrival process and the departure times.

We assume that our Jackson network is irreducible, i.c.,
it is possible for an exogenous arrival to visit any queue
before leaving the system. We also assume that it is
stable, namely, that the solutions of the flow balance
equations

A=yrg+ XL Ar,  1<i<] 2.1

jell]
satisfy

AN<w, 1<is<l]

where, by [J], we denote the set {1,---, J}. This is a natural
requirement if the network is to operate for reasonably
long periods of time without buffer overflow. We call
m; £ p,/A; the effective service rate at node i.

Let X,(¢) denote the queue length process at node j,
and let X(¢) = (X,(2), -+, X,(#)) denote the vector queue
length process. Then, it is known for Jackson networks
that X(¢) is a Markov process, with unique stationary
distribution 7 given by

m(xye 1) = [ pf = p)
ie[J]

2.2)

where p, £ 77! is called the load factor at node i (see,
e.g., [11].
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We are interested in the problem of assigning N buffers
to the nodes of this network so as to optimize some cost
function associated with the time to buffer overflow of the
network started empty. Call (N}, N,,---, N;) an allocation
if 2,¢(;)N; = N and each N, is a positive integer. Given
an allocation, define the set B as follows:

B={(x1,---,x,):x,-=Ni+1, forsomel <i <J

x; <N, forallj#i,1<j<J}. (23)
We call B the boundary for this allocation. Then, the
time for a buffer overflow to occur in the system started
empty is the same as the time for the Markov chain X(¢),
started at the origin, to hit the set B.

Our main result relates the probability that X(¢), started
at the origin, hits B before returning to the origin to the
stationary probability of the set B. We then relate the
probability of hitting B to the distribution of the time to
hit B, and use this result to justify the rule of thumb
proposed in [2].

I11. MAIN RESULT

The following rule of thumb was considered in [2].
Given N buffers, allocate roughly p;N buffers to node i,
where the fraction p, is such that ¢ £ p, logn; is a con-
stant independent of i. It was shown there that if
(N,,---, N;) is an optimal allocation, it must be close to
the rule of thumb in the sense that

IN; — p;NI < Klog N, 1<i</J 3.1
for a constant K independent of N and large enough N.
What was shown was that, if any allocation differed from
the rule of thumb by more than the above amount along a
subsequence of N — =, it performed worse than the rule
of thumb along that subsequence.

Consider any buffer allocation that satisfies (3.1), and
the associated boundary B as defined in Section II. Let o
denote the probability that X(¢), the Markov chain denot-
ing the vector queue length process starting at the origin,
hits B before returning to zero.

a £ P,(X(t) hits B before 0| X(¢) leaves 0).

Let w(B) denote the stationary probability of the set B,
ie.,

m(B) = Y, w(x)

x€B

3.2)

where 7(x) is given in (2.2).

Our main result can be stated as follows.

Theorem: Consider a Jackson network and a.scheme
for allocating buffers among its nodes such that the allo-
cations satisfy (3.1). Then, for some constants ¢, c, that
do not depend on the number of buffers N but may
depend on the network parameters, we have

c,m(B) < a <c,m(B). (3.3a)
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Further, for N sufficiently large, we have the explicit
estimates

o = Y+ Liey M (
! vy (0)

ITa- p,»))

ielJ]

1. P
-mmﬂb—4}(ww
jel] K

Here, B'j is defined just prior to (4.15), which gives a lower
bound for it. #\/} corresponds in the time-reversed net-
work to v, which is defined in (5.3).

v+ Zie[]].u'(
y7 (0)

As defined above, a is the probability that the network,
started empty, suffers a buffer overflow before returning
to the empty state, and B is the boundary associated with
the buffer allocation, as defined in Section II

Note: Tt is enough to assume that the buffer allocation
(N,,:-+, N;) satisfies the following: if n; = 7, then N; < N;
to within a term that grows slower than N. This is a much
weaker requirement than (3.1), but since the result of
Anantharam, see [2], guarantees that the optimal alloca-
tion satisfies (3.1), restricting ourselves to such allocations
entails no loss of generality.

We now introduce some notation. o denotes an infinite
subset of the positive integers. We write limy -, for N
going to « along the subsequence o . Given two functions
f(N) and g(N) on the positive integers, we write f(N) =
0,(g(N)) if lim y 5..(f(N)/g(N)) = 0. We write f(N) =
w,(g(N)) if g(N) = 0,(f(N)). Finally, all logarithms are
assumed to be to the base 2.

Next, we relate a to the time to buffer overflow using
pathwise probabilistic arguments. The approach closely
follows that in {2].

Consider a path of the process starting at 0 and ending
when it hits B for the first time. Call this time 7. The
path consists of a certain number of cycles » where the
process returns to 0 without hitting B, and a last segment
where it hits B before returning to 0. Notice that the
quantities 7 and v depend on N and the buffer alloca-
tion, as do some of the other quantities to be defined in
the sequel. However, for convenience, we suppress this
dependence in the notation.

Since the process started at 0 hits B before returning to
0 with probability « independent of its past, we see that
the number of cycles v of returns to 0 before hitting B is
a geometric random variable with parameter 1 - a)ie,

cy = (3.3¢)

Plv=k)=a( - a)k 3.4

and

3.5

Let & have the distribution of the time taken to return
to 0, starting from 0 and conditioned on not visiting B.
Let 8,,8,, - be i.d.d. with the distribution of 8. Let A



874

have the distribution of the time to hit B, starting from 0
and conditioned on not returning to 0. Also assume that
A is independent of (§,, n > 1).

