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Summary 
Consider  a  node in a  communication  network  with n out- 

going links  grouped  into  k  trunks of n1 .... nA links  respectively. 
n l t . . .+nA = n . Calls  arrive in a Poisson stream of rate X. The 
state of the node is specified by  the  number of idle  links  in each 
trunk.  A policy is a  rule  by  which  a  call, finding the  node in 
some state, is assigned  to one of the  available  links in one of the 
available  outgoing  trunks.  The  links  are  assumed  to  have 
exponential  holding  times  with mean -. which  are  indepen- 

dent,  and  are  independent of the  arrival process. Further.  a  call 
assigned to  trunk a. 1 &x a is immediately  lost  with  probabil- 
ity  (l-e,)---this  feature  models  the  nature of the  links  and  the 
congestion downstream of the  node  along  that  route.  A  call is 
said to be blocked if all  the  outgoing  links  are  busy  when  it 
arrives.  It is known  that  the biocking probability is independent 
of the  assignment  policy.  We give an  explicit closed form  for- 
mula  for  the blocking probability : 

1 
P 

where X,=E,.X .... X, = e k  A .  
This  generalizes the  well-known  Erlang  formula of traffic 

engineering. 

Introduction 
To understand  the  behaviour of large  networks of service 

systems  it is necessary  to  first  understand  the  behaviour of 
individual  nodes in the  system. One of the most  common 
models for  a node in a  communication  network  which  has  a  sin- 
gle incoming link  and n outgoing  links is the  following.  Custo- 
mers  or  calls  arrive in a Poisson stream of rate X and  are 
assigned immediately  to  any one of the  available  outgoing  links. 
which becomes busy.  and  stays  busy  for  an  exponentially  dis- 
tributed  holding  time of mean -. These  holding  times  are 

independent  and  are  independent of the  arrival  process.  Partic- 
ularly in telephony.  an issue of central  importance is to  under- 
stand  when  an incoming call  may be lost because the  desired 
connection  to  its  destination  cannot be made.  A  node is said  to 
be blocked if all  its  outgoing  links  are  busy.  In  this  situation, 
one has the  well-known  Erlang  formula  for  the  steady  state 
probability  that  the  node is in the blocked state 

1 
P 

(1.1) 

Because  of its  practical significance, therefore,  this is one of the 
most  important  and  widely  known  formulas in the  study of 
networks of interconnected  service systems,  such  as  computer 
communication  networks,  models of traffic flow.  etc. 

In their  paper [l]. Gopinath, Garcia and  Varaiya, [GGL-]. 
analyze  a  more  sophisticated  node1 of a  single  node In a com- 
munication network. The ouzgoing links  are  grouped  into  k 
trunks of n l  .... ni links  respectively. n l t . . . + n i  =n . Each of 
the  links in a given trunk Q has an associated loss probability 
( l - E o )  , that  is,  a  call assigned to the  trunk a is immediately 

lost with  the  probability ( l - E n ) .  The  various  loss  probabilities 
(1-e,) model  the  cumulative effects of the  topology of the  net- 
work  and  the congestion of other  links  and nodes downstream 
of the  node  under  consideration.  This is the  crucial  new  feature 
in the  proposed  model.  Calls  arrive at  the  node  in  a Poisson 
strem of rate X. Each arriving  call is assigned  to  one of the  out- 
going trunks according  to  a policy U. To define  this,  first define 
the state of the node as the  vector ( i l  .... ik of the  number of 
idle  links  in each trunk. OG16 l....Oek & k .  Thus  the node 
can be in any one of ( n l t l )  .... (nk + I )  states.  For  a  state 
Z=(i l...,ik ) and 1 & & such  that iRW, let I ,  denote  the  state 

I n = ( i l  .... ia - l , iR- l . ia+l  ,..., ik 1 
A  policy U consists in specifying  the  numbers U(Z.Za) satisfy- 
ing 

u (Z .I,) 20 
U ( I  , lR)=l  if I &O ...., 0 )  

1GnSi ,,a* 

Thus,  when  the  node is in  state I. and  the  policy is E. for 
l&xa with in&, an incoming  call is assigned  to  trunk o with 
probability U (Z ,Ia). 

