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Abstract

The best known inner bound on the two-receiver general lmasidchannel without a common
message is due to Marton [3]. This result was subsequentigrgbzed in [p. 391, Problem 10(c) 2] and
[4] to broadcast channels with a common message. Howevdattiee region is not computable (except
in certain special cases) as no bounds on the cardinalitts Gfuixiliary random variables exist. Nor is
it even clear that the inner bound is a closed set. The maitaclesin proving cardinality bounds is the
fact that the Carathéodory theorem, the main known toopforing cardinality bounds, does not yield
a finite cardinality result. Our new tool is based on an idgrttiat relates the second derivative of the
Shannon entropy of a discrete random variable (under aicgréaturbation) to the corresponding Fisher
information. In order to go beyond the traditional Caraithéy type arguments, we identify certain
properties that the auxiliary random variables correspantb the extreme points of the inner bound
satisfy. These properties are then used to establish editgibounds on the auxiliary random variables
of the inner bound, thereby proving the computability of tbgion, and its closedness.

Although existence of cardinality bounds renders Martoniser bound computable, it is still hard
to evaluate the region. It is however shown that the comjmutatan be significantly simplified if we
further assume that Marton’s inner bound and the recent datend of Nair and El Gamal match at the
given particular channel. In order to demonstrate this, aresier a large class of binary input broadcast
channels and compute maximum of the sum rate of private messassuming that the inner and the
outer bound match at the given broadcast channel. We also stad the inner and the outer bound do

not match for some broadcast channels, thus establishimgjeature of [15].

. INTRODUCTION

In this paper, we consider two-receiver general broaddastrels. A two-receiver broadcast channel

is characterized by the conditional distributigfy, z|=) where X is the input to the channel arid and
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Z are the outputs of the channel at the two receivers.Xgfy and Z denote the alphabet set &f,

Y and Z respectively. The transmitter wants to send a common mes8é&g to both the receivers and
two private messagek/; and M, to Y and Z respectively. Assume thai/;, M, and M3 are mutually
independent, and/; (for : = 0, 1,2) is a uniform random variable over sgtf;. The transmitter maps
the messages into a codeword of lengtlising an encoding functiog: My x M1 x My — X", and
sends it over the broadcast chang@), z|z) in n times steps. The receivers use the decoding functions
Uy + Y' — Mo x My andd, : 2" — My x My to map their received signals tﬁ/\éfo(l),ﬂ/éﬁ)

and (]\70(2)
(" 3, 3y

The capacity region of the broadcast channel is defined asdhef all triples(Ry, R1, R2) such

,]\/4\2) respectively. The average probability of error is then take be the probability that
(2),@) is not equal to( My, M1, My, Ms).

that for anye > 0, there is some integet, uniform random variabled/,, My, M- with alphabet sets
|M;| > 27E:=9) (for i = 0,1, 2), encoding functior(, and decoding functiong, and?, such that the
average probability of error is less than or equat.to

The capacity region of the broadcast channel is not knowemxin certain special cases. The best
achievable region of triple®, R;, R2) for the broadcast channel is due to Marton [Theorem 2 3]. dfest
work was subsequently generalized in [p. 391, Problem 1R[cand Gelfand and Pinsker [4] who
established the achievability of the region formed by tgkinion over random variablég V. W, XY, Z,

having the joint distributiorp(u, v, w, z,y, z) = p(u,v,w, x)q(y, z|z), of

R07 R17R2 > 0)

Ry < min(I(W;Y),I(W;2)); @)

Ro+ Ry < I({UW;Y); )

Ro+ Ry < I(VW;Z); ©)
Ro+Ri+ Ry < I(U;Y|W)+I(V;ZIW)— I(U; VIW)

+min(I(W;Y),[(W; Z)). (4)

In Marton’s original work, the auxiliary random variablésV and W are finite random variables. We
however allow the auxiliary random variabl&sl” andW to be discrete or continuous random variables
to get an apparently larger region. The main result of thigepadowever implies that this relaxation
will not make the region grow. We refer to this region as thertdlals inner bound for the general
broadcast channel. Recently Liang and Kramer reported paraptly larger inner bound to the broadcast

channel [9], which however turns out to be equivalent to Miag inner bound [10]. Marton’s inner
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bound therefore remains to be the currently best known iboend on the general broadcast channel.
Liang, Kramer and Poor showed that in order to evaluate M&tmner bound, it suffices to search
over p(u,v,w,z) for which eitherI/(W:;Y) = I(W;Z), or I(W;Y) > I(W;Z)&V = constant, or
IW;Y) < I(W; Z)&U = constant holds [10]. This restriction however does not lead to a cotple
characterization of the region.

Unfortunately Marton’s inner bound is not computable (gtda certain special cases) as no bounds
on the cardinality of its auxiliary random variables exiatprior work by Hajek and Pursley derives
cardinality bounds for an earlier inner bound of Cover and gar Meulen for the special case &fis
binary, andR, = 0 [5]; Hajek and Pursley showed that can be taken as a deterministic function of the
auxiliary random variables involved, and conjecturedaartardinality bounds on the auxiliary random
variables whenX’| is arbitrary butR, is equal to zero. For the case of non-zétg Hajek and Pursley
commented that finding cardinality bounds appears to beiderably more difficult. The inner bound
of Cover and van der Meulen was however later improved by dharA Carathéodory-type argument
results in a cardinality bound d¥||X| + 1 on |/{/|, and a cardinality bound ot/||X| + 1 on |V| for
Marton’s inner bound. This does not lead to fixed cardinddityinds on the auxiliary random variables
U and V. The main result of this paper is to prove that the subset atdi& inner bound defined by

imposing extra constraintg/| < |X|, |[V| < |X|, [W| < |X| +4 and H(X|UVW) = 0 is identical to

Marton’s inner bound.

At the heart of our technique lies the following observatioonsider an arbitrary set of finite random
variablesXy, Xo, ..., X, jointly distributed according t@q(z1, =9, ..., z,,). One can represent a perturba-
tion of this joint distribution by a vector consisting of tfiest derivative of the individual probabilities
po(x1,x9,...,x,) for all values ofzy, zs, ..., z,. We however suggest the following perturbation that can
be represented by a real valued random variablgpintly distributed by X, X5, ..., X, and satisfying

E[L] =0, |E[L|X; = 21, X2 = 22, ..., Xp, = 2] | < oo for all values ofzy, 3, ...,

~

pg()z'l =21, Xn = 2n) = po(X1 =21, .., Xy = ) - (1 +e - E[L|IX) =2,....X,, = xn]),

wheree is a real number in some intervigle , €;]. Random variabld. is a canonical way of representing
the direction of perturbation since given any subset ofdesli C {1,2,3,...,n}, one can verify that the

following equation for the marginal distribution of randorariablesX; for i € I:

~

pe(Xier = wier) = po(Xier = wier) - (1 + € - E[L| X;er = zieq]).

Furthermore for any set of indices C {1,2,3,...,n}, the second derivative of the joint entropy of

random variablesY; for i € I as a function ofe is related to the problem of MMSE estimation bf
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from Xjc;:
0? N

@H(Xiel) le—o= —log e - E[E[L|X;es]?].
Lemma 3 describes a generic version of the above identity riflates the second derivative of the
Shannon entropy of a discrete random variable to the casrelipg Fisher information. This identity is
to best of our knowledge new. It is repeatedly invoked in owofs to compute the second derivative
of various expressions.

It is known that Marton’s inner bound coincides with the Hestwn outer bound for the degraded, less
noisy, more capable, and semi-deterministic broadcastreiia. Nair and Zizhou showed that Marton’s
inner bound and the recent outer bound of Nair and El Gamab#ierent for a BSSC channel with
parameter% if a certain conjecture holdsIn this paper, we provide examples of broadcast channels fo
which the two bounds do not match.

The outline of this paper is as follows. In section II, we @aauce the basic notations and definitions
we use. Section IV contains the main results of the papeoi@t by section V which gives formal

proofs for the results. Appendices complete the proof ofoféms from section V.

Il. DEFINITIONS AND NOTATIONS

Let R denote the set of real numbers. All the logarithms throughbis paper are in base two,
unless stated otherwise. L&{q(y, z|z)) denote the capacity region of the broadcast chanfglz|x).
We useX.; to denote(X, X, ..., X); similarly we useYy., and Z.; to denote(Yy, Ys, ..., Y;) and
(Zy, Za, ..., Zy) respectively.

Definition 1: For two vectors; andv, in R?, we sayv; > v if and only if each coordinate of;
is greater than or equal to the corresponding coordinate oFor a setd c RY, the down-setA(A) is
defined asA(A) = {v € R?: ¥ < W for somew € A}.

