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ABSTRACT

‘ This paper is concerned with the occurence of rare events in stationary, continuous time Markov chains
(CTMC). The following observation is exploited: given that a stationary CTMC is in a set B at some time
1o, the path by which it got there has the distribution of the reverse time process given that it started in the
set B. For rare events, the path of the process in forward time, up to time 1o, asymptotically approaches the
fluid approximation limit of the reversed time process. Thus one derives direct analogs of results that are
obtained using the theory of large deviations, while the methad is substantially easier to apply whenever the
time-reversed process is known. As an application, the build-up of large quene lengths in Jackson networks is
analyzed. The utility of these results is that the paths obtained often suggest effective importance sampling

schemes that can be used in simulation. This is demonstrated in a two queue tandem network.



1. Introduction

This paper is concerned with identifying how rare events occur in stationary continuous time Markov chains
(CTMC’s). Previous approaches to this problem mainly involve the Wentzel-Freidlin theory of large devia-
tions and the solution of the so-called exit problem. (See [V'a].) This is a variational problem the solution
of which asymptotically determines the logarithm of the probability of occurence of a rare event during a
regenerative cycle of the process. From the solution of the exit problem one also obtains an asymptotic
characterization of the path of the process leading to the rare event. This path is useful in importance
sampling methods for the estimation of probabilities of rare events by simulation. It provides parameters for
the optimal, in a certain sense, simulation of the Markov chain. This connection was suggested in [CFM]
and is further explored in [Bu].

A significant difficulty with this approach is that the classical theory of large deviations does not apply
directly to certain Markov chains that arise frequently in applications. Roughly speaking, the difficulty is due
to discontinuities of the transition rates at the boundary of the state space. An important such example is
the problem of evaluating the probability that the total number of customers in an ergodic Jackson network
of queues exceeds some level N — o0 during a busy cycle of the network. A substantial amount of work
has been devoted to this problem. In [P1V] a heuristic exit problem was proposed and the solution to the
ensuing optimization problem was obtained in [FA1L), [FA?2] and [FLA]. In [DIM] a viscosity solution was
obtained for an associated variational problem and a partial characterization of the action functional for large
deviations of a related class of Markov chains was obtained in [PEW]. An action functional for networks
of queues in series was provided in [Ts]. The solution of an associated exit problem for two queues in series
was also obtained.

The point of departure for this paper is the observation in [F LA] that the exit path obtained by solving
the heuristic variational problem in [PTV], for the particular event described above, corresponds to time
reversal of the Jackson network with respect to its stationary probability distribution. Our main result is
the formulation, in Section 2, of this observation into a limit theorem which holds for general CTMC's and
general events. Roughly speaking, the result can be stated as follows:

given that a stationary CTMC is in a rare set BY at some time (say 0), then as N — co, the path
by which it got there is the same path by which the reverse time process evolves, given that the

reverse time process starts in the set BY.

The above requires that an appropriately scaled version of the reverse time process has a deterministic fluid
_Timit, which is a consequence of the law of large numbers. In addition, the limiting “hitting distribution” on
BN given that the process ends up in BV, is equal to the limiting conditional stationary measure on BYN.
If this limiting conditional measure is concentrated on a single point, then the above result states that, with
very high probability and asymptotically as N — cc, there is only one way in which the rare event occurs.
1f the conditional stationary measure on BN las a nondegenerate limit, then the occurrence of the rare
event can be described as follows. The hitting location is first chosen (according to the limiting conditional
measure). Then, given the hitting location, the CTMC follows the fluid limit path on which the reversed
process evolves from that location. These results are direct analogs of what one obtains from the theory of
large deviations when it is applicable.

In Section 3 we specialize the results of Section 2 to Jackson networks. A derivation of the well known
fluid Iimit is presented and in Section 3.5 we obtain limits of the conditional stationary distribution or a
class of open convex sets. The latter belongs to a class of results on limiting conditional product form
distributions. (See [K€2] and references therein.) It may be of independent interest since it does not seem
to follow from previous results.

Section 4 contains an application to the build-up of large quenc lengths in a two gueue tandem network.
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In Section 5, simulation of rare events hased on importance sampling is carried out for the two quene example
of Section 4. For the CTMC’s considered here, an interesting featnre of our results is that they readily provide
parameters on which eflective importance sampling schemes could be based. The possibility is illustrated in
Section 5 by a simulation of the example of Section 4. Finally, the results are summarized and related future

research problems are described in Section 6.
2. The general scheme

Consider a family of CTMC's denoted by (X7 (t)). For each N > 1, XV belongs to a subset §V of
Z/N & {(k/N: k€ Z)

which can be written as Z/N N S for a closed set § C RK. Attention is restricted to sample paths in
D([-T,T]),Z/N). Assume that XN is positive recurrent on SV and let xN be the stationary probability
measure of X ™. This implies that 2 is strictly positive for all open sets in § for large enough N. This fact
will be used in defining conditional probabilities in the sequel.

