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ABSTRACT

We consider a class of discrete time quasireversible nodes
called monotone which includes discrete time analogs of the
./M/oco and ./M/1 nodes. For stationary ergodic nonnega-
tive integer valued arrival processes we prove the existence and
uniqueness of stationary regimes when a natural rate condition
is met. We use coupling to prove the contractiveness of the in-
put output map relative to a natural distance on the space of
stationary arrival processes that is analogous to Ornstein’s d
distance. A consequence is that the only stationary ergodic
fixed points of the input output map are the processes of inde-
pendent and identically distributed Poisson random variables
meeting the rate condition. The problem is of interest in con-
nection with the construction of product form network models.

1. INTRODUCTION

The concept of quasireversibility of a queueing node in
continuous time was introduced by Kelly. [9]. and a probabilis-
tic understanding of this concept was provided by Walrand,
[18]. Networks constructed from quasireversible nodes form a
natural class of models for the performance analysis of commu-
nication networks : they offer modelling flexibility and admit
product form stationary distributions. which makes the com-
putation of stationary performance quantities easy. One of
the characteristics of a continuous time quasireversible node
is that, in stationarity, when the arrival process is a Poisson
process so is the departure process. One can thus think of
the Poisson process as a fixed point of the input output map of
such a node, which we view as a map on the space of stationary
processes (of course, this has to be appropriately formulated).
A question of some interest then is whether the input output
map has any other fixed points, apart from mixtures of Poisson
processes, which are also trivially fixed.

For ./G /oo nodes acting on stationary crgodic input pro-
cesses, Vere-Jones, [12], proved a result of this type (for a pre-
cise formulation, see {12]). The problem for ./M/1 nodes has
been circulating in the community for some time now. For
example, it is mentioned as an old open problem in a recent
paper of Glynn and Whitt, [6], to prove that the stationary
departure process from a long tandem of identical ./G/1 nodes
fed by a renewal process becomes asymptotically Poisson as
the length of the tandem tends to infinity. For ./M/1 nodes
a natural approach to this problem would be to prove that
Poisson processes are the only stationary ergodic fixed points.
This has recently been established in [2], using techniques mo-
tivated by those in this paper. Another recent contribution to
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the study of fixed points of the input output map of first come
first served queues in a very general setup is due to Bambos
and Walrand, [4].

The purpose of this paper is to eliscuss a partial resolution
of the analogous question in discrete time. Indeed the con-
cept of quasireversibility and the fact that networks of quasire-
versible nodes with Bernoulli routing admit product form sta-
tionary distributions carry over to discrete time, as shown by
Walrand, [14]. The role of the Poisson process lLere is played
by the i.i.d. process whose each marginal is a Poisson random
variable.

2. DISCRETE TIME QUASIREVERSIBLE NODES

We consider discrete time quasireversible queues in the
sense of Walrand, [14]. A complete classification of such nodes
was given in [14]; we remark that such a queue necessarily has
batch arrivals and batch services. The quasireversible queues
considered by Walrand are first of all S-queues, i.e., given an
arbitrary arrival sequence {am,n > 0} of N = {0,1,2,...}
valued random variables, the queue length process is given by

Tpt1 = Ty +Gn — dn+1 )
where for some S(i,7), 0 < j <1, we have, forn 20
P(dpt1 =3 | Tmidm,0 < m < niag,k 20,2, +an =1)

= 5(1,5) .

Here z¢ is arbitrary and dp = 0. Mimicking the continuous
time concept due to Kelly, [9]. such a queuc is called quasire-
versible if, when {a,,n > 0} is a Poisson arrival sequence
such that the state adnits an equilibrimn distribution, then
{dn,n > 0} is Poisson in equilibrivun and for all n {d;,l < n}
and z, are independent. Walrand, [14], proved that an S-
queue is quasireversible if and ouly if $(7,7) has the following
form :

5(0,0)=c(0)=1,

$(i,0) = c(i) . i >0,

(2.1a)
(2.1b)

S(i,j):%a(i)a(i—1)...a(i—j+1). 0<j<i, (21l

where a(0) =1, a(j) > 0 for j > 0 and ¢(¢) is such that

ZS(i,j)=1.

j=0




Fu.rther, the queue admits an cquilibrium distribution = for a
.ansson arrival sequence of mean ) if and only if the normal-
1zing constant ¢ exists such that

