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ABSTRACT 
Let It; denote the xaiting tim.: of customer k. k 2 0, in an  initially  empty 

GI/G/l queue. Fix a > 0. \{'e prove ucak limit  theorems  describing the 

behavior of -, 0 < k 5 nl; given I\',, > na. Let X have the distribution of the 

dlffcrcnce betxecn the scrvicz ar.d interarrival  distributions. \Ye consider 
queues  for which Cramer  type conditions hold for X: and queues  for which X 
has regularly  varying  positive tail. 

11, 

n 

I. ISTRODECTIOS 
In this paper we describe how large  dcla)s  build up in a  GI/G/l q u a e .  

The  engineering  motivation for thls investigation  comes from the dcsir.: to 
design  computer networks to minimize the rale of occurrence of bad evcnts, 
such as bufl'cr overllo\r, or the occcurrcnce of large delays. Typically, the pro- 
bability 3f occurrence of such events needs to be datcrmincd by smulation. 
Kno;\ing how such  events occur can lead to fast simulation schcmx The 
relevant id-as are briefly discussed in Scclion 11. 

\Ye are  given an initially  empty  GI/G/l  queue.  Customer 0 arrives at 
tim: 0 and customar X-  at time A: - , , . - A i ,  u here A,, i = 1, 2, , , , are i.i.d. , 

Let E , ,  i = 1, 2 ,  , , , be i.i.d.  service times. B*-; being the service  time of custo- 
mer k .  If u e  Ict X, = E ,  - A,, t h m  X,, i = 1, 2 , .  , , are i.1.d. , Let 
EX:  = - u. p, > 0. The  waiting  time ! i ;  of customer k txfore  receiving  service 
is given by thc equations: 

n; = 0. 

\irkL: = max(0, IV, + X,-:), k 2 0. 

Let C d-note C[O, I ] ,  the space of continuous  functions on the uni t  inter- 
val i i ~ t h  the topology of unirorm convcrgence, and D denote D [ 0 ,  I ] ,  the space 
of right  continuous  functions wirh left limitj on the unit intenal, Kith the topol- 
ogy of uniform convergence.  For each n 2 1 . let I<.(.) E C denote  the  polygo- 
nal path, and si.,(.) E D denote the piecewise constant right continuous  path, 

construclcd from the points (-, - ) >  0 5 k 5 n. 
k 
n n  

FIX a > 0. Let P, denote the conditional distribution (!g,,(,)l!i',, > no), and 
p,, thc conditional distribution (\CKt)I lVn > na). P, (resp. P,J is  a probability 
distribution on C i m p .  D). 

In Theorem 1, a.e idcntify the ueak l i m t  of (P,J undcr the following 
moment  conditions on X:: 

(C) Let m(f) = E exp :X1. Thxc  is an interval S = (f- , r J  containing 0, 
such  that: 

m(i )  < m for all : E S, 

Thls  situation  covers the SW.t'l queue and a  large class of GI/G/l queues 
with rapidly decreasing tail distributions  for X;. 

In Thwrsm 2, we identify the weak limit of ( P , )  under the following  moment 
conditions on X;: 

(D) There  is q > 0 and  a slowly v q - i n &  function L(,) such that: 

EX! < m, 

P(X:  > x )  - x- % ( x )  us x -+ = 

This situation covers  a  large  class of GIiGil queues  where X, has a  fat 
positive tail .  

11. MOTIVATIOS 
The  motivation for undersmdmg how rare  events occur comes from the 

need to speed up the estimation of the probability of occurrence of these events 
via simulation.  This  need  arises  in the design of computer  networks to minim- 
ize the rate of Occurrence of bad events such as buffer overflow or the 
occurrence of large dclays. In a network that is  performing  reasonably when it 
is well approximated by a slationary  model, these events are already  relatively 
rue. Further, it is typically not easy to give  tractable  analytical  formulas for 
the probabilities of such  events. 

