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Asymptotically Efficient Allocation Rules for  the 
- Multiarmed Bandit Problem with Multiple 

Plays-Part 11: Markovian  Rewards 

Abstract-At each instant of lime we are  required to sample a fixed 
number rn 2 1 out of N Markov chains whose stationary transition 
probability matrices belong to a family suitably parameterized  by a real 
number 8. The objective is to maximize the long run expected value of the 
samples. The learning loss of a sampling scheme corresponding to a 
parameters configuration C = (el, . . . , e,%*) is quantified by  the  regret 
RJC). This is the difference between the maximum expected reward that 
could be achieved if C were known and the expected reward actually 
achieved. We provide a lower bound for the regret associated with any 
uniformly good scheme, and construct a sampling scheme which attains 
the lower bound for every C. The lower bound is given explicitly in  terms 
of the Kullback-Liebler  number between pairs of transition probabilities. 

I. INTRODUCTION 

w E study the problem of Part I of this paper [l] when the 
reward statistics are Markovian and given by a 

one-parameter family of stochastic transition matrices P(0) = 
[P(x, y, e)],  0 E R, x, y E X, where X C R is a finite set of 
rewards. There  are N arms X j ,  j = 1 ,  * . a ,  N with parameter 
configuration C = (e,, * * -, OiV). Successive plays of arm j result 
in X-valued random variables ql, q2, - * whose statistics are 
given by P(0). The  first play  of an arm with parameter 0 has 
reward distribution p(0) which need not be the invariant distribu- 
tion. We are required at each stage to play m arms. The aim is to 
maximize in some sense the total expected reward for every 
parameter configuration. 

We assume that 

forx, y E x, 0, 8' E R,  P ( X ,  y ,  e)>o =) ~ ( x ,  y, ef)>o, 

P(0) is irreducible  and  aperiodic for all 0 E R ,  and 

p ( x ,  8)>0 for all x E Xand 0 E R.  (1 .1 )  

For 0 E R, ..(e) = [..(x, e)], x E X, denotes the invariant 
probability distribution on X and the mean reward 

A@= xdx, 0) (1.2) 
x €  x 

is assumed to be strictly monotone increasing in 0. 
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The values that can actually arise as parameters of the arms 
belong to a subset 8 C R.  In Sections II-V 8 is assumed to 
satisfy the denseness condition (2.12). This restriction is removed 
in Sections VI and VII. 

II. SETUP 

Let Y, ,  Y2, * - * be Markovian with state space X, initial 
distribution p ,  stationary distribution T ,  and transition matrix P, 
satisfying ( 1 . 1 ) .  

Lemma 2.1: Let F, denote the a-algebra generated by Y,,  Y,, 
. - * , Y, and G a cr-algebra independent of F, = V,F,. Let r be a 
stopping time of {F, V G). Let 

7 

N(x ,   r )= x 1( Y n = x )  
n= I 

and 

Then for some fixed constant K 

and 

IEN(x, y ,  7)- .(~)P(x, Y ) E T ~  S K  (2.2) 

for all p and all r with ET < 03. 
Pro08 L e t  X* = U,,, X*,  with the Bore1 cr-algebra of the 

discrete topology, i.e., all subsets are measurable. The process 
{ Y,, t 2 l }  allows us to define random variables B, ,  B,, - * - 
called blocks with values in X*. First define the {F,) stopping 
times r l ,  r2, - . * by 

rk=inf { t > q - , l  Y , = Y , ]  

with 7o = 1 .  Then r k  < 03 a.s., and for a sample path w = (y , ,  
y,, . . a )  the kth block is the sequence ( Y ~ ~ - , ( ~ ) ,  yrk- . * - , 
yrk(,, - ]). Observe that the range of B k  is restricted to sequences 
whose first letter appears only once. It is simple to check that 

F T k = ~ ( B l ,  Bz, *.. ,  B k ) .  (2.3) 

For x,  y E X ,  y = ( y , ,  yz, . . -, ut) E X * ,  let / ( y )  = length of 
y ,  N(x, y )  = number of times x appears in y ,  and N(x, y, y )  = 
number of transitions from x to y in y where yr --f yI is also 
considered a transition. 