Definition 2: Let Cy/(q(y, z|x)) denote Marton’s inner bound on the chanag@}, z|z). Car(q(y, z|z))
is defined as the union over of non-negative tripl&s, R1, Ro) satisfying equations 1, 2, 3 and 4 over
random variable&, V, W, X, Y, Z, having the joint distributiop(u, v, w, z,y, z) = p(u,v,w, z)q(y, z|z).
Please note that the auxiliary random variabléd” and W may be discrete or continuous random

variables.

The conjecture is as follows: [Conjecture 1 15]: Given ang fandom variable¥, V, X, Y, Z satisfyingl (UV;Y Z| X) = 0,
the inequality I (U;Y) + I(V;Z) — I(U; V) < max (I(X;Y),1(X;Z)) holds wheneverX, Y and Z are binary random
variables and the channg(y, z|z) is BSSC with parametet.
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Definition 3: Let Cas—s(q(y, z|z)) be a subset oR® defined as the union of

A{(IW3Y), I(W; Z), (UW;Y),I(VW; Z),
HU;YW) + L(V; ZIW) — L{U; VW) + I(W;Y),

I(U;YW)+ I(V; ZIW) = I(U; VIW) + I(W5 Z)) }),

over random variables, V, W, X, Y, Z, having the joint distributiop(u, v, w, z,y, z) = p(u,v,w, x)q(y, z|x).
Note that the regiorCy/_r(q(y, z|x)) specifiesCas(q(y, z|x)), since given anyp(u,v,w,x,y,z) =
p(u,v,w,x)q(y, z|z) the corresponding vector i6x—1(q(y, z|z)) is providing the values for the left
hand side of the 6 inequalities that define the regian(q(y, z|x)). Car—1(q(y, z|x)) is defined as a

subset ofR®, and notR for technical reasons that will become clear later.

Definition 4: The regiom%’sv’sw (q(y, z|z)) is defined as the union of non-negative trip(é%, R, R2)

satisfying equations 1, 2, 3 and 4, over discrete randomabtasU, V, W, X, Y, Z satisfying the cardinality
bounds|U/| < S,,

Su Su Sw S, 75/75/ ! !
p(u,v,w,aj)q(y, Z|l’) Note thatc]\/[’ ’ (Q(y, Z|ZL')) - CJ\/; : w(q(yv Z|3§')) Wheneveﬁu S Su, Sv é SU

andS,, < SJ,.

V| < S, and )W| < Sy, and having the joint distributiop(u, v, w,z,y,z) =

The regionCy:5°" (q(y, z|z)) is defined as the union of the six tuple mentioned in Definition

Note that the regiorCs: %5 (¢(y, z|z)) specifiesCyy S5 (

U, V,W,X,Y, Z satisfying the cardinality bound#/| < S,, |[V| < S, and|W| < S,,, and having the

q(y, z|z)), over discrete random variables

joint distribution p(u, v, w, z,y, z) = p(u, v, w, x)q(y, z|).

Definition 5: Let Z(q(y, z|x)) be equal toC}éf"'X'"X'H(q(y,z]ac)), and Z(q(y, z|x)) be equal to

Chrl M ay, 2f)).

The region%(q(y, z|x)) is defined as the union over discrete random variatble®, W, XY, Z
satisfying the cardinality boundg/| < |X|, |[V| < |X| and |W| < |X| + 4, and having the joint
distribution p(u,v,w,z,y,z) = p(u,v,w,z)q(y, z|z) for which H(X|UVW) = 0, of non-negative
triples (R, R1, R2) satisfying equations 1, 2, 3 and 4. Please note that the tiefirof ¢ (¢(y, z|x))
differs from that of #(¢q(y, z|z)) since we have imposed the extra constrdif{tX|UV W) = 0 on the
auxiliaries.% (q(y, z|x)) is acomputablesubset of the regio@s(q(y, z|x)). The regionér(q(y, z|x)) is

defined similar ta%7(q(y, z|z)) but by adding the extra constraiff(X|UVW) = 0 on the auxiliaries.

Definition 6: Given broadcast channgly, z|x), letCnr(q(y, z|x)) denote the union over random vari-

ablesU, V, W, XY, Z, having the joint distributiop(u, v, w, z,y, z) = p(u)p(v)p(w|u, v)p(x|u, v, w)q(y, z|z),
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of

Ro, Ry, Ry

Ry

Ry + Ry

Ry + Ro
Ro+ R1+ Rs

Ry+ R+ Rs

ININ NIV

IN

<

0;

min(I(W;Y),I(W; Z));
IUW;Y);

I(VW; Z);

IUW;Y) + I(V; Z|lUW);

I(VW;Z)+ I(U;Y|VW).

Cne(q(y, z|z)) is shown in [11] to be an outer bound to the capacity regiorhefliroadcast channel.

Recently there has been a series of outer bounds on the bsiadt@nnel [11][12][13][14]. Among these

outer bounds, only the outer bound of Nair and El Gamal [1ldamputable as no cardinality bounds

are known for the other outer bounds. It was shown in [15] thatfollowing region is an alternative

characterization of the set of triplg®, R;, R2) in Cne(q(y, z|x)): the union over random variables

U,V,X,Y, Z having the joint distributiorp(u, v, z,y, z) = p(u, v, x)q(y, z|x), of

Ry, Ry
Ry

Ry

R+ Ry

Ri+ R»

>
<
<
<

<

0;

I(U;Y);

I(V; Z);
I(U;Y) + I(V; Z|U);

I(V;Z)+ I(U;Y|V).

Definition 7: Given any finite random variabl&, and real valued random variatﬂewhere|E[L|X =

z]| < oo forall x € X, H(X) is defined as

Hy(X) =) p(X = 2)E[L|X = z]log 5

TEX

L
(X ==)

The motivation for definingd ., (X) will become clear later. Note thai (X) is linear inE[L|X = z]

and in L, and can in general become negativeLlis a constant random variable equalltoH,(X)

reduces to the Shannon’s entropy.

Given finite random variableX andY’, and real valued random variablewhere\E[L|X =z,Y =

yl| < oo forall z € X andy € Y, H(X|Y) and I.(X;Y) are defined as followsH (X |Y) =
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> yey P(Y = y)HL(X]Y =y), where

1
Hi(X]Y =) = 3 p(X = a]Y = 9)E[L|X = 2,V = y]log ,
2 p(X = 2l¥ = y)

and

X —
LX:Y)= Y p(X=2Y =yELX =2Y = yllog oo
z,ye(X,Y) p N

It can be verified thaf,(X;Y) = Hp(X) — H(X|Y) = H(Y) — HL(Y|X).

[Il. DESCRIPTION OF THE MAIN TECHNIQUE

In this section, we demonstrate the main idea of the paperdar to show the essence of the proof
while avoiding the unnecessary details, we consider a simgbblem that is different from the problem
at hand, although it will be used in the later proofs. In th8ofeing discussion, we assume that the
reader has read Lemma 3 from Section IV.

Given a broadcast channe(y, z|=) and an input distributiorp(x), let us consider the problem of

finding the supremum of
IU;Y)+1(V;Z2) - I(U;V)+ M[(U;)Y) +~I(V; Z)

over all joint distributionsp(uv|z)p(x)q(y, z|z) where A and v are arbitrary non-negative reals, and
auxiliary random variable&’, V' have alphabet sets satisfyiflg| < S, and |V| < S, for some natural
numbersS, andS,. For this problem, we would like to show that it suffices togdke maximum over
random variabled/ and V' with the cardinality bounds ofhin(|X'|, S,,) andmin(|X|, S,). It suffices to
prove the following lemma:

Lemma 1:Given an arbitrary broadcast channgl, z|x), an arbitrary input distributiom(z), non-

negative reals\ and-~, and natural numberS, andS, whereS,, > |X| the following holds:

~

SUPyY — x—v Ziju|<SuiV|<s, LU Y) + I(V; Z) = I({U; V) + X(U;Y) +41(V; Z) =

IUY)+I(V;2) = I{U; V) + A[(U;Y) +7I(V; Z),

NN NN A

where random variable§, V', XY, Z satisfy the following properties: the Markov chaifi/ — X —
Y Z holds; the joint distribution 015(, Y, 7 is the same as the joint distribution &f, Y, Z, and furthermore
U| < Sy, V] < S,
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Proof. Since the cardinalities df andV are bounded, one can show that the supremu(©Gf Y") +

I(V;Z) = I(U; V) + M(U;Y) +~I1(V; Z) is a maximum, and is obtained at some joint distribution

NN NN A

A~ N AN~ A

(U,V,X,Y,Z). One can also easily show the existence of approp(iEtd’, X,Y, Z) if p(u) = 0 for
someu € U. Therefore assume th&i| = S, andp(u) # 0 for all u € Y. Take an arbitrary non-zero
function L : U x V x X — R whereE[L(U,V, X)|X]=0. Let us then perturb the joint distribution of
U, V,X,Y, Z by defining random variable@, ‘7,)?,}7 and Z distributed according to
pﬁ(ﬁ:u,f/:v,)?:m,?:y,ézz) =
poU=uV=v,X=aY=yZ=2)-(1+c-ELUV,X)|U=uV=0X=rY=y7=2),

or equivalently according to

Yy
X=2Y=yZ=2z)(1+e¢ L(u,v,2)) =

=
=
!
Il
IS
<
Il
[

poU=uV=0v,X=ua)qY =y, Z=2|X=x)(1+¢-L(u,v,2)).

