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compensator-system plant loop has been shown in all of the papers on the 
compensator-based approach. 

If x and w are not measurable, but the triple 

is output feedback stabilizable, there exist matrices KO and K 2  such that 
the output feedback control * 

u = -  K,CAx”-   KO(F+CX)Ax ,   K , .xc  (32) 

regulates A x ”  and Axc to zero. We note that 

C A x ” + ( F + C X ) ~ x , = ! . - D u - ( F + C X ) x , ,  (33a) 

or equivalently 

Hence, the feedback control design (32)  uses only the measurable quanti- 
ties in the servomechanism, namely )’ and .x,. 

Moreover, the closed-loop matrix when (32) is used is given  by 

A - BKoC - BK, (  F +  C X ) -  BK2 
- l ’ C r - Y D r K &   Z - Y D , K , ( F + C X ) - Y D , K ,  ) ’ (34) 

Given KO. and any arbitrary K ; .  there exists K 2  such that 

K ; =   K 0 ( F + C X ) + K 2 .  (35) 

Thus, the feedback control (32) is equivalent to a feedback control for the 
pair (30) which is given  by 

Au”- KZAX, = - KOCAX“-  KiAx, . .  ( 3 6 )  

In other wrords, in the design of (32). A.xc can be considered to be 
measurable. 

Two options are available if the triple (31) cannot be stabilized by 
output feedback. Recognizing that Ax”( [ )  is a function of both .x and w 
and therefore not directly measurable, we are faced with the same 
problem we encounter in the observer-based approach.  The first option 
calls for an observer which estimates both the states .x and  disturbance w. 
Design of this observer follows essentially the same procedures outlined in 
the observer-based approach. The estimation error dynamics are then 
governed by (17). Replacing x by i and w by G in (29) we generate the 
folloRing observer feedback control 

u = -  K l ( F -   X ~ ) + K ~ . X ~ .  (37) 

The closed-loop system behavior is dictated by 

and (17). Thus, the separation property holds and As”+ 0 and A.Y< --* 0 
as r --f co. Note that x and w have to be estimated in order  to stabilize the 
system which includes the servocompensator, an upriori dynamic element 
in the compensator-based approach. It is concluded that when output 
feedback is insufficient to stabilize the feedback system and observer 
feedback is considered as a  candidate feedback design for stabilization. it 
may be conceptually more appealing to use  the observer-based approach. 

The remaining option is to use dynamic output feedback. A dynamic 
compensator 

i t d  =  PAS^ - QAy  (39) 

with 

A y = C A . x ” + ( F + C X ) A . x ,  (40) 

as input is constructed. Recall from (33) that A J .  an  output of the 
open-loop system (24). (25). is a measurable quantity.  The dynamic 
output feedback control then takes the form 

Au“= - K d d -  K o A J .  (41) 

The design of (41) requires the  choice of P .  Q, K,, KO. and K 3  in (25) 
such that the closed-loop system described by (24). (25). (39). (40). and 
(41) is stabilized. Once again (41) is equivalent to a feedback control for 
the pair (30) 

Au“- K,AX, .=  - K,A.T~I - KOCA.U“-  K;A,x, (42) 

where K i  is defined in (35). Thus, A x (  is indirectly fed  back in the 
dynamic  output feedback control scheme. 

V. CONCLUSIONS 

We have shown that in the design of linear multivariable 
servomechanisms. deviation variables play an  important role. In both the 
observer-based and the compensator-based approach,  internal stability 
and output regulation are found to  be directly related to the dynamical 
behavior of the deviation variables. Although deviation variables have 
been utilized to analyze multivariable servomechanisms when an 
observer-based approach is used, they are introduced herein for the 
compensator-based approach. It is found that if output feedback control. 
such as (32). suffices to provide acceptable dynamic performance then the 
designer benefits from the compensator-based approach in view  of its u 
prrori choice of the dynamic element in the control loop. Perhaps this is 
why  the design of classical PI servomechanisms followed a compensator- 
based approach.  The disadvantages of this approach surface if output 
feedback alone cannot regulate the deviation variables to zero. Tbe need 
to incorporate dynamic feedback for the composite plant and sen’ocom- 
pensator makes.the feedback design more complicated than that used  in 

observer-based approach. 
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On the Stabilization of Nonlinear Systems 

