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Asymptotically Efficient Allocation Rules for the
Multiarmed Bandit Problem with Multiple
Plays—Part I: I.I.D. Rewards

VENKATACHALAM ANANTHARAM, MEMBER, IEEE, PRAVIN VARAIYA, FELLOW, IEEE, AND
JEAN WALRAND, MEMBER, IEEE

Abstract—At each instant of time we are required to sample a fixed
number 2 = 1 out of N i.i.d. processes whose distributions belong to a
family suitably parameterized by a real number 6. The objective is to
maximize the long run total expected value of the samples. Following Lai
and Robbins, the learning loss of a sampling scheme corresponding to a
configuration of parameters C = (f,, - - -, 8y) is quantified by the regrer
R,(C). This is the difference between the maximum expected reward at
time n that could be achieved if C were known and the expected reward
actually obtained by the sampling scheme. We provide a lower bound for
the regret associated with any uniformly good scheme, and construct a
scheme which attains the lower bound for every configuration C. The
lower bound is given explicitly in terms of the Kullback-Liebler number
between pairs of distributions. Part II of this paper considers the same
problem when the reward processes are Markovian.

I. INTRODUCTION

N this paper we study a version of the multiarmed bandit

problem with multiple plays. We are given a one-parameter
family of reward distributions with densities f(x, 6) with respect
to some measure » on R. 8 is a real valued parameter. There are N
arms Xj, j = 1, «++, N with parameter configuration C = (@,
-+, f§). When arm j is played, it gives a reward with distribution
J(x, 8;,)dv(x). Successive plays of arm j produce i.i.d. rewards. At
each stage we are required to play a fixed number, m, of the arms,
l<m=N.

Suppose we know the distributions of the individual rewards.
To maximize the total expected reward up to any stage, one must
play the arms with the m highest means. However, if the
parameters 0; are unknown, we are forced to play the poorer arms
in order to learn about their means from the observations. The aim
is to minimize, in some sense, the foral expected loss incurred in
the process of learning for every possible parameter configura-
tion.

For single plays, i.e., m = 1, this problem was studied by Lai
and Robbins [3]-[5]. The techniques used here closely paraliel
their approach. However, the final results are somewhat more
general even in the single play case. For multiple plays, i.e., m >
1, we report the first general results. In Part I of this paper we
study the same problem when the reward statistics of the arms are
Markovian with finite state space instead of i.i.d.
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The actual values & that can arise as parameters of the arms are
known a priori to belong to a subset © € R. In Sections II-V O is
assumed to satisfy the denseness condition (2.4). This restriction
is removed in Sections VI and VII.

Multiarmed bandit problems provide a simple framework to
study resource allocation problems arising in manufacturing
systems, computer systems, etc. When there is a single scarce
resource, e.g., a single machine or CPU, one gets a multiarmed
bandit problem with a single play with arms corresponding to
jobs. When there is more than one scarce resource, one gets a
problem with multiple plays, each play corresponding to one
resource.

The results constitute part of the first author’s dissertation.

. Serup

We assume that the rewards are integrable

5: jx| f(x, 8) de(x)< oo @0

and the mean reward

k0= 0 drw

is a strictly monotone increasing function of the parameter 6.
The Kullback-Liebler number,

roo .0
16,0={"_1og [J{((;‘ x’)] 7Gx, 0) dv(x)

is a well-known measure of dissimilarity between two distribu-
tions. In general, 0 < 7(, \) < oo. We assume that

0<I(f, M) <o if A>0 (2.2)

and

I(8, M) is continuous in A >6 for fixed 6. 2.3)

In Sections II-V the following denseness condition on © is
imposed:

forall A\ € © and 6>0,
there is A" € O s.t. u(A)<u(A)<u(N)+4.

Let Y;;, Yp, - -+ denote successive rewards from arm j. Let
F(j) denote the o-algebra generated by Y, *++, Y, let Fulj)
=V, F(j),and G(j) = Vj.F.(i). An adaptive allocation rule
is a rule for deciding which # arms to play at time 7 + 1 based
only on knowledge of the past rewards Y, -+, Yirgy, J = 1,
-+ -, N and the past decisions. For an adaptive allocation rule &,

2.4)
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the number of plays we have made of arm j by time ¢, T(/j), isa
stopping time of {F(j) V G(j), s = 1}. By Wald’s lemma,
(see, e.g., [1, Lemma 3.1]), if S, denotes the total reward
received up to time 7,

N
ES;= Y n(O)ET()).

j=1

For a configuration C = (8, - -, ), the loss associated to a
rule is a function of the number of plays ¢ which gives the
difference between the expected reward that could have been
achieved with prior knowledge of the parameters and the expected
reward actually achieved under the rule. Following [4], this
function is called the regret. Let ¢ be a permutation of {1, - -
N} such that

(2.5)

:u'(oo(l)) Z6(.""0(2))2 e

Then the regret is

= ul(lsny)-

on)=t 2 p(0s) — ES;. (2.6)

i=1

R0y, -,

The problem is to minimize the regret in some sense. Note that
it is impossible to do this uniformly over all parameter configura-
tions. For example, the rule *‘always play the arms 1, 2, + -+, m”’
will have zero regret when u(8;) > p(f;) foralll < i< mandm
+ 1 = j = N. However, when a parameter configuration has
w(0) < p(0) forsomel < /i< mandm + 1 < j < N, this rule
will have regret proportional to 7.