The parametet is a real number that can take value[ine;, 2] where€, ande, are some positive
reals representing the maximum and minimum values 0&. min,, , , 1 — € - L(u,v,2) = min, 4, 1 +
€ - L(u,v,z) = 0. Since L is a function ofU, V and X only, for any value ofe, the Markov chain
UV — X — YZ holds, andp(Y =y, Z = 2| X = z) is equal tog(Y =y, Z = z|X = z) for all ,y, 2
wherep(X = z) > 0. FurthermoreE[L(U, V, X)|X] = 0 implies that the marginal distribution of is

preserved by this perturbation. This is because

~

p(X =xz)=po(X =x)- (1+6-E[L(U,V,X)]X :x])

This further implies that the marginal distributions ¥fand Z are also fixed?
The expression (U;Y) + I(V:Z) — I(U; V) + M(U;Y) + vI(V; Z) as a function ofe achieves

its maximum ate = 0 (by our assumption). Therefore its first derivativecat 0 should be zero, and

2Since the ranges of all the involving random variables anétdid and the conditional mutual information function isitou-
ous, the set of admissible joint probability distributigns:, v, z,y, z) whereI(UV;Y Z|X) = 0 andp(y, z, z) = q(y, z|x)p(x)
will be a compact set (when viewed as a subset of the Euclidpace). The fact that mutual information function is camins
implies that the union over random variablesV, X,Y, Z satisfying the cardinality bounds, having the joint disaition
p(u,v,z,y,2) = p(u,v|x)p(z)q(y, z|z), of I(U;Y)+ I(V;Z) — I(U;V) + X(U;Y) +~I(V; Z) is a compact set, and
thus closed.

3The termsE[L(U, V, X)|Y] = 0 andE[L(U, V, X)|Z] = 0 must be zero il2[L(U, V, X)|X] =0

DRAFT



its second derivative should be less than or equal to zermgUssmma 3, one can compute the first

derivative and set it to zero, and thereby get the followiggation:
I(U;Y) + 1(V5 Z) = I(U; V) + M (U Y) +yI(V; Z) = 0. (5)

In order to compute the second derivative, one can expanéxpeession as entropy terms and use
Lemma 3 to compute the second derivative for each term. Wesathe assumption th&{L (U, V, X )| X] =
0 (which impliesE[L(U, V, X)|Y] = 0 andE[L(U, V, X)|Z] = 0) to simplify the expression. In particular
the second derivative aff(Y) and H(Z) at e = 0 would be equal to zero (as the marginal distributions
of Y andZ are preserved under the perturbation), the second deé\mﬂtil(ﬁ; }7) ate = 0 will be equal
to —log e-E[E[L(U, V, X)|U)?]+log e-E[E[L(U, V, X)|UY]?], the second derivative di(V’; Z) ate = 0
will be equal to—loge - E[E[L(U, V, X)|V]?] + loge - E[E[L(U,V, X)|V Z]?], and the second derivative
of —I(U;V) ate = 0 will be equal to+log e-E[E[L(U, V, X)|U]?] +log e E[E[L(U, V, X)|V]?] —log e-
E[E[L(U,V, X)|UV]2. Note that the second derivativeskl/; Y) andI(V; Z) are always non-negative.
Since the second derivative of the expressioh; Y) + I(V:Z) — I(U; V) + M(U;Y) +~I(V; Z) at
¢ = 0 must be non-positive, the second derivativel ( ; Y) + I(V; Z) — I(U; V) must be non-positive

(
)

at e = 0. The second derivative of the latter expression is equaltoge - E[E[L(U,V, X)|UY]?] +
loge-E[E[L(U,V,X)|VZ]?] —loge-E[E[L(U,V, X)|UV]?. Hence we conclude that for any non-zero
function L : U x V x X — R whereE[L(U,V, X)|X] = 0 we must have:

E[E[L(U, V, X)|UY?] + E[E[L(U, V, X)|V Z]’] - E[E[L(U,V, X)|UV]’] < 0. (6)

Next, take an arbitrary non-zero functidii : &/ — R whereE[L'(U)|X] = 0. Since|Ud| = S, > |X]|,
such a non-zero function’ exists. Note that the direction of perturbatibhbeing only a function ot/

implies that

In other words, the perturbation only changes the margiistildution of U, but preserves the conditional
distribution ofpo(V = v, X =2, Y =y, Z = 2|U = u).
Note that

E[E[L'(U)|UV]?] = E[E[L'(U)|UY ] = E[L'(U)?].

This implies thae[E[L'(U)|V Z]?] should be non-positive. But this can happen only wR&H (U)|V Z] =
0. Therefore any arbitrary functiof’ : &/ — R whereE[L'(U)|X] = 0 must also satisfE[L(U)|V Z] =
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0. In other words, any arbitrary direction of perturbatibhthat is a function ofU and preserves the
marginal distribution ofX, must also preserve the marginal distributionlaf.*
We next show that the expressidti/;Y )+ I(V:Z)—I(U; V) + M (U;Y) +~I(V; Z) as a function
of € is constan®. Using the last part of Lemma 3, one can write:
I(U;Y)=1(U;Y) + ¢ I(U;Y) = E[r(e- E[LIU))] — E[r(e-E[L|Y))] + E[r(e - E[L|UY])] =
I(U;Y) +e- IL(0;Y) ()
wherer(z) = (1 + x)log(1l + x). Equation (7) holds becausL|Y] = 0 and E[L|U] = E[L|UY].
Similarly using the last part of Lemma 3, one can write:
I(U; V) = I(U;V) + e I (U; V) — E[r(e- E[L|U))] — E[r(e - E[L|V])] + E[r(e- E[LIUV])] =
I(U;V) +e- I(U; V) @)
wherer(z) = (1 + z)log(1 + z). Equation (8) holds becaudL|V] = 0 andE[L|U] = E[L|UV]. One
can similarly show that the terrﬁ(?’; 2) can be written ad(V;Z2) + € - IL(V; 2) = 0. Therefore the
expressionl (U;Y) + I(V;Z) — I(U; V) + M(U;Y) +~vI(V; Z) as a function of is equal to
IUY)+1(V;2)-I(U;V)+ AX[(U;Y) +~I(V; Z) +
e (IL(U;Y) + IL(V; Z) = IL(U; V) + ML(U;Y) +7IL(V; Z)). 9)
Equation (5) implies that this expression is equal (0’; Y)+1(V; Z) —I(U; V) +XI[(U;Y)+~I(V; Z).
Therefore the expressialU;Y) + I(V; Z) — I(U; V) + M(U;Y) + vI(V; Z) as a function of is

constant. Since the functiald is non-zero, setting = —¢; or ¢ = €, will result in a marginal distribution

on U with a smaller support thali since the marginal distribution df is being perturbed as follows:
pﬁ(ﬁ =u)=po(U =u)- (1+ eL’(u)).

This perturbation does not increase the support and woutdedse it by at least one whenis at its
maximum or minimum, i.e. whea = —¢, or e = €. Therefore one is able to define a random variable
with a smaller cardinality as that df while leaving the value off (U;Y) + I(V;Z) — I(U;V) +
M(U;Y) +~I(V; Z) unaffected.

*Note thatpe(V =v,Z = 2) = po(V =v,Z = 2) - (1 + ¢ - E[L(U, V, X)|V = v,Z = 2]) = po(V = v, Z = 2).

>The authors would like to thank Chandra Nair for suggesthig shortcut to simplify the original proof.
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Discussion:Aside from establishing cardinality bounds, the above augjt implies that if the max-
imum of I(U;Y) + I(V;Z) — I(U; V) + AI(U;Y) + ~I(V; Z) is obtained at some joint distribu-
tion po(u,v,x,y,2) = po(u,v,z)q(y, z|z), equations 5 and 6 must hold for any non-zero function

L:UxVxX—RwhereE[L(U,V, X)|X] = 0. The proof used these properties to a limited extent.

IV. STATEMENT OF RESULTS

Theorem 1:For any arbitrary broadcast channgly, z|x), the closure ofCys(q(y, z|z)) is equal to
% (q(y, 2|2)).
Corollary 1: Cp(q(y, z|z)) is closed sinc&s (¢q(y, z|x)) is also a subset afy;(¢(y, z|x)).