Then, since the evolution of the process starts afresh
each time it hits 0 (by the strong Markov property), it is
easy to see that

d v
T= Y 8§ +A (3.6)
k=1
where T is the time X(¢) first hits B, and 4 denotes
equality in distribution. In particular,
- a
ET = —E§ + EA
o
1
= -;[(1 — a)ES + aEA]. (3.7)

It is easy to see that (1 — a)ES + aEA is the mean time
taken to either return to 0 or visit B, starting from 0. This
time is stochastically dominated by the mean time to
return to O starting from O in the network with infinite
buffers. Call this latter time T,. Then,
1
ET < —ET,. (3.8
a
Also, the distribution of T, is independent of N and the
buffer allocation, and it is easy to verify that T, has finite
mean and variance. Hence, ET, is independent of N and
(Ny, -, N;). Thus, by Markov’s inequality,
P(T = 7(N)) il E
> <—— < ———
=7 ~ 7(N) © ar(N)
Also observe that & stochastically dominates an exponen-
tial random variable of mean y~!. Indeed, if the network
is empty, we have to wait at least that long for an arrival.
From (3.4) and (3.6), and since an independent geometric
sum of independent exponential random variables is expo-
nential, it follows that T stochastically dominates an expo-
nential random variable of mean 1 — a/ay. Hence,

M) (3.10)
1—a

Notice that a is a function of N and the buffer
allocation, although the dependence has been suppressed
in the notation. Keeping this in mind, we consider a
subsequence o and a corresponding sequence of buffer
allocations. Then, from (3.9), we see that

7(N) = w,(a') = P(T > 7(N)) - 0. (3.11)

T,. (3.9)

P(T<7t(N)<1- exp(—

Likewise, from (3.10), we observe that

7(N) =o0,(a¢™") = P(T < 7(N)) > 0. (3.12)

We shall now use these estimates to show that, for any
reasonable criterion associated with the time to buffer
overflow T, there is a fixed constant independent of N
such that the rule of thumb allocation proposed in [2] is
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within this constant of the optimal buffer allocation for
every N.

Rule of Thumb: In allocating N buffers to “maximize
the time to buffer overflow,” one should allocate roughly
a fraction p;N of the buffers to node i, where p; is
inversely proportional to log 7,.

Justification: Let ¢ £ p;log ; (independent of i). Now,
for any buffer allocation scheme (N,,---, N;) such that
LieiN: = N, let g(N) £ min, ;5. Then, from the
expression for the stationary probability in (2.2) and the
definition of the set B in (2.3), we see that

IT1a- p,-)) min p;
ielJ]

ie(J]

~(B) Zg(N)_l(

and also,

m(B)< ¥ pM*! <Jmaxp,-g(N)™".
ielJ] iell]

Consequently, we obtain

k,g(N)' < w(B) < k,g(N)™! (3.13)

for constants k; = (I;c(;(1 — p;)) - min,(;, p; and k,
=J max,; ¢ ;) p;, independent of N and the buffer alloca-
tion scheme.

Denote 27°Ng(N) by h*(N). Suppose

liminf27“Mg(N) = 0.
N-ow

Then, there is a subsequence o such that A2(N) = o (D).
Then, also, #{(N) = 0,(1). Let T and T* have the distri-
bution of the time to buffer overflow for this buffer
allocation scheme and for the rule of thumb, respectively.
Note that, for the buffer allocation according to the rule
of thumb, the quantity g(N) defined above takes the
value 2¢V. We now see that

lim P(T < 2°Vh(N)) = lim P|T < g(N)) -
ot Il AT
(3.14)
by (3.3a), (3.11), and (3.13), whereas
lim P(T* < 2°¥R(N)) =0 (3.15)

NS35x
by (3.3a), (3.12), and (3.13), and the fact that w(B)!, for
the allocation according to the rule of thumb, is within a
multiplicative constant of 2¢V.

From (3.14) and (3.19), it is clear that the buffer alloca-
tion scheme is worse than the rule of thumb along o . This
suggests that the optimal buffer allocation rule must sat-
isfy

liminf 27Ng(N) > € (3.16)
N-ox
for some € > 0. Hence,

lim inf ( min]N,- logm, — cN ) > log €
[J

N-» \je
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or, equivalently,

min N, log n, — ¢N > log e, forall N

ie[J]

with possibly a different e. Substituting ¢ = p, log n, it is
straightforward to see that this implies

IN, - p,NI <K (3.17

for all N, where K = —log e- X, ;(logn,)~". Thus, we
see that the optimal buffer allocation is within a constant
of the rule of thumb. O

In the above argument, note that it is not possible to
evaluate the constant explicitly because of its dependence
on the unknown parameter €. However, if the criterion of
interest is the mean time to buffer overflow, a simpler
argument gives an explicit estimate for how far the rule of
thumb is from optimality.