We call a rule uniformly good if for every parameter
configuration R,(8;, ‘- -, Oy) = o(t*) for every real o > 0. We
consider as uninteresting any rule that is not uniformly good.

III. A Lower BOUND FOR THE REGRET OF A UNIFORMLY GOOD

RULE
Let the arms have parameter configuration C = (0, - -+, 6x)
and let ¢ be a permutation of {1, ---, N} such that
s =" 2 pla )
a) If u(@omy) > wl0oim+1y), we call arms o(1), - -+, o(m) the

distinctly m-best arms and o(iz + 1), - -+
worst arms.

b) If,u.(f),,(,,,)) = #(0.,—(,,,4,1)) let0</<mandm < n < Nbe
such that

, 6(NN') the distinctly m-

wloa) =2 pulon)>pl@oury) =" =pllsem)="""
=0 (0sm) > pOsn-n) =+ Zull, ).

Then we call arms o(1), -« -, o(/) the distinctly m-best arms, and
arms o{n + 1), * -+, o(N) the distinctly m-worst arms.

c) The arms with mean equal to p(@,,) are called the m-
border arms. Note that in a) a(rm) is both a distinctly m-best arm
and an m-border arm. In b) the m-order arms are the arms j, / +
1=j=n

The separation of arms into these three types will be crucial in
all that follows.

Let & be an adaptive allocation rule. Then ® is uniformly good
iff for every distinctly m-best arm j

E¢-T,(jN=0@*)
and for every distinctly m-worst arm j
E(T:(/))=o0(t%)
for every real @ > 0.
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Theorem 3.1: Let the family of reward distributions satisfy
conditions (2.2), (2.3), and (2.4). Let ® be a uniformly good rule.
If the arms have parameter configuration C = (6, « - -, 0y), then
for each distinctly 72-worst arm j and each e > 0

1—¢) 1
lim P, {T,(j)zﬂ} =1
t—oo

1(0]’, 0a(m))
so that
.. EcT () 1
f >
il = 0e 7 =106, Gyomy)
where o is a permutation of {1, - --, N} such that
plOsay) = = p(lovy)-

Consequently,

[ (8y () — n(6))]

liminf
1(9_/5 ao(m))

{—oo

Rr(als ) oN)> E
log ¢ -

Jis m— worst

for every configuration C = (@, * -, 0n).
Proof: Let j be an m-worst arm. Fix p > 0. Assumptions
(2.3) and (2.4) allow us to choose a parameter value A satisfying

#(N)> p(0sm)) > n(6))
and
[1(6;, N)—T(0;, Boi))| <pI(8), Osimy). 3.1}
Consider the new configuration of parameters C* = (0, - -,

8;_1, N\, 6501, *++, Ox), i.e., replace 0; by A. Then arm j is one of
the distinctly m-best for the parameter configuration C*. Thus,
under configuration C*, a uniformly good rule plays arm j almost
always. Even when the configuration is C, if the observed
sequence of rewards makes it seem that the configuration is C*, a
uniformly good rule will tend to play arm j. The idea of the proof
is to show that this happens with fairly high probability, by
studying the likehood ratio of an observed sequence of rewards
under the two configurations.

Let Y}, Y5, - - - denote the sequence of rewards from plays of
arm j under the uniformly good rule ®. Define

(Ys, 6)
L"E log [f(Ya, x)]
By the strong law of large numbers L./t = I(8;, \) a.s. [Pc].

Hence, 1/f max,<, L, = I(0;, N) a.s. [P¢]. For any K > 0, we
have

Hm Pc{L,>K({1+p)I(;, N) log ¢ for some a<K log 1} =0.
{— oo
3.2)
We write
{T,(j)<K log t, Lrt(j)SK(l +p)1(9j, }\) log t}

U {T()=a, L=K(1+p)I(9;, ) log 1}

a<Klog:
and
Pes{ T/(j)=a, L,<K(1+p)I(8;, \) log t}

: f(Ybi >\)

= ————— dP¢
g{T,(j):a,LasK(l+p)1(9j,)\)logr} b=1f( Yy, 05)

= KU VP T, (j)=a,

L,<K(1+p)I(8;, ) log 1}.
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Thus

Pos{ TW(j)<K log t, L1,;<K(1+p)I(®;, \) log 1}
2 t-KU+1E NP Ty(j) <K log ¢,
Lz, y<K(1+p)I(6;, \) log ¢}. (3.3)

Since ® is uniformly good and arm j is distinctly 72-best under

C* = (01, **» 0,15 Ny Oyt ** s O
Ecx(t =T (/) =0(%)
so that
(1K log P {T.(j)<K log t} = 0(t%),
hence,

Pex{T,(}<Klog t}=0(t*"Y) 3.9

for every real a > 0.
Choosing K = 1/(1 + 2p)1(8;, \), we have, from (3.2)~(3.4),

log ¢ -0
1+20)1(6;, M)

I(9;, N\) by (3.1), we have

tlim Pe {T,(j)< (3.5)
Since (1 + p)(0), Ooimy) =

log ¢ -0
A+2p)A+ ) (8;5 Boimy)

lim Pc {Tt(j)<
Fand o

for every p > 0. Writing 1/(1 + 2p)}(1 + p) as 1 — e proves the
first claim. Letting ¢ = O proves the second claim. O

IV. CONSTRUCTION OF STATISTICS

Motivated by Theorem 3.1, we call an adaptive allocation rule
asymptotically efficient if for each configuration C = (6, -,