It is well-known (see, e.g., [4, ch. 1, Theorem (31)]) that {Bk}  
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is i.i.d. and for any x ,  y E X 

EN(x,  B,) = iT(X)EI(BI), 

EN(& Y .  Bl) = n(x)P(x, Y)EI(Bl) .  

Let T = inf ( t  > 7(Yf  = Y l } .  Then T = T*. where K is a 
stopping time of FTX. Indeed ( 7 k - 1  I 7) E FTk-I (see [5,  Prop. 
11-1-51).  By Wald's lemma 

T -  I R 

= r ( x ) P ( x ,   ~ ) E I ( B I ) E K ,  (2 .5)  

x 

E ( T -  l ) = E  [(&)=E[(Bl)EK. (2.6) 
k =  I 

Observe that for a fixed constant K independent of p and T, E(T 
- 7) I K .  In fact,  the mean time to visit any state starting at Y, is 
finite. 

For x E X ,  

N(x ,   T ) - (T-T)SN(X,   7 )<N(X,  T ) .  

Using (2.4),  (2.5), and (2.6), 

T ( x ) E ( T - I ) - K I E N ( x ,   ~ ) < r ( x ) E ( T - l ) + l ,  

so that 

T(x)ET-KIEN(x ,   T ) IT(x )ET+K.  (2.7) 

For x ,  y E X ,  

N(x ,  Y ,  T ) - ( T - T ) S N ( X ,  Y ,  7 ) I N ( X ,  Y ,  T ) .  

Using (2.4), (2.5),  and (2.6), 

T(x)P(X, y ) E ( T -  l ) - K I E N ( x ,  J', T)ST(X)P(X, y ) E ( T -  I ) ,  

so that 

n(x)P(x, y)E7- KSEN(x,  Y ,  T ) S ~ T ( X ) P ( X ,  Y ) E T +  K .  (2 .8)  

The result follows from (2.7) and (2.8). 0 
Let ql, &, - * denote the successive rewards from arm j .  Let 

F,( j ) denote the u-algebra generated by r, I ,  * * * , y,, F,( j ) = 

adaptive allocation rule is a rule for deciding which m arms to 
play at time t + 1 based only on knowledge of the past rewards 
q,, . . -, Y,,,,!, j = 1 ,  . . ., N a n d  the past decisions. For an 
adaptive allocation rule 9 the number of plays we have made of 
arm j at time t ,  T,( j ) ,  is a stopping time of { F , ( j )  v G ( j ) ,  
s r l}. The total reward is 

F , ( j ) ,  and G ( j )  = Vi+, F-(i). AS in [l,  sect. 11], an 

N 

By Lemma 2.1, 
lY 2 p(ej)ETf(j) l  sconst. (2.9) 

where the constant may depend on the parameter configuration, 
but  not on t. 

j =  1 

As in the i.i.d. case, the loss associated to an adaptive allocation 
rule and a configuration C = (el, . . e ,  e,\,) is a function of the 
number of plays t ,  called the regret. It is the difference between 
the maximum expected reward that could have been achieved with 
prior knowledge of C and the actual expected reward. Let u be a 
permutation of ( 1, . . . , N }  such that 

~ s ~ ~ , ) r ~ ~ e ~ ~ ) ) ~  . . . w e o ( . \ ? ) .  
Then the regret is 

rn 

R f ( h  . . . , e,d = t p(e@i)) -E&. 
i =  1 

BY (2.91, 

m N 

IR,(eI, - . - ,  8.d- [I p ( e 4 i ) I - C  p ( e ~ ) ) ~ ~ , ( j ) ~ l  sconst. 
i =  I j =  I 

