
A I IYDI~ODYNAMIC LIMIT FOR, A L A T T I C E  CAI~ICATUI~E O F  

D Y N A M I C  ROUTINC IN CII~CUIT S W I T C H E D  N E T W O I ~ K S  

V. A n a n t h a r a m  * 

School of Elec t r ica l  Engineer ing 

Cornell  Univers i ty ,  I thaca ,  NY 14853 

ABSTR, A C T  

In s imula t ions  circuit  swi tched ne tworks  with dynamic  a l t e rna te  rou t ing  exhibi t  

hysteresis  phenomena ,  which suggest t ha t  under  dynamic  rout ing  there may  be more 

than one s tab le  regime of opera t ion  for the  same offered traffic. This  poss ib i l i ty  also 

shows up in some ana ly t ica l  models  of d y n a m i c  rout ing : one can wri te  ODE l imits  

for network occupancy  probabi l i t ies  which a d m i t  mul t ip le  equi l ibr ium poin ts  for ccrta.in 

ranges of pa ramete r s .  These ODE l imits  average  out  the spa t i a l  variat ion of the network.  

We a t t e m p t  to preserve the spa t ia l  cha rac te r i s t i c s  by considering a la t t i ce  model  of 

dynamic  rout ing.  We derive a h y d r o d y n a m i c  equat ion for this la t t ice  model .  This  is 

an integro-dif ferent ia l  equat ion which descr ibes  how the spa t ia l  occupancy  profile of the 

ne twork  evolves over t ime, and it admi t s  mu l t ip l e  spa t ia l ly  homogeneous  equi l ibr ium 

solut ions  for cer tain ranges of the pa rame te r s .  These solut ions may be loosely thought  

of as the  different opera t ing  regimes. Using this equat ion one can s tudy quest ions  like 

"for wha t  p a r a m e t e r  values is a hot spot  of heavy  loading in the system likely to take 

over the whole network by knock-on effects ?" 
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a Facu l ty  Deve lopment  Award ,  and by Bel lCore  Inc. 
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Dynamic routing schemes in networks adaptively adjust traffic patterns in response 

to demand, so as to make better use of spare capacity, and to provide robustness to 

failures or overloads. Such schemes have been the topic of considerable recent interest, 

primarily because it has only recently been possible to implement them in practice, 

and because they offer improved performance over the traditional hierarchical routing 

schemes. 

A difficulty associated with dynamic routing schemes is the potential for metastable 

states. Several simulation based studies of such routing schemes have revealed the ex- 

istence of hysteresis phenomena, suggesting that the network may have several qualita- 

tively different regimes of operation for the same offered traffic, spending long periods 

of time in one or the other regime and sometimes moving from one to the other in 

response to fluctuations in the demand. Intuitively a situation where most calls are 

using alternate routes is likely to persist for a while because arriving calls will then find 

the network close to saturation and will be unable to make their direct connections. 

On the other hand, for the same offered traffic, it might also be the case that if most 

of the calls ia progress are using their direct route, arriving calls will be able to make 

their direct connection. Important performance characteristics of the network such as 

blocking probabilities typically differ considerably between regimes. All the same, the 

improvement in performance over hierarchical routing schemes is such that dynamic 

routing schemes are being implemented in real world networks, with control schemes 

such as trunk reservation for directly routed traffic. These, if suitably chosen, mitigate 

the effects of the potential multiplicity of operating regimes. 

The possibility of metastable regimes of operation is also predicted ia analytical 

models for dynamic routing such as the ones studied by Kelly, [7], Krupp, [8], Marbukh, 

[10], [11], and Gibbens, Hunt and Kelly, [6]. In [7] and [8], simple fixed point approx- 

imations for the blocking probability are written, and it is found they have multiple 
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solut ions for cer tain ranges of the pa rame te r s .  The  models  in [6] and [10], [11], are more 

deta i led .  ODE l imits  are found for the f ract ion of ne twork  links tha t  are in a given s ta te  

as the network size becomes large. In Section 2 we briefly discuss the model  of Gibbens ,  

Hunt  and Kelly,  which pr imar i ly  m o t i v a t e d  this work. 