Lemma 2:For any arbitrary natural numbes,, S, and.S,,, the following statements hold:

o Cy%05 (g(y, z|z)) is a closed subset d&S;

Suysuysw H SU’SU7 X 4 )
o COoSSu(g(y, 2|z)) is a subset o€y % Y (g (y, 2|a));
. CJSV}“_%”"X‘H(q(y,zM)) is convex.

Lemma 3:Given any finite random variabl&, and real valued random variablewhere |E[L|X =
x]\ < oo for all z € X, andE[L] = 0, let random variableX be defined on the same alphabet set
as X according top.(X = z) = po(X = z) - (1 +¢-E[L|X = z]), wheree is a real number
in the interval[—€;,%]. € and & are positive reals for whichnin, 1 — & - E[L|X = z] > 0 and
min, 1 + € - E[L|X = 2] > 0 hold. Then

1) H(X) |emo= H(X), and LH(X) |c=o= HL(X).

2) Ve € (—e1,6), 2xH(X) = —loge- E[%] = —Zlog(e) - I(¢) where the Fisher Information
I(e) is defined asl(e) = 3, (aﬁ log, (pe(X = x))) p(X = ). In particular 25 H(X) |c—o=
—loge - E[E[L|X]?].

3) H(X) = H(X) +eHp(X) — E[r(e- E[L|X])] wherer(z) = (1 + =) log(1 + x).

A. On binary input broadcast channels

In this section, we study binary input broadcast channkd, is whenX'| = 2. It therefore suffices to
consider binary random variablésand V. The cardinality ofi’” would be six andX can be taken to be
a deterministic function ofU, V, ). Still, the region is hard to evaluate. We however demotesttzat
the computation can be greatly simplified if we make the eassumption tha€y,(q(y, z|z)) and the
recent outer bound of Nair and El Gam@k z(q(y, z|z)), match at the given broadcast changel, z|z).

We demonstrate this by computing maximum of the sum Ffate- R, over all triples(Ry, Ry, R2) in

DRAFT



12

Cn(q(y, z|z)). For simplicity, we assume that for anye Y andz € Z, p(Y = y|X = 0), p(Y =
ylX = 1), p(Z = z|X = 0) andp(Z = z|X = 1) are non-zero. This is a mild assumption since an
arbitrarily small perturbation of a broadcast channel wauiace it in this class.

Theorem 2:Take an arbitrary binary input broadcast changl, z|=) such that for ally € Y and
z€ Z,qY =ylX =0), ¢qY =ylX =1), ¢q(Z = 21X =0) andq(Z = 2|/X = 1) are non-
zero. Assuming tha€y,(q(y, z|z)) = Cne(q(y, z|z)), maximum of the sum rat&®; + R2 over triples

(Ro, R1, R2) in the Marton’s inner bound is equal to

HW:Y) + (1 =NIW: Z) + 32, p(w)T(p(X = LW = w))),

X pwa)q(y, 2Iz)
W =2

max <m1n7€[0,1] (ma

MAX L, 0)p(efun)a(y, 1) IwY)+1(v; 2 )>’ (10)
U| = V| =2,1(U; V) = 0, H(X|UV) = 0
whereT'(p) = max {I(X;Y),I(X; Z)|P(X =1) = p}.

Remark 1: The expression given in equation 10 is always a lower bounthemaximum of the sum
rate R; + Ry over triples(Ry, R1, R2) in the Marton’s inner bound whethéh,(q(y, z|x)) is equal to
CnEe(q(y, z|z)) or not.

Corollary 2: Take an arbitrary binary input broadcast changiel, z|=) such that for ally € Y and
z€Z,qY =yl X =0),qY =y|lX =1), ¢(Z =2X =0) andq(Z = z|X = 1) are non-zero. If
the expression of equation 10 turns out to be strictly leas tthe maximum of the sum rafe; + R»
over triples (Ry, R1, R2) in CnEe(q(y, z|z)) (which is given in [15]), it will serve as an evidence for
Crml(q(y, z|z)) # CnE(q(y, z|z)). The maximum of the sum ratB; + R, over triples(Rg, R, R2) in
Cne(q(y, z|z)) is known to be [15]

max min (I(U;Y) + I(V; Z2),I(U;Y) + I(V; Z|U), 1(V; Z) + I(U; Y|V)),
p(u,v, z)q(y, 2|z)
which can be written as (see Bound 4 in [15])
max min (I(U;Y) + I(V; 2),1({U;Y) + I(X; Z|U), I(V; Z) + I(X; Y |V)).

p(u, v, )q(y, z|x)
U] =|V|=3,I(U;V|X)=0

There are examples for which the expression of equationrb@ tout to be strictly less than the maximum
of the sum rateR; + Ry over triples(Ry, R1, R2) in Cne(q(y, z|x)). For instance given any two positive
realsa and g in the interval(0,1), consider the broadcast channel for which| = |Y| = |Z| = 2,
pY =0X=0)=a,pY =0X=1)=4pZ=0X=0=1-6,pZ=0X=1)=1-a.

Assuminga = 0.01, Figure 1 plots maximum of the sum rate 0t z(¢(y, z|x)), and maximum of the
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Sum rate curves for a=0.01

o
©

o o
~ ©

o
)

2

1

Maximum of R_+R
o o o
w B (6]

o
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o
[

o

Fig. 1. Red curve (top curve): sum rate 0w £ (q(y, z|z)); Blue curve (bottom curve): sum rate f6h,(q(y, z|x)) assuming
that Cne(q(y, z|)) = Ca(q(y, z|z)).

sum rate forC/(q(y, z|x)) (assuming thaCnr(q(y, z|x)) = Cam(q(y, z|z))) as a function of3. Where
the two curves do not match, Nair and El Gamal’s outer bourdi Marton’s inner bound can not be

equal for the corresponding broadcast channel.

V. PROOFS

Proof of Theorem 1: In appendices B and C, we prove that the closureCgf(q(y, z|z)) is
equal to the closure dfly g ¢ 5o Ch ™" (a(y, z|z)), and thaté'(q(y, z|=)) is equal to.Z(q(y, 2|x)).
"% (q(y, |)) is equal toZ gy, 2[))-

It suffices to prove thaiZ(q(y, z|x)) is closed, and that for any arbitrary natural numbsgys S, and

Therefore we need to show that the closur¢ f ¢ o -, cy

Sws Cf;’smsm (q(y, z]x)) € Z(q(y, z|x)). The former can be proven using Lemma 2 according to which
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the region?; (q(y, z|z)) is closed® To show the latter, it suffices to prove that
CoS5w (q(y, 2|z)) € Zi(q(y, z|z)).” Lemma 2 shows that the regioi§ > (¢(y, z|x)) and.Z; (q(y, z|z))
are closed. Lemma 2 implies that the regi&fi(¢(y, z|x)) is convex. In order to prove that
CS“’S“’S (q(y, z|x)) is a subset ofZ;(q(y, z|x)), it suffices to show that for any supporting hyperplane
of CY5% (q(y, z|x)), the half-space delimited by the hyperplane which contéifys’ " (¢(y, z|z))
is contained in the corresponding half-space f#4(q(y, z|x)).2

A supporting hyperplane od?f/;’_sf"qw(q(y,z]x)) is identified with constanta\;, Ao, ..., A\¢ and the
maximum of Y% \;R] over triples (R}, R}, ..., Ry) in C515%" (q(y, z|z)). We must have\; > 0
for i = 1,2,...,6, since if \; is negative,R; can be made to converge teco causingZ?:1 NiR! to
converge toco, and hence not finite. Our goal is therefore to show that fgr man-negative values of
A (i = 1,2,...,6), the maximum ofy_%_ AR} over 7% (q(y, z|x)) is less than or equal to the
corresponding maximum ove¥;(q(y, z|x)).