V. ANANTHARAM AND C. A. DESOER 

Abstract--We ertend the applicabiliv of the global Q-parametrization 
method of controller design to  a large class of unstable nonlinear plants. 
The main result is a two-step compensation theorem analogous to that of 
Zames for unstable linear plants-if P:  -, Yel is a nonlinear (possi- 
bly unstable) plant and f i ,  is any incrementally stable controller such that 
P, :=P(  I - F,,( - P ) ) -  is incrementally stable. then the class of con- 
trollers F which  yields an f.g. stable closed-loop sy-stem  in the unity 
feedback configuration for P is globally parametrized by finite gain stable 
mapsQ: Yel+=Ycr with F = F , , + Q ( I - P , Q ) - ’ .  
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1. INTRODUCTION 

Our aim is to extend the @parametrization design theorem to nonlin- 
ear systems. The Q-parametrization theorem states that for a stable plant 
P. a  compensator F yields a stable closed loop (see Fig. 1) if and only if 
F = Q( I - P o )  for some stable Q. This was proved  in the linear case 
by Zames [ll].  and used in design by Desoer and Chen [3]. In the 
nordinear case (where one requires in addition that the plant be incremen- 
tally stable) its rmts go back to Desoer and  Chan [4], and it has been 
stated explicitly by Desoer and Liu  [5]. A consequence of this simple 
parametrization is that the 1/0 map is PQ. This has been exploited in (31 
to provide an algorithm for compensator design in the case of rational 
transfer function matrices and in [SI to use optimization software to 
obtain efficient design for a closed-loop transfer function which is re- 
quired to satisfy various complex uprrorI inequality constraints [8]. 

The Q-parametrization method requires that the plant be stable. This is 
a direct consequence of the algebraic nature of the result-in fact. it can 
be formulated in  an abstract algebraic context [3].  [6], [I]. Since there are 
applications where the plant is unstable (airplanes. chemical reactions. 
' . . ). it is of interest to extend the method to a larger class of plants. For 

linear plants. results in this direction have been obtained by Zames [12]. 
Zames considers the class of all plants which are stabilizable by sruhle 
compensators, i.e., the strongly stabilizable ones [lo]. (This class includes 
the stablr  plants.)  It is shown in [12] that by a two-step compensation 
scheme one may exploit the Q-parametrization results to design for the 
closed-loop transfer function for a strongly stabihzable plant. 

This note may be considered the nonlinear version of [12]. After 
defining strong stabilizability suitably in the nonlinear contest. we exhibit 
how design of the closed-loop system for a strongly stabilizable norzlitzeur 
plant may  be camed out by a two-step scheme. where the latter uses the 
nonlinear Q-parametrization result. Some results pertaining to the robust- 
ness of stability of the closed loop, in the spirit of the model reference 
scheme results of [12]. are also presented. 

11. PRELIMINARIES 

u :  = h means " u  denotes h" Let R:= the field of real numbers. B :  = the 
integers. We consider systems whose inputs. outputs. etc.. are defined on 
TcW. typ ica l lyT=R,o rT=Z+.ForVanynormedspace le tF := ( f :  
T + I; with norm 11.  IIF. Typically. Y = R". For any 7 E T and f E F. let 
j ,  E F be defined by 

/ 7 ( r ) = f ( r )  i f r < r ;  / , ( r ) = O  i f r > r .  

Let \ ~ j ~ ~ 7 : = ~ ~ f , ~ ~ F  and P,: F + F be such that PTf=fT.  Using usual 
operations of addition  and scalar multiplication. we may define vector 
spaces of the type 

Ye:= { f E F ~ V T  E T. ll/ll, < x } . 

Let H: Yc,, -, Yeor?. We  say H is cuzlsul iff V r  E T we have Pi HP7 = 

Let H i  Afcl --t 2 f t , ?  be causal; we say €I is firzrte-guin sruhle (f.g. stable) 
P, H .  All maps encountered in this paper will be causal. 

i f f  3 y (  H )  < x: such that 

11H.~11, < y( f f ) ~ ~ . ~ ~ ~ r .  V r  E T. V.Y E Y<,l. 

Let H :  Yeal - Y<.. be f.g. stable. then we say H is i ~ z ~ ~ r e n ~ e t m ~ l l ~ ~  stohle 
(inc. stable) iff 3.i( If) < x such that 

I I H . Y - ~ ~ I I ~ < ~ ( ~ ~ ) I I . \ - - ~ I ~ ~  V i E T  V . \ - , J . E Y ~ . ~ .  