Observe from (3.3a) and (3.8) that

ET, -1
ET < —=(B)
¢
where ET, is the mean time taken to return to 0 starting
from 0 in the network with infinite buffers. But E7) is a
constant independent of N and the buffer allocation, and
can be estimated using ergodic arguments. Indeed,

-1
Y

7(0) = ———

vy + ET,

since the mean time spent in 0 in each visit to it is y™!
and the mean time between visits is E7,,. Substituting for
ET, above now gives

ET < ém(B)”" (3.18)

where

= el7@
&= — | — —
! ye, \ w(0)
can be explicitly computed from the estimate for ¢, in the

statement of the main theorem. Also, it is easy to see
from (3.10) that

l-«a
ay

Hence, it follows from the estimate in (3.3a) that, for large
enough N,

ET >

ET > é&m(B)"

where ¢, = 1/2yc,, say.

Fix N, the total number of buffers to be allocated,
sufficiently large. Let B denote the boundary correspond-
ing to a given buffer allocation and B* the boundary
corresponding to the rule of thumb allocation (see (2.3)

(3.19)

K* =

for the definition of the boundary). Now, from (3.13),

7(B*) < k22’CN
and

7(B) > k,g(N)™

where the quantities ¢ and g(N) are as defined earlier,
and k, and k, are constants defined in (3.13). Let T and
T* have the distribution of the time to buffer overflow for
the above buffer allocation scheme and for the rule of
thumb, respectively. Then, it is clear from the above and
from (3.18) and (3.19) that

ET < ¢,g(N) (3.20)
and
(3.21)

where €, and ¢, are constants that can be computed from
above. We get

ET* > &2V

B 1 1
|7 Y
and
_ 1
= 2yc k,

where ¢, c, are as given in our theorem and k;, k, are
given in (3.13).

Let

log (¢,/¢,)
min; ., log 7,
Suppose the buffer allocation above differs from the rule
of thumb by more than K*, in the sense that there is
some node where the allocations differ by more than K*,
ie.,, max; ¢, |N; — p;N| > K*. Then, there is some node
j €[J] such that N, <p,N —(K*/J). Now, from the
definition of g(N), we get

K*=J

g(N) < an, < 2Ny K,

Hence, from the definition of K*, it is easy to see that
¢,8(N) < 2V,

Therefore, from (3.20) and (3.21), it follows that

ET* > ET.

Hence, the allocation according to the rule of thumb
performs better than any allocation which differs from it
by more than the quantity K* defined above when the
criterion of interest is the mean time to buffer overflow in
the network started empty. Also observe that the quantity
K* can be computed explicitly in terms of the constants
¢, and ¢, appearing in the statement of the main theorem
as

J(logc, — log ¢, + log(2J) — L, log(1 — p,) — min, ., log p; + max, ., log p;)

min; ¢, log »;
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where ¢, and ¢, are given in the statement of the main
theorem.?

In Sections IV and V, we will prove the main theorem
stated at the beginning of this section.

IV. WATCHING THE TIME-REVERSED NETWORK

In this section, we begin the proof of our main theorem,
which was stated at the beginning of Section III, and used
subsequently in that section to justify the rule of thumb
for buffer allocation proposed in [2].

We shall use time-reversal arguments to reduce the
problem to one of estimating the probability that the
Markov process X(¢), starting from a point k on the
boundary B, hits 0 before returning to B. We show that, if
for some specified points in B this probability is bounded
away from zero, uniformly in N, then the theorem is true.
This section will deal with the proof of the above state-
ment. Then, in Section V, we will show that this probabil-
ity is indeed bounded away from zero, as required.

Consider a Jackson network as defined earlier, with
vector queue length process X(¢). We first consider the
discrete-time Markov chain X(n) obtained by embedding
at the virtual jump times. The virtual jump process is the
sum of the exogenous arrival process and the virtual
departure processes as the individual nodes. These are
independent Poisson processes, with future independent
of the current state; hence, the virtual jump process is
Poisson (with rate y + ):,E[ 71 #;) with future independent
of the current state. It is an easy consequence of this that
the embedded process X(n) has the same stationary
distribution 7 as the original process X(1); see, e.g., [11].

Next, let Y(n) be obtained from X(n) by watching it in
the set 0 U B. Then, Y(n) is also a discrete-time Markov
chain, with stationary probability # given by

#(j) = ( y w(i))‘lw(j).

ieQuUB

4.1

We are interested in its transition matrix P. Specifically,
we have

a = Py(hit B before 0| leave 0).
But
P(0,0) = Py(X(n) = 0 before X(n) € BIX(1) # 0)

Py(X(1) # 0) + Py(X(1) = 0)

Y p o
= —————— P, (return to 0 before hitting B)
v+ Zie[]]“’i
Eieu]#i
Y+ Lyt
4 Liey
S A ¢ WV S — L Lo
Y+ et Y+ Lie M
ay
=1-— .
v+ Zie[]]l‘i

ZA sharper pass through our development can give a somewhat
improved K*. The essential point, though, is that there is such a K*
and it can be explicitly estimated.