(i) =c A >0
T e '
is a probability distribution. B
We first note the following :

Lemma 1 : Given a(0) = land a(j) > Oforj > 0, let S(¢,j) be
asin (2.1). Then one can construct random variables d(i),i > 0
such that, with r(z) = i — d(), we have

P(d(i) = j) = 53i,5) (22)

and
ri+1)2r6), i20. (2.3)

Proof : Let C' be the birth and death chain on {0,...,4}
with birth rate i — j and death rate a(j) in state j. This
chain has stationary distribution S(i,7 — j). We couple C' to
Ci*! starting at 0. Namely, we construct a Markov process
((XE(8), X*H1(2)),t > 0) with (X7(0), X*+1(0)) = (0,0) and so
that (X¥(¢),t > 0) (vesp. (Xi+1(¢),¢ > 0) has the distribution
of C¥ (resp. C¥*1). It is easy to see that we can construct such a
coupling with X*+1(¢) > X(t) for all # > 0. The claim follows.
.

In view of Lemma 1, we will choose a canonical represen-
tation of the virtual departure process of our quasireversible
node. Let Q4 = [0,1]Z with product measure Py defined on the
g-algebra Fy generated by cylinder sets, where each factor has
Lebesgue measure on the Borel o-algebra. Given w = (w,,n €
Z), let ra(i,w) = kiff 3125 S(,i—j) < wa < Ty S(i,i—j),
and let dn(¢7) = ¢ — rp(i). Then ((d,(:).i > 0).n € Z) are in-
dependent and have identical distribution given by (2.2). Fur-
ther, we can define r,(00) = lim;—o;74(i). Simple algebra
shows we must necessarily have r,(cc) = o0 a.s..

Note that the transformation 8 :
left shift

Q4 — Q4 given by the

0a(. .. ,w_1, w0 Wi, ) = (W wrws, )
is invertible measure preserving and ergodic. Note also that
dn(%,04(w)) = dng1(i,w) for all i > 0 and n € Z.

Let NZ denote the set of two sided infinite sequences of
nonnegative integers with the o-algebra B generated by the
cylinder sets. We think of NZ endowed with the left shift 8,,
and call a measure on NZ stationary, resp. ergodic, if it is so
with respect to the left shift. Let Mg(A) and M§(A) denote
respectively the space of stationary measures and the space of
stationary ergodic measures on N? with rate A.

A stationary arrival process of rate A into our node is spec-
ified in distribution by an element i, € Ms(A) (o € ME(X)
if it is ergodic). We think of a stationary arrival process as
prescribed by an N valued random variable ¢y given on a sam-
ple space (S, F,, P,) supporting an invertible P, preserving
transformation 6,. Then a, = ag 0 7. Later we may need to

use different representations for the same arrival distribution.
Of course each arrival process has a standard representation
(NZ, B, pta,8,) on which it is given by the marginal z, at time
0.

Note it is possible to represent j1, € M%(A) by a non-
ergodic (4, Fa, Pa, 84, ap), but it is not possible to represent
a nonergodic p, € Mg(A) by an ergodic (Q,, Fu, Pa, 6., a0).
This is an easy consequence of the definition of ergodicity.
Thus we will distinguish between the ergodicity of an arrival
process and of its representation. Since the virtual departure
process of our node is assumed independent of the arrival pro-
cess, the node with its arrivals is completely described by ag
and (d(2),7 > 0) on (Qu X Q4. Fo X Fu, Py x Py, 8, x 84). We
abbreviate this to (Q,F,P,60). Note that if §, is P,-ergodic
then 8 is P-ergodic.

3. MINIMAL PRE-STATIONARY REGIME

The node is said to admit a pre-stationary regime if there
is a non-negative random variable xy (possibly infinite with
positive probability) such that

908 =ri(xg+ ).

The reason for the terminology is the following : If the node
admits a pre-stationary regime, let z,, = #906". Then (z4,n €
Z) is a stationary process satisfying

Tu41l = Tnp1(¥n +ag), n€Z.

Thus it is a stationary queue size process secen by arrivals.
Our first result is the following :

Theorem 1 : Every discrete time quasireversible node admits
a pre-stationary regime for any stationary arrival process.