We consider feedback systems of the type shown in  Fig. 1. The input 
(output. error) space of such a system. denoted L;,( I-. E ) .  is the Cartcbian 
product of the spaces of the indikidual inputs  (outputs, errarb. rcbpec- 
tively). We say that a feedback system is well posed iff i t  defines causal 
(closed-loop) maps: : L; + Y and H,, : 1: + E .  [For the >!stem 
S ( P . F ) i n F i g . l ,  H,-,.:(u,.~t,)-,(~.,.~.,)and H ~ ~ : ( ~ ~ ~ . f t ~ ) ~ ( ~ ' , . e ~ ) . ]  
We usmnze throughout that the systems we consider arc n-ell posed. 

\n:e say a system is j imfe  guirz srcthle iff H,., and If,:, are f.g. btable 
maps. 

1 I 

131 

'S(P,F,, F -  FJ 

111. &IN RESULTS 

We first state the Q-parametrization theorem for nonlrrleur systems. 
For a proof see [5]. 

Theorem I (Clohul Purumerrizufiorz of 1 / 0  Mupsl: Consider the system 
5( P ,  F )  shown in Fig. 1. where P: Ye> - Ye,. F: Ye.l --t Ye:. Assume 
5( P. F )  is well posed. If P is inc. stable, then 

'S( P .  F )  is f.g. stable 

if and only if for some f.g. stable Q: Ycl + YC,: 

(3.2) 

Remurk: From (3.3). ( I  - P o ) - '  = ( I  + P F ) :  x,, - Yc,,. Further, 
(3.3) shows that the f.g. stability of 5( P .  F ) .  ( He, , I  in particular) requires 
that Q be f.g. stable. 

Our nest result is a  partial extension of the nonlinear Q-parametriza- 
tion theorem to f.g. stable. but not necessarily inc. stable plants. It is 
essentially a restatement of the small gain theorem (see e.g.. [7]) but has 
useful design implications. We omit the (easy) proof. 

Theorem 2 (Rohusrtzess of .Sruhi/irl,j: Consider the feedback system 
5( P,,, f). where P,, is inc. stable and F = Q( I ~ P h Q ) - '  for some f.g. 
stable Q.  Consider a perturbation of P,,: 

P = P,, + 9 P. with 1 P f.g. stable. (3 - 5 )  

Thcn 

Y(AP)Y(Q)< l  (3.6) 

-X( P .  F )  is f.g. stable. (3.7) 

Renzurks: 
1) Thus. for an f.g. stable. but not necessarily incrementally stable 
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nonlinear plant P ,  design would proceed by first finding a norm-close 
incrementally stable  approximation Ph and designing for ’S( Pb, F )  with 
the  constraint y( P - P h ) y (  Q) 1 imposed on Q. 

2) For a weakly nonlinear f.g. stable  plant P ,  i.e., one having a 
norm-close srahle linear approximation Pb, linear design methods could 
be applied with the constraint y ( P  - P h ) y ( Q )  < 1 on Q. 

We next proceed in the  spirit of  [12] to develop a two-step scheme for 
the design of closed-loop systems involving a class of plants larger than 
the incrementally stable ones. 

Definition: A nonlinear plant P: Ye2 + 2Zel is said to be strongb: 
srubilizable iff there is an inc. stable F,: Ye, + Ye2: such that with [see 
Fig. l(d)] 

P 1 = P ( I - F 0 ( - P ) ) - l  (3.8) 

we have 

’S( P ,  F,) is f.g. stable (3.9) 

PI is inc. stable. (3.10) 

Obviously, any incrementally stable plant P is strongly stabilizable. 
The proof of the following theorem, which deals with strongly stabiliz- 

able nonlinear plants, may be found in Appendix I. 
Theorem 3 (Two-step Compensation): Let the nonlinear plant P:  9e2 

+ Ye, be strongly stabilizable, and let F,: Yel -+ Ye?, be inc. stable such 
that with 

P , = P ( I - F , ( - P ) ) - l  (3.8) 

the conditions (3.9) and (3.10) hold. Then [see Fig. l(b) and (c)], 

’S( P ,  F )  is f.g.  stable for some F :  Ze1 + Ye2 (3.11) 

’S( P I .  F - F,) is f.g. stable for some F - F,: 2Zel + Se2 
(3.12) e 

0 there is a f.g. stable Q such that 

F - F , = Q ( I - P , Q ) - ’  (3.13) 
yields 

*S( P ,  F,, F - F,) is f.g. stable. (3.14) 

Remarks: 
1) The claims of this theorem are highly nonobvious and interesting 

from a design viewpoint. It says that any causal nonlinear controller F 
stabilizing a strongly stabdizable nonlinear plant P can be obtained by a 
two-step process. First, we  use any incrementally stable F, which yields 
(3.9)  and (3.10) for PI:=  P(  I - Fo( - P))-’. Then. using Q-parametriza- 
tion, we design the compensator ( F  - F,) for the inc. stable PI;  see (3.13). 