In this p a p e r  we repor t  on an a t t e m p t  to unde r s t and  the in te rac t ion  between the 

opera t ing  regimes using par t ic le  sys tem techniques ,  [9], [12]. To descr ibe  the dynamic  

exchange between different opera t ing  regimes,  one needs s imple equat ions  tha t  descr ibe  

how the spa t ia l ly  d i s t r ibu ted  network s t a t e  evolves over t ime.  Mot iva ted  by this we 

consider  a l a t t i c e  model  in Section 3, which is analogous  to the model  of Gibbens ,  Hunt  

and Kelly,  [6]. We find a h y d r o d y n a m i c  equa t ion  for this la t t ice  model .  This  is an 

in tegrodi f ferent ia l  equat ion describing the t ime evolut ion of the spa t ia l ly  d i s t r ibu ted  

network occupancy  profile. This equat ion  also admi t s  mul t ip le  spa t ia l ly  homogeneous  

t ime- invar ian t  solut ions for certain ranges of the pa rame te r s ,  which may be loosely 

thought  of as the different opera t ing  regimes.  The  main resul ts  are s t a ted  as Theorem 

1 and Theorem 2 in Section 3. The  key idea  of the proof  is sketched in Section 4. Full  

deta i ls  are avai lable  in [1]. 

2. ODE LIMITS 

In this  sect ion we review the ODE l imit  of Gibbens ,  Hunt  and Kelly,  [6], in order  

to mot iva t e  the  inves t igat ion in the following section.  

G ibbens ,  Hunt  and Kelly, [6] consider  a simplified model  for dyna mic  a l t e rna tc  

rou t ing  which bypasses  the spat ia l  features  of the network.  Consider  a collection of 

N links, each of which consists of C circuits .  At  each link, calls ar r ive  according to a 

Poisson process  of ra te  v. If its link is not  s a tu ra t ed ,  the call occupies one circuit  on 

the link. If  i ts  link is sa tu ra t ed ,  the call chooses two dis t inct  l inks at r andom from the 

remain ing  N - 1  links,  and if ne i ther  is s a tu ra t ed ,  the call occupies one circuit  from each 

of these two links.  Otherwise  the call is blocked and rejected from the sys tem.  Each 
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occupied  circuit  is held for an independen t  e x p o n e n t i a l  t ime of mean 1. (Note tha t  

when a call occupies two circuits after mak ing  a successful choice of a l t e rna te  route ,  it 

is a ssumed  tha t  these circuits  are released i n d e p e n d e n t l y ) .  

Let  7 ~ ( t ) ,  0 <_ k <_ C,  denote  the f rac t ion of the N links tha t  have k occu- 

pied circui ts  at t ime t. (70 ~ , 7 ~ , . .  g �9 , 7 C )  evolves as a Markov process on the C- 

d imens iona l  s implex.  In [6], an ODE l imit  is found for the evolut ion as N --+ co. 

:r 0 Namely,  if the ini t ia l  condi t ions ( % ~ ( 0 ) , 7 ~ ( 0 ) , . . . , 7 c  ( ) )  converge weakly to a l imit  

( % ( 0 ) , 7 1 ( 0 ) , . . .  , 7 c ( 0 ) ) ,  then the process converges  to the de te rmin is t i c  process given 

by the equat ions  

~/0 = 7, - (v + 2V7c (1 - - 7 c ) ) 7 0  , 

-(k+ t,+ 2~7c(i--7c))7k ,0 < k < C , 

~c = - c ' i c  + (~ + 2~,-rc(1 - ~ o ) ) ~ c - ~  , (2.z) 

with the a p p r o p r i a t e  ini t ia l  condit ions.  

W h e n  one looks for equil ibr ium poin ts  of eqns. (2.1), one finds the following The  

equi l ibr ium poin ts  are given by the solut ions of 

7;  = ( ,  + 2~,7~(1 - 7 c ) ) ~ C !  7 ;  
( ,  + 2 , ~ ( 1  ~ b ) ) c ~ !  ' 

"rc = E(~ + 2 ~ ( 1  - ~ c ) , C )  �9 (2.2) 

When  C is large enough,  one finds tha t  there  is a range of ~, in which eqns. (2.2) admi t  

three solut ions,  two of which are s table .  To the left and r ight  of this range there  is a 

unique s tab le  solut ion.  

Notice  t ha t  the spa t ia l  character is t ics  of the network are averaged out  in wr i t ing  

the above  different ial  equat ions .  
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3. L A T T I C E  CAP~ICATUI~E 

We now introduce a lattice caricature for dynamic  a l ternate  rout ing which has the 

virtue of preserving spatial  features of the system. We will write a hydrodynamic  limit 

for this lat t ice model. This is an integrodifferential  equat ion which describes how the 

spatial ly dis t r ibuted network state evolves over t ime, see eqn. (3.1). The main results 

are Theorem 1 and Theorem 2 below. 

Let Z ~ / M  denote the lattice in R. d consisit ing of points  all of whose co-ordinates 

are ra t ional  with denomina tor  dividing M.  The points  of Z d / M  are called sites. Let 

1u denote { 0 , 1 , . . . , C } .  We consider a Markov process (77~',t _> 0) on W zd/M which 

caricatures a circuit switched network with dynamic  rout ing (the s ta tements  below are 

true for any d, but the si tuations d = 1, and d = 2 are likely to be of most interest) .  

