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Asymptotically Efficient Allocation Rules for the
Multiarmed Bandit Problem with Multiple
Plays—Part II: Markovian Rewards

VENKATACHALAM ANANTHARAM, MEMBER, IEEE, PRAVIN VARAIYA, FELLOW, IEEE, AND
JEAN WALRAND, MEMBER, IEEE

Abstract—At each instant of time we are required to sample a fixed
number 7 = 1 out of &N Markov chains whose stationary transition
probability matrices belong to a family suitably parameterized by a real
number @, The objective is to maximize the long run expected value of the
samples. The learning loss of a sampling scheme corresponding to a
parameters configuration C = (f,, - -+, fy) is quantified by the regret
R,(C). This is the difference between the maximum expected reward that
could be achieved if C were known and the expected reward actually
achieved. We provide a lower bound for the regret associated with any
uniformly good scheme, and construct a sampling scheme which attains
the lower bound for every C. The lower bound is given explicitly in terms
of the Kullback-Liebler number between pairs of transition probabilities.

I. INTRODUCTION

E study the problem of Part I of this paper [1] when the

reward statistics are Markovian and given by a
one-parameter family of stochastic transition matrices P(8) =
[P(x,y,0)],0 € R, x, y € X, where X C R is a finite set of
rewards. There are N arms X;, j = 1, --+, N with parameter
configuration C = (6, * -, O). Successive plays of arm j result
in X-valued random variables Y}, Y}, -+ whose statistics are
given by P(f). The first play of an arm with parameter 6 has
reward distribution p(f) which need not be the invariant distribu-
tion. We are required at each stage to play 7 arms. The aim is to
maximize in some sense the total expected reward for every
parameter configuration.

We assume that

forx,y € X,0,0" €ER, P(x,y, >0 = P(x, y, 8')>0,
P(0) is irreducible and aperiodic for all § € R, and

forall x € X and § € R. (1.1)

For § € R, n(f) = [n(x, 8)], x € X, denotes the invariant
probability distribution on X and the mean reward

po)= E x7(x, 6)

x€X

plx, 6)>0

(1.2)

is assumed to be strictly monotone increasing in 6.
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The values that can actually arise as parameters of the arms
belong to a subset © C R. In Sections I-V O is assumed to
satisfy the denseness condition (2.12). This restriction is removed
in Sections VI and VII.

. Serup

Let Y,, Y5, - be Markovian with state space X, initial
distribution p, stationary distribution =, and transition matrix P,
satisfying (1.1).

Lemma 2.1: Let F, denote the g-algebra generated by Y;, 1,
-++, Y, and G a o-algebra independent of F,, = V,F,. Let tbe a
stopping time of {F; V G}. Let

N(x, 7)= 27; 1(Y,=x)

a=1
and

7-1
N(x, p, 1)=3 W(Y,=X, Yo 1=)).

a=1
Then for some fixed constant X

|EN(x, 7) - n(x)ET| <K, @.1)

and

|EN(x, ¥, 7)— m(x)P(x, y)E7| <K 2.2)
for all p and all 7 with E7 < oo.

Proof: Let X* = U, X’, with the Borel o-algebra of the
discrete topology, i.e., all subsets are measurable. The process
{Y,, t = 1} allows us to define random variables B,, B,, *-*
called blocks with values in X*. First define the {F,} stopping
times Ty T2 """ by

Tk=iIlf {t>Tk_1| Y,= Yl}

with 7, = 1. Then 7, < o a.s., and for a sample path @ = (y,
Y2, =+ ) the kth block is the sequence (¥, _ @) Vrg_jw)+1s *" ">
Yeruw)—1)- Observe that the range of By is restricted to sequences
whose first letter appears only once. It is simple to check that
FTkZU(Bl! BZs Tt B/\) (23)
Forx,y € X,y = (Y1, ¥2, "+, Yo) € X*, let {y) = length of
¥, N(x, y) = number of times x appears in y, and N(x, y, y) =
number of transitions from x to y in y where y, = y, is also
considered a transition.
It is well-known (see, e.g., [4, ch. 1, Theorem (31)]) that {B,}
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isii.d. and forany x, y € X

EN(x, Bi)=7(x)EI(B)),

EN(x, y, B))==n(x)P(x, y)EI(B)).