(2.10) 

where the constant can depend on C.  
An allocation rule is called uniformly good if for every 

configuration R,(BI, - . -, 8,) = o(P)  for every a > 0. 
Let  P and Q be irreducible and aperiodic stochastic matrices 

with P having invariant distribution n, which satisfy P(x,  y )  > 0 
H Q(x,  y )  > 0. The Kullback-Liebler number 

is a well-known measure of dissimilarity between P and Q. Note 
that Z(P, Q) is just the expectation with respect to the invariant 
measure of P of the Kullback-Liebler numbers between the 
individual rows of P and Q thought of as probability distributions 
on X .  Let I(f3, X) denote Z(P(O), P(X)). Under (1.1) and (1.2), 0 
< I(8, X) < 03 for 8 # X. We assume that 

Z(8, h)  is continuous in h>8 for fixed 8. (2.11) 

In Sections II-V we also assume the following denseness 
condition on 8: 

for all h E 8 and 6>0, there is X '  E 8 s t .  

p(A)<p(A')<p(A)+S. (2.12) 

HI. A LOWER BOUND FOR THE REGRET OF A UNIFORMLY G o O D  
RULE 

For a parameter configuration C = (el, . . e ,  define the 
notions of m-best,  m-worst, and rn-border arms exactly as in [l , 
sect. III]. By (2.10), an adaptive allocation rule @ is uniformly 
good iff for every distinctly m-best arm j 

E ( t -  T , ( j ) )=o( t " ) ,  

and for every distinctly rn-worst arm j 

E(T , ( j ) )=o( t" )  

for every real a > 0. 
Thereom 3.1: Let the family of reward distributions satisfy 

conditions (2.11) and (2.12). Let 9 be a uniformly good rule. If 
the arms have parameter configuration C = (OI, * a ,  e,,,), then for 
each distinctly m-worst arm j and each E > 0, 
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so that 

where u is a permutation of { 1, - . * , N) such that 

Consequently, 

Proof: As in the proof of Theorem 3.1 of [ 11, let j be an m- 
worst arm and, for any p > 0, choose X satisfying 

tc (X )>~(edm) )>p(e j ) ,  and I I (e j9  h ) - I ( e j ,  8dm))l < P Z ( ~ , ,  edm)) 

which is possible by (2.11) and (2.12). 
Consider the new configuration of parameters C* = (el, . * a ,  

0,- X, e,+ ,, * . , Let Y , ,  Y,, . denote the sequence of 
rewards from plays of arm j under the uniformly good rule 9. 
Define 

By (1.1) and the ergodic theorem L,/t --+ Z(Oj, X) a.s. [PC].  
Hence, l / t  m-,, L, -+ I(Oj, X) a.s. [ P C ] .  For any K > 0 we 
have 

t-m 
lim Pc{L,>K(l + p ) I ( O j ,  X) log t for some a < K  log t }  = O .  

After this point the proof proceeds exactly as in [ l ,  Theorem 
3.11. [7 

IV. CONSTRUCTION OF STATISTICS 

An allocation rule is asymptotically efficient if for each C = 
(e,, . , 0,) 

We will construct an asymptotically efficient rule using a family 
of statistics g,(Y,, * * ,  Y,), 2 I a I t ,  t = 2, 3,  . . . as in [l, 
sect. IV] under the following assumption: 

for x,  y E X ,  log P(x, y ,  e)  is a concave  function of 0. (4.1) 

The following lemmas are needed later. 
Lemma 4. I :  Let Y, ,  Y,, * * be Markovian with finite state 

space X ,  transition matrix P ,  invariant distribution ?r and initial 
distributionp.  Letf:X + R be such that C x E X  ?r(x)f(x) > 0 and 
lets, = C ; = , f ( Y , ) .  LetL = ET=, l(infUzr S, I 0). ThenEL < 

Proof: We appeal to the large deviations theory for the 
empirical distribution of a finite state Markov chain (see espe- 
cially [2] and [3]). Let M be the unit simplex in Rlx' identified 
with  the space of probability measures on X .  Define F M  --+ R by 
F(u) = CxExf(x)u(x)  and let K = { u  E MIF(u) I O}. K is 
closed and T B K. 

The process { Y,} defines for each t 2 1 a probability measure 
Q, on M which is the distribution of the t-sample empirical 
distribution of { Y , } .  By the ergodic theorem Q, + 6, weakly as 
probability measures on M. From the large deviations theory for 
this weak convergence, [3, Theorem 11.11, there are constants A 

03. 