We use ~/ to denote a generic element of W zdlM, and call r/(z) the value at site x. Let 

M* denote  ((2M+l)~-l)  The Markov process is described by the t rans i t ions  
2 

~(.)  , . ( ~ )  - 1 a t  r a t e  ~ ( ~ ) ,  

T/(z) -----+r/(x)+ 1 at rate u if ~(x) # C , 

(~(z), ~(y), ,7(z)) , (~(x), q(y) + 1, ~(z) + 1) at rate . / M "  

if z , y , z  are dist inct  sites with 

~7(x) = C,~(y) < C,~(z)  < C and y , z  E x § [ -1 ,1 ]  ~ . 

There is no difficulty construct ing such a Markov process even though the number  of 

sites is infinite.  See Liggett, [9], Chapter  1, Section 3, for details; Theorem 3.9 of that  

section applies directly. 

We think of each site in the ' latt ice as representing a link in our network, which 

consists of C circuits. We think of the value at a site as giving the number  of occupied 

circuits in the corresponding link. Occupied circuits become free at rate 1. At each link 

there is a Poisson process of calls with rate v. Each call occupies one circuit  on its link 

if available; if the link is saturated the call randomly picks two other links which are 
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in its [--1, 1] d neighbourhood,  and uses one circuit  from each of these links if possible. 

Otherwise the call is blocked and rejected from the system. Note that  because we have 

a compressed lattice,  the interact ion actual ly has range M on the scale of links. 

For x E Za /M,  let uM( t , x , k )  denote P(qM(x)  = k), 0 <_ k <_ C. We extend 

the definition of uM( t , ' , k )  to 1E d by set t ing u M ( t , x , k )  = UM(t,[X]M,k) for x E l t a ,  

where [X]M denotes the min imum element  in Z d /M which dominates  z in the usual  

part ial  order on I t  d . Let u(O,x,k) ,O <_ k <_ C, be continuous functions with bounded  

derivative and with F_.C=ou(O,x,k) = 1. Let u( t , x , k ) ,  0 < k < C denote the solution 

of the integrodifferential  equations 

O,,(t,z,o) 
at =~( t ,~ , l )  

21-2 t i f f  
- u ( t +  

q , r  E [ -1 ,1 ]  d 

Ou(t,x,k) 
Ot - (k + i ) K t , = , k  + 1) 

2 ~ - ~  f f 
+v(1 + 

q, r  E [--1,1] d 

21- 2d f f 
-(k+di+ 

q , r  E [--1,1] d 

OKt, x,C) 
Ot 

u(t ,x  + q , C ) ( 1 - u ( t , x  + q+ r,C))dqdr)u(t ,x ,O) : 

u( t , x  -F q,C)(l - u ( t , x  Jr q-F r , C ) ) d q d r ) u ( t , x , k  -- I) 

u(t ,x  + q , C ) ( 1 - u ( t , x +  q+ r ,C))dqdr)u( t , x ,k )  , 

f o r O < k < C ,  

Cu(t,=,C) 

2i-~,  f f 
+ v ( l +  q, r E [ -1 ,  1] d u(t ,x  + q, C)(1 - u( t , x  + q + r,C))dqdr)u(t,  x, C - 1) . 

(3.1) 

Then we have the following : 

T h e o r e m  1 : Fix T < oo. Suppose that  we star t  (7] M)t with init ial  configuration the 

product  measure having P(rIM(x) = k) = UM(O,x,k), 0 <_ k <_ C. If UM(O,x,k) ---+ 

u(0, x, k) unformly on compact  sets, 0 _< k <_ C, then UM (t ,x ,  k) ---+ u( t , z ,  k) for all 

t E[O,T] ,x  E l td  and 0 < k  < C .  
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Theorem 1 is a s ta tement  about  pointwise convergence of probabilities. There  is 

a corresponding functional limit theorem. This functional limit theorem allows us to 

describe the limit behaviour of an arbi t rary  choice of spatial  integrals r  r at 

times t l , . . . , t ,  E [0,T] as long as the r  decrease sufficiently rapidly. This allows, for 

example, to describe the evolution in time of spatial averages of the state over compact  

regions of the lattice (which caricatures compact  regions of our network with dynamic 

routing). Let S(tL d) denote the Schwarz space of rapidly decreasing functions on 1K d 

and S ' ( R  d) the space of Schwarz distr ibutions,  which is its topological dual. We recall 

that  ,6"(1:1. d) consists of precisely those infinitely differentiable functions f E C ~ (IK d) 

such that ,  with 

II/l]~,~ = sup IzaD~/(z) t 
~ E r t  ~ 

0 ~  1 + . . . + ~ , l  
where a = ( a , , . . .  , a n ) ,  fl = ( f l , , . . .  ,flu), x" = [ I ;=  1 x ;  ~ and D P f  - o~-~ . . . . .  o'"'~'~, f '  we 

have each Ilfll~,p < oo fox- all ~, 9. Further ,  S(R. d) is a locally convex topological linear 

space with topology given by the family of seminorms Ilfll~,p. Then we have :" 