First consider the case whexg = A\g = 0. Let(Ry, Rs, ..., Rg) be a point irCi;’_‘i“’Sw (q(y, z|x)) where
the maximum ofy>°_| \;R/ overci;’_s}”’sw (q(y,z|z)) is obtained. Corresponding {1, Ra, ..., Rg) is
at least one joint distributiomg(u, v, w,z,y,2) = po(u,v,w,z)q(y, z|x) on U,V,W,X,Y,Z where
U] < Su,
I(W;Y), Ry < I(W;Z), R3 < I(UW;Y), ... etc. Maximum of Y% LR, = S| MR} over
Cy%% (g(y, z|z)) must be then equal @y - I(W;Y)+ Ao - I(W; Z)+ A3 - [[UW;Y) + My - I(VW; Z).
Let U = V = X. Clearly (UW;Y) < I(UW;Y) andI(VW; Z) < I(VW; Z). Hence the maximum

V| < S, and |W| < S, and furthermore the following equalities are satisfiéd: <

of % \iR! over C32%" (q(y, z|=)) would be less than or equal to the maximum%f_, \;R;

®The region.Z(q(y, z|z)) determines.Z(q(y, z|x)). In order to show that the closedness .#f(q(y, z|x)) implies the
closedness ofZ(q(y, z|z)), take a convergent sequen€®o,i, R1,:, R2,:) in £ (q(y, z|x)). We would like to show that
(Ro, R1, R2) = lim;—co(Ro,:, R1,i, Rz,;) belongs taZ(q(y, z|z)). The six-tuple(Ro,:, Ro,i, Ro,; + R1.i, Ro,; + R2.s, Ro,i +
Rii 4+ Rz, Ro,i + Ri,i + R2y) is in Z1(q(y, z|x)). Since 21 (q(y, z|x)) is closed,lim; o (Ro,i, Ro,i, Ro,: + R1,i, Ro,i +
R2;,Ro,; + Ri; + Ro,i, Roi + Ri,i + Ra;) = (Ro,Ro, Ro + Ri,Ro + Rz, Ro + R1 + R2, Ro + R1 + R2) is also in
Zi(q(y, z|z)). Thus, (Ro, R1, R2) = lim; oo (Ro.:, R1,i, Ra,;) belongs to.Z(q(y, z|z)).

"This is true becauséRy, R1, R2) being in C5%*"%* (¢(y, z|x)) implies that(Ro, Ro, Ro + R1, Ro + Rz, Ro + Ri +
R2, Ro + Ri + R») is in C5505w (q(y, z|@)). If 5505w (q(y, 2|x)) is a subset ofZ;(q(y, z|x)), the latter point would
belong to.%7(q(y, z|x)). Therefore(Ro, R1, R2) belongs to.Z(q(y, z|z)).

8This is because the closed convex $ét(q(y, z|z)) can be expressed as the intersection of its supportingspatfes, i.e.
(R1, Ra, ..., Rs) € Z1(q(y, z|z)) if and only if for any A1, A2, ..., Ae, So0_, A\;R; is less than or equal to the maximum of
S8, \iR; over triples(R}, Rb, ..., Rs) in Z1(q(y, z|x)). ThusCyi5°%* (q(y, z|x)) is a subset ofZ; (q(y, z|z)) if and only
if the maximum ofy"%_, \; R} over triples(Ry, Rj, ..., Rg) in Cai5" 9" (q(y, 2|z)) is less than or equal to the same maximum

over Zi(q(y, =|x)).

DRAFT



15

overCﬁkW’Sw(q(y,z\x)). The latter is itself less than or equal to the maximumyof_, \; R, over
Cﬁkf{"‘x‘ﬂ(q(y,zm)) by Lemma 2. This implies the desired result when= \g = 0.
Next consider the case when eithey > 0 or A\¢ > 0, or both: we proceed by proving the following

three equations:

6 6
max MR < max AR, (11)
(Ra,--.,Rg)ECi;“?”’Sw(q(wlx)); o (R;,...,Rg)ec;fi”*sw(q(y,zlz)); o
6 6
max MR < max \iR, (12)
(R;,...,R@ec;f'fv*sw(q@,zm); o (R;,...,R;)ec;f',"'Sw<q<y,z|m>>; o
6 6
max MR < max \iR, (13)
(Rpoo R ECLEIX150 (q(y,210)) 5 o (R;,...,Rg)ec;;le,x+4(q(y,z|z)); o

The proof for equation 11 is provided in Appendix A. The prémf equation 12 is similar. Equation 13
follows from Lemma 2. [ |

Proof of Theorem 2:Maximum of the sum rate?; + Ry over triples(Ry, R1, R2) in Car(q(y, z|z))

is equal to
max U YW)+I(V; ZIW) = I(U; VW) +min(I(W;Y), I[(W; Z)). (14)
P(va,wvw)fI(yvzﬂ)
Ul =2,V =2

H(X|UVW) =0
The proof consists of two parts: first we show that the abovaression is equal to the following
expression:

max < ( max min (I(W;Y),I(W; Z)) + Zp(w)T(p(X = 1W =w)), (15)

wx)q(y, z|T)

max I(U;Y)—I—I(V;Z)>.
p(u, v)p(z|uv)q(y, z|z)
U=V =2,I(U;V)=0,H(X|UV)=0

Next, we show that the expression of equation 15 is equala@dhh expression given in Theorem 2.
The expression of equation 14 is greater than or equal tadqiression of equation 15For the first part

of the proof we thus need to prove that the expression of aquad is less than or equal to the expression

of equation 15. Take the joint distributionu, v, w, ) that maximizes the expression of equation 14.

Let U = (U,W) andV = (V,W). Maximum of the sum ratek; + R, over triples (R, R1, Ry) in

®Consider the following special cases: 1) givéh= w, let (U, V) = (X, constant) if I(X;Y|W =w) > I(X; Z|W = w),
and (U, V) = (constant, X) otherwise. This would produce the first part of the expressgjiven in Theorem 2. 2) Assume

that W is constant, and/ is independent of/. This would produce the second part of the expression gineérheorem 2.
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Cne(q(y, z|z)) is greater than or equal toin (I(U;Y) + I(V; Z),I(U;Y) + I(V; Z|U),I(V; Z) +
I(U;Y|V)) (see Bound 3 in [15]). Sinc€xr(q(y, z|z)) = Cr(q(y, z|z)), we must have:

min (I({UW;Y) + I(VW; Z), [UW;Y) + I(VW; ZIUW), [(UW; Z) + [UW; Y |[VWV)) <
LU;Y W)+ I(V; ZIW) — I({U; VIW) + min(I(W;Y), [(W; Z)).

Or alternatively

min <maX(I(W; Y),I(W;2))+ I(U; VW),
I(W:Y) — min(I(W;Y), [(W; 2)) + 1(U; VIW Z),
I(W: Z) — min(I(W: Y), [(W; Z)) + I(U V]WY)) <0.

Since each expression is also greater than or equal, atdeasif the three terms must be equal to zero.
Therefore at least one of the following must hold:

1) I(W;Y)=I(W;Z)=0andI(U;V|W) =0,

2) I(U;VIWY) =0,

3) I(U;VIWZ)=0.
If (1) holds, I(U;Y|W) + I(V;Z|W) — I(U; VIW) + min(I(W;Y), [(W; Z)) equalsI(U;Y|W) +
I(V; Z|W). Supposemax.,,)-o [(U; YW = w) + I(V; Z|W = w) occurs at somev*. Clearly
IUY|W)+I(V; ZIW) < I(U; YW = w*) + I(V; Z|W = w*). LetU,V, X,Y and Z be distributed
according top(u, v, z,y, z|w*). I(U; V) = I(U; V|W = w*) = 0. Thereforel(U; Y |W)+I(V; Z|W) —
I(U; VW) +min(I(W;Y),I1(W; Z)) is less than or equal to

max U, YY)+ 1(V; 2).

p(u, v)p(z|uv)q(y, z|z)
U =|v|=21U;V)=0HX|UV)=0

Next assume (2) or (3) holds, i.&{U; V|WY) =0or I[(U; V|WZ) = 0. We show in Appendix D that
for any value ofw wherep(w) > 0, eitherI(U; VIW = w,Y) =0or [(U; V|W = w, Z) = 0 imply that
HU; YW =w)+I(V; ZIW = w)—I(U; VIW = w) < T(p(X = 1|W = w)). Thereforel (U; Y |W)+
I(V: Z|W) — I(U: VIW) + min(I(W;Y), I(W; 2)) < min(I(W;Y),I(W; 2)) + X, p(w)T(p(X =
1|W = w)). This in turn implies that (U; Y |W) + I(V; Z|W) — [(U; V|W) +min(I(W;Y), I(W; Z))
is less than or equal to

( rr)la(x . min(I(W;Y), I(W; 2)) + Y p(w)T(p(X = W = w)).
plw,x)q\y, 2| w

This completes the first part of the proof.
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Next, we would like to show that the expression of equatiorislBqual to the the expression given
in Theorem 2. In order to show this, we prove that
max  min(I(W;Y),I(W;2)) + Y p(w)T(p(X = 1[W = w)) (16)
p(w,w)q(y,z|m) w
is equal to
min_( max YVIW5Y)+ 1 —y)I(W;Z) + Zp(w)T(p(X =1|W = w))). (17)