Proof: Recall that we are working on (£, F, P, 8) defined above
so that, while the arrival representation is arbitrary, the vir-
tual departures have a canonical representation and the overall
sample space is a product. We use the Loynes construction.
See Loynes [10], Baccelli and Bremaud (3], Part II, Chapter 1
and Walrand, [15], Chapter 7 for discussions of this construc-
tion. For each m > 0 we construct a process (21,n > —m)
by

™ =0 ,

-m

(3.1a)
-Tm'.] = 7'n+](1';:‘ + (ln) = 37:;1 +a, — (1n+1(3":' + an) - (31b)

One thinks of z}' as the queue size that would be seen by
arrivals at time n if the node were started empty at time —m.
We claim that 7! > 2™ for all n > —m. Indeed, 2™ >
0 =27 . Suppose z™H! > 2™ . Then

o=, (2 4oa,o)

2ra(an_y + anoy)

T

by (2.3), giving the desired. Thus we may define
zp? = lim al? (3.2)
me-——ok
for all n € Z. Since 27, , = x™+1 06, (3.1b) becomes

‘TZ.-H 0f = 7'n+l(-1':1 +ay) . (33)



From (3.2), it follows that

m ol =al% =rp(aP +a,) .
zg° is the desired pre-stationary regime. .

Note that Theorem 1 as stated is trivially true, since tak-
ing zg = 0o defines a pre-stationary regime by virtue of the fact
that rn(00) = oo for all n € Z. However the pre-stationary
regime constructed in the proof of Theorem 1 is the mini-
mal pre-stationary regime, in that if there is any other pre-
stationary regime it must dominate this one pointwise.

A pre-stationary regime is said to be a stationary regime
if the random variable z, is a.s. finite. Clearly one needs some
kind of rate condition on the arrival process for the existence of
a stationary regime. To discuss this we now restrict attention
to monotone quasireversible nodes. See Section 8 for some
remarks on the need for this restriction.

4. MONQTONE QUASIREVERSIBLE NODES

We will call a discrete time quasireversible node mono-
tone if the sequence a(i),i > 1 is nondecreasing. Several nat-
ural examples of discrete time nodes are monotone, including
the analogs of the ./M/co and ./M/1 nodes, see [14]. For a
monotone quasireversible node we have the following :

Lemma 2 : Let o(0) = 1,0 < a(1) < a(2) < ..., and let
S(¢,7) be asin (2.1). Then one can construct random variables
d(i),i > 0 such that, with r(i) = i — d(i), we have (2.2) and
(2.3) and also

di+1)>dE), i20. (4.1)

Proof : Let D' be the birth and death chain on {0,...,i}
with birth rate a(i — j) and death rate j in state j. This
chain has stationary distribution S(7, 7). We couple D' to D!
starting at 0. We can clearly construct such a coupling with
Yit+i(t) > Yi(t) for all t > 0. The claim follows. .

Thus, for a monotone quasireversible node when the vir-
tual departure process has the canonical representation we have
the added property that du(i + 1) > dya(i) for all 7 > 0 and
n € Z. The next result is about stationary regimes for mono-
tone nodes.

Theorem 2 : For a monotone quasireversible node, let

oo

,\i
Ao = A —_— .
o = sup{ ga(O)...a(i)}<°°
Note Ag > 0. Let A < A¢. Consider an arrival process u, €

%(A). Let (Q,Fq, Pa,0q,a0) be an ergodic representation
of pe. Then the node admits a stationary regime for this rep-
resentation.

Proof : We will show that the minimal pre-stationary regime
z$° constructed above is a.s. finite. First note that the event
{z§° < oo} is 6-invariant. Since 8 is P-ergodic this event has
probability 0 or 1. Thus it suffices to show that 23° cannot be
oo with probability 1.

Since A < Ag, thereis ¢ > 0 such that with an i.i.d, Poisson
arrival sequence of rate A + 2¢ the number of customers just
prior to arrivals evolves as a Markov chain with stationary
distribution

(X + 2¢)} .
————— >
a(O) Lafi)’ 120.

See Walrand, [14], for a proof. In particular, we have

00

D w(i)Edy(i) = A+ 2. (4.2)

i=0
Now Lemma 2 informs us that Ed,(¢) is nondecreasing iﬁ w It
follows from (4.2) that there is K < oo such that

Edi(i)> A+¢ forall i>K. (4.3)

We now return to the construction of the minimal pre-
stationary regime in the proof of Theorem 1. Equat:on (3.3)
reads

) z,, 108 =2" +ap — dupr(2T +an) .
The 8 invariance of P and the fact that z%*! > z™, imply
that

Ez®* 06 = ExTt! > Eal}
Hence (3.3) yields
A2 Ed"+](l':‘" + an) . (4.4)

Now suppose 2° = oo a.s.. Then for any § > 0 we can find
M; < oo so that P(z® > K) > 1— 6 for all n > M;. From
(4.3) and (4.4) this gives

AZ(A+e(1-96),

but this is a contradiction for § sufficiently small. ' .