Therefore,

Y+ T

a= Y P(0,k)- 4.2

keB
using the stochasticity of P, which implies that 1 — P(0,0)
=Yie BP(O k). Now, let Y(n) be the time reversal of
¥(n), so ¥(n) is a Markov chain with the same stationary
probability #, and its transition matrix P is given by

#(HPG,i)

BG,j) = — , §LjEOUB. (43)
(i)
Thus,
50 k) #(k)P(k,0)  w(k)P(k,0) r<B
P O, - 1AT(0) - 7T(0) » »
4.4
and so
1 _ + X
a=-—= Y w(k)P(k,0)- YT Rl 4.5)
17(0) keB
by (4.1). Since P(k,0) < 1, we clearly have
(k)')’+z}"=1l‘«i 7(B) v+ LI
a< —— = . .
0 5" y w(0) Y
4.6)

Now, consider k € B of the form (N; + l)e; where ¢; is
the jth unit vector. this corresponds to a buffer overflow
in the jth queue, with all other queues being empty. « is
clearly no smaller than the sum in (4.5) restricted to just
such terms. Thus,

T (N + Dey)
a > m . e.
77.(0) jetn) J J
- + T
P((N; + 1)e;,0) - R La SR
We also have
7(B) < ¥ w((N+1De) [I QA -p) . (48
jelsl ielJ]

i#j

If we can show, for each j, that P((Nj + De;,0) is
bounded below by a positive constant, which is indepen-
dent of N and (N,,-+, N;) which satisfy the assumption
(3.1), then it is easy to see, from (4.7) and (4.8), that

a = c,m(B). 4.9)

Combining this with (4.6), we get
c;m(B) < a < c,m(B)

which is the claim of our main theorem.
Notice that, for c,, we have the explicit estimate from
(4.6):

Y+ Zie[]]#’i

por ) (4.10a)

Cy =
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This completes the proof of the second inequality in the
theorem. It remains to prove the first inequality and
estimate the constant c;. Now, from (4.7) and (4.8), it is
clear that we can take

')'+Eiemﬂi (
Cl I e————— et %

ielJ]

(4.10b)

The term P((N}- + 1)ej, 0) will be estimated in the course
of the proof of the theorem.

Thus, we have reduced the proof of our theorem to
showing that, for each 1 <i </, 15([N,- + 1]e;, 0) is
bounded away from zero, uniformly in N, and for all
buffer allocations allowed by (3.1).

Here, P is the transition matrix of Y(n), which was
obtained by embedding X(z) at the virtual jump times,
watching the resulting Markov chain in the set 0 U B, and
taking the time reversal. For ease of computation, we
would like to have the result in terms of X (1), the time
reversal of X(z). Define Z(n) to be the embedding of
X(t) at its virtual jump times, and let Z(n) be Z(n)
watched in the set 0 U B. Then, since the time reversal of
the watching of the embedding is the same as the watch-
ing (in the same set) of the embedding of the time
reversal, we have Z(n) = Y(n). Thus our result can be
stated in terms of Z(n) instead of Y(n).

It is known that the time reversal X(t) of the queue
length process X(¢) of a Jackson network is the queue
length process of a different Jackson network, with the
same number of nodes but different parameters as fol-
lows; see [11]. Also, if the original network is irreducible
and open, then so is its time reversal:

y=v (4.11)

B=pm, 1<is<l] (4.12)
A .

Ty =3 i 0<i,j</. (4.13)

Here, vy is the rate of exogenous arrivals, u; is the service
rate at the ith node, and r;; is the (i, j)th entry in the
routing matrix R for the original network, and the same
quantities with tildes refer to the corresponding quantities
in the reverse-time network. Also, in (4.13), A, is under-
stood to refer to y. The A;s solve the flow balance
equations (2.1) in the original network. The solutions to
the flow balance equations in the reverse-time network
are also the same, i.e.,

Xi = ’\iv

1<i<l/. (4.14)

Thus, our problem is equivalent to showing that the
process Z(n), started at (N, + 1)e;, hits 0 before return-
ing to B with probability bounded away from zero, uni-
formly in N and in the permitted buffer allocations, and
for all 1 <j < J. Observe that, by our assumption that the
network is irreducible and open, there is a path along
which it is possible for a customer in any queue j to leave

the system in the time-reversed network. In other words,
there is a sequence of distinct nodes j = jg, j1»* s Ju_15Jn
= 0 such that 7, ; >0 for each k €{0,"-,n — 1}. De-
fine B to be the probabﬂlty that Z(n), started at (N, +
De;, hltS N;e; before returning to B. It is then clear that
n—1 r.
3, > BT (4.15)
k=0 ‘Y+Zie[1]#i .

since the right-hand side above is the probability that the
leading customer in queue j leaves the network before
any new customers enter the network or any other cus-
tomers move out of queue J. In the event that this
happens, the network state reaches the point Ne; before
hitting B. Notice that the above probability is positive and
mdependent of N and the buffer allocation. Furthermore,
Z(n) is in B before 0 after this if, and only if, X(¢) is
since Z(n) is obtained from X(z) by embedding at its
virtual jump times and watching the resulting process in
0 U B. So, our problem is reduced to showing that X(¢),
started at N.e;, hits 0 before returning to B with uni-

fAS L
formly positive probability. We also have the estimate

P((N; + 1)e;,0) = B,P(Ne;,0) (4.16)
where the quantity ﬁj was defined above and shown to be
strictly positive.

Proposition 4.1: Let X(t) be the queue length process
of a stable, irreducible, open Jackson network of the form
defined earlier. Consider a sequence o with, for each N
in the sequence, a buffer allocation (N,,**, N;),L; ¢ 1N,
= N satisfying the condition in (3.1). Then, for each j
such that 1 <j <J, we have

P(k;,0) > €

for some e > 0 independent of N and (N,,-:-, N). Here,
k; is the state Ne;, and P(k 0) denotes the probability
that X(t), the time reversal of X(2), started at k;, hits 0
before B, where B is the boundary associated w1th the
buffer allocation.