If a  call is assigned  to  a  given  link,  the  link  immediately 
becomes busy,  and  remains  busy  for  a  holding  or  conversation 
time,  which is an  exponentially  distributed  random  variable 
with mean -. The holding  times  are  independent  and  are 

independent of the  arrival process. At  the end of the holding 
period  the  link becomes idle  again. 

This  model is motivated  by  the  fact  that in a  complicated 
network,  a  call  leaving  a  node  along  a  link in one of the outgo: 
ing trunks  and proceeding from node  to  node  towards  its  desti- 
nation,  may be lost if some of the  nodes  it  encounters  are 
blocked.  This loss probability  depends on the  capacity  and 
loading of the  path  the  call is routed on, and  as  a  first  approxi- 
mation can be taken as depending  only on the  initial  link 
(different  for  the  different  outgoing  trunks  from  the  link),  by 
the  use of the  different  loss  probabilities ( 1-e, 1. For further 
motivation one should  read  the  preamble  to  the  paper [GGV]. 

Sote  that  the  model  for nodes  proposed  in  the  first  para- 
graph is included in the refined model  as  a  special case by ignor- 
ing the  modelling  flexibility  provided  by  the  varying  loss  proba- 
bilities (1-6,). 

Once again we  are  interested in quantifying  the  probability 
that  a  call is unable  to  make  its  desired  connection. If the node 
is in the  state (0, ... 01, i.e., there  are no available  outgoing  links. 
we say  the  node is blocked. 

[GGV] prove  the  remarkable  result  that in the above model 
the  probability of the node being in the blocked state is 
independent of the  policy  adopted  to assign incoming calls  to 
the  outgoing  trunks.  Thus  the  law of overflow traffic is also 
independent of the  assignment  policy. In the case of two  outgo- 
ing trunks  (two  types of outgoing  links).  they  conjecture  a  for- 
mula  for  the  blocking  probability.  Such  a  formula  would  have 
an  importance  comparable  to  that of the Erlang  formula.  when 
the refined model  proposed  by [GGV] is used in the  node  by 
node  analysis of communication  networks. 
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The  purpose of this paper is to  establish  this  formula,  and 

1 
also  the  generalization  for  arbitrary  k : 

( 1.2) 

where A1=E1.A,...AI: =Ek 'A. 
Note that in the case k=l  this reduces  to  the  Erlang  for- 

Since explicitly  evaluating  the  expression in equation  (1.2) 
would  require  a  large  number of operations  even in modest 
situations.  it is useful  to  have  an  integral  representation  for Pb 

from which good approximations t o  the closed form  solution 
can be made  in  practice.  This can be arrived at  through  the 
gamma-function  identity: 

mula  discussed in the first paragraph. 

n !=St"  exp  (-t )dt  
m 

0 

We  show  that 

Pb= 
1 (1.3) S(I+-) t P  * ' . 

' ( l+*))"'exp(- t )dt  
0 A 1  x1 

which  integral  may be approximated  by  one's  favorite  tech- 
nique. 

The  organization of the  paper is as  follows:  In  Section 2 .  
we give the  Markov process description of the  system  under 
consideration.  In  Section 3.. our idea for  calculating pb is care- 
fully explained  in  the case of two outgoing trunks  (k=2). We 
avoid  writing  out  proofs of the  propositions in the special case 
because there is no essential  simplification  in  doing so. In Sec- 
tion 4.  we  handle  the  general  problem  with  arbitrary  k, giving 
complete  proofs.  Finally  in Section 5 . .  we go through  the  few 
steps needed to  calculate  the  integral  formula (1.3) from  the 
combinatorial  expression (1.2). 