For any stationary CTMC (Y(!))er-r1p with stationary probability distribution x and generator

matrix Q, the time reversed process defined as V(1) 3 Y(—1) is also a stationary CTMC with stationary

distribution x and generator matrix Q where
Qi; = 7(3)Q4i/=(7) (2.1)

(see, e.g., [[Ce1].) Consider the time reversal of process XN with respect to #V denoted as XN () df XN (-1)
where XV (0) has distribution #N¥. Consequently, XV (1) has distribution xN for all t € [-T,T]. The
following limit is assumed for the sequence of processes XN which in our examples is a consequence of the

law of large numbers. It is described in terms of a set of transformations on § parametrized by ¢ € [~T,T]
and denoted by (d:, ()) In this paper such a set will be called a flow.

Assumption 1. There exists a flow ¢ such that for any ¢ > 0,

AN (0)-=ll < c(.} =0,

lim P{ sup [[XV(s) = el 2 ¢
N—oc 0<s<T

for all € > ¢
This limit characterizes the past behavior of XN given the current state. This can be seen from the

equivalent form

Jm P{ s X7 (0= 4l 2 157 @)= sl <o} =0

-T<s<0

Next, consider (E,C) a pair of subsets of S with C C E such that a limit exists for the conditional
measure on E evaluated at C, i.e.,

_‘.N
N(CE)Y ;,% — new HE(C). (2.2)

Denote the collection of such pairs by D(S). In order to formulate the main result of this section the following
notation is needed. Define the open e-neighborhood of a set 4 as

¢ def N .
A ELdreR" ¢ inf|r- <r_}.
{rens jnir-ul
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Also define the event

£N 4! {ilelg sup | XN (s) - é-(2N > f} . (2.3)
T€A _T<s<0

Lemma 1. For A, B such that A C B, and ¢, § such that ¢ > § > 0 and At c B, (B,A""“) and
(B, A<~%) belong to D(S) , then

1-up (A%) 2 limsup P (€7 | XV (0) € B) 2 liminf P (V| XN (0)eB) 21— up (AY). (2.9

N=—oo
Proof. By conditioning further on XV (0) one has

P (Y| X7V (0)e B) =P (£ | XV (0)€ A*)«" (4| B)
+ P(EN | XV (0) € B\AH) (1 - =" (A** | B)) (2.5)
+ P (EV | XV (0) € AH\AE) 2V (A*+\AF | B).

Inequalities {2.4) follow from Assumption 2 and (2.5) if one estahlishes the limits
P(EN |1 XV (0)e B\A™*) =1

P(EN | xN(0)e A=) =0

The first limit follows immediately by recalling the definition of £N in (2.3). For the second limit pick
§ > 1> 0 and for each r € A consider the ball

Bzd-‘:‘{yGRK:||y—r||<c-n}.

The sets (B, form an open cover of the closure of the open set A% in R¥. Let (B;, )=, be a countable
r€A =1

subcover of that set. By virtue of the inequality

P(ENIXN (0)e A% < Y P (EMIXN(0) € B.) 7" (B: |47,

=1

and the monotone convergence theorem, it suffices to show that imy—o P {EN[XN (0) € BL) = 0. But
this is a consequence of Assumption 1. O

Remark. I pp were continuous in § at A€ then
Jim P (VXN (0) € B) = 1 - nup(A%).

This is often the case for subsets of T(.S) in specific applications.

3. Jackson networks

The scheme of the previous section is now employed in the study of paths of overflow in ergodic Jackson
networks.

3.1. The evolution equations. Consider a network consisting of K nodes of M/M/1 queues. Denote
the set of nodes by K = {1,2,..., K'}. By convention denote the outside world by node 0. Let the vectors
of arrival and service processes be denoted by A and g in Rf respectively, and let the routing matrix be
denoted by P. For simplicity assume that p,; = 0 for i =1.....K. Also assume that (/ — P)~! ‘exists and
that the network is ergodic, i.e., M(I = P)™! < p.



With Y (r) denoting a Poisson random variable with parameter a > 0, the evolution of the queueing

processes (Z,»(f))f‘=l can be described as follows (see [ u] for the notation used here.)