~)s

[,u(ea(m)) - #(9,')]

. Rt(el s T GN)
limsup T ) 7(6;, 8yum)

Jis m-worst

To construct an asymptotically efficient rule we need a
technique for deciding when we need to experiment, i.e., when to
play an arm in order to learn more about its parameter value from
the additional sample. At time ¢ we have 7,{ j ) samples from arm
J from which we can estimate £; by various methods, e.g., sample
mean, maximum likelihood estimate, sample median. The deci-
sion we have to make at time ¢ + 1 is whether to play the 7 arms
whose estimated parameter values are the largest—‘‘play the
winners’’ rule—or to experiment by playing some of the appar-
ently inferior arms. To do this we will construct a family of
statistics g, (Y, -, Y, 1l =a=<tf,t=1,2, , S0 that when
&) is larger than any of the 7 best estunated parameter values,
this indicates the need to experiment with arm j. Such statistics are
constructed in [5] for exponential families of distributions, based
on results of Pollack and Siegmund [7]. We use a similar
technique to construct g, (Y;, ---,
assumptions:

log f(x, @) is concave in 8 for each fixed x, 4.0

S Xf(x, 8) dv(x)< oo

The reader may wish to glance at the beginning of Section V at
this point, to see how these statistics are used to construct an
asymptotically efficient rule.
Lemmas 4.1 and 4.2 are needed in the proof of Theorem 4.1.
Lemmad4.1: Let S, = X\ + -+ + X, where X}, X,, -+ are

for each 8 € R. (4.2)

Y,) under the following
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iid,EX; > 0,andletN =22 1(S;=0),L =
=< 0). The following are equivalent:

a) E(|X,|21(X, < 0)) < oo;

b) EN < oo}

¢) EL < oo,

Proof: See Hogan [2]. O

Lemma4.2: LetS, = X; + -+ + X, where X}, X;, ++- are
iid., EX; > 0. Given 4 > 0, let Ny = 22 | 1(S, < A). If
E(]X1]21(X1 =< 0)) < oo, then

£2 ,1(inf,. S,

Let Z, = X, — EXi/(1 + €). Then
E{|2,1*1(Z,=0)}

2
<2E {[mm(&) ] 1<X15ﬁ>}
1+e¢ 1+e¢
=2E| X, 121X =0)+2E| X, |?1 <O<Xls£)ﬁ>
2
s <EX1)
1+e
< oo,

By Lemma 4.1, for some constant X depending on ¢,
so that

Letting ¢ = 0 concludes the proof. O
Theorem 4.1: Let Yy, Y,, - - - be the sequence of rewards from
an arm. Let

[ F(Yy, 8+1)
Wa(e)_g_m}'[1 A0 h(t) dt,

where A: (—0,0) > R
with (0 A()d: =

+ is a strictly positive continuous function
1. For any K > 0 let

U@, Y, -+, Yo, K)=inf {6| W,(6)=K}. (4.3)

Then forall A > 0 > 19,

1
D P{a<UG@ Y, -, Yo, K) forall az1} =1 -,

L
e N

2 ] P N
) i g 5 P

Y,, K)=\}=

Heuristics: Having observed samples Y3, ---, Y,, forany § €
R, W,(0) is a natural statistic to test the compound hypothesis that
the samples have been generated by a parameter value less than 6
against the hypothesis that they have been generated by 6. By the
log concavity assumption (4.1), W,(0) is increasing in 6.
Therefore, for fixed K, for any 8 > Ule, Yy, -~ -, Y, K), itis
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more likely that the samples have been generated by parameter
values below 6 than by 8, whereas, forany 6 < U(a, Yi, ***, ¥,
K), it is more likely that the samples have been generated by §
than by parameter values below . When we use Ula, Y, - - -,
Y,, K) to decide if there is a need to experiment, we choose K
appropriately—the larger K is, the more sure we will be that the
samples have been generated by parameter values below 8 before
we reject the possibility that they may have been generated by 6.
This heuristic was suggested by [7].
Proof: By (4.1), W,(#) is increasing in 8, so

U@,Y, -, Y, K)<0 & W,($)=K.

Now
{U@, Y1, '+, Yo, K)
<7y for some a=1}
c {Ua, Y, -, Y,, K)<¢
={W,(0)>K

for some a=1}

for some a=1}.

W,(0) is a nonnegative martingale under § with mean 1. By the
maximal inequality (see, e.g., [6, Lemma IV-2-9])

1
Py{W,()=K for some a21}51—<

establishing (1).

Let Ny = 22 I{W,(\) < K). Givene > 0, choose 0 < 6 <
A — @ so that
|18, p)|<e if |[p—0|<é, n>0.
Now
J(Yp, 1)
W, (M<K} C jlo
{W.(N<K} { g S"’ﬂﬁ'ﬁHf(Yb, N
ch(n—A) dg<log K}
f(Ybs 17)
lo
{ ® 5'",,5',,<'5Hf(Y,,,x)
- h°(n) dn<log K—log A}
where
A)
A= [ircarcs hr=) dn, o =202

7>0

By Jensen’s inequality

S Xy, 1)
S(Ye, M)

{Wa()\)<K} c {2 Sl,q 0|<¢5 log
b=1

- h°(y) dy<log K—log A} .
Thus, we must examine the sum of i.i.d. variables

J(Yp, 1)
f(Yb’ )\)

Xp= {\-a<s log hotn) din
n>6

where Y, has distribution f(x, 8). These random variables have
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mean

f(¥y, 6)

5' Jog /(Y12 1)
& (¥, n Ao

© (Y1, 0)

EX,=F [l

- h°(y) dn] =1(8, A\)—e>0

for € sufficiently small.
We proceed to verify the condition of Lemma 4.2 for the
random variables X,

OZXll(XISO)

I, (f(YI, n_

SN A )”""”d”’

Zj|1,—67|<.5 log
7>0

Ey[ X, 1(X,=<0))?