If this proposition is true, then, in conjunction with
(4.5)-(4.9), it implies that our main theorem is true. The
proof of the above proposition is addressed in the next
section.

V. PROOF OF THE MAIN RESULT

In this section, we discuss the proof of Proposition 4.1.
That is to say, we show that the Markov chain X(¢),
started at k E Nee;, hits 0 before returning to B with
probablllty largcr than some positive real number € which
is independent of N and the buffer allocation. The proof
consists of two parts. The first part involves showing that
the system started with the jth queue full does not un-
dergo a buffer overflow in some other queue before the
system becomes empty (with sufficiently high probability).
The proof employs a fluid limit approach and is dealt with
in Sections V-A-V-C. The second part involves showing
that, with probability bounded away from 0, the system
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empties before suffering another overflow in the jth
queue. The proof is contained in Section V-C, and uses a
simple martingale argument.

As stated earlier, X(¢) evolves like the queue length
process of a stable, irreducible, open Jackson network
whose parameters are related to those of the original
network through (4.11)-(4.13). Observe that the effective
service rates m; at the individual nodes remain the same.
Since our rule of thumb for allocating buffers depends
only on the effective service rates, it would give rise to the
same buffer allocation in the reverse-time network as in
the original one. Thus, if a boundary B corresponds to a
buffer allocation in the original network satisfying the
condition in (3.1), then the same is true in the reverse-time
network. We use the above facts to simplify our notation
by dropping tildes. It should be noted in the following that
all network parameters refer to those in the time reversal
of the original network, although this will not be made
explicit in the notation. Also, we shall henceforth deal
only with the time-reversed network; X(¢) will be used to
denote its queue-length process.

Consider N going to infinity along a subsequence o of
the positive integers, and a corresponding sequence of
buffer allocations (N,, -+, N)). Define p) = N, /N for each
N in the subsequence and each k € [J]. Observe that, if
the buffer allocations satisfy (3.1), then pY¥ — p, as N —
« for each k € [J] (where p; was defined in Section III to
be the fraction of buffers allocated to node i by the rule
of thumb). If we let X™(¢) denote the queue length
process when the Jackson network is started with N,
customers in the jth queue and all the other queues
empty, then we are interested in P(XM(t) € B before
X™(¢t) = 0) for large N. We shall bound this probability
from above using the fluid limit of the processes X™(¢) as
N - o,

A. The Fluid Limit

The fluid limit of a sequence of discrete flow processes
is described in [3] and [4]. The main results that we shall
use in this paper are the following.

The sequence of stochastic processes X™(¢) described
above converges to a limit X(¢) in the sense that, for any
€ > 0andall € > ¢,

1
—XN(Nt) — X(8)

sup

No= \o<i<T

lim P(

=€

1
XM - x«n" < eu) =0 5.1

where || X|| = max; ;| X;|. This is a consequence of [3,
Corollary 1]. The proof involves showing that X ¥(Nt)/N
— X(t) is a martingale, showing that its quadratic varia-
tion goes to zero as N — o, and applying a martingale
maximal inequality (Lenglart’s inequality); see [3] for de-
tails. Furthermore, it is shown in [4] that the evolution of
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X(¢) is deterministic, and is described for ¢ > 0 by the
solution of

X;(8) = X(0) + yry;t
+ 2 (it =Y ))ry; — (it = Y()) (5.2)

jelyl
subject to
X)) =0 (5.2a)
Y is nondecreasing with Y(0) = 0 (5.2b)
Y, is increasing only at times ¢ > 0 when X;(¢) = 0,
ielJ]. (5.2¢)

The intuition behind the above set of equations is the
following. Initially, the buffer at node i contains a quan-
tity of fluid X;(0). Flow enters node i from outside at rate
Yroi» and, in addition, a fraction r; of the flow leaving
node j up to time ¢ is routed to node i, all these
quantities being deterministic. Each node j is capable of
pushing flow through at a maximum rate of w;, and does
so while it is not empty. If it is empty and the inflow rate
into it is smaller than p;, then the outflow rate is equal to
the inflow rate and the buffer at that node continues to be
empty. The quantity Y(¢) measures the difference be-
tween the maximum flow that node j could potentially
have pushed through up to time ¢, which is u;, and the
amount of flow it actuailly pushed through, i.e., it mea-
sures the “wasted” throughput at node j. This picture
makes it easy to write equations describing the quantities
Y,(¢) and X(¢), which we proceed to do below.

We now consider a fairly general initial condition, where
the only condition we impose is that

X, = lim (1/N)X}(0)
exist for each i € [J]. Let I denote the set of nodes i
such that X(0) is nonzero. Let
7=inf{r > 0: X,(t) = 0 for some i € I}

be the earliest time (possibly never) that the buffer at
some node in I becomes empty. Now, by (5.2b) and (5.2¢),

Y(t)=0, VO<t<rt,Viel
Let »’ solve the generalized flow balance equations

Y W Awpry, kelll

ielJ1-1

I
vi=yrg+ L mry +

iel

(5.3)

The v/ have the interpretation of being the rate at which
fluid enters node k until some node in I empties out. This
consists of yr, entering from outside, plus a fraction r;
of the fluid leaving node j. If node j is not empty, fluid
leaves it at rate p; else fluid leaves it at the minimum of
the rate at which it enters and the rate at which node j is
capable of pushing flow through, which is w,.