K 1 K 1
N =7 a0 A (s sy — SANY i(s 5. .
Z,()=2{0)+Y; (,\.1)+§),, (m’_,.[) 1{Z( )>0}d) ,g}" (,.p,,/o 1{Z,(s) > 0}d ) (3.1)

The superscripts a and d in the above equations indicate arrival and departure processes respectively.
We are interested in determining asymptotically the past evolution of Z given that the process has the
stationary distribution and is conditioned to be in a given set at time 0. The sets considered here are written

in the form

BN &' (kez : k/Ne B}, (3.2)
where B ¢ RX is open. Such a set is rare if its closure does not contain the origin. In order to study
asymptotics as N — oo it is convenient to define the scaled process

ZV () E Z(N)N. (3.3)

We now turn our attention to Assumption 1.

3.2. Convergence. The limiting flow of Assumption 1 is known as a fluid approximation limit. It has
been previously obtained for networks of G1/G1/1 queues with Bernoulli routing in [CM]. Its derivation is
a straightforward application of results in [H R] and will be described briefly for the special case of Jackson
networks. Our presentation also borrows from [GM].

Adding and subtracting the means of the Poisson random variables in (3.1) gives

K t t
Z.(i)= Z,’(O)-l' A,f+zyj77,',’/ 1 {Z)(s)>0} ds—;l-,/ 1{Z.‘(3)> 0}d3+ﬁl.’(f.), (34)
=1 o °
where M, (1) is a martingale with quadratic variation

i

K t
< M, >= AL+ Z #iPji / 1 {Z,(S) > 0} ds — py / 1 {Z,(s) > 0} ds. (35)

=1 Jo

Denoting by Li(1) the expected number of virtual departures in node ¢ when the node is empty, ie.,

1
L,(1) e e / 1{Z;(s) = 0} ds,
0

equation (3.4) can be written in-vector form as

Z(1) = Z(0)+ (3 = p (T = PN1+ M)+ L() (I = P)
e Y+ L(yd - P),

where we have set X (1) & Z(O)+ (A= p(I-P)t+M(#).

Lemma 2. (a) The process L satisfies the fixed point equation

L(t)= sup [L(s)P =X (s)*, (3.6)

0 s <t

where sup and []* are taken component-wise. (For v € R, [.r]+ 4 max(2,0).)
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(b) For each X € D ([-7,7].R}). equation (3.6) has a unigue solution in ) (I-7. 7], REY).
(c) The process L is a continuous causal functional of process X which we denote by

def

L) Z ¥o[X(s). (3.7)

Proof. It is included in the proof of Theorem 1 of [H R] with the modification that the underlying space
is D ([-T,T],RY). Note that this space is complete in the uniform metric (see [Bi1], p.150.) 0

We are now ready to prove the existence of a limiting flow in forward time. Recall the definition of zZN
from (3.3) and let MV denote the scaled version of process M in (3.4).

Lemma 3. Forall ¢ > 0,
lim P{ sup [[MP(s)|| 2 c} =0.
N—oe 0<2LT

Proof. 1t follows from martingale maximal irequalities. Apply for instance Lenglart’s inequality (see
[7S]) and note that

1
<AIN>1=‘N—<A[>1.

For Z}' € ZX /N, the process ZV is given by o
VO =ZF + (= (I =P+ MY+ Vo [Z0 + (A -p(I - P))s+ M¥(s)), (I - P).
Lemma 3 then implies that a limiting flow ¢ exists for ZN. For z € RY it is given by
b (D) E s+ —pu(I-P)t+Volr+(d—p(~P)sl(I-P). (3.8)

Corollary 1. For any ¢g > 0 and for all € > €

lim P{ sup AN (s)= ¢, (@)1 2 e | XN (0) ==l < 60} =0.
N—oo 0<s<T

3.3. The limit. We now give an expression for the flow in (3.8). To this end consider the so-called

generalized throughput equation
E=24+(EAp) D, (3.9)
for A, ju, P not necessarily satisfying the stability condition A(J — P)=1 <y of Section 3.1. The next lemma
and its proof appear in [GM]. We include the existence proof as the notation will prove useful in Lemma 5.
Lemma 4. Equation (3.9)‘has a unique non-negative solution.
Proof. Set @ ¥ A4 P U E (e K : @, < i}, Vo T K\Uo. If U = # then $(® solves (3.9).
Otherwise define inductively for n = 0, 1,...,
'/’8'"“) =(Ow, + v, Poo ) = Puw ),
YUY =av, 4wy, Py, + v Py, (3.10)
Ung1 = {j ek : d!§"+l) < Il‘j}‘ Vas1 = K\Unyr.

