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ABSTRACT

In simulations circuit switched networks with dynamic alternate routing exhibit
hysteresis phenomena, which suggest that under dynamic routing there may be more
than one stable regime of operation for the same offered traffic. This possibility also
shows up in some analytical modéls of dynamic routing : one can write ODE limits
for network occupancy probabilities which admit multiple equilibrium points for certain
ranges of parameters. These ODE limits average out the spatial variation of the network.
We attempt to preserve the spatial characteristics by considering a lattice model of
dynamic routing. We derive a hydrodynamic equation for this lattice model. This is
an integro-differential equation which describes how the spatial occupancy profile of the
network evolves over time, and it admits multiple spatially homogeneous equilibrium
solutions for certain ranges of the parameters. These solutions may be loosely thought
of as the different operating regimes. Using this equation one can study questions like
"for what parameter values is a hot spot of heavy loading in the system likely to take

over the whole network by knock-on effects ?”
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1. INTRODUCTION

Dynamic routing schemes in networks adaptively adjust traflic patterns in response
to demand, so as to make better use of spare capacity, and to provide robustness to
failures or overloads. Such schemes have been the topic of considerable recent interest,
primarily because it has only recently been possible to implement them in practice,
and because they offer improved performance over the traditional hierarchical routing
schemes.

A difficulty associated with dynamic routing schemes is the potential for metastable
states. Several simulation based studies of such routing schemes have revealed the ex-
istence of hysteresis phenomena, suggesting that the network may have several qualita-
tively different regimes of operation for the same offered traffic, spending long periods
of time in one or the other regime and sometimes moving {rom one to the other in
response to fluctuations in the demand. Intuitively a situation where most calls are
using alternate routes is likely to persist for a while because arriving calls will then find
the network close to saturation and will be unable to make their direct connections.
On the other hand, for the same offered traffic, it might also be the case that if most
of the calls in progress are using their direct route, arriving calls will be able to make
their direct connection. Important performance characteristics of the network such as
blocking probabilities typically differ considerably between regimes. All the same, the
improvement in performance over hierarchical routing schemes is such that dynamic
routing schemes are being implemented in real world networks, with control schemes
such as trunk reservation for directly routed traffic. These, if suitably chosen, mitigate
the effects of the potential multiplicity of operating regimes.

The possibility of metastable regimes of operation is also predicted in analyticai
models for dynamic routing such as the ones studied by Kelly, [7], Krupp, [8], Marbukh,
{10}, [11], and Gibbens, Hunt and Kelly, [6]. In [7] and [8], simple fixed point approx-

imations for the blocking probability are written, and it is found they have multiple
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solutions for certain ranges of the parameters. The models in [6] and [10], [11], are more
detailed. ODE limits are found for the fraction of network links that are in a given state
as the network size becomes large. In Section 2 we briefly discuss the model of Gibbens,
Hunt and Kelly, which primarily motivated this work.

In this paper we report on an attempt to understand the interaction between the
operating regimes using particle system techniques, [9], [12]. To describe the dynamic
exchange between different operating regimes, one needs simple equations that describe
how the spatially distributed network state evolves over time. Motivated by this we
consider a lattice model in Section 3, which is analogous to the model of Gibbens, Hunt
and Kelly, [6]. We find a hydrodynamic equation for this lattice model. This is an
integrodifferential equation describing the time evolution of the spatially distributed
network occupancy profile. This equation also admits multiple spatially homogeneous
time-invariant solutions for certain ranges of the parameters, which may be loosely
thought of as the different operating regimes. The main results are stated as Theorem
1 and Theorem 2 in Section 3. The key idea of the proof is sketched in Section 4. Full

details are available in [1].

2. ODE LIMITS

In this section we review the ODE limit of Gibbens, Hunt and Kelly, [6], in order

to motivate the investigation in the following section.

Gibbens, Hunt and Kelly, [6] consider a simplified model for dynamic alternate
routing which bypasses the spatial features of the network. Consider a collection of
N links, each of which consists of C circuits. At each link, calls arrive according to a
Poisson process of rate v. If its link is not saturated, the call occupies one circuit on
the link. If its link is saturated, the call chooses two distinct links at random from the
remaining N —1 links, and if neither is saturated, the call occupies one circuit from each

of these two links. Otherwise the call is blocked and rejected from the system. Each
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occupied circuit is held for an independent exponential time of mean 1. (Note that
when a call occupies two circuits after making a successful choice of alternate route, it
is assumed that these circuits are released independently).