76[071] p(ww)(J(yv Z|‘r)
Wi =2

The expression given in equation 16 can be written as

max  min (I(W;Y)+> p(w)T(p(X = UW =w)), [(W; Z)+>_ p(w)T(p(X = 1|W = w))).
p(w,z)q(y, z|z) w w
Using Proposition 1 of [16], this expression can be expsse

min_( max YVIW5Y)+ 1 —y)I(W;Z) + Zp(w)T(p(X =1|W = w))).
VELA pwa)q(y, 2J) w

It remains to prove the cardinality bound of two @n. This is done using the strengthened Carathéodory
theorem of Fenchel and Eggleston. Take an arbitgdry, z)q(y, z|z). The vectorw — p(W = w)
belongs to the set of vectois — p(f/l7 = w) satisfying the constrainty_, p(f/l7 =w) =1, p(W =
w) > 0andp(X =1) = > pX =1V = w)p(W = w). The first two constraints ensure that
w — p(ﬁ/’v = w) corresponds to a probability distribution, and the thirchsteaint ensures that one
can define random variabl’, jointly distributed with X, ¥ and Z according top(w, x)q(y, z|x) and
further satisfyingp(X = ;U|W =w) = p(X = z|W = w). Sincew — p(W = w) belongs to the
above set, it can be written as the convex combination of sofrthe extreme points of this set. The
expression |, [—(1 —v)H(Z|W =w) —yHY|W =w) +T(p(X = 1|W = w))]p(W = w) is linear
in p(f/l7 = w), therefore this expression fas — p(W = w) is less than or equal to the corresponding
expression for at least one of these extreme points. On ther diand, every extreme point of the set
of vectorsw — p(f/l7 = w) satisfying the constraintgwp(W = w) = 1, p(W = w) > 0 and
pX=1)=>,pX=1W= w)p(W = w) satisfies the property thatW = w) + 0 for at most two
values ofw € W. Thus a cardinality bound of two is established. [ |

Proof of Lemma 2: We begin by proving that the regi “’_%”SW(q(y,zu)) is closed. Since the
ranges of all the involving random variables are limited #r@conditional mutual information function is
continuous, the set of admissible joint probability distitionsp(u, v, w, x, y, z) where (UVW;Y Z|X) =

0 and p(y, z|z) = q(y, z|z) will be a compact set (when viewed as a subset of the Euclidpane).
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The fact that mutual information function is continuous li@p that the union over random variables
U, V,W,X,Y, Z satisfying the cardinality bounds, having the joint disttion p(u,v,w,z,y,z) =

p(u,v,w, x)q(y, z|x), of the six-tuples

([(W; V), I(W;2), [(UW;Y),[(VW; Z),
LU;Y|W) + I(V; ZIW) — I({U; V|W) + I(W;Y),
HU;Y|W) + I(V; Z|W) — I(U; VIW) + I(W; Z)>

is a compact set. Since the down-set of any compact sef is closed?, the regionCy:%°* (¢(y, z|z))

must be closed.

Next we prove thats: 5% (q(y, z|z)) is a subset o€ %Y1 (4(y, z|z)). Take an arbitrary point
(Ry, R, ..., Rg) in C3% " (q(y, 2|)). Corresponding td Ry, ..., Rs) is at least one joint distribution
po(u,v,w,z,y,2) = po(u,v,w,x)q(y, z|lx) on U, V,W, XY, Z where|U| < S,, |V| < S, and|W| <

Sw, and furthermore the following equations are satisfigqd: < I(W;Y), Ry < I(W;Z), Ry <

I(UW;Y), ... etc. Without loss of generality, assume tp&tV = w) > 0 for all w. We defineU, V
and W on the same alphabet &5 V and W but will however ensure thqi(Wv = w) # 0 for at most
|X| + 4 values ofw. Random variableg/, V and W that we will define are jointly distributed with
X,Y, Z in a way that

The Markov chainlUVIWX — X — Y Z holds

p(ﬁ:u,‘N/:v,X:erV/:w):p(U:u,V:v,X:mWV:w); (18)
I(W;Y) = I(W;Y);
I(W;2) = [(W; Z);
I(U;Y|W) = I({U; Y [W);

I(V; Z|W) = I(V; Z|W);

L({U; VW) < I(U; V|W).

0In order to show this, letd C R® be a compact set. Take a convergent sequence of paints, ... in A(A). We would
like to show thatv = lim;—.. v; iS in A(A). Corresponding ta; is a pointw; in A wherew; > v;. Since A is compact
the sequencev; has a convergent subsequence, the limit point of which lslda.A. Let w denote this limit point. Clearly

w > v, hencew is in A(A).
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Please note that proving the existence of random varidb)ds and W with the above properties implies
that the point( Ry, Ry, ..., Rg) belongs toCs: %1 ¥1™ (4 (y, z|2)).

Given that we would like impose the equatiptl/ = u,V = v, X = :U|W =w)=pU =uV =
v, X = z|W = w), defining the marginal distribution Qf(W = w) would completely characterize the
joint distribution p(U = u,V = v, W = w, X = z).

In order to define the elements of the vecior— p(f/l7 = w), we first identify the properties that this
vector needs to satisfy, and then pin down an appropriatevéat has onlyX’| +4 non-zero elements.

To make sure that the elements of the veetor p(ﬁ/’v = w) corresponds to a probability distribution,

we impose the following two constraints:

p(W=w)>0 Vu; (19)
> p(W =w) =1. (20)
Since we require thap(X = ;U|W =w) = p(X = z|W = w), p(W = w) must also satisfy the
consistency equation
D p(X =W =w)p(W =w) =p(X =) = (21)

As long as these three equations hold, the joint distributiop(U = u,V = v, W = w, X = z) will
be well defined. Equation 21 seems to be impogiti) equations orp(W = w). But in fact, one of
these equations is a linear combination of the rest and equa®; thus it is redundant. This is because
> . P(X =z|W =w) = 1. Therefore the equation 21 imposgs| — 1 constraints orp(W = w).

Next, in order to enforcd(W;Y) = [(W;Y), we require

Zp HY|W =w) = Zp H(Y|W =w). (22)

Please note that because of equation H8Y |W = w) = H(Y|W = w). Similarly in order to enforce

I(W; Z)=1(W,;Z), we require
Zp H(Z|W =w) = Zp H(ZIW = w). (23)
For I(U;Y|W) = I(U;Y|W) and I(V; Z|W) = I(V; Z|W), we require

Zp HU;Y|W =w) = Zp LU;Y|W = w), (24)
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and

S p(W =w)I(Vi Z[W =w) =Y p(W =w)I(V; Z|W = w). (25)
Please note that because of equation I(8]; Y |W = w) = I(U;Y|W = w) and I(V; Z|W = w) =
I(V;Z|W = w).
In order to enforcel (U; V|W) < I(U; V|W), we require

S p(W =w)I[(T;VIW =w) <> p(W =w)[(U; VIW = w). (26)

Because of equation 18(U; V|W = w) = I(U; V|W = w).

The rest of the proof is based on the technique of Fenchel ggtké&on to strengthen the Carathéodory
theorem. The region formed by equations 19, 20, 21, 22, 23n@2425 contains the vectar — p(W =
w). The vectorw — p(W = w) further lies in the half space defined by equation 26. We cate e
vectorw — p(WW = w) as the convex combination of extreme points of the regioméal by equations
19, 20, 22, 23, 24 and 25. Sinee— p(W = w) is in the half space, it must be the case that at least
one of these extreme points satisfies equation 26. Any sutknes point can have at most| + 4
non-negative elements. This is because any extreme poisit satisfy with equality at leastV| of the
equations 19, 20, 22, 23, 24 and 25. The number of equati@thnot enforce one of the elements

of the vectorw — p(W = w) to zero is|X| + 4. Therefore at leaspV| — |X| — 4 coordinates of an

extreme point must be zero. Hence the number of non-zeroeelsnis at mostY| + 4.

It remains to prove that the last part of Lemma 2 is true, Iilatdif’_s}”")(|+4(q(y, z|z)) is convex. Since

C%’_‘?’SW(q(y, z|z)) is a subset o@i}’_‘s}“"xw‘(q(y, z|x)), it suffices to show thd\tjswZO Ci;f}“sm (q(y, z|z))

is convex. Take two arbitrary pointst1, Ry, ..., Rs) and (R, R, ..., Re) in Ug, 5 Coi- 7 (aly. 2|z)).
Corresponding toR;, ..., Rg) and(’va, ey Rvﬁ) are joint distribution®g (u, v, w, z,y, z) = po(u, v, w, z)q(y, z|z)
U] = Su, |V| = |V| = S,, and furthermore the following equations are satisfigg: < I(W;Y),
Ry <I(W;Z), Ry < I{UW;Y), .., Ry <I(W;Y), Ry < I(W: Z), Rs < I({UW;Y),...