By verifying that ™+ < ... < 4™ one has that Un € -+ € Un41 and if Up = Upyy then 31+ golves
¥ g hS +1

(3.9). O



Note that in the Jackson network under consideration A (I — P)™! <y and hence
p &g -p)! (3.11)

is the unique solution of (3.9).
We will need the following notation. For z € R¥ set

def

E@)E ek : =0}, F(x)EKEQ),

for the set of empty and non-empty nodes respectively, corresponding to a limiting queue length vector 2.
For a vector z € R¥, subsets §,$' of K and a matrix Ain RE*K let 25 € R/5| be the restriction of the
coordinates of z on § and let Assr be the restriction of A consisting of entries from rows in S and columns
in §'. In this notation, for a vector z € RY consider the solution ¢ > 0 of the following equations

ey = (Ao + rF@ PRoEE) + (€8 A pE(sy) PE(EG)) (3.12)

trn = (Ariey + 1pey PRre) + (¢£(2) A BEG)) PE()PG)- (3.13)

Note that existence and uniqueness of {gy,) follows from Lemma 4(b) and £p(,) is directly computed from
(3.13).

Intuitively, for a given z € RE nodes in E(z) receive jobs at rate pr(:)Pr(:)E(:) Which is added to the
external arrival rate Ag(;y, hence equation (3.12). It is therefore plausible that, for z; € R¥, the image of
the function

)=z +(A-n{I-P))t, 1€ [-T,T]

under flow ¢ in (3.8) is given by the solution to the integral equation

2(t) = 20 +/0

Again, []+ is taken component-wise. Observe that the solution of (3.14) has piecewise constant time deriva-
tive. Changes can only occur at instants when the sets E(z(1)) and F(z(f)) change. To verify that the
solution of (3.14) satisfies 2(1) = ¢+(z0) consider the function /, taking values in RX, given by

1

4+
([EEM-)) — upen]” HEFGen — ﬂ-nz(-») ds. (3.14)

1
def
I(t) é/ (B = EBton A E(2(s)), 0) ds
0

Noting that ja — B =a—aAbfora,beR,itisseen that the pair of functions (I(1), z(1)) satisfies equation
(3.6) and one has :
)y =z()+ ()T - P).

We conclude this subsection with a result whose proof is obtained from the method of Lemma 4.

Lemma 5. For each Zo € R, 7(Z) & inf {t > 0 ¢ Z(1) = 0} is finite and Z(1) = 0 for t 2 7(Zo).

Preof. ForZ € Rf denote by ¢* the solution of (3.12) and {3.13). Also, consider the sequence (d:("), U,,)
from (3.10). Suppose it terminates at k* < JC and observe that the stability condition of Section 3.1 implies
that Uy- = K. Next, observe that {5, < 1/’{?0) < py,- This implies that all nodes in Uo will empty in
finite time and will remain empty. Similarly, observe that {U; € E(Z2) C Uignn 1 = 1,k =1, then

- 1+1 .
&0, S dr{,m) < r,,,, and the proof is complete. ) O

3.4. Time reversal. We have thus far proved the existence of and have described a limiting flow in forward
time for the scaled process of queue lengths 7N Tt is well known that the time reversal of process ZV with
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respect to its invariant probability measure, denoted here by 77, yields a process ZV of queue lengths in a
K node Jackson network with parameters X, i, P, where the obvious correspondence is implied. This can
be obtained from (2.1) which also yiclds the parameters of the reversed time network. The precise statement
is that if Z¥ (0) has distribution xV then the process ZV (—1) def gn (1) € ZX /N is given by

K .

¥ =270+ %Y‘a (NX.-t) + %;’f: (Nﬁjfj-' /0 1 {Zj(s) > 0} dS)
L& N )

- N;)‘.’; (N#-‘Pn‘j/(; 1 {Z,-(s) > 0} ds.)

It follows that the results of the previous subsections apply to the process ZV with parameters X jiand P
replacing ), u and P respectively. Applying Corollary 1 we have thus verified Assumption 1 of Section 2.

1

3.5. Asymptotics. In this section we demonstrate that Lemma 1 is of interest for Jackson networks by
showing that the class D (Ri) defined in Section 2 contains pairs of sets that frequently arise in applications.
The main result of this section is condition ( C) below, a sufficient condition for pairs of convex, open sets to
belong to D (RE). A calculation of the corresponding limit (2.2) is given in Lemmas 7 and 9.
The stationary probability distribution of a Jackson network has the form
K
am)y=[J(1-p) e}, neZ,

=1
where p is given by (3.11). Our aim is to give a sufficient condition on open convex subsets A, B of RK
such that (B, A) € D (RY) and determine the limit (2.2) rewritten here as

Fa(N)

N Fg (N)’ (3.15)

where v
Fo(M¥ ¥ MELN) Q= 4B.
neQRN

The existence of this limit and its value depends crucially on the behavior of the function

K
h (:1‘) dé‘ Z.T.‘ lnp.-
=]

on the sets A and B. The idea is to express the functions Fo(N), Q = A/B, as one parameﬂer sums
def

to which Laplace’s method can be applied. This motivates the following developments. Define yg =
max {h(z‘) 1r € Q) , Q = A, B. At this point we discriminate between two possibilities and first consider