> 0, CY > 0 such that 

Q,(K)<Ae-"' for all t r l .  

Now 

so that 

and the result follows. 0 
Lemma 4.2: Let { Y,, t 2 l}, P ,  T, p be as in Lemma 4.1 and 

f : p  + R be such that ?r(x)P(x, y ) f ( x ,  y) > 0. For t 1 2 
lets, = CLI;f (Yo,   Yu+l) .  L e t N  = 1(S, I 0). ThenEN< 

Proof: We appeal to the large deviations theory for the 
empirical transition count matrix of a finite state Markov chain 
(see [2]). Let M(2) be the unit simplex in RiXI2 identified with the 
space of probability measures on x, and define F M 2 )  -+ R by 
F(u) = C x , y E X f ( ~ ,  y)u(x, y). Let K = { u  E M(2)IF(~) I 01. 
Let ?rP E M(') be given by rP(x ,  y) = ~ ( x ) P ( x ,  y ) .  Then K is 
closed and TP 6 K. 

which  is the distribution of the MC2) valued random variable whose 
component in the (x,  y )  direction is N(x,  y, t)/t - 1. Then el2) 
+ weakly as probability measures on M"). From the large 
deviations theory,  [2, Problem IX.6.121, there are constants A > 
0, CY > 0 such that 

03. 

{ Yr} def ies  for each t 2 2 a probability measure Qp) on 

Q12)(K)<Ae-"' for all t r 2 .  

Now 

st= x N(x ,  Y ,  W ( x ,  Y ) ,  
X S E X  

so that 

Q ; ~ ) ( K ) = E I ( s , s o )  

from which the result follows. 0 
Lemma 4.3: With the same conditions as in Lemma 4.2, write 

p for T(x)P(x ,  y)f(x,  y). Given A > 0, let NA = 
l(Sf 5 A ) .  Then 

limsup -5- . EN, 1 
A - m  A p 

Proof: For any E > 0 

Let g(x,  Y) = f ( x ,  Y) - d l  + E .  Then C x . y E ~  ~ ( x ) P ( x ,  y)g(x, 
y) > Oand{S, I ( t  - l)p/l + E }  = {C;:',g(Y,, Y, , , )  I 0}, 
so by Lemma 4.2, 

EN,  5 ~ 

A ( l  + E )  

P 
+ const. 

for some constant depending on E .  Thus, 

limsup -5- . ENA 1 + E  

A - m  A p 

Letting E -+ 0 yields the result. 0 
Theorem 4. I :  Let Y , ,  Y,, * be the sequence of rewards from 

an arm. For a 2 2 write Pu(Yu)  for P(Y, ,   Y2)  . . P(Y,- , ,   Y,) .  
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where h:( - 03, 0) -+ R ,  is a positive continuous function for E sufficiently small. By Lemma 4.3, EN, < 03 and 
satisfying 1:- h(t)  dt = 1.  For any K > 0, let 

EeNK 1 
U(a,  Yl, e ,  Y,, K)=inf (01 W,(O)rK) .  (4.2) limsup -< 

K - m  log K-I(e, X) -€  ' 

w ,  x). 
Heuristics: The reason for introducing U is similar to that in 

[ 1, Theorem 4.11. 
Proof: By (4. l), W, is increasing in 8 ,  so 

U(a, Yl, a * * ,  Y,, K)<B H W,(e)?K. 

Now 
{u (a ,  Y I ,  . * . $  Yo, K )  
I q for some a r  2) 

C {U(a ,  Y l ,  . . e ,  Y,, K)<O for some a223 

= { W,(B)zK for some a12). 

W,(e) is a nonnegative martingale under 8 with mean 1. By the 
maximal inequality, 

Letting E -+ 0 gives 

limsup -<- 
K - -  log K-Z(O, X) ' 

EeNK 1 
(4.3) 

To bound EeNK from below, define the stopping time 

TK=inf {a221 W,(A)2K). 