Let 7 = inf {¢ > 7Y, = Y,}. Then T = 7,, where « is a

stopping time of F. . Indeed {7,_, < 7} € F,,_, (see [5, Prop.
O-1-5]). By Wald’s lemma

-1 K
E 2 (Y, =x)=E E N(x, By)=w(x)EI(B))Ex,

2.4
a2=1 k=1
T-1
EY WY,=x, Yo1=y)= E'S NG, », B
a=1 k=1
=x(x)P(x, y)EI(B)Ex, (2.5)
E(T-1)=E ﬁ: I(By)=Fi(B)Ex. (2.6)

k=1

Observe that for a fixed constant X independent of p and 7, E(T
— 1) < K. In fact, the mean time to visit any state starting at Y, is
finite.

Forx € X,
Nx, TY—(T-
Using (2.4), (2.5), and (2.6),

T)SNx, V<N, T).

TX)E(T-1)-K=EN(x, N<tx)E(T-1)+1,
so that
T(X)ET-K<EN(x, 1)< 7w(x)E7+ K. 2.7
Forx, y € X,
Nx, y, T)-(T-

Using (2.4), (2.5), and (2.6),

=N, y, =N, y, T).

7(xX)P(x, VYE(T-1)—K=<EN(, y, r)=7(x)P(x, y)E(T-1),
so that

7(X)P(x, Y)Er-K<EN(x, y, )< 7(x)P(x, y)ET+ K. (2.8)

The result follows from (2.7) and (2.8). a

Let Y}y, Y;3, * - - denote the successive rewards from arm j. Let
F(j) denote the o-algebra generated by ¥j;, «**, Yy, Ful(Jj) =
Vie1 Fi(j), and G(j) = Vig; Fo(i). As in [1, sect. II], an
adaptive allocation rule is a rule for deciding which m arms to
play at time ¢ + 1 based only on knowledge of the past rewards
Yi, == Yirund = 1, , N and the past decisions. For an
adaptlve allocation rule ® the number of plays we have made of
arm j at time £, T,(/), is a stopping time of {F,(j) V G(J),
s = 1}. The total reward is

{ I

7 N
S$=3 2 Y 2 Y, xN(x, Ti()).
= =1 Jj=1xEX

By Lemma 2.1,

N
|ES,— 2 w(@,)ET,(j)| =const.
j=1
where the constant may depend on the parameter configuration,
but not on ¢.

2.9)
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Asinthei.i.d. case, the loss associated to an adaptive allocation
rule ¢ and a configuration C = (#,, - - -, 0y) is a function of the
number of plays ¢, called the regret. It is the difference between
the maximum expected reward that could have been achieved with
prior knowledge of C and the actual expected reward. Let ¢ be a
permutation of {1, ---, N} such that

101 = p0s2)) = « - - = 8o my)-

Then the regret is

m
Ony=1 >, wlbui) — ES;.

i=1

Rl(ols Ty

By (2.9),

m

N
2 O =1 D wBui)) = Y, 0o )ET,(J)]] <const.

i=1 j=1

|R:(®, -~

2.10$)

where the constant can depend on C.

An allocation rule is called uniformly good if for every
configuration R(@,, * - -, Ox) = o(t*) for every o > 0

Let P and Q be irreducible and aperiodic stochastic matrices
with P having invariant distribution =, which satisfy P(x, y) > 0
& O(x, ¥) > 0. The Kullback-Liebler number

P(x, y)
o, »)

1P, Q)= (x) 3, P(x, y) log

x€EX yYeX

is a well-known measure of dissimilarity between P and Q. Note
that 7(P, Q) is just the expectation with respect to the invariant
measure of P of the Kullback-Liebler numbers between the
individual rows of P and Q thought of as probability distributions
on X. Let (8, N) denote I(P(8), P(N\)). Under (1.1) and (1.2), 0
< I(0, \) < oo for # # A. We assume that

(8, N\) is continuous in A> 6 for fixed 4. (2.11)

In Sections II-V we also assume the following denseness
condition on ©:

forall A € O and 6>0, thereis A’ € O s.t.

p(N<p(N)<u(N)+06. (2.12)

III. A LowER BOUND FOR THE REGRET OF A UNIFORMLY GOOD
RuULE

For a parameter configuration C = (f,, - -, 0x), define the
notions of m-best, m-worst, and m-border arms exactly as in [1,
sect. IlI}. By (2.10), an adaptive allocation rule & is uniformly
good iff for every distinctly m-best arm j

E(t=T(j))=0(r°),

and for every distinctly m-worst arm j

E(T.(j))=0(t")

for every real o > 0.