5|,, 9|<a E; [

fFm (S, )
Ernn  \F( n©

2
=1 h°(n) dy.
< 1) dv

Now

[re 0 [log

fx, n)] 2 (f(x, 7)

S(x N) J{x, N)
=Sf(x, 0)/(x, M) f(x, )
S, ) fxA)
. S, ) |2 Jx, )
[Ing(x, )\):I 1 <f(x, )\)sl> dv. 4.4
Observe that
a) x [log x]2s% on {x=<1}; 4.5)

b) Since A > 5 > 6, thereis0 < a < Isuchthaty = of + (1
— a)A. By @.1), for each x, f(x, n) = fCx, 0)f(x, N~
Hence,

S& 0/ M)

7o) <f(x, )0 f(x, M= 4.6)
Let ° = ah + (1 — «)f. By (4.1) again,
SO =21 (x, N =<f(x, 9°). 4.7

Putting (4.4)-(4.7) together gives Ej[X,1(X, = 0)]? < 4/¢2
We may now use Lemma 4.2 to conclude E;Ng < oo and

limsu EeNK !
2wP og K I, N—¢ "

Letting ¢ — 0 gives

E,,NK 1
s K16, N)

limsu
K—'ca

4.8)
We now bound Ey Ny from below. Define the stopping time
Tg=inf {a=1|W,(N\)=K}.

Observe that Ny = Tx — 1. Thus, E;Tx < oo. Since

f(YbsG) f(Yb’)"I't)
A
W)= Hf(Yb,x)S le 7Y, 8 O

=L;M,
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where M, is a martingale under # of mean 1, we see by Doob’s
optional sampling theorem {6] and Wald’s lemma [1] that
log K< Eylog Wy, (N)=Eylog Ly, +Eglog M7,
<E, log LTK+ lOg EGMT](
=1(0, N E;Ti<I(8, N E;Ny
which, together with (4.8), establishes (2). O

Theorem 4.2: Let g (Y, -+, Y) = p[Ua, Yy, -+, Y, t
(log ©)#)] for some p > 1. Then forany A > 0 > 4

1) Pyl{gwa(Yy, -+, Yo)>uly)
forall a<t}=1-0("" (log 1)~?); “4.9
Y Pofgu(Y1, -+, Ya)zp(N)}
2) limsup £=1 (4.10)

TN

t—oa

log ¢

3) g, is nondecreasing in ¢ for fixed a. 4.11)

Proof: 1) follows from 1) and 2) from 2) of Theorem 4.1. 3)
follows from the form of Ula, Y., -**, Y,, K) and the
assumption that x(f) is monotonically increasing in 6. O

As estimate for the mean reward of an arm we take the sample
mean

Y]+...

+7,
ho(Yis ooy Yo) =

Lemma 4.3: Forany0 < 6 < lande > 0

Pﬂ{ max 1hﬂ(Yl’ "

di<ast

S Y)—u@)>el=00"1) (4.12)

for every 6.
Proof:1etZ, =Y, — p() + eand S, = Z, + -+ + Z,.
By Lemma 4.1, using (4.2),

>, Py {inf S,=0}<ce.
=1 a=t
Hence, for p > 0, there is 7{p) such that

Y, Py {inf §,<0}<p.
t=T(p) az=t

For any ¢ = T(p)/62,
Py { min hu(Yy, -+, ¥o)

St=as=:

<p(@)—e€}=Py { min S,<0}=<P, {inf S,<0}
dt=ast azb
for any 6%t < b =< &¢. Hence,

8(1=0)tP { min hy(Yy, -+, Yo)<p(6) e} <p.

A similar argument applies to Ppf{maxy <., A Y], *

L Y >
u(@) + €}. Letting p — 0 concludes the proof. O

V. AN ASYMPTOTICALLY EFFICIENT ALLOCATION RULE

Let the N arms correspond to C = (4, *
the arms have been reindexed so that

-+, 8x). Assume that

p(0)= - =pu(bn).
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With g,, and A, as in Section IV, consider the following adaptive
allocation rule.

1) In the first N steps sample m times from each of the arms in
some order to establish an initial sample.

2) Choose 0 < 6 < 1/N2. Consider the situation when we are
about to decide which m arms to sample at time 7 + 1. Clearly,
whatever the preceding decisions, at least m among the arms have
been sampled at least 6¢ times. Among these ‘‘well-sampled”’
arms choose the m-leaders at stage ¢ + 1, namely the arms with
the m best values of the statistic u{/j),/ = 1, - -+, N, where

Ilr(j)=h7',(j)(le nt

Letj € {1, -+, N} be the arm for which ¢t + 1 = j mod N.
Calculate the statistic U,(j) where

5 Yirn)

Ur(j)=gzr,(j)( Yii, -+, er,(j))-

a) If arm j is already one of the m-leaders, then at stage r + 1
play the m-leaders.

b) If arm j is not among the m-leaders, and UL j) is less than
pdk) for every m-leader &, then again play the m-leaders.

c) If arm j is not among the m-leaders, and U/ /) equals or
exceeds the p, statistic of the least best of the m-leaders, then play
the m — 1 best of the m-leaders and the arm j at stage ¢.