Let (R, F, P) be  a  probability  space,  for  example, the space of paths of a 
computer  network, and A E R be  a  rare  evcnt,  i.e. P ( A )  is small. To estimate 
PU) we may obscrve  indcpmdcnt  samples 1':. \'z, , . , with distribution P and 
construct the empirical  estimator 

ClCXly, 

EpFn = P ( A )  

and 

barp\, = [ - P(A'l(1- Pi'4i), 
J. n 

Suppose  instead % e  simulate the nctuork undcr a modified set of dynam- 
ics corresponding to a  different probability distribution Q on (n, F ) .  \\-c 
obscrve  samples by, 1<. . . . with distribution Q and construct the estimator 

I.',= - - ll,l; E A) - 1 " d P  
n k] a 

and 

If Q is chosen so that - >> 1 on A :  the eatimator E has much srnallzr dQ 

% variance than vn. In faact,  if - L >> 1 on A ,  we have dP 
var91,'. [L- :- p(~)] 
varp\', [I- Piiijl 

-,I- 1, 

9 
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The  above  idea, called the importance  sampling  technique, is well known 
to experts in simulation, see, e.&.. Bratley, et al., [?I and Siegmund, [ l l ] .  
Because of the smaller  variance of E, simulating under Q generates  acceptable 
confidence  bounds with fewer  samples.  Intuitively, to maximize the speedup in 
simulation time,  it is desirable to concentrate the measure Q around  the paths in 
A along ahich the  event A is most likely to occur. This  explains our interest in 
the problem  addressed in this paper. 

For other work motivated by the same  ideas  and including striking numer- 
ical evidence of their pouer, s e t  Cottrell et al.. [ 5 ] ,  and Ihc thcsls of Parckh, 
[IO]. 

111. SIAIN  RESULTS 

1.  Rapidly  decreasing tails 
Under the moment  conditions (0, m(.) is an analytic,  strictly  convex 

function on S, as  is log m t ) .  Note that - = - 1. Let :o > 0 be the unique 

point where m(io) = 1, and let zo denote - m(ro) , See Figure 1. 

ni(0) 

2[:] 

Theorem 1: Assume the moment  conditions (0. If a 5 20, k t  

r(n) = 1 - 2 and p a ( , )  E C be dcfincd by: 
20 

p,(r) = 0, 0 < : 5 t (a) ,  
Po(: )  = zo(r - @)), r(a) < r 5 1. 

If a 5 zo, let p a ( , )  E C be defined by: 

p,(t) = fa, Osrfl .  

See Figure 2. 

We have 
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Figure  1. 

Figure  2. 

and .I7 is distributed on [a + p(1 - g ,  -) with 

P ( J ,  > x )  = (A)- 4 
a + M -  

Scc Figure 3. 

Jr t ------M 

-doc4 a Figure 3. 
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Here => denotes  weak  convcrgence on D. 

where ?ips denotes  the  probability distribution concentrated on p a ( , ) ,  and => 
dcnotes weak convergence of probabilities on C. 0 

For the  meaning of weak convergence,  see  Billingsley,  [2].  Heuristically, 
Theorem 1 states that the most likely way in which the waiting  time of custo- 
mer n builds  up to nu as follows: If D s zO. customers k ,  k 5 [nt(a)], encounter 
essentially  typical  behavior in the  queue,  after which the  waiting  time of custo- 
mers  builds  up  essentially  linearly. If a 2 zo, waiting  time starts building up 
right  away  and  builds  up  essentially lincarly. 

When P ( X ,  > x )  - x-9L(x) as x + -=, with q > 0 and LC) slowly varying, 
XI is  said to have regularly  varying  positive tail. For more  about  regularly 
varying  distributions see Feller,  Sccs.  VIII.8 and VIII.9, [71. 

Theorem 2:  Under the moment conditions (D) 

where T is  distributed on 10, 11 with 

T rondorn 
JT mndorn 

0 
Hcuristically,  Theorem  2  says that if XI has fat  tails, the reason customer 

n incurred  a  waiting  time of at  least nu is that a  single (random) customer [kT] 
incurred an enormous  waiting time. The  other  customers  preceding  customer 
[ k n  encountered typical behavior  in  the  queue, while the  customers 
k ,  [ku < k 5 n, encountered typical behavior in the queue but had large waiting 
times  because of the  waiting  time of customer [kn. 
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