Thereom 3.1: Let the family of reward distributions satisfy
conditions (2.11) and (2.12). Let ® be a uniformly good rule. If
the arms have parameter configuration C = (6, * - *, 0x), then for
each distinctly m-worst arm j and each e > 0,

. . (1—¢)log¢
lim P, T,(jy)z—"—>— 1 =
o c { () 1(0_,-, ea(m))
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so that

EcT()__ 1
log t _I(ejx ea(m))

-, N} such that

liminf

[~
where ¢ is a permutation of {1,

#Bo)) =+ = pl@ony)-

Consequently,

.. R{(els Tty 0’\/)
liminf TZ E

[2nd -2 .
J is m - worst

[#(f)a(m)) - I-L(aj)]
I, Oogmy)

Proof: As in the proof of Theorem 3.1 of [1], let j be an m-
worst arm and, for any p > 0, choose A satisfying

(N> p0oimy) > u(8;), and | 1(6;, Ooim)| =0 1(8;,

which is possible by (2.11) and (2.12).

Consider the new configuration of parameters C* = (0, - -+,
Oi-1, Ny 041, =+, By). Let Y), Y3, - denote the sequence of
rewards from plays of arm j under the uniformly good rule &.
Define

N-1;, Oomy)

P(Yay Ya+1s 0_/)

p(Y, 8)
—+ log .
E P(Ya; Ya+]’ )\)

L,=log
T (YL N
By (1.1) and the ergodic theorem L,/t — I(8;, N) a.s. [Pcl.
Hence, 1/t max,<, L, = 1(8;, M) a.s. [P¢]. For any K > 0 we
have

lim Po{L,>K(1+p)I(8;, \) log ¢
and=}

After this point the proof proceeds exactly as in [1, Theorem
3.11. O

IV. CONSTRUCTION OF STATISTICS

An allocation rule is asymptrotically efficient if for each C =
@, )

[#(ﬁa(m)) - #(Gj)]

<, 00
log ¢ = E 1(8;, Oomy)

J is m - worst

We will construct an asymptotically efficient rule using a family
of statistics g, (Y1, ***, Y), 2 <= a<t,t=2,3,---asin|l,
sect. IV] under the following assumption:

for x, y € X, log P(x, y, 0) is a concave function of §. (4.1)

The following lemmas are needed later.

Lemma 4.1: 1et Y,, Y,, +++ be Markovian with finite state
space X, transition matrix P, invariant distribution 7 and initial
distribution p. Let f:X — R be such that 2, y w(x)f(x) > 0 and
let S, = 2! _ | f(Y,). LetL = £ 1(inf,=, S; = 0). Then EL <
o0,

Proof: We appeal to the large deviations theory for the
empirical distribution of a finite state Markov chain (see espe-
cially [2] and [3]). Let M be the unit simplex in RX' identified
with the space of probability measures on X. Define F:M — R by
Fv) = Zrexfxw(x)and let K = {v € M|F(v) = 0}. K is
closed and 7 .

The process {Y,} defines for each ¢ = 1 a probability measure
O, on M which is the distribution of the z-sample empirical
distribution of {Y,}. By the ergodic theorem Q, — &, weakly as
probability measures on M. From the large deviations theory for
this weak convergence, {3, Theorem II.1], there are constants 4

for some a<K log ¢t} =0.
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> 0, @ > 0 such that

Qi(K)<Ae ™  forall r=1.
Now
5= N(x, Df(x)
xeX
so that
O(K)=E1(S5,=<0)
and the result follows. 0

Lemma4.2: Let{Y,, t = 1}, P, =, pbe as in Lemma 4.1 and
fix2— Rbe such that 2, ,e x 7(x)P(x, ¥) f{x,y) > 0. Fort = 2
let S, = =42} f(Ya, Yary). Let N = %2, 1(S; = 0). Then EN <
o,

Proof: We appeal to the large deviations theory for the
empirical transition count matrix of a finite state Markov chain
(see [2]). Let M@ be the unit simplex in R'X'* identified with the
space of probability measures on X2, and define F:M® — R by
FQv) = 2y yex fx, Yu(x, ¥). Let K = {v € M®|F(v) < 0}.
Let 7P € M@ be given by 7P(x, y) = w(x)P(x, ¥). Then K is
closed and 7P & K.