Note that if an ergodic arrival process satisfying the rate
condition of Theorem 2 is given in a nonergodic represéntation,
we may first construct a stationary regime on (Q*,F*, P*,6*)
which is the product of the canonical represe ‘ntation of the ar-
rival process with the canonical representation of the virtual
departure process. We then take the composition of this sta-
tionary regime with the map

& : (QF, PO (X F P8

given by &((wn)n) = (@n{w), du(w))a to get a stationary regime;
on (R, F, P,8). For a nonergodic arrival process the rate con--
dition is not enough to gnarantee the existence of a stationary
regime - for example a mixture of a scquence of ii.d. Poisson
random variables with rate exceeding Ao and one with rate be-
low Ap can meet rate condition but cannot be supported by
our monotone node.

The next natural question is whether a monotone node can
admit more than one stationary regime for a representation of
an ergodic arrival process. This is answered by :

Theorem 3 : Given a monotone quasireversible node, let A <
o and consider an arrival process j1, € M%(A). For any repre-
sentation of p, the stationary regime guar nmwd by Theorem
2 is unique. .




Suppose we are given an ergodic representation of an ar-
rival process s € M%(A) with A < Ag. We wish to examine
the stationary departure process from our monotone node in
the unique stationary regime. We would like to know that
the stationary departure process has rate A and that it is
uniquely specified in distribution independent of the represen-
tation. This is the content of the remaining two results in this
section. Together they permit us to think of the node as defin-
ing a map T on M%()). Properties of this map are studied in
Section 6.

Theorem 4 : Let the situation be as in the statement of The-
orem 3. Let x§° denote the unique stationary regime, and let
(da(z3° + an),n € Z) be the departure process in the station-
ary regime. Then this process is stationary and crgodic with

mean ), so it defines an element of M¥()). .

In the above theorem, note that we have not argued the
integrability of z§°. Indeed, we do not know if this need al-
ways be true. By analogy with the Loynes construction for the
workload process seen by arrivals in a FCFS quene with gen-
eral stationary ergodic interarrival and service time process,
see e.g. [3], there is no reason to expect this to be the case.

Theorem 5 : Let the situation be as in Theorews 4. Then the
distribution of (dn(2° + a,),n € Z) docs not depend on the
choice of the representation (,, F,. Py.84.ag) of the arrival

process. .

The conclusion of the discussion in this section is that for
each A < Ag we can define a map T ML) - ME(N)
by letting T(pa) = g4, where pg is the distribution of the
departure process in the unique stationary regime associated to
any ergodic representation of the arrival process ji,. We know
that the process of independent Poisson random variables is a
fixed point of T. Our goal is to prove that there is no other
fixed point.

5. A METRIC ON ARRIVAL PROCESSES

In this section we introduce a metric on Mg()), which is
analogous to the d distance introduced by Ornstein, [11]. Our
metric is an example of a family of such generalizations intro-
duced by Gray, Neuhoff and Shields, (8], who were motivated
by application to information theory. Gray et. al. call their
generalizations p distances, so we will use the notation j for
our distance. The basic properties of the p distance are derived
in [8] and also in Chapter 8 of the text by Gray, [7].

On N we consider the metric p(u,v) =} u —v |. Let
p,v € Mgs(X). Consider NZ x NZ with the o-algebra B x B
and the left shift 8, x 6,. Let Mg(A, ) denote the space of
stationary probability distributions on this space whose each
marginal has rate . A stationary coupling C of p and v is
specified by giving a measure a € Mg(A, A) with marginals g
and v respectively.

Denote a generic element of N% x NZ by (u,,,vy ). The
p distance of p and v is defined as

p(pe,v) = infaa(plie. o)) - (56.1)
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Thus, one considers the expected value of the difference be-
tween the number of arrivals in the first process and the second
process at any time and takes the infimun over all stationary
couplings.

First note the following :

Lemma 3 : Ms(A) and Mg(A, )) are compact in the weak

topology. .