The following lemma is a consequence of the idea that,
if the flow incident at a node is less than its capacity, the
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difference is wasted throughput at that node. This enables
us to write expressions for the Y,(¢); a simple computation
then gives us the X(¢), i.e., the fluid limit. The computa-
tion is shown in the proof of the lemma below.

Lemma 5.1: .
vl) * t,

Y. (£) =(u, — VOo<t<r,ielJ]l-1I

where (u; — v/)*= max(yu; — v/,0).
Proof: Substitute

0, iel

Y = (g, —vD7t,  iell]-1I

in (5.2) to obtain

X;(6) = X;(0) + yrot + 3 purit

iel

+ X Gy A= (A )
ielJ]-1

=X,-(O) + V,-It — (,u.j A Vj[)t by (5.3)

I * .
=X,0 +(v/~pw)t, O<t<rjelJ]l-I

(5.4a)
and also

X,(0) = X,0) + yrot + ¥ puryt

iel

+ 2 (A Vil)rijt -yt
ielJl-1

=X +(y/ —w)t, O<t<nt,jel

(5.4b)

It is now easy to check that (X(#), Y(¢)) satisfy (5.2)—(5.2¢)
for all 0 <t < 7, and the lemma follows by uniqueness of
the solution, which is also established in [4].

B. Negative Drift of the Fluid Limit

In the last section, we computed the fluid limit of the
queue length process, and showed that the actual queue
length process stays close to the fluid limit with high
probability. The fluid limit is a deterministic process. In
this section, we use the assumptions of stability and irre-
ducibility of the network to show that the fluid limit has
negative drift. More precisely, L, . ;,X;(¢), the total quan-
tity of fluid in the network, is strictly decreasing at a
positive rate as long as the network is not empty. In the
next section, this fact will be used to show that a buffer
overflow, in the queues other than queue j, cannot occur
for the fluid limit, and hence, with high probability, for
the actual queue length process, before the system emp-
ties. This depends on the a priori assumption, made in the
statement of Proposition 4.1, that the buffer allocation
satisfies (3.1).
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We now take up the drift computation. For I as above,
define U, = {i € J: v} > u,} where v/,i € [J] solve (5.3).
U, denotes the set of nodes where fluid builds up when
the nodes in 7 are putting out flow at their maximum
rates. That is, the inflow rates at these nodes exceed their
capacity to push flow through. Equivalently, in the origi-
nal queueing network, the queues in U, have arrival rates
greater than their service rates when the departure pro-
cesses out of the queues in [ are replaced by the corre-
sponding virtual departure processes.

Let Uy =1 U U,. This is the set of nodes which have a
nonzero fluid level X(t) during (0, 7), and hence have
outflow rates equal to their maximum outflow rates during
this period. For i, j € Uy U 0, let p;; denote the probabil-
ity that a customer leaving node i visits node j before
visiting any other node in U; U 0, where 0O refers to the
outside world. Then, for j € U/, we can rewrite (5.3) as

le = Ypy; P Pij- (5.5)

ieyy

This just says that the flow rate into node j in Uj is the
fraction of flow entering the network from outside which
first enters the set U; at node j, plus the rate of flow
leaving nodes in U] which first returns to the set U] in
node j. The justification for this is that no flow is either
created or held back at nodes outside U, the inflow rates
into these nodes being exactly equal to the outflow rates
therefrom. Hence, we get

Z (le - H,') =X ('YPO, i Pjo)

jeuy; JeU;

+ 2 X ( Pij — Mjpji) (5.6)
ey jeuy;
where we have written
M = Mj( Pjo + E pji)
ieyy

for each j € U;. Now, observe that
Z YPo; = Z Aj Pjo

jey; jey;

where the A’s solve the original flow balance equations
(2.1). This just says that the net flow rate into U; equals
the net flow rate out of U] in equilibrium. Hence, (5.6)
can be rewritten as

L (v -m)= L= me

i€y jev;

;.7

where A; < u; for each j by our assumption that the
network is stable, and at least one py, is greater than zero

by our assumption that it is irreducible. Hence,

L (v - ) <0

jel; ‘

(5.8)
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We infer from (5.4a) and (5.4b) and the definition of U}
that

X0 = E [p+ (5 - w)l,

jeU; jeuy;

O<t<r~

(5.92)
O0<t<r7. (59

It follows from (5.8), (5.9a), and (5.9b) that ¥;e ;)X (1)
is decreasing at a constant positive rate on [0, 7]. Since
Lie X0 = L, ,p; is finite, it follows that 7 is finite.

So far, we have shown negative drift until some node in
I, the set of initially nonempty nodes, becomes empty. At
this time, the flow rates change, but a similar argument
can be used to show that the fluid limit has negative drift
with the new rates. Also, the nodes that were stable
earlier continue to be stable under the new rates. Hence,
nodes not in U] continue to remain empty. This argument
can be repeated inductively until the time that the total
amount of fluid in the system becomes zero. The induc-
tion is made precise in the remainder of this subsection.
_Let I ={i € [J]: X,(v) > 0}. It is clear from (5.9b) that
I'c Uj. In fact, it is a proper subset since X,(r) = 0 for
some i € I by definition of 7. It is then clear from (5.3)
that »/ < »Yi. Also observe from (5.3) that »’ = /. It is
now an easy inference that U; ¢ U; and U} C U], where
the latter inclusion is strict. To see this, observe that if
i € I — I (there is such an i), then X(¢) was decreasing in
[0,7], so i & U, consequently i & Uj, and therefore i &
U;.