2) The theorem gives a global parametrization of all stabilizing 
compensators F for a strongly stabilizable nonlinear plant. Obviously, 
one needs to build only ’S( P. F )  with 

where Q ranges over the f.g. stable maps from Ye, to 2e2. 

careful about signs: in general we cunnot write 
3) Since we are handling nonlinear systems we have to  be very 

I - F , ( - P ) = I + F , P .  

This equality holds if F, is odd, i.e., if 

F, (x) = - F, ( - x) VX E Sei. 

4) This is a powerful generalization of the corresponding linear 
theorem of [12]. 

Iv. SUMMARY 

Here are some of the interesting problems and issues raised by our 
results. 

1) Given a causal map P :  Ye* + Yel, how does one “factor” it as 
P = PP, where P, is causally invertible and P is the minimal “bad”  part 
of P in some appropriate sense? By analogy with fractional representation 
theory for linear plants (both lumped and distributed), P would corre- 
spond, very  loosely. to the “ unstable zeros” of P ,  which. as is well known, 
impose a  fundamental limitation on the class of achievable input-output 
maps in linear problems [2]. [9], [13]. 

2) How does  one recognize if a given P is strongly stabilizable? For 
linear time-invariant lumped systems an extremely elegant and easily 
verifiable characterization is available in  [lo] the necessary and sufficient 
condition for strong stabilizability being that the blocking zeros and the 
poles of P on the positive real axis satisfy a “parity interlacing property.” 
Is a comparably efficient characterization possible for nonlinear maps? 
Further, arguing by analogy with the linear case, is it possible to show 
that the class of strongly stabilizable plants is generic in  an appropriate 
sense? 

3) Is there any easy way  to find some F, which works to strongly 
stabilize a given map P? Note  that  it is sufficient that any inc. stable F, 
satisfying (3.9) and (3.10) be  available-design requirements may be met 
subsequently by the use of the Q-parametrization method. 

We  believe that the answers to questions such as these are of fundamen- 
tal importance  to the understanding of the behavior of nonlinear feedback 
systems from the 1/0 point of  view. 

APPENDIX 

Proof  of (3.11) =) (3.12): Suppose we apply iil E Ye] and i i 2  E 2Ze, 

as inputs to ’S (P l ,  F -  F,). Let P I  and P2 be the resulting errors. We 
define 

ul:=irl (AI) 

e l :=e l  ( A 4  

e 2 : = ( f -  F, ( -  P ) ) - ’ P ~  (A3) 

u 2 : = i i ,  f F,( - P,)P* - F,(ii, - PIP2) .  (A41 

Step 1: If u1 and u2  [as defined in (Al) and (A4)] are applied as inputs 
to ’ S ( P ,  F ) ,  the  errors el and e2 [as defined in (A2) and (A3)] will satisfy 
the summing node  equations of ’S( P ,  F ) .  This follows from direct sub- 
stitution. 

Step -7: We will now show that the f.g. stability of S ( P .  F )  implies that 

By the assumed f.g. stability of ’S(P.  F )  and Step 1, we know there are 
constants K ,  < m,  K 2  < m, such that V(iil ,  i i 2 )  E Ye1 X SC2 and VT E T 

of ’S( P I ,  F - F,). 

lle,II, 6 Kl(l l~~ll lr + IIu2llr) (‘45) 

llezll, 6 K2(11~lllr + llu21I7) (Ab) 

where (el ,   e2,  u,,  u 2 )  are defined in terms of (Pl, P 2 ,  ii,, 6 , )  by (Al)-(A4). 
Also, from (A4) and the assumed inc. stability of F, we have, 

V( ii,, i i 2 )  E Se1 X Se2 and V r  E T 

112~211;G I l~2 I l+7(~ , ) l l~ l l I , .  (A71 

Finally by (A3) we obtain [see Fig. l(a)] 