Note that in any case the m — 1 best of the m-leaders always
get played.

Theorem 5.1: The rule above is asymptotically efficient.

Proof: The proof consists of three main steps. We first
summarize the steps and indicate how they combine to yield the
result. First, define0 < /< m — landm < n < Nby

p@) = zp@)>p@)=" =p(0n)
= =p(0)>p(Ons )= - = ().

Notice that with reference to a) at the beginning of Section III, in
case u(f41) = - = p@n) > p(0n.;), We are setting n = m,
so that the m-border arms are in this case also the arms X, 7 + 1
=j=<n

Throughout the proof fix ¢ > 0, satisfying e < u(8) — wn(6,,)/2
if/ > 0ande < p(f,) — n(0,41)/2ifn < N.

Step A: This step is required only if 7 > 0.

If u(8)) = u(0) then E(t— T:(j)) =0 (log 1).

Step B: This step is required only if # < N. Define the
increasing sequence of integer-valued random variables B, by
B=#{N=a=<t|

for some j=n+ 1, j is one of the m-leaders at stage @+ 1}
where #{ } denotes the number of elements in { }.
Then EB,=o0 (log 1).

Step C: This step is required only if n < N. Foreachj = n +
1 define the increasing sequence of integer-valued random
variables S{ j) by

S/ (j)y=#{N=a=t| All the m-leaders at stage @+ 1 are
among the arms & with u(0x)=u(0,)
and for each m-leader at stage a+ 1
A7, (Yets =7, YkTa(k))_ﬂ(ek)l <e,
but still the rule plays arm j at stage a+1}.

Then, for each p > 0 we can choose ¢ > 0 so small that

. _L+pt+o(1)
ES,(])S—IW log 7.
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We now indicate how these steps combine to yield the theorem.
1) RAO1s -+, 08) = Zjoper [0 — pOIIETAJ) + o (log 1).
Indeed, from (2.5) and (2.6) we have

R!(Ola Y 0N)

I
=3 w@)—ET(GN+ Y, [1#8n) — pODIET())

j=1 Jjzn+l

+p(0m) [ > C-ETUN- Y ETr(j)]- G.1

J=i+1 jzm+1

If we observe that
N
Y, ET.()=mt
Jj=1

we get

m N {
E = ET,(j)=, (ET()-1)
j=l+1  j=l+1 j=1
so the first and third terms on the right in (5.1) are o (log #), from

Step A.
Remark: If n = N this already yields the theorem:
2) Suppose n < Nandj = n + 1. Then

T i (N=50)

+#{N=a=t| All the m-leaders at stage @+ 1 are among
the arms with index <n, but for at least
one of the m-leaders at stage @+ 1, say &,

|Ar,00(Yers * s Yergm) — u(6e)| > €}
+B,+N. (5.2)

Take expectations on both sides. By Step B, EB, = o (log ?).
Noting that

P {The leaders at stage a all have index<n but at least one

of them, say arm k, has |z, (i1, 5 Yar,m0)
— 1(0x)| > e}
=Pc{ max max |hy(Yp, <", Yi)— u(6)|>e}

l<isN ba<b=a
=o(a~!) by (4.12)

we see that the expected value of the middle term on the right-
hand side of (5.2) is o (log ?).
By Step C we have

EcSi() __ 1
log { ~ I(6;, 6m)

limsup

and=

from which the theorem follows.
We now prove the individual steps.
Proof of Step A: Recall that this step is required only if 7 >
0. Pick a positive integer ¢, satisfying ¢ > (1 — N?§)~'. The
idea behind the choice of ¢ is that

t_cr—l

>Nébt for t>c'.

Lemma 5.1: Let r be a positive integer. Define the sets

Ar= n {Mr—lrgfchﬂ ) Y},)—}L(GJNSE},

l<j=N

|hl()/j19 i
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B,=({gu(Yir, - > Yea)Zp(6)—e for 1=a=dt
k<!

and ¢’ '=f=crtl}.

Then PAAE) = o(c™") and P(B¢) = o(c~") where A¢ and B¢
denote the complements of A, and B,, respectively.

Proof: From (4.12) we immediately get Po{A¢) = o(c™").
From (4.9) we see that Po(B%) = O(c™" r %) = o(c™").

Lemma 5.2: Onthe event A, N B, if t + 1 = k mod N for

some k < [and ¢"~! = ¢ < ¢"*!, the rule plays arm X}.

Proof: On A, the h, statistics of the m-leaders are all within
e of their actual means. If arm X} is one of the m-leaders at stage ¢
+ 1, then according to the rule it is played. Suppose X is not an
m-leader at stage ¢ + 1. On A, the least best of the m-leaders at
stage ¢ + 1, say j,, has

we(U)<p(0) —e.

In case 7{k) = 6f, we have on A4,

p@)—e=hr,ey(Yers =5 Yerm)s
hence, our rule will play X}, since it will already be one of the m-
leaders at stage ¢t + 1.