We now consider the flow process when started in the
initial condition X(0) = pe;, where e, is the jth unit
vector. Let (X(¢), t > 0) denote the resulting flow process
specified by (5.2)~(5.2c). Define I, = {j}, 7, = inf{t > O:
Xj(t) = 0}. Assume inductively that f,,---, I, and 74, T,
have been defined. Define

L,.={lielJ]: X(z) > 0}
and, if I, ,, # &, define

X(6) =0, Vjel)l-U,

Topq =inf{t > 1, X;(#) =0forsomei el ,,};

else, if I,,, =, define 7, , = 7,. Finally, define 7=
sup,, .

Our arguments above imply that 7, , — 7, is finite for
each n, and that U is a strictly decreasing sequence of
sets until it becomes empty. Since 1, C U, it follows that
only finitely many I, are nonempty (at most J, in fact),
and therefore only finitely many 7,,, — 7, are nonzero.
Hence, 7 is finite. Also observe from (5.8), (5.9a), and
(5.9b), applied to each phase [7,, 7, ], that

Y X <p,

ieUf

Vo<t<rt (5.10a)

since the total amount of fluid initially in the network is a
quantity p; at node j and zero at the remaining nodes.
Also,

X(1)=0, VO<t<rt,VieU), (510b)

In fact,

X)) =0, Vr<t<rViel, (5100

C. Proof of the Main Result

In this subsection, we complete the proof of the main
result. We have obtained above an expression for the fluid
limit and have computed its drift. We combine this with
(5.1) to obtain bounds on the actual queue length process.
Observe that, by (5.1),

> e} =0

for all €> 0, where || X|| = max; ., |X,l. Then, (5.10a)-
(5.10c) imply that the following statements are true with
probability going to one as N goes to infinity:

Y XM < (p; + N,
ie[J]

1
—XM(Nt) - X (1)

sup

Noo lo<e<r

lim P{

V0 <t<Nr (511a)

so the inequality holds, in particular, for each i € U:

XY(t) <eN, VYO<t<Nr,Vigl, (511b)

and, in addition,

XN(t) <eN, VNry<t<Nr (51ic)

for all € > 0. Finally, since X(7) = 0, by definition of 7,
we also have

X¥(N1) <eN, VielJ] (5.12)

with asymptotic probability one.

We thus have bounds on the queue length until the
time N7 that the fluid limit hits zero. We would like to
extend this to the time that the actual queue length
process hits zero. In order to do so, we need the following
lemma, which is proved in [2].

Lemma 5.2: Consider a stable, irreducible, open Jack-
son network, started with a total of N customers in the
system. Then, the time for the network to empty is
stochastically dominated by the sum of N independent,
identically distributed random variables of finite mean
and variance.

Let Ty = inf{t > 0: X¥(¢+) = 0V i € [J]}. Then, by the
above lemma and (5.12), T, — N7 is stochastically domi-
nated by the sum of €JN i.i.d. random variables of finite
mean and variance. Since the exogenous arrival process is
Poisson of rate vy, the total number of exogenous arrivals
in the period [7N, T), ] (taken to be empty if TN > Ty) is
less than a constant times eN, with probability going to
one as N — . In conjunction with (5.12), this implies
that

Y XN(t) < keN,
ielJ]

VNr<t<Ty (513)

with asymptotic probability one, where & is some constant
independent of N and e > 0 is arbitrary. This allows us to
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extend the validity of (5.11a)-(5.11¢) to the entire period
[0, Ty ), where Ty, is the first time that the system is empty.
In (5.11a)-(5.11c), we have obtained bounds on the
queue length process until the first time that it hits zero.
We wish to use these bounds to show that there is no
buffer overflow during this time. To that end, we make
use of the following lemma and its corollary.
Lemma 5.3:
My H;
A < y s forall k € Up,.

Proof: For a J vector 7, define

&) = yroe + X (A pdry + T
ielJ]-j
Then, the solution »Y} to the generalized flow balance
equations (5.3) with I = {j} is the unique fixed point of ¢.
Observe that ¢ is monotone, i.e., if n > £, then ¢(n) >
¢(&). Let A, i € [J] solve the original flow balance equa-
tions (2.1). Consider

B H
¢k(T]A) =yt X (T])‘i A W T T Tk
7 ielJ1-j J
L]
5_7’0k+ Y At A’k
A iet-j N AT
K
-
3k

J

where we have used (2.1) and the fact that u; > A
Hence, ¢(u;/A)A) < (p;/A)A, and it follows from our
arguments above that (/A Y\'> »U. But w, < vP? for
k € Uy, by definition of U U;y hence, wy < (ui/ADA V

k € U;,, which proves the lemma.

Corollary: p, > p; for all k € U, This is a simple con-
sequence of the rule of thumb that p, log(u,/A,) is
constant and the above lemma.