Case I: y4 = yB af y. Define the hyperplanes H, 4! {re RK :h(x)= z} and for 7 > 0 set

N {h(n):h(n)2y-nn/NeQ}, Q=AB (3.16)
List the elements of Cg in decreasing order as {y?'N, e ,yff‘g'} and observe that
i N

MJ

FQ (N) = Z EN!IS-N Hyg,lv nQN‘ +0 ((N(.v-'l)) , Q= A, B. ' (317)
m=]




To determine the limit in (3.15) il is therefore sufficient to only consider the ﬁrst term. We next turn
our attention to the asymptotics of the cardinality of the sets qu,h neN, m =1, MN This will be
determined by considering the set

K
V d‘_if {n € ZK : Zn,'lnp,- = 0} .

i=1

The following lemma relates a representation of V with the rumbers (lnp,'){‘;l viewed as elements of the
vector space R over the field of rationals Q (see [Bi2], p.170.)

Lemma 6. For1=1,...,K, i the rank x of {Inpy,...,Inpk} in the vector space R over the field Q is
[, then there are linearly independent vectors {n“), e .,n”‘"”} c ZK such that each m € V has a unique

representation

-
= Zk,-n“); ke i=1,....K-1I

Proef. I = K then clearly V' = {0}. For economy of notation we only prove the case I = 1. The
general case is similar. Fori =1,. L =1, since aj,a;+1 are linearly independent over Q, one can find

relatively prime, non-zero integers 'n( ). n{® , such that
y g 14
a]'nl +a.+1n. ; = 0. (3.18)

Next, form the vectors
2 = ( (')0 . ,n&)l 0), i=1,...., K -1,
()

and consider any m = (my,...,mg) € V with my # 0. From (3.18) one obtains that 4,4, /a3 = —n; )/":+1v
i=1,...,K,and sincem eV,

m; = Z LTS Iaayres (,) .

v+l

This in turn implies that
K-1

K-1
o) _ ) ()
m 1 = T)l,+172] Nig1-
=1 i=1 iE 3]

Therefore, nf;)l divides m,41, i = 1,..., K = 1. Uniqueness of the representation follows since (n¢ )).-1 are

linearly independent. ‘ 0
For z € [y = n,y) and Q = A, B define

lo(z) &' £X-1 (H.n Q).

where £2~1 is the Lebesgue measure on R¥ -1 We can now state a condition on lg, @ = A, B, sufficient
for the existence of limit (3.15).
(C) The fnnctions lQ‘ Q = A, B. are twice continuously differentiable in the interval [y — n, v} and the
ratio I’ (y) /15 (y) is not indeterminate whenever Ig () = 0.
The method ofdetermmmg the asymptotics of |H o.x ﬁQ" | in {3.17) depends on the rank & of {]n/ﬁ,},_1
in R over Q. We only present the extreme cases x = =1 and x = K. Intermediate cases can be handled by

combining the two methods.



Case Ifa): x = 1. Note that in this case the number 5 > @ can be picked small enough so that
= cy df o, By o denote the volume in R =1 of the parallelopiped formed by vectors (n(‘))f;:l of
Lemma 6. Then, one has

Lemma 7. (a) IHyﬁ n QNl =l (u,’,\,) NE=1/a + TIC\?',m- where My —oc 51D,
A, B.

(b) 6 = ¢/N, where ¢ > 0 and &V LN YN, m=1,.. My~1

Proof. Part (a) follows from condition () above and the fact that, by Lemma 6, the set Hyx N Qv

becomes a Riemann partition for the functions lg, Q = A, B. Part (b) is immediate. a

rlq\?’,mllNK_l =0, Q=

Consequently, it suffices to consider

M N
lim Zm;l eNy,.. IA (y'f::) 6N
N—oo SN, eNYRIp (u) 6V

The sums in the above ratio resemble Riemann approximations of the Laplace integrals
v
/ eNzlq(z)dz, Q=AB.
Jy—n

By repeating the arguments of Laplace’s method (see [Co], p.36,) one obtains the following result.

Lesnma 8. Assume condition (C). Then. i y4 =¥ = v,

. , LA/ ), iflg(y) > 0;
Nim Fa(N)/Fs(N) = {zidifziEZ). it ligg = La(y) = 0.