Markov process description. 
The  evolution of the  state of the  node is described  by  a 

continous  time  finite  state  Markov process with  state space: 

(1 = (i 1 .... i p  ) such  that OQ 16 1 ..... OQ, &k 1 
Recall that, given state  I  and l&xa such  that io&. we  let 

Ze=(il ..., i n - 1 , i w - 1 , i o + 1  ,..., i k )  

ZP=( i l  ..., i p - l . i g + l . i p + l  ,..., ii ) 

Similarly, given 1 QSk such that i, fn,, let 

Then.  for  a fixed policy U. the  transition  rate  matrix of the 
Markov process is given by: 

Ru(Z.J)=O if J#Ze , J # Z @  J#Z (2 .1)  

Ru(Z,Zn)=AeU(Z .Za) where A,=e;h (2 .2 )  

Ru ( I  ,I 9 = ( n  p-i p)p (2.3) 

Ru(ZJ)=- AwU(Z&)- (n8-iP)p(2.4)  
I&&** lC$&ii,tn, 

Let  the  steady  state  distribution of this  Markov process be 
p u ( I ) .  Note that pu [ ( O  ,. . , ,O)] is precisely  the blocking probabil- 
ity p b .  Since we  already  know  that  the blocking probability is 
independent of the  policy  chosen, our method  will be to  calcu- 
late  the  formula  for pb by  calculating  the  steady  state  distribu- 
tion for  a  special,  analytically  convenient  policy,  which  has  the 
property of " decoupling " the  transition  rate  matrix of the 
Markov process in  a  way  that  will become clear  below. 

The case k=2. 
Our idea for calculating  the  Erlang  formula  for  the  block- 

ing probability is most  easily  understood in the case k=2. so 
that,  for  clarity,  we  will first  consider this case. However,  the 
proofs of the  claims  we  make in this  section  are no harder t o  
establish  for  general k than  they  are  for  k=2,  and  will  therefore 
be deferred  to  Section 4. 

When  k=2,  the  transition  rate  matrix is conveniently 
thought of by  means of the  state  diagram of Fig. 1 . 

Left  to  right  and  down  to  up  transitions  represent  links 
becoming free,  while  transitions  in  the  opposite  directions  occur 
when  a  new  call  arrives.  The  weights  associated  with  the 
arrows in the  state diagram can be inferred  from  the  equations 
(2.1) ... (2.4) for  the  entries of the  transition  rate  matrix RU. 
Note that  the  right  to  left  and  up  to  down  transitions  have 
associated  rates  depending on the  policy U. 

A probability  distribution p(1) on the  state  space is the 
stationary  distribution & ( I )  iff it  satisfies  the  balance  equa- 
tions: 

p ( I  )RLJ ( I  .J )=O for each J .  (3 .0)  

These translate,  in  the  state  diagram.  into one balance  equation 
per node,  the  balance being the  equality of the  total  incoming 
rate  to  the  total  outgoing  rate. 

h'ote that,  for  a given policy U. the  individual  state  to 
state  transition  rates need not be balanced, Le., the  rate on a  left 
to  right  transition need not  equal  that on the  corresponding 
right  to  left  transition,  and  similarly  the  rate on an  up  to  down 
transition need not  equal  that on the  corresponding  down  to  up 
transiiion.  Our  key  observation is that  there is a  special  policy. 
which is in  fact  unique.  where  these  extra balance equations are 
satisfied  by  the  equilibrium  policy. As one would  expect  this 
makes  the  calculation of the closed form  Erlang formula feasi- 
ble. 
Proposition 

1 

Consider  the special policy for which 

(3.1) 

Let 

Then  we  have : 

p ( I  )U ( I  J w h e  = p (I& *-(i .-1))p (3.3) 

for each I and  for each l&xq such  that iw*. 
Further,  p(I) is the  steady  state  distribution  defined  in Sec- 

Note that 
tion 2. 