In case T{k) < 6t, we have on B,,

() —e< Uy(k)

so in any case, our rule plays X. O
By Lemma 5.2, on the event A, N B, for¢” < t < ¢!, the
number of times we have played arm X, k¥ < /, exceeds

N-l(t—c""1-2N)

which exceeds Not if r = ry for some ry.
Lemma 5.3: X r = ry, then on the event A, N B,, for every ¢’
= f < ¢!, we play each arm X, with &k < /.

Proof: By Lemma 5.2, on A, N B,,and ¢" < ¢t < ¢, r
= ry, all arms X, k < [, are well sampled. Since on A4,, every
well-sampled arm has its A4, statistic e close to its actual mean, all
arms X, k =< [/ must be among the m-leaders. Further, they
cannot be replaced by a nonleading arm’s g,, statistic indicating
the need to learn from it, because none of them is the least best of
the m-leaders. O

Corollary: For r = r,, the expected number of times arm X, k
< /, is not played during ¢” < ¢ < ¢"*! is less than

Y, Pc(A9)+Pc(BY=o0(1).

Tersel !

Hence, the expected number of times arm X;, & < /, is not played
in ¢ steps is o (log 7). O
Proof of Step B: Recall that this step is required only if n <
N. The proof is identical in form to that of Step A and proceeds as
follows.
Lemma 5.1 B: Let A, be as in Lemma 5.1 and let

Z= n {80(Yi1, 5 Yeg)=p(0) — e for 1<a<ét

k=n

and ¢’ 1=st=<ctl.

Then PA{AE) = o(c™") and PHZE) = o(c™").
Proof: The proof is identical to the proof of Lemma 5.1.
Lemma 5.2B:Onthe A, N Z,,ift + 1 = k mod N for some k
< nandc™! < t < ¢+, then at time ¢ + 1 the rule only plays
arms with index <n.
Proof: Suppose not. Then £ is not one of the m-leaders and
the least best of the m-leaders has index j, > » on the event A,

with 5 (J) < p(@,) — e
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If T(k) =

pl)—eshry(Yer, =

on A,, hence, oﬁr rule will play X4; in fact, X, will already be one
of the m-leaders at stage ¢ + 1.
If T(k) < &1,

Yir, i)

u(6) —e= U (k)

on Z,, hence, our rule will play X;. 0O

Let 7, be defined as in the proof of Step A. We now show that
ond,NZ,forr=ry+1land ¢! <t =< ™!, m — lof the m-
border arms have been played 6¢ times.

1) First consider the case » = m. For each of the m-border
arms X;, / + 1 < j < n, there are at least ¢ — ¢~ ' — 2N/N >
Nbt times prior to £ at which # + 1 = jmod N. Choose 67 of these
times. By Lemma 5.2 B, on the event A, N Z, each of the arms
that is played at this time has index <m. But this means that the
arm Xj is played at this time. Thus, we see that at stage ¢ + 1, all
m-border arms are well sampled, and there are mz — ! of them.

2) Suppose # > m and that fewer than m2 — [ of the m-border
arms have been well sampled. Let X be one of the arms that is not
well sampled, / + 1 < j < n. Thereareatleast{ — ¢"~! — 2N/
N > Nét times prior to  at which ¢ + 1 = j mod N. Choose N§¢
of these times. Since arm j is not well sampled, we can choose (N
— 1)z of these times at which the rule plays only arms whose
indexes are =#n, by Lemma 5.2 B above. We know by Lemma
5.3 that at each of these times the rule plays all arms whose
indexes are </on the event A, N B, which contains the event A4,
N Z,. Thus, (m — )N — 1)8f plays of m-border arms with
index #j are made at these times. Note that there are n — 7 — 1
= m — Isuch arms. Also note that at these (N — 1)67 times, not
one of these arms can undergo more than (N — 1)67 plays.
Suppose that only p < m — /of these # — / ~ 1 arms undergo &¢
plays or more at these times. Then the total number of plays of
these arms at these times is strictly less than

PIN-1)8t+(n—1-1-p)ét
s(m—I1-1)(N-1)t+(N-1)bt
=(m—D(N-1)é¢

which gives a contradiction.

The analog of Lemma 5.3 is as follows.

Lemma 5.3 B:If r = ry + 1, then on the event A, N Z,, for
every ¢’ < t < ¢"*!, the m-leaders are among the arms X, & <
n.

Proof: On A, a well-sampled arm has its 4, statistic e close
to its mean. By the above reasoning, at least m of the X, kK < n,
are well sampled at stage ¢ + 1, hence the m-leaders are
constituted of such arms. (Note that, unlike in Lemma 5.3, we do
not assert that the arms that are played at such times are among the
X, k < n. This is in fact false.) O

Step B follows from Lemmas 5.1 B and 5.3 B.

Proof of Step C: Recall that this step is required only if n <
N. Letj = n + 1. Then observe that

S (=#H{N=a=st|gar,(n(Yj1> "
s#H{N=a=t|gr, ;) (Yj, "

=u(0)—€}, by (4.11)
<#{N=b=t|gn(Yp, -,

» Yirin)=p(fm)—e

» Yiza)

Yip)z p(0m) —€},

» « denote the rewards on plays of arm j. Thus,

ij)ZI‘(om) - E}

where Y, Y, -

ECSt(j)SEej#{NSbStlgtb(le’ e

t
<Y Po{guw(Yin, s Yip)=p(Bm) — €}
b=1
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But by (4.10) we can, for each p > 0, choose ¢ > 0 so small that

: 1+p+o0(1)
Pylen(Yi, =, Yp)=u(ln)—e}=————log ¢
,,2 o ! § 16;, 6m)

which establishes Step C and Theorem 5.1. [

Remark: We have not examined whether our g,, statistics can
be recursively computed, or whether there are other recursively
computable g,, statistics satisfying (4.9), (4.10), and (4.11). For
exponential families this is possible, since U(a, Y1, ***, Y,, K)
depends only on the sample mean. Moreover, for Bernoulli,
Poisson, normal, and double exponential families, explicit recur-
sively computable g,, statistics are given by Lai and Raobbins [4].