Let 7Y (t), 0 < k < C, denote the fraction of the N links that have & occu-
pied circuits at time t. (7,7F,...,7Y) evolves as a Markov process on the C-
dimensional simplex. In [6], an ODE limit is found for the evolution as N — oo.
Namely, if the initial conditions (73 (0),7 (0),...,75(0)) converge weakly to a limit
(70(0),71(0),...,9¢(0)), then the process converges to the deterministic process given
by the equations

Yo=71—(w+207c (1 —7¢)) ,
Yo = (B+1)7ee1 + (v 4 207¢ (1 = 7¢ ))e-1
—(k+v+2v7c(l=7c))1 . 0<k < C,

Yo = ~Cvre + (v + 2v7¢(l —71¢))1c-1 > (2.1)
with the appropriate initial conditions.

When one looks for equilibrium points of eqns. (2.1), one finds the following : The

equilibrium points are given by the solutions of

.2z =g )t |
Te = (v + 2v75(1 = 45))Ck! Te

b

7¢ = E(v+ 2vyc(1 ~7¢6),C) - (2.2)

When C is large enough, one finds that there is a range of v in which eqns. (2.2) admit
three solutions, two of which are stable. To the left and right of this range there is a

unique stable solution.

Notice that the spatial characteristics of the network are averaged out in writing

the above differential equations.
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3. LATTICE CARICATURE

We now introduce a lattice caricature for dynamic alternate routing which has the
virtue of preserving spatial features of the system. We will write a hydrodynamic limit
for this lattice model. This is an integrodifferential equation which describes how the
spatially distributed network state evolves over time, see eqn. (3.1). The main results

are Theorem 1 and Theorem 2 below.

Let Z?/M denote the lattice in R? consisiting of points all of whose co-ordinates
are rational with denominator dividing M. The points of Z¢/M are called sites. Let
W denote {0,1,...,C}. We consider a Markov process (pM,t > 0) on WZYM yhich
caricatures a circuit switched network with dynamic routing (the statements below are
true for any d, but the situations d = 1, and d = 2 are likely to be of most interest).
We use 77 to denote a generic element of WZM | and call n(z) the value at site z. Let

M* denote ((2M+21)d'1). The Markov process is described by the transitions
7(z) — n(z) —1 atrate p(z),

n(z) — n(z)+ 1 atrate v if n(z)# C,
(n(2),n(y),n(2)) — (n(2),n(y) + 1,m(2) + 1) at rate v/M"
if z,y,2 are distinct sites with
n(z)=Cm(y) < C,n(2) < C and y,z €z + [-1,1]¢ .
There is no difficulty constructing such a Markov process even though the number of
sites is infinite. See Liggett, [9], Chapter 1, Section 3, for details; Theorem 3.9 of that
section applies directly.

We think of each site in the lattice as representing a link in our network, which
consists of C circuits. We think of the value at a site as giving the number of occupied
circuits in the corresponding link. Occupied circuits become free at rate 1. At each link
there is a Poisson process of calls with rate v. Each call occupies one circuit on its link

if available; if the link is saturated the call random!ly picks two other links which are
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in its [—1,1]¢ neighbourhood, and uses one circuit from each of these links if possible.
Otherwise the call is blocked and rejected from the system. Note that because we have

a compressed lattice, the interaction actually has range M on the scale of links.

For ¢ € Z9/M, let up(t,z,k) denote P(npM(z) = k), 0 < k < C. We extend
the definition of uy (t,-, k) to R? by setting ua (t,2,k) = uy (¢,[z]y, k) for 2 € R,
where [z]y denotes the minimum element in Z?/M which dominates z in the usual

partial order on R?. Let u{0,z,k), 0 < k < C, be continuous functions with bounded

C

derivative and with 22,_ u(0,z,k) = 1. Let u(t,z,k), 0 <k < C denote the solution

of the integrodifferential equations

du(t,z,0 _
—ugatz_)- =u(t,z,1)
21-—2dff ’
—u(1+ w(t,s + 4,C)(1 = u(t,5 + 0+ 7,C))dgdr)u(t,2,0) ,
q,T € [_111]d
Ju(t,z,k
—% = (k+ Dut,z,k+1)
21—2dff
+v(1l+ o € (=1, 1]¢ u(t,z + ¢,C)1 —u(t,z + g+ r,C))dgdr)u(t, 2,k — 1)
ol-2d
“(evir [_flfl],,u(t,w & CYA = u(t,z + ¢ + 1 C)dgdryu(t, z, k) ,
forO0<k<C,
du(t,z,C
Laf——) = —Cu(t,z,C)
21—2dff
+v(1+ w(t,z + ¢,CY1 —u(t,z + ¢+ r,C))dgdr)u(t,z,C — 1) .

q,T € [_17 1]d
(3.1)

Then we have the following :