Note that since the sets A, B are convex, Iy (y) < I (y) whenever I4 (y) =g (y)=0.
Case I(b): k = K. As before, pick n > 0 and note that the limit in (3.15) can, asin (3.17), be determined
by only considering the limit of the ratio of the terms

FS(]V)d:d Z eNh(w), Q=A,B.
{(n€QN:h(n)2y~-n)}

Recall the definition of the sets ("QV from (3.16) and define for ¢ > 0

)N def N (k1) ke _ N
g -(,Qﬂ(y NV N E=0,, ]

Then, one obtains the bounds

et Y NoHIN TN < FRN) £ 3D NN |12 @ = AB.
k k

Since € is chosen arbitrarily, it suffices to consider the limit

LMok II:,Nl
lim

. 3.19
N—ooc Zk eNty—ke/N) lIf,N| ( )

The counterpart of Lemma 7 now reads,

Lemma 9. II,?’N! =¢lg(y—ke/N) NR-14 F}%,k* where limpy— o sup;

;g‘kl/l\?l\'—l = 0.
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From this lemma and (3.19) the statement of Lemma & holds again. Observe that this method cannot be
applied when x = 1 since some of the sets I‘Q’N are empty for ¢ small enough.
Case II: y4 < yg. This can be handled by similar but easier means without requiring condition (C)

above.

Lemma 9. If y4 < yg then limy—o FA(N)/FB(N)=10.

4. A tandem queue example

In this section, we apply the results of Sections 2 and 3 to a simple Jackson network which serves to illustrate
how the methodology can be used to determine the way in which large queue lengths build up. The example
is a two queue tandem network with arrival rate ), and service rates y; and pu;. We denote this as a (A, 1, #12)
system. The reverse time process is also a two queue tandem network with arrival rate A, and service rates
p1 and po. The forward and reverse time networks are shown in Figure 1; note that arrivals enter queuve 1
in the forward time network, but they enter queue 2 in the reverse time network. As in Section 3, let

ZN(1) = (2,(N1)/N, Zo(N1)/N},

where Z,(1) is the queue length at server i at time 1. We consider several variations of rare events associated
with this network. (In the discussion that follows, some of the technical details that are required to apply
the results of Sections 2 and 3.5 are omitted in the interest of clarity.)

We first consider the event Z[¥(0) + ZF(0) > 1, where the total network population first exceeds N.
Parekh and Walrand [PW] present a heuristic action functional and show that if A < py < pa, then as
N — oo the minimizing path has queve 1 building up at rate py — ), with queue 2 remaining stable.
To estimate the probability of this event, this result suggests using the importance sampling distribution
corresponding to an unstable (1, A, pu2) system. (Similarly, if A < p2 < g1, quene 1 remains stable and queue
2 builds up at rate yg — A, which corresponds to using the (412, 411, A) system for importance sampling.) This
heuristic result has been extended to n > 2 queues in tandem in [FAI].

In our framework, an analogous result is simply obtained as follows. Let pi = AMp, 1= 1,2, and

consider the optimization problem
maX{(l SN (L= )y s a2 2 1}.

where z, = k /N for some integer k. This problem corresponds to maximizing the steady-state distri-
bution over the set B = {(#1,22) : 21 +22 2 1}. In the limit, as N — oo, for py < p2 the optimum
occurs at z* = (0,1). In addition, if (z1(N),22(N)} = (ki(N)/N, ko(NY/N)Y = (21,22) # (0,1), then
N (z(N), 2,(N)) /=N (0,1) = 0. Thus, the limiting hitting distribution is pp(A) = 1{(0,1) € A}. From
Figure 1, it is clear that starting in the state zV(0) = (0,1), the reverse time process has queue 2 departure
rate s and arrival rate A, and thus its rate of change is A — o (nntil queue 2 empties out). In reverse time,
gueue 1 has arrival rate o and service rate y. (The departure rate of quene 1 is piz since yz < p1.) Since
arrivals and departures exchange meanings when one switches from reverse to forward time, the build-up
path of the forward time fluid limit of Lemma 1 corresponds to the (fiz, p1. A) system. If p; < py we would
similarly obtain the (uy, A, yr2) system.

If py = pa, the results of [P1V] and [FLA] fail to predict the existence of a continuum of exit paths. In
this case, 7% (2;(N), z2(N)) is constant over the set

BN 4 () (N). 2o(NY) = (ki /NI /N) & by + ko = N)

and so the limiting hitting distribution is uniform on B = {(z.22) : 21 4 72 = 1} in which BM becomes
dense as N — oo. Now given that ZN(0) = (z1.z0) where hoth z; and 2> are positive, the reverse time
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process has queue 2 arrival rate A, queue 2 service rate pu (p =y = pz), and queue 1 service rate y. Thus
the queue 2 rate of change is A — p and the queue 1 rate of change is 0 until queune 2 empties out. At this
time, queue 1 begins emptying out at rate A — y. Thus in forward time, the build-up path corresponds to a
(1, A, i) system until queue 1 reaches a level NU where U/ is uniformly distributed on (0,1). The build-up
path then corresponds to a (s, g, A) system until queue 2 reaches the N(1 — U) level. A typical (limiting)
sample path is illustrated in Figure 2.