If (N}, -+, N,) is a buffer allocation consistent with (3.1),
then |IN, — p, NI <Klog N. In conjunction with the
corollary above and (5.11a), which was shown earlier to
hold for all 0 < ¢ < T, this implies that XN(t) < N, V
0 <t < Ty, Vie€ U, with probability going to one as N
goes to infinity. Likewise, (5.11b), coupled with the obser-
vation that p; > 0 for all i € [J], implies the same result
for queues i ¢ U, We have thus shown that, for all
buffer allocations consistent with (3.1), the network started
with N customers in the jth queue and all other queues
empty has asymptotic probability one of the emptying
before suffering a buffer overflow in any queue other than
queue j. That leaves us with the task of bounding the
probability of a buffer overflow in the jth queue before
the system empties.

Let X™(¢) denote the process started in the same initial
condition as X ¥(¢), but with the output of the queues in
U replaced by their virtual departure processes. Clearly,
the queue length process X V(¢) dominates X V(¢) (to see
this, color red the virtual departures from nodes in U},

that are not actual departures, color blue all other depar-
tures from all nodes and exogenous arrivals, give blue
customers preemptive service priority, noting that this
does not affect the distribution of total number in queue,
and observe that X™(¢) is the process of blue customers,
while X"(¢) is the process of all customers). It is easy to
check that X"(¢) evolves like an unstable Jackson net-
work, the inflow rates into whose queues are given by the
solution »¥! of the generalized flow balance equation
(5.3). If we now consider an initial condition where queues
outside U(’” are in their stationary distributions, then the
inflow process into queue j will be Poisson of rate v/,
This dominates the inflow process into queue j in the
process XN(t), wherein the queues outside U were
initially empty (this can also be shown using the coloring
technique employed above).

We thus see that X(¢) is dominated by a birth and
death process Y(¢), of birth rate vV}, death rate u;, and
started at Y(0) = N,. Now, from (5.8) applied to I = {}},
we see that ):,EU,(V‘” - ) <0, where U, =j U U,
But v!1 > y, for %e U; by definition of Uj;. Hence,
v < ;. Now, observmg that (p;/v/)"® is a martin-
gale it can easily be seen that

P(Y(t) = N, + 1 before Y(¢) = 0) < v/
and since Y(¢) dominates X,Y(¢), it follows that
ij /

That is, queue j empties before overflowing with probabil-
ity bounded away from zero, uniformly in N.

Let T =inf{t > 0: Y(t) = 0}. Then, since Y(¢) is a
stable birth and death process,

P(X(1) = N, + 1 before X'(1) = 0) < (5.14)

lim P(Y(1) <N,
N-ox

Ve [T, Nr|) =1

since 7, is a constant that can be computed from the
rates, and a stable birth and death process does not grow
by N in time linear in N, with asymptotic probability one.
Hence, XjN (¢) does not overflow before the time N7,
with probability bounded uniformly away from zero. Ap-
plying (5.11¢) to the interval [Nr,, Ty ], we see that X¥(¢)
< N, for all ¢ in this interval with probability asymptotl-
cally equal to one. Putting these results together, we
conclude that the probability of the jth queue suffering a
buffer overflow before the system empties is bounded
uniformly away from zero as N goes to infinity.

We have thus shown that, for buffer allocations
(N,,*+, N;) consistent with (3.1), the queue length process
X(1) with initial state X(0) = N,e; satisfies

lim inf P(X(¢) = 0 before X,(t) =N, + 1,
N-ox

forany i € {J]) > 0.

This completes the proof of Proposition 4.1.

It is, in fact, possible to obtain an explicit lower bound
in the last equation. Observe from (5.14) and the argu-
ments following it that the probability of a buffer overflow
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in the jth queue before the system empties is bounded
above by »!}/u, for large enough N. Also, by the argu-
ments involving the fluid limit, it was shown that the
probability of a buffer overflow before the system empties,
in a queue other than queue j, goes asymptotically to
zero. Therefore,

li}{,nian(X(t) = 0 before X, (1) =N, + 1,

L
foranyie [J]) =1 - -
K
under the initial condition X(0) = . But the above
probability is precisely P(N, ie;, 0). Hence, using (4.10) and
(4.16), we obtain the estimate for large enough N,

Y+ Zie[]]/“i ( 1 a- Pi))

c, =
! ')"”(0) ielJ]

1. pl}
- min —ﬁ -1
jetn1 2 K
where (4.15) glves a lower bound on [3 and we write 71/}
instead of v} since this quantity refers to the time-re-

versed network This completes the proof of the theorem.

VI. CoNCLUSION

The problem of allocating storage in a Jackson network
so as to avoid frequent buffer overflows was considered,
and it was shown that a rule of thumb proposed for this
problem in [2] is within a constant of the optimal alloca-
tion.

It would be of considerable interest to extend this result
to less restrictive models of queueing networks. This is
particularly so in the context of manufacturing systems,
where the Jackson network model is not very realistic.
Another extension that would be of interest is to multi-

class networks, where customers could belong to one of a
finite set of classes. It may be remarked here that while
the method of allocating buffers that we have considered
has given rise to cuboidal boundaries in the corresponding
Markov chain, essentially the same techniques developed
here could be applied to different boundary shapes arising
from a different model.

The results derived in this paper are of an asymptotic
nature. It would be useful to have error bounds that are
applicable for all finite values of N. This may be easier to
accomplish for specific cases of the cost function, such as
the mean time to buffer overflow, for instance.
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