Theorem 1 : Fix T < oo. Suppose that we start (nM ), with initial configuration the
product measure having P(ndf (z) = k) = up (0,2,k), 0 < k < C. If upy (0,2,k) —
u{0, 2, %) unformly on compact sets, 0 < k < C, then uup {t,z,k) — u{t,z,k) for all

t€[0,T),z€R%and 0<k<C.
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Theorem 1 is a statement about pointwise convergence of probabilities. There is
a corresponding functional limit theorem. This functional limit theorem allows us to
describe the limit behaviour of an arbitrary choice of spatial integrals ¢(\), ..., #") at
times ¢;,...,%, € [0,T] as long as the ¢{*) decrease sufficiently rapidly. This allows, for
example, to describe the evolution in time of spatial averages of the state over compact
regions of the lattice (which caricatures compact regions of our network with dynamic
routing). Let S(R?) denote the Schwarz space of rapidly decreasing functions on R*
and §"(R?) the space of Schwarz distributions, which is its topological dual. We recall
that S(R?) consists of precisely those infinitely differentiable functions f € C*(R?)

such that, with

I£llas = sup |2°D? f(z) |

zeR?
d a; gPr++By
where a = (a;,...,aq), 8= (B1,...,B4), 2% = szl z;’ and DPf= mf, we

have each ||f]l,s < 0o for all @, B. Further, S(R?) is a locally convex topological linear

space with topology given by the family of seminorms {|f||a,s. Then we have -

Theorem 2 : Given ¢, € S(R*),0<k < C, let
. c
XM@) =0 2 2 ()i () = k)
,;ez‘/M k=0
View X* as an element of D({0,T],(S*(R*#))°*+!). Then XM = X, where = denotes

weak convergence in D([0,T],(S"(R%))°*!), and

(o}
X@)=2X [  e(@u(,ok)ds.

TeER

When we look for spatially homogeneous solutions of eqns. (3.1) which are time
invariant, we are led to the same equations (2.2) found by Gibbens, Hunt and Kelly.
Thus we see that for large enough C, there is a range of v over which eqns. (3.1) admit
three spatially homogeneous solutions. These may be loosely thought of as different
phases associated to the network. The exchange between the phases can be studied by

numerically integrating the eqns. from the appropriate initial conditions. Such work is
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currently in progress, [4]. Similar equations can also be written for more complicated
dynamic routing schemes, including trunk reservation, using the techniques of the next
section. The study of these equations may also be useful in making comparisons between

schemes.

4. SKETCH OF THE PROOFS

The main idea is to consider a branching tree running backwards in time, which is
in some sense a dual to the forward time process. We start from z € R? at time ¢, with
a single "particle” alive at z. At time { — s (reversed time s), there is a certain set P,
of "particles” which are alive. A particle alive at reversed time s stays alive on reversed
time [s,t]. Each live particle p is at a point z(p) € R and does not move. Further, at

each reversed time s, we are given a map
w”
F, W —2

If C € WP is such that C € F,(l), this means that if the point 2(p) has value C(p) for
each p € P,, then tracing the forward time process from time ¢ — s to ¢, the resulting
value at z is I. Each particle p alive at reversed time s has associated with it several
independent Poisson processes. There are C Poisson processes D(p,k),1 < k < C of
rate 1 : at a time of D(p,k), F,({) is reevaluated for each I € W by thinking of this
point as requiring a call to leave in forward time if the number of calls in progress
is at least k. There is a Poisson process A(p) of rate v : at the times of A(p) F,({)
is reevaluated for each [ € W by thinking of such a point as an exogenous arrival in
forward time. (This process does not participate in alternate routing). Finlly, there is
a Poisson process Q(p) of rate 2v : at the times of Q(p) p generates 2(1),2(2) € [—1,1]*
independently and uniformly and places one new particle at z(p) + z(1) and one new

particle at z(p) + z(1) + 2(2). F,({) is reevaluated for each | € W by thinking of
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z(p) + z(1) as being a link which is potentially saturated and is performing alternate

routing to z(p) and z(p) + 2(1) + 2(2).

From the branching tree on R¢, we construct a branching tree on Z¢/M by moving
particles to the nearest lattice point that dominates their assigned point. Now, more
than one particle may be alive at a site. We need to show that this happens with
vanishingly small probability as M — co. We also need to show that if we construct
branching trees starting from two distinct sites z,y € Z¢/M, the probability that they
intersect, (i.e. that some site is occupied by particles from each process) has vanishingly
small probability as M — oco. This ensures that the joint probability terms that show
up in the generator equations for the finite M process asymptotically become products

and give the desired hydrodynamic equations for the evolution of the occcupancy profile.
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