We next consider the case when both queue lengths are large but the utilizations are unequal. We first
consider the event BN where B = {w € R2 :w; 2 21, wz > 22}. where both z; > 0, z2 > 0. From the
results of the previous section 7"V asymptotically concentrates on the point (21, 2). We can therefore assume
that [|ZV(0) = (21, 22)|| < € for some small ¢.) If queue 2 is the bottleneck (g1 < p2), then, in reverse time,
queue 2 initially empties at rate A — gy and queue 1 empties at rate pp — 1. This occurs until one of the
queues goes empty. Note that queue 1 will empty first if 2y /[uz — p1| < 22/|A — p2l- If queue 1 empties first
(case A), then queue 2 continues to empty at rate A — 7. If queve 2 empties first (case B), then queue 1
subsequently empties at rate A — ;. Figure 3 shows the build-up paths for the forward time process. In
case A, the build-up path corresponds initially to a (g2, pt1. A) system, in whicl queue 2 is unstable, while in
case B, the initial build-up path corresponds to a (4, A, st2) system, where queue 1 is unstable. In the initial
phase, only one of the queues is unstable. In both cases, the build-up path then changes to a (uq, p2,A)
system in which both queues are unstable.

If, instead, queue 1 is the bottleneck (A < gy < pz2). then we get quite different build-up paths as
indicated in Figure 4. In this case, in reverse time, queue 2 empties at rate A — g3, but queue 1 increases at
rate g2 — py (until queue 2 is empty). Subsequently, queue 1 empties at rate A — p;. Thus, in forward time,
the build-up path has a phase corresponding to a (pi, A, #12) system in which queue 1 is unstable, followed
by a phase corresponding to a (u1, #2, A) system in which queue 1 is stable but queue 2 is unstable. Notice
that in this case, during phase 1 queue 1 actually overshoots its final target value Nz;.

5. Simulation Results

In this section, we apply the results of the previous sections to simulations of rare events in the two queue tan-
dem Jackson network. Specifically, we use importance sampling to follow the fluid limit path corresponding
to the build-up of large queue lengths.

For any set A, let 74 be time of first entering the set A, and let 0 denote the state when both queue lengths
are equal to 0. Consider the rare event BN ={(2,,2,): Z; 2 Ni,Z2 > N3}. In estimating the mean time
until BY occurs (given that the process starts in 0), it is of interest to estimate o = P {rg~ < 10|2(0) = 0}

(see [Kei) or [PW]). For an arbitrary time 1, if we know that Zy(¢) > Ny and Z5(1) 2 N3, then by the
previous results, we know the asymptotic build-up path. This suggests that to estimate o, one should use the
appropriate importance sampling change of measure in an attempt to follow this build-up path. Referring
to Figure 3, if queue 2 is the bottleneck and the parameters are such that Case A applies, then this suggests
using (i.e., simulating with) the importance sampling distribntion corresponding to a (12, 1, A) system until
queue 2 reaches the appropriate level, and then switching the importance sampling distribution to correspond
to a (1, fr2, A) system until BY is hit. Similarly, in Case B {or when queue 1 is the bottleneck - see Figure
4), the initial importance sampling distribution corresponds to a (y1y, A, t12) system until queue 1 reaches the
appropriate level, followed by a phase correspording to a (ji1. 12, A) system until BY is hit.

We wrote a simple simulator suitable for testing the effectiveness of these fluid limit importance sampling
distributions for estimating a. As in [PIV]), we simulated the embedded discrete time Markov chain rather
than the CTMC. This typically results in a variance reduction (sec [H1S5]). (Although we have observed this
in practice, we have not proved it in the current setting.) We nsed the combined generator described in in

[Lec] as a source of randomness. We also wrote a program to numerically compute o which allows comparison
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of simulation results to their analytical (i.e., numerical) values. Computation of o involves solving a system
of linear equations (see {Chu]). In order to keep the number of equations finite, we also truncated the state
space at a maximum of 40 customers per quene. This truncation point was large enough relative to the other
parameters chosen so as to make the truncation errer negligible.