Without loss of generality we can assume thét ¥, W, X,Y,Z) and (U,V,W, X,Y, Z) are in-
dependent. Let) be a uniform binary random variable independent of all presiy defined ran-

dom variables. Le{U,V, W, X Y, Z) be equal to(U,V,WQ,X,Y,Z) when@ = 0, and equal to
(U,V,WQ,X,Y,Z) when@ = 1. One can verify thap(Y = y,Z = 2|X = 2) = ¢Y = y,Z =
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—

2| X =), ([UVW;YZ|X) =0, and furthermore

—

V) > 1w y) + LW Y)

S

(I

I(
I(W;2) > 3I(W; 2) + L1(W; Z)

H(UW;Y) > s1(UW;Y) + 31(OW;Y)

Hence(LRy + $ Ry, 3R + L Rs, ..., 1 Re + L Rg) belongs toJg -, Cri- ™ (a(y. z|z)). Thus

SuySUySw Su,Sv, X|+4 .
Us,>0Car 77 (a(y, 2l2)) = Cyp 5 X (g(y, 2|2)) is convex.

Proof of Lemma 3: The equationH (X) = H(X) + eHy(X) — E[r(e - E[L|X])] wherer ()

(14 z)log(1l + x) is true because:

H(X) = = 35 p(2) log pe(?)

— S (@) (e EILX = 5) - 1og (m(@) +1og (14 E[LLX =3

— H(X) — € Y5 po(@)E[L|X = 3] log <p0@>) -

=~ Zepo@) (1 + ¢ BILIX =1]) - log (po(f) (1+e-E[LIX = 55])>

ngo(f)(l +e-E[LIX = 3:\]) -log <1 +e - E[LIX = 53\])
= H(X) + eH(X) — E[r(e- E[L|X])].
= 120 ‘We have:

Next, note thatr(0) = 0, Zr(z) = log(1 + z) + log(e) and Lz r(z) = <

ge (X) = Hy(X)-E[E[L|X]{log(1+e-E[L|X])+log e}] = Hy(X)~E[E[L|X]log(1+¢-E[L|X])],

where ate = 0 is equal toH(X).

Next, we have:

P H(X)=-2E[E[L|X]log(1 + ¢ - E[L|X])]
E[L|X E[L|X]?
~E[E[L|X] 25z loge] = —loge  E[i5ix]
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15f r(x)=(1+x)log(1+x)
.l
osf
ol
-05
-1 05 0 05 1

Fig. 2. Plot of the convex functiom(z) = (1 + z)log(1 + z) over the interval—1, 1]. Note thatr(0) = 0, =r(z) =

log(1 + x) + log(e) and aa—;r(:c) = kﬁ(;) > 0.

On the other hand,
o~ 2 ~
1=, <§ log, (pe (X = w>>) pe(X =) =
2
5. (# 108 (o6 = 2 (14 ¢ BILIX = 0]) ) ) (X =)+ (14 BILIX =) =
2
2z <% log, (1 +e-E[L|X = x])) po(X =) - (1 +e-E[LIX = x]) =

2
2 <%) po(X =x)- (1+e-E[LIX =2]) =

E[L|X=a]? E[L|X]?
e 1+5[-IQ[L\X}:x}p0(X =) = E[1+e[~Ié[L}|X}]‘

APPENDIX A
In this Appendix we prove equation 11 assuming that- 0 or A¢ > 0, or both. Let(R;, Ro, ..., Rg) be
a point incf/}“_s}’”sl“(q(y, z|z)) where the maximum o}%_, \; R overcf/;’_sf’s”(q(y, z|x)) is obtained-!
Corresponding tOR1, Ra, ..., Rg) is at least one joint distributiopy (u, v, w, z,y, 2) = po(u, v, w, z)q(y, z|x)

UNote that by Lemma 2¢5:55* (¢(y, z|z)) is closed and furthermor®_, \; R, is bounded from above whek; > 0.

Hence maximum ofy, \: R} over the regiorCyy 55" (q(y, z|z)) is well defined.
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onU,V,W,X,Y, Z wherell{| < S,
are satisfiedRy < I(W:;Y), Ry < I(W;Z), Rs < I(UW;Y), ... etc. Maximum ofzfz1 i R! over
Co%% (g(y, z|z)) must be then equal - I(W;Y )+ Ao - I(W; Z)+X3-IUW; Y )+ Ay - I(VW; Z) +
)\5'(I(U;Y\W)+I(V;Z]W)—I(U;V\W)+I(W;Y))+)\6-(I(U;Y]W)—i—I(V;Z\W)—I(U;V]W)—l—

V| < S, and|W| < S, and furthermore the following inequalities

I(W; Z)). We would like to define random variablés V', W, X, Y andZ jointly distributed according
to p(u,v,w, z)q(y, z|z), and satisfying the following properties:
e M IWLY )+ X IW35Z2) 4+ A3 - IUWSY )+ Mg - I(VW5Z)+ X5 - (LU Y W)+ I(V; Z]W) —
IU, VW) 4+ IW:;Y))+ X - L(U;YIW) + I(V; Z\W) — I(U; VIW) + I(W; Z)) is less than
or equal to; - [(W;Y) + g - I(W; Z) + A - (UW;Y) + Ay - I(VW; Z) + A5 - (I(U; Y |W) +
I(V; ZIW) = I{U; VIW) + I(W;Y)) + X - (L(U; Y|W) + I(V; ZIW) — I(U; VIW) + I(W; Z)).
o || =Xl
. VI= VI,
.« W=
Instead of findingﬁ that takes values in a set of size at mdst, it however suffices to find an appropriate
U such that for anyi, the conditional distribution(i|@) # 0 for at most|X| values ofa. 12
We assume that random variablésV, W, X, Y andZ are respectively defined on the alphabet sets
of U, V, W, X, Y andZ. Without loss of generality assumglV = w) > 0 for all w € W. We assume
that the joint distribution of¥, X, Y, Z is the same as that &¥, X, Y, Z. Thereforel(W:;Y) = I(W;Y)
andI(W;2) = I(W; Z). We therefore need to defingw, o|w, ) such that
o Foranyw e W, \s- I(U;Y|W =w)+ Ay - I(V; ZIW = w)+ X5 - (I(U; YW = w)+ I(V; ZIW =
w) — I({U;VIW =w))+ Xe- L(U; YW =w) + I[(V; ZIW =w) — [(U; VIW = w)) is less than
or equal toXs - I(U; YW = w) + Ay - IV Z|IW = w) + Xs - (LU YW = w) + I(V; Z|W =
w) — IU;VIW =w)) + Xe - (LU YW =w) + I(V; ZIW = w) — I({U; VW = w)).
o V=1Vl
« For anyw, p(U = u\W = w) # 0 for at most|X| values ofu.

The above statement holds since Lemma 1 of Section Il holds.

12This is true because Marton’s inner bound depends only orcamelitional distribution ofU given W, rather than the
distribution of U itself. More specifically, assume that we are given a randanble U such that for evenyio € W, there
is a subsetd; of the alphabet set of/ satisfying |Az| = |X|, andp(U = a|lW = @) = 0if & ¢ Ag. Assume that
Az = {aw,1,0w,2,053, ..., ag,x }. Define U’, a random variable taking values from the get2,3,...,|X|}, as follows:
p(U' =iW =a,V=0,X =%) = p(U = ag:|W = @,V = 9,X = ). The alphabet set o/’ is of size|X| and

furthermorel(U'; VIW) = I(U; VW) and I(U"; Y |W) = I(U; Y|W).
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APPENDIX B

In this Appendix, we prove that the closure @f;(q(y, z|z)) is equal to the closure of

Us, .s..5.>0 CJSV‘;’S“’Sw(q(y, z|z)). In order to show this it suffices to show that any triple,, R;, R2) in

Car(qly, 2|=)) is alimit point of U, ¢ o 0 Chi™>"" (a(y, z|z)). Since(Ro, Ry, Ra) is inChr(q(y, 2|2)),
random variable§/, V., W, XY and Z for which equations 1, 2, 3 and 4 are satisfied, exist. Firstiae
U,V,W are discrete random variables taking valueqin2, 3,...}. For any integerm, let U,,,V,, and
W,, be truncated versions @f, V and W defined on{1,2,3,...,m} as follows:U,,,V,, andW,, are

jointly distributed according te(U,, = u, V,, = v, Wy, = w) = p’(’((]U<:nff"‘//j;’;V§f<lg) for everyu, v and

w less than or equal tev. Further assume that,,, Y,, and Z,, are random variables defined af,
and Z wherep(Y,, =y, Zpm = 2, Xy = z|Upy, = u, Vi =0, Wy =w) =p(Y =y, Z = 2, X =z|U =
u,V =v,W = w) for everyu, v andw less than or equal t;, and for everyz, y andz. Note that the
joint distribution of Uy, Vy, Wi, X1, Yy, @and Z,,, converges to that of/, V, W, X, Y andZ asm — cc.
Therefore the mutual information termdéW.,,.; Y.,.), I(Win; Zin)y I(Wi U Y ), - (that define a region
in Cyy"™"™ (q(y, z|x))) converge to the corresponding terd@V;Y"), I(W; Z), I[WU;Y), ... Therefore
% (g(y, 2[)-

Next assume that some of the random varialdles” and W are continuous. Given any positive

(Ro, R1, R2) is a limit point of Ug 5 ¢. >0 cye

one can quantize the continuous random variables to a peeisand get discrete random variablgg,

V, andW,. We have already established that any point in the Martonign bound region correspond-
ing to Uy, V,, W,, X, Y, Z is a limit point of USu,SU,Swzo C%’S“SW(q(y,zm). The joint distribution
of Uy, V,, Wy, X,Y,Z converges to that ol/,V,IW, X,Y,Z as q converges to zero. Therefore the
corresponding mutual information termdgW,;Y,), I(Wy; Z,), I(W,Uy;Yy), ... (that define a region
in Ca(q(y, z|x))) converge to the corresponding termi&V;Y"), I(W; Z), I(WU;Y),.... Therefore

(Ro, R, Ry) is a limit point of Ug g ¢ 50Chp"""" (a(y, 2|7)).