VI. ISOLATED PARAMETER VALUES: LOWER BOUND

Following Lai and Robbins [S], we will now examine the
situation for multiple plays when the denseness condition (2.4) is
removed. Thus some of the allowed parameter values may be
isolated. For a parameter conﬁguratlon C=(@,, " -,0)]etobe
a permutation of {1, , N} such that #(90(1)) =z o=z
w0 N)). Throughout thlS section and Section VIL A € 6 (A
depends on C) is defined as

A=inf {# € B|0>04m}. 6.1)
In case Oy = SUpgep 0, st A =

Theorem 6.1: Let the family of reward distributions sausfy
(2.2) and (2.3). Let ® be a uniformly good rule. Let C = (6, - - -,
8x) be a parameter configuration and o, A as above. If A is finite,
then, for each of the m-worst arms j

EcT()_ 1

li = . .
i logr ~1(6;, M) ©.2)
Hence
- Ri(By, +++, 0x) [#(0u(m))—#(9j)]
1 _— > -
iminf log 7 >,~M§m 16, %)
Proof: Let j be an m-worst arm. Let C* = (@, -+, 0;_3,

N, 0515 -, 65) denote the parameter configuration when the arm
J has parameter X instead of ;. Repeating the analysis of Theorem
3.1 we see that

. , log ¢ _
2 Pe {T’UKW@-,—M} =0
for every p > 0 [see (3.5)], which proves (6.2). O

VII. ISOLATED PARAMETER VALUES: AN ASYMPTOTICALLY
EFFICIENT RULE

We call an allocation rule asymptotically efficient if

R/(6,, "',9N)< E 185 my) — 1(6))]
- logt -

li
lmsup J is m-worst I(Gj’ )\)

I~

when A is finite for the parameter configuration C = (4, ---,
ON)s and
limsup R,(6;, '+, On)<oo
fand- ]

when A = oo,

The allocation rule of Section V is not asymptotically efficient
in case A = oo, Note that this means / = 0, i.e., there are no
distinctly m-best arms. For a rule to be asymptotically efficient in

this case means that the expected number of plays of each of the
distinctly m-worst arms is finite. However, with the rule of
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Section V the least best y, statistic among the #-leaders will fall
infinitely often below u(0,.,)), while the g, statistics grow in such
a way that we are forced to play the m-worst arms infinitely often.

To get around this problem, following Lai and Robbins [3], we
make a simple modification of the rule of Section V sampling
from the poorer looking arms only if their g,, statistic exceeds the
least best y, statistic of the m-leaders by a margin, with the margin
decreasing to zero suitably. Let y(#), £ = 1 decrease monotoni-
cally to zero such that, for some g > I, we have, foreach§ € 6,
Y,)—p(0)

Py { max | (Y1, « oy

dr=sas

>y(@)}=0¢"(log )9 (1.1)

where A,(Yy, -+, Y) = Y1 + --- + Y,/a. Such functions can

be found if, for example,

g |x|4f(x, 8) dv(x)<oo foralld € © (7.2)
which we assume henceforth.

Lemma: Let the family of reward distributions satisfy (7.2).
Then (7.1) holds for ¥(f) = Kt~“forany K > 0and 0 < a < 1/
4,

Proof:letS, =2 + -+ + Z,where Z, = Y, — EY,.
Then {S/} is a positive integrable submartingale. By the maximal
inequality [6]

ES?
K-

Py {sup Si>K4Hl-a} <
ast

A simple calculation gives ES} < 9¢2EZ$, from which

E|Y:|*
K4[2 4o

Py { max [ho(Yy, <+, Yo) = p(®)| > K1~} <
t<a<t

which is O(t~'(log #)=9) forany ¢ > 1, when 0 < o« < 1/4,0

Condition (7.2) can obviously be considerably relaxed. We
have not examined this issue.

We now describe the modified rule.

1) In the first N steps sample /1 times from each of the arms in
some order to establish an initial sample.

2) Choose 0 < & < 1/N2. Consider the situation at stage ¢ +
1, when we are about to decide which m arms to play at time 7 +
1. Let p¢ * denote the A, statistic of the least best of the m-leaders at
stage # + 1. Then calculate

pi=inf {u(O)|p@)>pnF+v(0)}.

p} could be co.
3) Let & be the arm for which f + 1 = &£ mod N. Calculate the
statistic U/(k),

Ur(k)=ng,(k)(Y1, ey

Decide which of the arms to play at time # + 1 based on g*and
U«k) as follows.

a) If arm £ is already one of the m-leaders, then at time 7 + 1
play the m-leaders.

b) If arm £ is not among the m-leaders and U, (k) < u}, then at
time ¢ + 1 play the m-leaders.

c) If arm & is not among the m-leaders, and U/(k) = u7, then
play the 77 — 1 best of the m-leaders and the arm k at time ¢ + 1.