Proof : 
We will  carry  out  the  formal proof for  the  general case in 

First one checks that  equations (3 .1)  do,  in  fact.  define  a 
Section 4. Here  we  only  sketch  the  argument. 

policy.  This is because 
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U ( Z  , Iw)= l  for each Z (1 4 0 . 0 ) )  
0=1,2 

Next one checks that  the  equations (3.2) do,  in  fact.  define 
a  probability  distribution on the  state  space.  This  comes  from 

where 

Substituting (3.1) and (3.2) into (3.3) shows  that  the 
equations (3.3) are  satisfied  by  the  probability  distribution 
(3 .2) .  when  the  policy is (3 .1) .  But if we go back to  the  formu- 
lae (2.1) .. (2 .4)  with U as in (3 .1) ,  we see that  any  probability 
distribution  satisfying  the  equations (3.3) also  satisfies  the  bal- 
ance  equations (3 .0) .  (In  terms  ot  the  state  transition  diagram, 
if the  individual  state  to  state  transition  rates  are  balanced.  the 
net  rate of flow into  any  node  must  equal  the  net  rate of flow 

Since, for  the  policy (3.11, the process is clearly  irreducible 
and finite state,  it  has  a  unique  stationary  distribution,  which, 
by  the  above,  must be given by the  formula (3 .2) .  

Since the blocking  probability is the  stationary  probability 
of being in the  state (0 ,   0 )  the  formula (3 .4 )  also  holds e n d p f  . 

Sotice  that  the  equations (3.3) when  read on the  state 
transiton  diagram  mean  precisely  the  balance of individual  state 
to  state  transitions. 

Sotice also that  the special policy (3.1) assigns calls t o  the 
outgoing trunks in  proportio? of the  number of available  free 
links in each trunk.  Thus we call  it  the proportional policy. 

out). 

The  general case of k  outgoing  trunks. 
Proposition : 

Consider  the special (proportional ) policy U for  which 

Let 

Then we have : 

p ( I  ) U  ( Z  .Z,),A,=p ( I w ) b o - ( i n - l ) ) . p  (4.3) 

for each I and cach l&$t such  that io& . 
Further, p(I) is the  stationary  distribution p c ( I )  defined 

in Section 2.  
Note that: 

which is valid for  every routing  policy. 
Proof : 

The formulas (4 .1)  define a  policy  because 

C U ( I , Z w )  = 1 
I&osii,7+ 

(4.2) defines a  probability  distribution on 
because 

& ( I )  = 1 
I 

Let I be a state  and 1 &a be such  that 
compute : 

the  state space. 

i,M. Then we 

r =  

Thus 

P (1,) im , L Y ,  1 - 
= n w - ( i n - l )  p ( i l t  ...+ ik)! 
- U ( I  ,Zo).A, - 

(ne-( ie- l ) ,p  

This verifies that  the  probability  distribution of (4.2) satisfies 
the  equations (4.3).  

Next,  we  will  verify  that p(1) also  satisfies  the balance 
equations (3 .0) .  which  will  prove  that  p(I) is the  stationary  dis- 
tribution p u ( 1 )  for  the process when  the  policy is as  in (4.1).  
As a  preliminary  remark,  we  observe  that  for  any  state J and 
l&$t such  that ja& we  have 

(J,)"=J (4.5) 

and  for 1 @a such  that j p Z n 6  we  have 

( J B ) ~ = J  

which  holds  because each individual  term  vanishes  by  the  equa- 
tions (4 .2) .  

We  have  verified that  the  probability  distribution of (4.2) 
satisfies  the  balance  equations (3.0) and is therefore  the  station- 
ary  distribution p~ ( I  ). 

Finally  note  that  the blocking probability is just  the  sta- 
tionary  probability of the  state (0 ,  ..., 0)  to  get (4.4).  Equation 
(4 .4)  is the  generalization of the  Erlang  formula  we  have been 
seeking. 

An integral  formula  for  the blocking probability. 
In this  section  we  will  carry  out  the  calculations  which 

translate  the  formula (1.2 ) into  the  formula (1 .3) .  
The  starting  point is the  Gamma  function  identity: 

n ! = S t n e x p ( - - t  ) d t  
0 

Using this  for ( j 1 t  ... t j i  )! in the  formula (1.2) gives 

Interchanging  the  summation  and  the  integral 
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Finally,  observing  that 

gives 

as  desired. 
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