T h e o r e m  2 : Given Ck E S(R.d) ,  0 < k < C,  let 

C 

1 ~ ~ r (x)= k). X M (r = M~ 
x E Z ' I / M  k=O 

View Z M as an element of O([O,T],(S'(R~))c+~). Then Z M =:~ Z. ,  where =~ denotes 

weak convergence in D ([0, T], (S* (R. d ) ) c + ' ) ,  and 

C P 

x ( r  = ~ J r ~ .  
k = 0  ~ E I K ~  

When we look for spatially homogeneous solutions of eqns. (3.1) which are time 

invariant, we are led to the same equations (2.2) found by Gibbens, Hunt  and Kelly. 

Thus  we see tha t  for large enough C, there is a range of u over which eqns. (3.1) admit  

three spatially homogeneous solutions. These may be loosely thought  of as different 

phases associated to the uetwork. The exchange between the phases can be studied by 

numerically integrat ing the eqns. from the appropriate  initial conditions. Such work is 
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current ly  in progress, [4]. Similar equat ions can also be wri t ten for more complicated 

dynamic  rout ing  schemes, including t runk reservat ion,  using the techniques of the next 

section. The s tudy of these equations may also be useful in making comparisons between 

schemes. 

4. S K E T C H  OF THE P ~ O O F S  

The  main  idea is to consider a b ranch ing  tree runn ing  backwards in t ime, which is 

in some sense a dual  to the forward t ime process. We start  from z E R d at time t, with 

a single "part icle" alive at z. At time t - s (reversed time s), there is a certain set 7 ), 

of "part icles" which are alive. A particle alive at reversed t ime s stays alive oll reversed 

time [s,t]. Each live particle p is at a point  x(p) E R, a and does not move. Fur ther ,  at 

each reversed t ime s, we are given a map 

F, :W_..+ 2 w'" 

If C E W I'" is such that  C E F,(l), this means tha t  if the point  x(p) has va|ue C(p) for 

each p E "P,, then tracing the forward time process from time t - s to t, the resul t ing 

value at x is I. Each particle p alive at reversed t ime s has associated with it several 

i ndependen t  Poisson processes. There are C Poisson processes D(p,k) , l  ~_ k ~ C of 

rate 1 : at a t ime of D(p,k), F,(l) is reevaluated for each l C W by th inking of this 

point  as requir ing a call to leave in forward t ime if the number  of calls in progress 

is at least k. There  is a Poisson process A(p) of rate ~, : at the times of A(p) F,(l) 

is reevaluated for each l E W by thinking of such a point  as an exogenous arrival in 

forward time. (This process does not par t ic ipate  in a l ternate  routing).  Finlly, there is 

a Poisson process Q(p) of rate 2~, : at the t imes of Q(p) p generates z(1) ,z(2)  E [ - 1 ,  1] d 

i ndependen t ly  and uniformly and places one new particle at z(p) + z(1) and one new 

part icle at x(p) -b z(1) q- z(2). F,(l) is reevaluated for each l e W by th ink ing  o[" 
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z(p) + z(1) as being a link which is po t en t i a l l y  s a tu r a t ed  and is per forming  a l t e rna te  

routing to x(p) and x(p) + z(1) + z(2). 

From the branching  tree on R. ~, we cons t ruc t  a b ranch ing  tree on Za /M by moving 

par t ic les  to the neares t  la t t ice  poin t  t ha t  domina te s  their  assigned poin t .  Now, more 

than  one par t ic le  may be alive at  a site.  We need to show tha t  this happens  with 

vanishingly smaU probab i l i t y  as M ---+ co. We also need to show tha t  if we cons t ruc t  

b ranch ing  trees s ta r t ing  from two d i s t inc t  sites x, y E Zd /M,  the p robab i l i ty  tha t  they 

in te rsec t ,  (i.e. tha t  some site is occupied by par t ic les  from each process)  has vanishingly 

small  p robab i l i ty  as M ---* oo. This  ensures tha t  the joint  p robab i l i ty  terms tha t  show 

up in the genera to r  equat ions  for the finite M process a sympto t i ca l ly  become produc ts  

and give the desired hyd rodynamic  equat ions  for the evolut ion of the occcupancy  profile. 
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