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Summary 

We  give  three  examples of unstable  queues in which  the 
average arrival  rate is less than  the average  service rate. In the 
first  example,  service  times  are iid but  the  arrival  rate increases 
with  queue size; in the  second,  arrivals  are iid but  the  service 
rate decreases with  queue size; in the  third,  arrivals  are ergodic 
and  independent of iid service  times. 

Introduction 
Consider  a  single  server,  dlscrete  time  queue.  The  service 

time of each customer is exponential  with  mean 2, and  different 
customers  have  independent  service  times. In period k EN, 
ah E{O,l] customers  arrive, so the  number of customers in queue 
at  the beginning of period k + 1  is 

XI  +l = (X, + Q p  -S i  I+, ( 1 )  

where  the  virtual  service process {se } is iid with 

Under  the  restriction  that  the  arrival  "rate"  depends  only 
P ( S ,  =l)=P(sk  =0)=1/2.  

on the  queue  size, 

P{Qi ,=1  1 Q i . S m . l f k } = P ( Q ) . = 1  1 X k ) = : A l k .  (2 )  

the chain {x, ) is Markov, If X, a, a  constant.  it is known  that 
the  queue is stable. i t . ,  

lim n- 'Cxi  < w a s .  

iff A < 112 (arrival  rate less than service  rate). 
For  the first example  take 

if n =O 
A, := [ ; ; 2 [ n / n + 1 ] 0  i f n M  

with 0d0(1/4, a%. Its  asymptotic behavior is given by 
Theorem 1. 

For the  queue (1)-(3) one  has 
(i){x, 1 is  recurrent; 
(ii)if a<1/2 ,  {x, ) is  null  recurrent: 
(iii) if 1/2<a e. { x L  ) is  positive  recurrent  and  a.s. 

lim n- lcah  =: a ( A J - 0  as A 0 - 0 .  

lim n - ' C x k  = OQ 

so the  queue is unstable; 
(iv) if 1 <a, ( x k  } is positive  recurrent  and  the  queue is stable. 

Observe that  for 1/2<a<1 the  queue is unstable  even  with 
arbitrarily  small  arrival  rate.  Queue  size-dependent  rates  could 
occur in networks of queues.  A  more  interesting  example is 
given by  the  "dual"  situation in which  arrivals  are iid but ser- 
vice times  increase  with  queue size.  For this second example, in 
place of (2).(3) take 

P{Qh 1 Qi .X, .I #k } = I/ 2 ,   (4 )  

( 5 )  
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We interpret ( 5 )  as  follows:  the  server gives  one unit of service 
per unit  time  but 1/ 2[n / n +1]0 of this  service is absorbed  as 
"overhead" in  keeping track of customers in  queue. 
Theorem 2.  

For the  queue (1),(4),(5), {xk 1 is recurrent;  it  is  null  recurrent 
if a<l/  2; it is positive  recurrent  and  unstable if 1 / 2 < a 0 ;  and 
it is positive  recurrent  and  stable if 1 <a. 

In the  third example the service  process is iid  as  in the  first 
example.  The  arrival process is independent of the service  pro- 
cess and  constructed in  "blocks"  as  follows. Fix a  rational 
number Z=P/ y(1/2, and  a  distribution q = { q k  .k EN] with 
qh :=glk-3,  with q i '  : = Z k - 3 ,  so c q k = l .  For any k let 
N ,  :=yk , Now  randomly select k E K according to  the  distribu- 
tion q and  construct  the first block of y k ,  arrivals  as 1..10..0 
with Q, for 1 & q k  and Qk =o for Pk <k +k Next,  ran- 
domly select k *  according to  q and  independent of k ,. Con- 
struct  the second  block of yk 2 arrivals  as 1..10..0 with Q L  =1 
for y k  ,<k %k 1+/3k2 and aL =O for y k  ,+t3kz<k + ( k l + k 2 ) .  
The  third block of length yk is constructed  similarly  with k 
distributed  according  to q and  independent of k 1. k ~ ,  etc. 
Theorem 3. 

The  arrival process is ergodic with  lim n- 'Eak =Z a s . ,  and 
lim n - l C x e  = w a s .  

Proafs 

The  proofs  are based  on the  following  lemma'. 
Lemma. 

Consider  a  Markov  chain  with  state space (0 ,1, . . )  and  with  tran- 
sition  probability  matrix P whose  non-zero elements  are of the 
form 

-_ 

1 '  . . . 1 

Then r=(7~~.7~~,. .)  with ro=l is a  solution of wP=T iff 

T, = [p0 . .pn  -11/  [yl..q, I ,  n 21. (7)  
Moreover 

Zl/ pn rn =W + the  chain is recurrent 

ern =W the  chain is null  recurrent 

xrn <Do =rS the chain is positive  recurrent. 

Proof of Theorem 1. 

The  cham (1)-(3)  has  a  transition  matrix of the  form (6) with 

ro=l-Xo. po=ho. r, =1/ 2.  p ,  = A i  / 2, qi = ( l - X ,  >/ 2, L a. 
Substitution  into (7)  gives 
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so I 

since  (l-Xn )/ (A, by (3) .  Hence the  chain  is  recurrent. 
For future reference  note  from  (3)  that 

Hence ZT,, a and the chain is positive  recurrent.  Also. 

bho.constant. 

On the  other  hand, 

so, 

Hence, 

Case 1 <ru. 
Choose E x) so that  2a--E > 2 + ~ .  Then 

for n large  enough. Hence 7rn < constant.n2+'  for  large n , so 
that e n  rTT, <Do and  the  chain is stable.  This  completes  the 
proof. 
Proof of Theorem  2. 

The  chain (1),(4),(5) has a transition  matrix of the  form  (6) 
with 

po=l/   2 ,  p ,  = ( I - p i  )/ 2. ri = I /   2 ,  qi = p i  / 2 

Using  the  specification ( 5 )  the  proof  follows  as in the  preceding 
argument. 
Proof of Theorem 3. 

The arrival process is ergodic  since  the  block  lengths  are  iid. 
Consider  a  typical  arrival  block of length yk . It  has  the  form 
1. .10. .0  with p k  "1's" and (y -P)k  " 0 ' s " .  If this  block  starts  at 
time t say, one  can  check that 

On the  other  hand  the  average  arrival  rate 5 .  This  completes 
the  proof. 

Conclusion 

The study reported  here  started  as  an  attempt  at  determin- 
ing more  general  conditions  under  which  the  statement  "arrival 
rate  less  than  service  rate  implies  stability"  would be valid. 
The  statement is true if arrivals  and  service  times  are  indepen- 
dent.  service  times  are  iid,  and  arrivals  form  a  renewal  process. 
The  examples  given  here  show that  it  will be difficult to find 
more  general  "simple"  conditions. Of course, if in the  first 
example sup X, < 1/2,  or if in the second  example sup p, > 
112,  then  the  queues  are  stable.  It is  also worth noting that in 
each of the  examples  the  sample  path  behavior of the queue 
when it is unstable  exhibits  a  "bistable"  behavior:  the queue size 
stays  small  for  a  long  time,  it  then  builds up rapidly  to  a  large 
value,  and  then  slowly  returns  to  a  very  small  value. 
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