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ABSTRACT

Let W, denote the waiting time of customer &, & 2 0, in an initially empty
GI/G/1 queue. Fix a>0. We prove weak limit theorems describing the

behavior of —, 0 <k < n, given W, > na. Let X have the distribution of the
n

difference between the service ard interarrival distributions. We consider
queuds for which Cramer type conditions hold for X, and queues for which X
has regularly varying positive tail.

I_INTRODUCTION

In this paper we describe how large delays build up in a GI/G/1 queue.
The engineering motivation for this investigation comes from the desire to
design computer networks to minimize the rate of occurrence of bad events,
such as bufler overflow or the occcurrence of large delays. Typically, the pro-
bability of occurrence of such events needs to be determined by simulation.
Knowing how such events occur can lcad to fast simulation schemes. The
relevant ideas are briefly discussed in Scction II.

We are given an initially empty GI/G/1 queue. Customer O amives at
time 0 and customer £ at time A =, ..+ A, where 4,,i=1,2, ... are i.id. .
Let B, i=1,2,... beiid. service times, B,.; being the scrvice time of custo-
mer ko If we let X,=B,- A, then X, i=1,2,... are iid. . Let
EX. =- U, u,>0. The waiting time ¥, of customer & before receiving service
is given by the equations:

Wy =0,
Wi = max(0, Wy + X0, k 2 0.

Let C denote C[0, 1], the space of continuous functions on the unit inter-
val with the topology of uniform convergence, and D denote D[, 1], the space
of right continuous functions with left limits on the unit interval, with the topol-
ogy of uniform convergence. For cach n 21, let w,(-) € C denote the polygo-
nal path, and st,() € D denote the piecewise constant right continuous path,

S
constructed from the points (ﬁ, —k), 0<k<n
n n
Fix a > 0. Let P, denote the conditional distribution (w,()IW, > na), and

15,, the conditional distribution (#,()IW, > na). P, (tesp. P,) is a probability
distribution on C (resp. D).

In Theorem 1, we identify the weak limit of {P,} under the following
moment conditions on X:;

(C) Let m(f) = E exp tX;. There is an interval § = (4., +,) containing 0,
such that:

m(y <eforall re§,

m' ()

—= 5 %as >t
m{t)

(1)

—= S -=as 1.
m(t)

This situation covers the M/M/1 queue and a large class of GI/G/1 queues
with rapidly decreasing tail distributions for X.
In Thoerem 2, we identify the weak limit of {,) under the following moment
conditions on X;:

(D) There is ¢ > 0 and a slowly varying function L(*) such that:
EX? < o,

PX.>x)~x L(x) as x = o,

This situation covers a large class of GI/G/1 queucs where X, has a fat
positive tail.

1I._MOTIVATION

The motivation for understanding how rare events occur comes from the
need to speed up the estimation of the probability of occuwrrence of these events
via simulation. This need arises in the design of computer networks to minim-
ize the rate of occurrence of bad events such as buffer overflow or the
occurrence of large delays. In a network that is performing reasonably when it
is well approximated by a stationary model, these events are already relatively
rare.  Further, it is typically not easy to give tractable analytical formulas for
the probabilities of such events.
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Let (Q, F, P) be a probability space, for example, the space of paths of a
computer network, and A € Q be a rare event, i.e. P(4) is small. To estimate
P(A) we may observe independent samples V-, Vs, . ., with distribution P and
construct the empirical estimator

Q:% h 1(V, € A).
Clearly,
LEpV, = P(4)
and
varpV, = [M]
n

Suppose instead we simulate the network under a modified set of dynam-
ics corresponding to a different probability distribution @ on (Q, F). We

observe samples Vi, V5, . . . with distribation Q and construct the estimator
- 1 & dP ., - .
V,=— — 1(Vy e A).
n g Y
Then

EgV, = P(4)

and

o~ _ 1, 4P .
vargV, = —( 0 dP - P(4)%.

aQ

If Q is chosen so that Ty > 1 on A, the estimator ¥, has much smaller
variance than V. In fact, if Z—; ~L > 1onA, wehave

i
varg¥,

)
(- PA)]

varpV,
~ L1

The above idea, called the importance sampling technique, is well known
to experts in simulation, see, e.g., Bratley, et al., [4] and Siegmund, [11].
Because of the smaller variance of V,, simulating under Q generates acceptable
confidence bounds with fewer samples. Intuitively, to maximize the speedup in
simulation time, it is desirable to concentrate the measure Q around the paths in
A along which the event A is most likely to occur. This explains our interest in
the problem addressed in this paper.

For other work motivated by the same ideas and including striking numer-
ical evidence of their power, see Coturell et al., {S], and the thesis of Parckh,
[10].

1JI. MAIN RESULTS

1. Rapidly decreasing tails

Under the moment conditions (C), /m(~) is an analytic, stricly convex

function on S, as is log m(-). Note that :;T(g =— . Let 15> 0 be the unique
ot
point where m(tg) = 1, and let z; denote —mé[—o) See Figure 1.
)

Theorem 1: Assume the moment conditions (C). If a<z, let
Ha)=1- <= and p,() € C be defined by:
o
pa(t) =0, 0g 1< a),
palt) = 200t = @), Ha)St< L
If @ 2 2, let p,(*) € C be defined by:
pD) = ta, 0<t<l,

See Figure 2.

We have

Py=>38,,
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where 5,,4 denotes the probability distribution concentrated on p.(), and =>
denotes weak convergence of probabilities on C. a

For the meaning of weak convergence, see Billingsley, {2). Heuristically,
Theorem 1 states that the most likely way in which the waiting time of custo-
mer » builds up to na as follows: If a < zo, customers k, k < [nt(a)], encounter
essentially typical behavior in the queue, after which the waiting time of custo-
mers builds up essentially linearly. If a > zo, waiting time starts building up
right away and builds up essentially lincarly.

2. Fat tails
Recall that a function L(-) is called slowly varying if
L{tx)

=== > 1forany ¢>0.
L(x)

When P(X; > x) ~ x”9L(x) as x —» e, with ¢ > 0 and L(:) slowly varying,
X, is said to have regularly varying positive tail. For more about regularly
varying distributions see Feller, Secs. VIIL8 and VIILS, [7].

Theorem 2: Under the moment conditions (D)

By=>[Ur- u(— DT <,
where T is distributed on [0, 1] with

+—3lope G

1
] =Ry s
1
1

P(T <) = —————ame|
and Jr is distributed on [a + p(1 ~ 7T), =) with

P(Ir>x) = (ﬁ)‘ ‘
Sce Figure 3.
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w
Here => denotes weak convergence on D. a

Heuristically, Theorem 2 says that if X; has fat tails, the reason customer
n incurred a waiting tme of at least na is that a single (random) customer [£7)
incurred an enormous waiting time. The other customers preceding customer
[kT] encountered typical behavior in the queue, while the customers
k, [T} < k < n, encountered typical behavior in the queue but had large waiting
times because of the waiting time of customer [kT].
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