The properties of p relevant to our discussion are summa-
rized in the following result.

Theorem 6 : The p distance on Mg(A) introduced above has
the following properties

(i) p is a metric.

(i) The infimum in the definition (5.1) is a minimum,
i.e., there is stationary coupling that achieves the 5 distance.

(iii) If p,v € M%(A), the infimum in (5.1) can be re-
placed by an infimum over stationary ergodic «, Further, this
infimum is a minimum.

(iv) Let (pr,k > 1), 11 € Ms(X). Suppose (s, ) — 0
as k — oo. Then pp — g, where the convergence is in the

weak topology of Mg(\).

(v) Let pr — p in the weak topology of Mg(A). Then
for any v € Mg(A) , we have

liminf p(px, v) > plp,v) -
k—co

6. CONTRACTIVENESS OF I-O MAP

The central observation of this paper is the following :
Theorem 7 : Let pu,v € M%(A). p # v. Then

AT() T(v)) < plyiw) -

Proof : Since yt # v, by Theorem 6 (i), we know that p(u, v) >
0. Let (NZ x NZ,B x B.a.#, x 8,,(ug.vp)) be a stationary
ergodic coupling achieving p(u,»). The existence of such a
coupling is ensured by (ii) of Theovem 6. Taking the prod-
uct with the canonical representation of the virtual depar-
ture process gives (Q,F, P.8) supporting (ae, @) = (ug,v0)
and (di(i),7 = 0). Observe that P(ay = ap) < 1 because
pp,v) > 0.

We jointly construct the minimal pre-stationary regimes
for the two arrival processes under consideration following the
Loynes scheme and a colouring idea. Let r:,‘," = min(ayp, @),
all =ap—af, and af = & — a) . Note that

plp,v) =2\ - Ea) .
Let (an,,&n,az',(tf,a,‘?,) = (0g|~!10.lf.} .aé‘,u"Z) ° ()_". then a, =
al 4+ aY and @, = @B + «}. Think of a) arrivals coloured
yellow, a® arrivals coloured red and aB arrivals coloured blue
at time n. Note that afaf = 0.



For each m > 0 we construct random variables

m,Y

m m,B
CAPEFaR 4

WM am
zp an, En,n > —m) .

m,R
n L

Let

mY _
-m =

mR _  mB _

m
-m T ¥ =T 4y

it
5,
3

x

. X Y
Zphy = Tagr(zy +ay)
Y : . .
zpiy = rapa(epY +af + min(@)®,0f) + min(a})?,af))
(6.1)
m,R __
n+l —

m,Y

T Tpt1

rn+1(a’:l + an) -

m,B ~ ~ m,Y
Tpg1 = T‘,.+1(:l""_‘ +an) - T+l

m
Toy1 = 7‘11+1(~T:' + "-n)
i:z“—{-l =rap (3 +an) .

The interpretation of =} is the number of customers in the
node at time n if it is started empty at time —m and fed with
only yellow customers. The rest of the variables involve a re-
colouring procedure. At any time the node can have yellow
and red customers or yellow and blue customers, but never
simultaneously have red and blue customers. When arrivals
come in the yellow arrivals are added on to the existing yellow
customers, as many red arrivals as possible are merged with
any existing blue customers. becoming yellow customers (a red
arrival and a existing blue customer merge into a single cus-
tomer) and as many blue arrivals as possible are merged with
the existing red customers, becoming yellow customers. After
the merging procedure it is once again true that the node has
either yellow and red customers or yellow and blue customers
but cannot have both red and blue customers. Further, if it has
no blue customers the yellow customers represent the situation
with the second arrival process and if it has no red customers
the yellow customers represent the situation with the first ar-
rival process. Now we examine the virtual departure variable
corresf)onding to the total number of yellow customers and to
the total number of customers respectively. The latter is no
smaller than the former, and the difference between them is
bounded by the number of nonyellow customers, by virtue of
Lemma 2. We release as many yellow customers as required
by the former, and release as many nonyellow customers as
required by the difference between the latter and the former.
Now we have determined the state of the node at the next time
instant. Thus z™Y is the number of yellow customers in the
node, /% the number of red customers, 2B the number
of blue customers, =7 the total number of customers corre-
sponding to the first arrival process and ' the total number
of customers corresponding to the second arrival process, all at
time n when the node is started empty at time —m.