{Y} defines for each ¢ = 2 a probability measure Q® on M®
which is the distribution of the M@ valued random variable whose
component in the (x, y) direction is N(x, y, )/t — 1. Then Q@
— §,p weakly as probability measures on M, From the large
deviations theory, [2, Problem IX.6.12], there are constants 4 >
0, @ > 0 such that

QO(K)<Ae~>  forall £=2.
Now
S;= 3 N,y )f(x, ),
XJEX )
so that
QS”(K) =FE1($,<0)
from which the result follows. O

Lemma 4.3: With the same conditions as in Lemma 4.2, write
pfor T, ,ex m(X)P(x, ¥)f(x, ¥). Given 4 > 0, let N, = T
1(S; = A). Then

EN, 1
limsup —==<-—.
A-o A p

Proof: Forany ¢ > 0

A(1+s)

Na= +1+21 I:S,s(t—l)lLﬂ:I .

Let g{x, ¥) = f(x, y) — p/1 + €. Then I, ,e x T(X)P(x, y)g(x,
y) > 0and {S, < (t — Dp/1 + e} = {2:7} (Y, You)) < 0},
so by Lemma 4.2,

L)

+ const.

for some constant depending on €. Thus,

ENA 1+¢
limsup =—.
A—oo A "

Letting ¢ — O yields the result. O
Theorem4.1: Let Y,, Y5, - - + be the sequence of rewards from
an arm. For a = 2 write P*(Y?) for P(Y,, Y2) -+ P(Y,_, Y,).
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Fora = 2, let

PY", 0+1)

pace gy MOt

vo={.

where hA:i(—o, 0) ~ R, is a positive continuous function
satisfying {° _ A(f) dt = 1. For any K > 0, let

Ula, ¥y, -~ (4.2

Then forall A > 8 > 4,
) Pin< Ula, Yy, -, Y, K)foralla = 2} = 1 - 1/K,
2) limg.e 1/I0g K22, Pp{U(a, Yy, -»+, Yo, K) 2 N} = 1/
1@, N).
Heuristics: The reason for introducing U is similar to that in
[1, Theorem 4.1].
Proof: By (4.1), W, is increasing in 8, so

., Y,, K)=inf {6] W,(0)=K}.

Ula, Yi, =+, Yo, K)<80 & Wo(0)=K.

Now
{Ua, Yy, -
=<7 for some ¢=2}
c{U@, Yy, -+, ¥,, K)<8
={W, (0)=K for some a=2}.

s Yoy K)
for some a=2}

W,(9) is a nonnegative martingale under & with mean 1. By the
maximal inequality,
Py{W,(0)=K for some azZ}s%

establishing (1).
Let Ng = 2%, 1(W,(M) < K). Given e > 0, choose 6 > 0 so
that [1(8, 7)| < eif | — 8] < 6. Now

PY? q)
W,(N<K} C {log _oi<s Baroa s Hn—A) dn<log K}
{ } g'ﬂﬂi;“ P(Y% N

Pe(Ye, q)
= 1 lo g _ ———— 1%{(y) &
{ g lnﬂg\;ﬁ P(Y% N n aén

<log K—log A}
where

h(n—=X\
A= {1 RN diy and o) =2
n>0

By Jensen’s inequality

PaYs g)
{W.N<K} C {5177;216«3 log PY N

- h°(n) dn<log K-log A} .
Now

P,y 1) .,
S 7x, 0)P(x, , 6) j,n;i,;a log L b

xYEX

= > w(x, )P, , )

xyEX

. Px, y, 0)
¢ P, 7 M)
P(x, y, 0)

~\1ysi<s log 5222 ho(y) d
S"’,,Z'g“ TR n]
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=10, N~ {015 16, ho(m) dn
7>6

=10, N)—e>0
for e sufficiently small. By Lemma 4.3, ENg < o and

limsup 22Nk L
Kow? log K10, N—¢

Letting ¢ — O gives

EoNg 1

l%sgp @‘—KSI(B, N 4.3)
To bound E,Ng from below, define the stopping time
Tx=inf {a=2|W,(M)=K}.
Observe that Ny = Ty — 1. Thus E£,7Tx < oo. Since
W.(N =1€:(( ;:: f\; jo_m P;fa)(,;;a? ;)t) h(t) dt=L,M,
where M, is a martingale under 6 with mean 1, we obtain
log K=E;log Wy (N =log EsLr,+E; log Mz,
=E;log L1y +log EgMr,
=E, log L7, 4.4
Now
Plx, y, 8
E, log LTK:XEX EyN(x, y, Tx) log Fgﬁ
and by Lemma 2.1
|EsN (x, ¥, Tx)— n(x, O)P(x, y, 0)E;Tx| <const.
Hence
| Ey log Lz,—1(8, N EyTx|=<const. 4.5)
From (4.4) and (4.5), and using Ny = Tx — 1, we have
E,
lig»lorolf loogNIIé 2791,_?\_)
which, together with (4.3), establishes (2). |