Observe that NK 2 TK - 1. Thus Eo T K  < 03. Since 

where M, is a martingale under 0 with mean 1, we obtain 

Po{ t+',(e)zK for  some a 2 2 ) ~ -  1 
K Now 

<log K - log A 1 
where 

1 

liminf ->- 
K-m log K-I(O,  X) 

EONK 1 

h(q - N A = j l l - d 1 < 6  h(v -  h) dq and h0(4=-  . 
1 7 8  

A which, together with (4.3), establishes (2). 0 
Theorem4.2:Fixp>l.Fort=2,3,*.-and2~art,let 

* ,  Y,) = p[V(a ,  Y l ,  * * * , Y,, t (log t ) P ] .  Then for all X By Jensen's inequality g,(Yl, - 

Now 

r (x ,  w ( x ,  y,  e) jln-sl<6 log 
y' 

h O ( q )  dq 3) g,, is nondecreasing in t for fixed a. 
,,>e P(x> Y ,  X) (4.8) 

Proof: 1) follows from 1) and 2) from 2) of Theorem (4. l), 
while 3) follows from the form of U(a, Y, ,  - * ,  Y,, K )  and the 

P(x, Y ,  X) assumption that p(8 )  is monotonically increasing in 0. 0 
x g E X  As estimate for the mean reward of an arm we take the sample 

mean 

XJEX 
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Lemma 4.4: For any 0 < 6 < 1 and E > 0 VI. ISOLATED PARAMETER VALUES: LOWER BOUND 

Po{ max I h,( y,, . . , y,) -p(e) l  > E }  = 0 ( t -  1) (4.9) We proceed to examine the situation in the absence of the 

for every 8. let u be a permutation of { 1, - * ,  N} such that p(OaI)) 2 - - 
Proof: Consider f ( x )  = x - p(8 )  + E .  Then C x E X  ~ ( x ,  2 p(Oojw). Throughout this section and Section VU, X E 8 (X 

e) f (x) > 0. By Lemma 4.1, for any p > 0, there is T(p) such that dependlng on C) is defined as 

d r c o r r  denseness condition (2.12). For a configuration C = (e,, * . e ,  

$ Po{ inf s,) < p  
X=inf (e E e(e>eam,). 

u>r  
I = T(P) In case earn) = SUpsEe 8, set X = 03. 

Theorem 6.1: Let the family of reward distributions satisfy 
(2.11). Let be a uniformly good rule. Let C = ( e l ,  - * -, 0,) be a 
configuration and u, h as above. If h < 03, then, for each 

where Sr = E:=, f(Y,). For any t 2 T(p)/h2 

pO{ min h,(Y, ,  . . e ,  Y,)<p(e)-E}=PB{ min S,50} 
6 1 S U S l  B l S U S t  distinctly m-worst  arm j ,  

- <PO{ inf & I O }  
u z  b 

for any 62t 5 b I 6t. Hence, 

6 ( 1 - 6 ) t ~ ~ {  min h , ( ~ , ,  .-., Yu)<p(e)-E)<p. 
d t S U S t  

A similar argument applies to Po{maxsrSort h,(Y,, - . . , Y,) > 
p(8) + E}. Letting p + 0 concludes the proof. 0 

V.  AN ASYMPTOTICALLY EFFICIENT RULE 

Consider the allocation rule of [ 1, sect. VI using the g,, and h, 
statistics constructed in Section IV above, and an initial sample of 
size 2 N  to initiate the g,, statistics. 

Theorem 5.1: The rule above is asymptotically efficient. 
Proof: Reindex the arms so that p(8,)  2 - 2 p(t?,v). Let 0 

5 1 I m - 1 and m I n I N be defined as in the proof of 
Theorem 5.1 of [l]. Given the properties (4.6), (4.7), (4.8), and 
(4.9) of the g,, and h, statistics which we have already established, 
the proof of Theorem 5.1 of [ 11 carries over word for word to 
establish the following assertions A ,  B, and C. 