We ran experiments with five sets of parameters. The parameter settings for each experiment are listed
in Table 1, along with the computed value of 0. Queue 2 is the bottleneck in experiments 1- IV, and queue
1js the bottleneck in experiment set V. Experiments I and 11 correspond to Case B, with queue 1 building
up first, while experiments III and IV correspond to Case A. With these parameter settings, o ranges from
1077 o 10712,

For each parameter setting, we ran M = 1,000,000 replications, with each replication corresponding to
a simulation starting in state 0 and continuing until either 0 or BY is hit. For replication r, let L, denote
the likelihood ratio (i.e., the probability of the sample path with the original parameters divided by the
probability of the sample path with the importance sampling parameters). Let I, = 1 if the process hits
BV before 0, and 0 otherwise. Then E(L,I,) = @, where the expectation is understood to be with respect
to the importance sampling distribution. We estimate o by

def 1 M
&= Xiz:l,,r,. (5.1)

r=1

We computed the relative error, (& — 0)/0, along with an estimate of its standard deviation, &,. Note that
E((a@ - a)/o) = 0. The results of the simulations are listed in Table 2.

In order to compare the efficiency of importance sampling relative to standard simulation, we computed
the variance improvement ratio, which is also listed in Table 2. The variance improvement ratio is defined
as follows. Suppose one uses standard simulation to estimate o. After M' replications, the estimator would
be

dei 1 M
VT ML (5.2)
r=1
The relative error using standard simulation is therefore (& — a)/o which has variance 72 = (1 — o)/(M'a).
Now if M and M’ are chosen so that the same expected number of transitions are simulated using both
standard simulation and importance sampling, then the variance improvement ratio

v (5.3)

a
o
®

LR

Lad S LS N

‘s an estimate of the variance ratio obtained using standard simulation to that obtained using importance
sampling for (approximately) an equal amount of computer work. Our simulation program counted the total
number of transitions, and our ‘numerical program also computed the expected number of transitions per
replication using standard simulation. Thus, for a given M, we were able to estimate A

The results listed in Table 2 show variance improvement, ratios ranging from 57 to over 108. The largest
variance improvements are for experiments I and III, in which o is the smallest. The smallest variance
improvement is for experiment Il. In this experiment, we have observed sample paths that wander rather
far {rom the piece-wise linear exit path that one obtains as the center of a fluid limit tube by applying the
asymptotics. This results in increased variability in the likelihood ratio.

We note that estimating this type of rare event can be more difficult than estimating o for sets BN of
the form BN = {(Z1.22): Zy+ Z2 = N}. which was one of the problems considered in {PIV]. When we
tested our simulator on problems of this type, we obtained comparable results to those listed in Table V of

(PIV).
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6. Summary

In this paper we have described a simple relationship between time reversal and rare events in continuous
time Markov chains. For CTMCs for which the time reversed process is known (e.g., product-form networks),
this relationship presents a simple alternative to the large deviations approach of describing how rare events
occur. Assuming that both methods can be applied, our approach gives less information than large deviations
since large deviations gives not only the path, but also the exponential decay rate describing the probability
of the rare event. Note, however, that the results in Section & of [Kei] also imply that the time until the
rare event occurs converges to an exponential distribution.

The mean of this exponential distribution can be estimated by simulation using importance sampling.
The results of this paper immediately suggest that the importance sampling distribution should be chosen so
as to follow the fluid limit path. Note that in the example of Section 5, this involves changing the importance
sampling distributions for the service and interarrival times at certain instances as the queue lengths increase.
We are currently studying further the practical eflectiveness of following these fluid limit paths. This, the
optimality (in terms of simulation variance) and questions on the relation between our results and those

cited in the Introduction remain topics for further research.
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[ Experiment 1 P2 M l N2 | « J
I 025 | 030 | 10 | 10 | 4.32 x1071!
II 0.375 | 0.45 | 10 | 10 | 9.86 x107*
111 025 | 033 | 6 | 14 | 3.80 x1071°
v 0375 | 050 | 6 | 14 | 8.82 x1077
\' 0.45 | 0375 10 | 10 | 9.86 x10~*

Table 1. Parameters for simulations in two queue tandem network.

Experiment | (222) | Std. Dev. (232) Variance
Improvement

1 0.084 0.105 2.1 x10°

11 0.076 0.152 5.7 x10?

111 -0.007 0.009 3.5 x10°

v -0.004 0.013 1.1 x10°

\% 0.067 0.073 2.3 x10°

Table 2. Simulation results for two queue tandem network based on 1,000,000 replications.
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Figure 1

Two Queues in Tandem: Forward and Reverse Time Networks
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Figure 2

Typical System Build-up Path in the Two Queue Tandem Network with Equal Service Rates
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Queue 1
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Figure 3

Build-up Paths in the (4, u, u2) Two Queue Tandem Network
in Which Queue 2 is the Bottleneck (4 < pz < 1)
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Queue 2

Case B
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Figure 4

Build-up Paths in the (4, 1, u2) Two Queue Tandem Network
in Which Queue 1 is the Bottleneck (4 < p < pa)

Queue 2

Queue 1
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