Theorem 4.2: Fixp > 1. Fort =2,3,---and2 < g < 1, let
&Y, Yo) = wlU(a, Yy, +--, Y,, t (log £)°]. Then for all A
>0 >,

D) Po{gwu(Yy, -, Yo)>uly] for all 2<a<t}

=1-0( 1t (log £)°7), (4.6)
, :
. Po{gu(Yy, -, Y)zu(N} I
2) limsup Z}z o 7 o w: @7
3) g, is nondecreasing in ¢ for fixed a. 4.8)

Proof: 1) follows from 1) and 2) from 2) of Theorem (4.1),
while 3) follows from the form of U(a, Y,, - *, Y, K) and the
assumption that u(6) is monotonically increasing in . O

As estimate for the mean reward of an arm we take the sample
mean

Y+...

(Y, -+, Yo)= * Y

a
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Lemma 4.4: Forany 0 < § < lande > 0

Py max 1 (Y, o0, Yo)—p@)|>el=0(t"1) (4.9

drsa<

for every 0.
Proof: Consider f(x) = x — u(@) + e. Then Z,cx w(x,
0)f(x) > 0. By Lemma4.1, for any p > 0, there is 7(p) such that

2 Pg{lnf Sa}<p
T azt

where S, = ! _, f(Y,). For any ¢t = T(p)/8*

Py{ min h,(Yy, -, Yo)<p(®)—e}=Pp{ min 5,<0}
! =a=<

st=as<

ng{mg SbSO}
for any 62t < b =< 6t. Hence,

(1 —6)tPg{Mminrh,,(Y1, © Yoy <p(0) — e} <p.
A similar argument applies to Pp{maxs <z<s Ha(Y1, -+, Ya) >
u(®) + €}. Letting p — O concludes the proof. O

V. AN ASYMPTOTICALLY EFFICIENT RULE

Consider the allocation rule of [1, sect. V] using the g, and A,
statistics constructed in Section IV above, and an initial sample of
size 2N to initiate the g,, statistics.

Theorem 5.1: The rule above is asymptotically efficient.

Proof: Reindex the arms so that u(6,) = -+ = u(fy). Let0
<=/=<m— land m <= n < N be defined as in the proof of
Theorem 5.1 of [1]. Given the properties (4.6), (4.7), (4.8), and
(4.9) of the g,, and A, statistics which we have already established,
the proof of Theorem 5.1 of [1] carries over word for word to
establish the following assertions A, B, and C.

A:Ifl > 0, then E(t — T(j)) = o (log ¢) forevery j < .

B:If n < N, let

B,=#{N=a=<t|. There exists j=n+1 s.t.
J is one of the m-leaders at stage a+1}.

Then EB, = o (log #).
C:lfn< Nand0 < e < p(6,) — p(6,.1), thenforj =n + 1
let

S/(j)=#{N=a=<t| All the m-leaders at stage a+ 1 are among
the arms & with p(6;) = u(@,), and
for each m-leader at stage a+1
| 27,00 Yers * s Yir,m) — u0)] <e, but
still the rule samples from
arm j at stage a+ 1}.

For each p > 0 we can then choose € > 0 so small that

+p—o0(1)

1
ES(j)= log ¢.
(/)= 76,60 0g ¢

As indicated in [1, Theorem 5.1], these steps can be combined
to obtain

m N
Y w8~ Y HOIET.()
i=1 f=1 <
ljog t = X

Jis m - worst

p(0m) — pl6))
1(8;, 0m)

limsup

[—o

from which the proof follows using (2.10). O
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VI. ISOLATED PARAMETER VALUES: LOWER BOUND

We proceed to examine the situation in the absence of the
denseness condition (2.12). For a configuration C = (6, *-*,
f~), let o be a permutation of {1, - - -, N} such that u(6,)) = - -
= p(f,n)- Throughout this section and Section VII, A € O (A
depending on C) is defined as