Theorem 7.1: The rule above is asymptotically efficient.

Proof: The proof consists of three steps, parallel to the proof

of Theorem 5.1.

Step A: This step is required only if / > 0.

Yer,i)-

If p(8,)=p(8;) then E[1—T,(j)]<co.
Step B: This step is required only if # < N. Define the
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increasing sequence of integer valued random variables B, by

B,=#{N=a=<t|
for some j=n+1, j is one of the m-leaders at stage a+1}.

Then EB, < oo,

Step C: This step is required only if » < N. Foreachj = n +
1 define the increasing sequence of integer valued random
variables S/{j) by

S;(j)=#{N=a=<t| All the m-leaders at stage a + 1 are among the
arms k with p(8;)=pn(0,),
and for each m-leader at stage a+ 1,
|2z, (Yers s Yerym) — (00| <v(8),
but still the rule plays arm j at stage @+ 1}.

Then, if A < oo, for each p > 0 we have

1+p+0(1)
1(8;, 6m)

while if A = o0, S{j) = 0.

The argument that shows how these steps combine to prove
asymptotic efficiency is identical to that of Theorem 5.1. We
proceed to the individual steps.

Proof of Step A: This step is required only if / > 0. Let ¢
> (1 — N2)~! be an integer, and let ry be such that

ES{(j)= log ¢

N—l(t_cr+l

w(0)) — p(0m)
2

—2N)=Nbé1,
<

(if / > 0), and

#(en)_#(0n+1)

r—1
v hH< 5

(fn < N), forall r = r,.

Lemma 7.1: Forr = 1, 2, -+ -, define the sets \
A=) { X, o Y= (@] sv(eh},
I<j=N Sl I<t<c"
Br':n {gm(YkI, Tt Yka)Z“(el)
k<!

for I<a=<6tand ¢’ '=t=ct!}.

Then P{A¢S) = O(c™"r~?) and PABS) = O(c™" r=?) where A
and B¢ denote the complements of A, "and B,, respectively.
Proof From (7.1) we get PC(AC) O(c="r~9). From (4. 9)
we get P(BS) = O(c™" r*).
Lemma 772: Forr = r,ontheevent A, N\ B, ift + 1 = k
mod N with &k < /and ¢’~! < ¢t < ¢"*!, the rule plays arm k.
Proof: As in Lemma 5.2, we can suppose arm X is not an m-
leader at stage 7 + 1. On A, the least best of the m-leaders at stage
t + 1, say j,, has

we(G) = (@) + (™ < u(@) —~v(c™ ).

If T{k) = 6t we have on A,

w(0) =y N =k Yers » Yirw)s

hence, our rule will play arm k. In fact, arm k& will already be one

of the m-leaders at stage 7 + 1.
If T(k) < ét, we have on B,

we(J) + v @O =) +v (€™ H<p@),
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so that
w}<pO)<UdLk),

so in any case, our rule plays arm k. [

The next result follows from Lemma 7.2 exactly as Lemma 5.3
followed from Lemma 5.2,

Lemma 7.3: If r = r, then on the event A, N B,, for every ¢’
= ¢t < ¢!, we play each arm & with k¥ < /.

Corollary: For r = ryand ¢” < ¢ < ¢"*! the number of times
an arm k, k < [, is not played is less than

Y, Po(A)+Pc(BY=0(r-9)+0(r=?)

crst=sct+]

so that the number of times an arm k, & < /, is not played is finite.
Proof of Step B: This step is required only if n < N.
Lemma 7.1 B: Let A, be as in Lemma 5.1 and let

Z=M) {8 Yer, = s Yea)= ()

k=a
forall 1=g<éfrand ¢’ 'st=<c™1},

Then PAAS) = O(c™" r=9 and P(ZE) = O(c™" r7?).
Proof: The proof is identical to the proof of Lemma 7.1.00
Lemma 7.2 B:Forr = rpontheevent A, N Z,,ift + 1 = k
mod N forsome k < nand ¢’~! < ¢ < ¢!, then either the rule
plays arm & at time ¢ + 1 or the rule plays only arms with index
<n at time £ + 1.

Proof: Suppose not. Then the least best of the m-leaders has
index j;, > n. If k is one of the m-leaders, it cannot be the least of
the m-leaders and is therefore played. If k is not one of the m-
leaders, we can consider the cases T, (k) = &f and T (k) < ot
separately, as in the proof of Lemma 5.2. O

Lemma 7.3 B:If r = ry + 1, then on the event A, N Z,, for
every ¢’ < t < ¢"*!, the m-leaders are among the arms X}, k£ <
n.

Proof: On A, a well-sampled arm has its 4, statistic y(c"*!)
close to its mean. Reasoning exactly as in Theorem 5.1, we see
that the X, £ < n, are well-sampled at stage t + 1on A4, N Z,,
hence the m-leaders are constituted of such arms. O

Proof of Step C: This step is required only if # < N. Let j
= n + 1. From the definition of S{j), we see

s Yir i)z p0n)}.

Thus S{j) = Owhen A = o0, If A < o, since y(f) < ¢ for any ¢
> 0 for all large ¢, we can argue as in the proof of Theorem 5.1 to
see that for each p > 0 we can choose ¢ > 0 so small that

S(N=#{N=a=tgr, (Y1, =

I+p+o(1)

OB log ()

z
S Pofgw(Y1, -0, Yip)=A} =
b=1

and conclude the proof. dJ
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