P 2 = ( I - F ~ ( - P ) ) e ~ = e ~ - F o ( - P ) e z + F o ( u , - P e 2 ) - F o e l  

and the assumed inc. stability of F, gives 

V ( i i l , i i 2 ) E Y e l X Y e 2  and V r E T  

We use (Aj)  and (A7) in (A2) to get 

which, by (Al), gives 
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From (A5),  (A6) and (AS) we have 

l l P 2 l l 5 d [ ~ 2 + j r ( ~ o ) + ~ l Y ( ~ o ) l l l ~ l l l r + [ ~ , + ~ l Y ~ ~ o ~ l l l ~ ~ l ! ,  

which from (Al) and (A7) gives 

V( u l .  u 2 )  E Ypl x Yp2 and V r  f T 

l l ~ 2 l l , d ( [ ~ r + ~ l Y ~ ~ o ~ 1 ~ ~ ~ i . ~ ~ o ) l + i . ~ ~ o ) ~ l l ~ l l l ~  

+ [ K , +  ~ l Y ( ~ O ) l l l ~ 2 1 1 ; .  (A101 

From (A9) and (A10) we see that H?;: (2,.  icr) - ( P I ,  P2) is f.g. stable. 
Since .VI = P2 - L2  and .V2 = 6, + 2 , .  it follows that H i G  is also f.g. stable. 
Thus. 'S( PI .  F - F,) is f.g. stable whenever 'S( P ,  F )  is. 

Proojo/(3.1?) =3 (3.11): It follows the same lines as the above proof. 
We apply u1 E Yel and u 2  E YP2 to S(P,  F ) .  Let e, and e? be the 
resulting errors. We define 

cl := 111 

?,:=e,  

P ~ : = ( I - F , ( - P ) ) ~ ~  

i i , : = ~ ~ ~ - ~ , ( - P ) e , + F ~ ( ~ ~ ~ - P e ~ ) .  

Then, assuming the f.g. stability of S(P1. F -  F,) we establish, as above, 
the f.g. stability of 'S( P ,  F ) .  

Proof of (3.12) =) (3.1 3): Suppose we apply ir, E 2'el, rt2 E Ye:, and 
i4, E Yel as inputs to 'S( P. Fo. F - F,). Let 2,. and P, be the 
resulting errors. 

We define 

p .-? 
1.- 1 (Al l )  

P 2 : = ( f - F 0 ( - P ) ) &  (Al?) 

1.- 1 (A13) fi .-k 

icz:=i4,+F~(i(3-PD?)-F0(-P)?~. (A14) 

Step I :  By direct substitution we see that if 6,  and icz [as  defined in 
(A13) and (A14)] are applied as inputs to '%,PI, F -  Fo) the errors P l  and 
P 2  [as defined in (Al l )  and (A12)] will satisfy the summing node 
equations of S( PI. F - Fo). 

Srep 2: We  will now show that the f.g. stability of 5( P,. F -  Fo) 
implies that of 'S( P, Fo. F - Fo). 

By the assumed f.g. stability of 'S( P,. F -  F,) and Step 1. we know 
there are constants Ml 4 so and M, w such that V( i c 1 3  icz. ir, ) E =Yc,l X 
Te2 X Yel and VT E T 

11P111,B " [ l l~ l l l+  I l ~z l171  (Al j )  

IIP211r d :%[llic1ll+ 11Q211,l (A161 

\vhere ( P I ,  P,, ic,. ii,) are defined in terms of (C,, Z.:. P 3 .  ic,, ic,. ir3) by 
(All)-(A14). 

From (A14) and the assumed inc. stability of Fo. we have: 

V( ic,. ic,, ic,) E Ppl X Ye2 X Ye, and VT E T 

Ilfi,lll d l l~711,+ P(~O)l l ic?l l , .  (A17) 

From (Al l )  and the f.g. stability of PI. we have 

V( i,. i c2 ,  i 3 )  E PC, X X Yp1 and V r  E T 

II?3II, B Ilic3ll, + Y(Pl)IIP211T- (A181 

And since (A17) gives us 

P z = ( ~ - ~ ~ ( - P ) ) ~ 1 2 2 = [ ~ + F ~ ( - f ) ( ~ - F ~ ( - P ) ) ~ 1 ] P :  

= [ I + F 0 ( - P , ) ] P 2  
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