A=inf {0 € 816> 0um}-

In case Oym = SUpgeo 0, sSet A = oo,

Theorem 6.1: Let the family of reward distributions satisfy
(2.11). Let ® be a uniformly good rule. Let C = (8, - -, 0y) bea
configuration and o, A as above. If N < oo, then, for each
distinctly m-worst arm j,

ET() _ 1
logr ~I6;, N

liminf

[~
Consequently, by (2.10),

.. Rt(ol’ ”'70N)>
llgugf log ¢ o E I1(6;, M)
Jjis m—worst
for each C.
Proof: Let j be an m-worst arm. Consider the parameter
configuration C* = (0, >+, 8;_1, A, 6,41, * * +, Ox) when the arm

J has parameter A instead of 8, and proceed as in Theorem 3.1.[1]

VII. ISOLATED PARAMETER VALUES: AN ASYMPTOTICALLY
EFFICIENT RULE

As in [1, sect. VII], an allocation rule is called asymptotically
efficient if

#Ooimy) — 1(0))

Rt(gl’ ) 0N)
P gt S X 16, M

jis m - worst

when A is finite for the configuration C = (@, - - -, 8y), and

limsup R/(9, -+, Oy)<oo

when A = oo,

The following lemma allows the construction of asymptotically
efficient rules.

Lemma 7.1: Let Y,, Y,, --- be samples coming under
parameter §. Forany K > 0and 0 < « < 1/4, withy(f) = Kt~
we have

Pa{ﬁgggt [ha(Y1, ==+, Ya) = p(0)| > ()} = Ot~ (log #)79)

(7.1)
forall0 < 6 < 1,g > land & € O, where 2,(Y;, *+*, Y,) =
Y1+ -+ + Y))/a.

Proof: Fix x € X. Let 7; = inf {¢ = 1|Y, = x} and define
T, T2y ° " and T,, by

To=inf {¢t=1]|Y7, ., =x},

Ty=19+T1+ " +7,.

The random variables 7,, » = 1, are i.i.d. Further, 7 and {7,, n
= 1} have geometrically bounded tails (see, e.g., [4, ch. 1, Prop.
(79)], and hence have moments of all orders. Moreover, E7, =
1/7(x, 0). Note that 7, is the time of the (n + 1)st visit to x.
Let S, = T, — n/n(x, 8) — E7, so that {S,, n = 1} isa
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martingale. A simple calculation gives

ES‘:SE(TO—ETO)“+6tE('ro—E'rg)2E T ——1—
w(x, 6)

312E L )¢
+3¢ -— .
Tk, 0)

The maximal inequality applied to the positive submartingale
{S?} gives, for any K > 0,

P‘;{llsnaa.;(r [S,|=Kt!1-a} = O(r-2) (7.2

which is O(t~! (log £)~9) forany ¢ > 1if0 < o < 1/4. We have
{ max |h,(Yy, --

dt=ast
cU

5 Yo)—p@®)|>Keme}

-
{Emax |N(x, @) —an(x, 0)|>6Kt } (7.3)

g% t=a=t IX|
Further
dKrl-«
{N(x, a)>an(x, 0)+ X }
C {T[ar(x,0)+(6Ktl_“)/IX|—Hsa}
SKil-=
-
c {Efi‘,‘s”l‘um } ’
and

l-a
{N(x, a)>an(x, 0)—6T;| }

C { T arw)-ekel - x)-1)> 4}

C max |S I>w
Isas: b_2|X|

for ¢ sufficiently large. The result follows from (7.2) and (7.3).0J
Theorem 7.1: The allocation rule of [1, sect. VII] with an
initial sample of size 2N to initiate the g, statistics, is asymptoti-
cally efficient.
Proof: Reindex the arms so that u(8,) = = u(@n).
Using (7.1) and the properties (4.6)-(4.8) of the g,, statistic, we
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can argue exactly as in the proof of Theorem 7.2 of [1] to get

m N
£ w0 =3 wO)ET,()
% & o #Om) = 146)

li i=1 j=1 <
}Esmup lOg t ) Jjis mE—worsl 1(01 ? )\)
if N < oo, and
m N
Y w0 -y mOHET()
limsup —=1 i=1 <o
) log ¢
if A = oo. The proof is concluded using (2.10). O
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