We claim that z, 2™Y, 2™ and &) are nondecreasing in
m for each fixed n for which they are defined, i.e. n 2 —m.

This is immediate from Theorem 1 for all these variables except

z™Y . To see this, first note that z™+Y > 0 = «™;Y. Now
suppose z;."fll‘y > .’t’::;‘i for some n > —m. Either a? | =

or aB_, = 0; assume the former. Then from (6.1) we have

1Y g : +1.R B
™Y oo (™Y LY 4 min(e T aB))
Y : +1 _m+1Y B
= r"(an-] + m‘]n(l‘:ﬂ-l s Tyt + "u—l))
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Y : "
2 ra(an_y + min(a?_ 2™ +a?_,))

_ I'r:z.Y

where we have used the induction hypothesis in the third step.

T}‘lus we can define z3°, 23>, 2% and #% by taking
the pointwise limit as m — co. We can also define R =
2P — zY and 28 = &2 — 22V Clearly = is the :nique
sta,'tionary regime corresponding to the yellow arrivals, z§° the
unique stationary regime corresponding to the sum of yellow
and red arrivals, i.e. to the first arrival process, and £3° the
unique stationary regime corresponding to the sum of yellow
and blue arrivals, i.c. to the second arrival process. The de-
parture process corresponding to the first arrival process is

(dn(z®_, 4 an_1),n € Z) and that corresponding to the sec-
ond arrival process is (dn(£3; + Gn-1),n € Z).

Let the number of yellow departures in the stationary
regime at time n be denoted

dY = d,,(xf_";+ax_1+ min(mf_’f,af_l )+ min(:c;’f_‘?,af_l)) .
(6.2)

The process of red departures is denoted
dR = dn (22, + apn-y) —dY_,

and the process of blue departures is denoted

dB = dp(32, + @) —di_y .

Note that the sample space (2, F, P.8) now supports a natu-
ral stationary coupling between distributions T(u) and T(v).
Hence we get

A(T(w). T(v)) < 2\~ Ed), .

To prove the claim, it suffices to establish that EdY > EaY.
Further observing that d, (23 ; +a)_, ) is the departure process
corresponding to the yellow arrivals, so that, by Theorem 4
Edn(22, 4+ aY_,) = EaY, we see that it is enough to prove
EdY > Ed,(z2.,+a}_,). Note that (6.2) already implies that
EdY > Edn(2, +aX_)).

Since P(ap = @) < 1 and because p and v are both
ergodic, it follows that there must exist some 1 < N < oo such
that

PR >0,a® =B =0foralln+1<k<n+N -1,

a y>0)>0. (6.3)

Indeed, P(aqo &) < 1 implies P(a® > 0) > 0 and also
P(aB > 0) > 0. Consider U¥,___ {a® > 0} which is mapped
into itself by the left shift. Since it is an cvent determined
by an ergodic distribution, and has nonzero probability, it has
probability 1. So, for some ! < k+1 we have P(aft > 0, af_“ >
0) > 0. From this it is a simple matter to conclude (6.3).

From (6.3) and the fact that the stationary regimes are
a.s. finite, we conclude that there must be 0 < M; < oo,
0 < M, < 00, and 0 < M3 < oo such that



P(max (z+en, & +dn) = My, a® = M,,

R—gB=0Oforalln+1<hk<n+N-1,

a, =a,,
af_HV =]\f3) >0.

Since the variables involved in the above event are all functions
of the arrival processes and of the virtual departure process
upto time n, they are independent of the variables (di(7),i >
0),k > n+1). Hence there is a positive probability that
in addition to the event above we also have {d,+1(M;) =
0,dn42(M1) =0,...,dnen—1(M;) = 0}. But this implies that
there is a positive probability that there is a merge at one of
the times from n to n + N, i.e. the creation of a new yellow
from a red and a blue. Hence the rate at which yellows leave
the node must strictly exceed the rate at which they enter,

which was to be established. .

7. MAIN RESULT

We are now in a position to state and prove the result
claimed in the introduction.

Theorem 8 : Consider a monotone discrete time quasireversible
node. Let A < Ag, and let i € M§(A) be such that T(u) = g,
i.e. p is a stationary ergodic fixed point of the input output
map. Then p is the distribution of an independent sequence of
Poisson random variables of rate A.