A: If I > 0, then E(t - T,( j ) )  = o (log t )  for every j 5 I. 
B: If n < N ,  let 

Consequently, by (2. lo), 

for each C. 
Proof: Let j be an m-worst arm. Consider the parameter 

configurationC* = (e,, - - - , 8 j - l , h , 8 j + l ,  -..,B,)whenthearm 
j has parameter X instead of Oj and proceed as in Theorem 3.1. 

VII. ISOLATED PARAMETER VALUES: AN ASYMPTOTICALLY 
EFFICIENT RULE 

As in [ 1, sect. VII], an allocation rule is called asymptotically 
efficient  if 

B , = # { N s a s t l .  There ex i s t s j rn+  1 s.t. when h is finite for  the configuration C = (e,, . - , e,), and 

j is  one of the  m-leaders  at  stage a + 13. 

Then EB, = o (log t). 

let 
C: If n < Nand 0 < E < p(8,)  - p(0,;  ,), then f o r j  2 n + 1 

S , ( j )  = # { NI a I t 1 All the  m-leaders at stage a + 1 are among 

the arms k with ,u(Ok)2p(0,,), and 

for  each  rn-leader  at  stage a + 1 

IhT,(k)(YkIr . . * 9  Y k T , ( k ) ) - P ( e k ) J < E ,  but 
still the rule  samples  from 

a r m j  at stage a +  1). 

For each p > 0 we can then choose E > 0 so small that 

when h = 03. 
The following lemma allows the construction of asymptotically 

efficient rules. 
Lemma 7. I: Let Y, ,  Y,, . . . be samples coming under 

parameter 0. For any K > 0 and 0 < CY < 1/4, with y(t) = Kt-" 
we have 

(7.1) 

f o r a l l O < 6 < 1 , q > 1 a n d ~ E 8 , w h e r e h , ( Y 1 ; ~ ~ , Y , ) =  
(Yl + + Yo)/a. 

Proof: Fix x E X. Let ro = inf { t 2 1 I Yr = x} and define 
71, 72, * * * and T,, by 

As indicated in [ 1, Theorem 5.11, these steps can be combined T,,=inf {t>1lYT,,-,+,=x), 

T,,=ro+r,+-.*+r,. 

The random variables r,,, n L 1, are i.i.d. Further, ro and {T,,, n 

to obtain 

t &)- Aej)ETt(j) 
m N 

Iimsup ' = I  j =  1 P(em)-p(ej) 2 1 )  have geometrically bounded tails (see, e.g., [4, ch. 1,  Prop. 
jism-u'orst (79)], and hence have moments of all orders.  Moreover, ET,  = r-m log t z(e,, em) 

l/?r(x, e). Note that T,, is the time of the (n  + 1)st visit to x. 
from which the proof follows using (2.10). 0 Let S,, = T,, - n/?r(x, e) - ErO, so that {S,,, n L 1) is a 
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martingale. A simple  calculation  gives 

The maximal inequality  applied to the  positive  submartingale 
(Sf} gives,  for any K > 0, 

Po{ max I S u l z K t 1 - m ) = O ( t k - 2 )  (7.2) 
1 S U S l  

which is O(t-l (log t ) - q )  for any q > 1 if 0 < CY < 1/4. We have 

-p(e) l  > K t - “ }  

Further 
/ 

and 

for t sufficiently large. The result follows from (7.2) and (7.3).0 
Theorem 7.1: The  allocation rule of [ l ,  sect. VII] with an 

initial sample of size 2N to initiate the g, statistics, is asymptoti- 
cally efficient. 

Pro08 Reindex  the arms so that p(0,) 2 2 p(&,,). 
Using (7.1) and  the properties (4.6)-(4.8) of  the g, statistic, we 

can argue  exactly  as in the  proof of Theorem  7.2 of [l] to get 

rn h’ 

t A ~ J  - Aej )Er t ( j )  
limSUP ; = I  

t-m log t Icej, x) 
j =  I Aern) - de,) 

j is rn - wont 

if X < m, and 

rn N 

t Aei)- Aej)ETt(j)  
j =  1 lin=UP i = l  

1-m log t 
< m  

if X = 00. The proof  is concluded using (2.10). 0 
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