Proof : Let u® denote the distribution of an independent se-
quence of Poisson random variables. We know that T(u°) =
u®, see [14]. Suppose ;. # u°. Since p is a metric by The-
orem 6 (i), we have (s, %) > 0. By Theorem 7, (g, 1°) >
p(T(p), T(u®)) = p(u, p°). This is an absurdity. Hence p = p°.
.

8. CONCLUDING REMARKS

Lack of monotonicity of the quasireversible node in the
above would cause Lemma 2 to fail, so that the entire struc-
ture of the proof would collapse. Note that in the absence of
monotonicity we do not even know if the existence of a station-
ary regime is ensured by a simple rate condition as in Theorem
2. Nevertheless, it is difficult to imagine how the result can fail
to be true even in the absence of monotonicity.

Another question left unanswered at the moment is the
interesting one of what happens when a stationary ergodic
arrival process meeting the rate condition is put through a
long tandem of identical monotone quasireversible nodes. One
would expect that the stationary departure process converges
weakly to the unique fixed point as the length of the tandem
goes to infinity. In the above notation, to prove this we would
have to show that T%(u) — u® as k — oo, where T* denotes
T iterated k times, and y° is as defined in Theorem 8. Let
K C Mgs()) denote the set of weak limit points of the se-
quence (T*(p),k > 1). K is closed, and hence compact by
Lemma 3. Since u — p(p, ;%) is a lower semicontinuous fune-
tion on the compact set I{, it attains it minimumn at some fi.
Suppose ji # u°. Then, by Theorem 6 (i), p(ji.y:°) > 0. If we
could show that i € M%(A) then we arrive at a contradiction
by Theorem 7, and it is a simple step to show that (T%(u))
converges weakly to u®. The problem is that it is a priori pos-
sible for the sequence of ergodic processes (T*(yt))r to have a
nonergodic subsequential limit, although this secms extremely
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unlikely in the problem at hand. We are currently attempting
to resolve this issue.

For full details of the proofs of the theorem stated without
proof, see {1].

REFERENCES

(1] V. Anantharam, "The Input-Output Map of a Monotone
Quasireversible Node”, Preprint. School of EE, Cornell
University, Ithaca, NY, 1991.

2

-

V. Anantharam, ”Uniqueness of the Stationary Ergodic
Fixed Point of a ./M/K Node”, Preprint, School of EE,
Cornell University, Ithaca, NY, 1991.

3

F. Baccelli and P. Bremaud, Palm Probabilities and Sta-
tionery Queues, Lecture Notes in Statistics, Volume 41,
Springer-Verlag, Berlin, 1980.

4

o

N. Bambos and J. Walrand, "An Invariant Distribution
for the G/G/1 Queueing Operator”, Advances in Applied
Probability, Vol. 22, pp. 254 -256, 1990.

5

—-—

P. Billingsley, Ergodic Theory and Information, John Wi-
ley and Sons, New York, 1965.

[6] P. Glynn and W. Whitt, "Departures from many Queues
in Series”, Preprint, 1990.

[7} R. Gray, Probability, Random Processes and Ergodic Prop-
erties, Springer-Verlag, New York, 1988.

[8] R. Gray, D. Neuhoff and P. Shields, A Generalization
of Ornstein’s d distance with applications to Information
theory”, Annals of Probability, Vol. 3, No.2, pp. 315 -328,
1975.

[9] F. Kelly, Reversibility and Stochastic Networks, John Wi-
ley and Sons, New York, 1979.

[10] R. M. Loynes, "The stability of quenes with non indepen-
dent inter-arrival and service times”. Proceedings of the
Cambridge Philosophical Society, Vol. 58, pp. 497 -520,

1962.

[11] D. Ornstein, ”An application of Ergodic theory in proba-
bility theory”, Annals of Probability. Vol. 1, pp. 43 -58,
1973.

[12] D. Vere-Jones, ”Applications of Probability Generating
Functionals to the Study of Input-Output Streams”, Jour-
nal of the Royal Statistical Society, Series B, Vol. 30, pp.
321 -333, 1968.

[13] J. Walrand, ” A Probabilistic Look at Networks of Quasire-
versible Queues”, IEEE Transactions on Information The-
ory, Vol. IT-29, pp. 825 -831, 1983.

(14} J. Walrand, ”A Discrete-Time Queueing Network”, Jour-
nal of Applied Proability, Vol. 20, pp. 903-909, 1983.

[15] J. Walrand, Introduction to Queueing Networks, Prentice-
Hall, New Jersey, 1988.