APPENDIXC

In this Appendix, we prove tha¥ (q(y, z|z)) is equal to.Z(q(y, z|z)). Clearly €(q(y, z|z)) C
Z(q(y, z|z)). Therefore we need to show tha&t'(q(y, z|z)) C € (q(y,z|z)). Instead we show that
Z1(q(y, z|z)) € €1(q(y, z|x)).22 It suffices to prove tha®(q(y, z|x)) is convex, and that for any,

13This is true becausgRo, R, R2) being in.Z(q(y, z|x)) implies that(Ro, Ro, Ro+ Ri, Ro+ Rz, Ro+ R1+ Ra, Ro+ R1 +
Rs)isin Z1(q(y, z|x)). If Z1(q(y, z|z))(q(y, z|x)) is a subset 0¥;(q(y, z|z)), the latter point would belong 167 (¢(y, z|z)).
Therefore(Ry, R1, Rz) belongs to% (q(y, z|z)).
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A2, ..., Ag, the maximum ofy>%_ \;R; over triples (R, Ry, ..., Rs) in Z1(q(y, z|z)), is less than or
equal to the maximum OE?:l A R; over triples(Ry, Rs, ..., Rg) in €1(q(y, z|z)).

In order to show tha®;(q(y, z|x)) is convex, we take two arbitrary points #(q(y, z|z)). Corre-
sponding to them are joint distributiongu,, v1, w1, z1, y1, 21) and p(us, vy, we, x2, Y2, 22). Let Q be a
uniform binary random variable independent of all previguefined random variables, and Et= Uy,
V=V, W=(Wp,Q), X=Xq,Y=YgandZ = Zg. Clearly H( X|UVW) = 0, and furthermore
IW;Y) > (I(Wi Y1) + I(Wo; Ya)), I(W; Z) > 3(1(Wh; Z1) + 1(Wa; Z2)), ... Random variablé)
is not however defined on an alphabet set of e+ 4. However, one can reduce the cardinalitylof
using the Carathéodory theorem (as in the proof of part tilcemma 2) by fixingp(u, v, z, y, z|w) and
changing the marginal distribution ®F in a way that at mostt'| + 4 elements get non-zero probability
assigned to them. Since we have presemed v, z,y, z|w) throughout the procesg(x|u, v, w) will
remain to belong to the s€t), 1} after reducing the cardinality df’.

Next, we need to show that for any, Ao, ..., Ag, the maximum 0‘2?:1 \iR; over triples(Ry, Ro, ..., Rg)
in Zr(q(y, z|z)), is less than or equal to the maximum E?Zl AiR; over triples(Ry, Ra, ..., Rg) in
¢1(q(y, z|z)). As discussed in the proof of theorem 1, without loss of galitgrwe can assuma; is
non-negative for = 1,2, ..., 6.

Take an arbitrary pointRi, Rs, ..., Rg) in Z1(q(y, z|x)). By definition there exists random variables

U, V,W,X,Y and Z for which
S AR S A I(W3Y) + M- I(W5 2) + s - I{UWY) + Ay - I(VW; Z) + (27)
Ao (LU Y W)+ IV ZIW) — LU VIW) + T(W3Y)) +
X (I(U;Y|W)+ I(V; ZIW) — I(U; VIW) + I(W; Z)).

Fix p(u,v,w). The right hand side of equation (27) would then be a convextfan of p(x|u, v, w).}
Therefore its maximum occurs at the extreme points wieiu, v, w) € {0,1} whenevep(u, v, w) # 0.

AN N~ N~ ~

Therefore random variablds, V., W, X Y and Z exists for which
MAIWSY)+ X - I(WZ)+ o+ Xg (I(U;Y|W) +I(V; Z\W) = I(U; VW) +I(W;Z)) <
MAIW;Y) 4 X - I(W; Z) + o+ X - (LT Y W) + I(V; Z|W) — I(U; VIW) + I(W; Z))
and furthermorep(z|u, v, w) € {0,1} for all z, u, v andw wherep(u, v, w) > 0.
14This is true becaus&(WW;Y') is convex in the conditional distribution(y|w); similarly I(U; Y |W = w) is convex for any

fixed value ofw. The termI(U; V|WW) that appears with a negative sign is constant since the gisttibution of p(u, v, w) is

fixed.
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APPENDIXD

In this Appendix, we complete the proof of theorem 2 by shawiimat given any random variables
UV,W,X,Y and Z whereUVW — X — Y Z holds,U andV are binary,H(X|UVW) is zero, the
transition matrices’y|x and P, x have positive elements, and for any valuewfwhere p(w) > 0,

eitherI[(U; VIW =w,Y)=0or I(U;V|W = w, Z) = 0 holds, the following inequality is true:
IU; YW =w)+ I(V; ZIW =w) — I({U; VIW =w) <T(p(X = 1|V = w)).

We assumd (U; V|W = w,Y) = 0 (the proof for the casé(U;V|W = w, Z) = 0 is similar). First
consider the case in which the individual capacity, , is zero. We will then havé(U; Y |W = w) =0
andT(p(X = 1|{W =w)) = I(X;Z|W =w) > I(V; ZIW = w) — I(U; V|W = w). Therefore the
inequality holds in this case. Assume therefore tiaf . is non-zero.

It suffices to prove the following proposition:

Proposition: For any random variables, V, X, Y and Z satisfying

e UV =X —-YZ,

« HX|UV)=0,

. U=V=x]=2,

forally e Y, p(Y =y|X =0) andp(Y = y|X = 1) are non-zero,
Cpyix # 0,

I(U;V|Y) =0,

one of the following two cases must be true: (1) at least onthefrandom variablex’, U or V is
constant, (2) Eithe =X orU=1-XorV=XorV =1-X.

Proof: Assume that neither (1) nor (2) holds. SinBé.X|UV) = 0, there are2* possible descriptions
for p(x|uv), some of which are ruled out because neither (1) nor (2) hatdghe following we prove
that X =U &V and X = U AV can not hold. The proof for other cases is essentially theesam

SinceCp,,, # 0 implies that the transition matri¥y-x has linearly independent rows. This implies
the existence ofj;,y, € ) for which p(X = 1]Y = y;) # p(X = 1|Y = 1).1® Furthermore sinceX
is not constant, ang(Y = y1|X = 0),p(Y = y1|X = 1),p(Y = y2|X = 0) andp(Y = y2|X = 1) are

51 this is not the case we hayg(X = 1]Y = 1) = p(X = 1Y = y») for all y1,y2 € Y. This would imply thatX and
Y are independent. Sinc¥ is not constant, independence &f andY implies thatP(Y = y|X = 1) = p(Y = y|X = 0)
for all y € Y. Therefore the transition matri®y | x has linearly dependent rows. HenfeX;Y') = 0 for all p(x). Therefore

Cpy x = 0 which is a contradiction.
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all non-zero, bothp(X = 1Y = y;) andp(X = 1|Y = y9) are in the open interval0, 1). Note that
I(U;V]Y) =0 implies thatI(U; VY =y;) =0 and I[(U; V|Y = y2) = 0.
Leta; ; =p(U =1,V =) for ¢, € {0,1}. First assume thak = U & V. We have

o plu=0,v=0y=y)=——=pX =0Y =y),
e plu=0,v=1y=1y;) = —5-p(X = 1Y = y),
o plu=1v=0y=y)=——p(X =1Y =y),
e plu=1v=1y=y) = H—p(X =0]Y =y,).

ThereforeI (U; V|Y =y;) = 0 for i = 1,2 implies that

plu=lLv=1y=y) xplu=0,v=0y=y) =plu=0,v=1y=y;) X plu=1,v=0]y =y).

Therefore
ap,001,1
2
(oo +ai)

a0,101,0

— — )2 —
p(X - 0|Y - yl) - (CL071 +a1,0)2

or alternatively

/00,0011 v/01,000,1
Y p(X =0Y =y;) = —p(X =1|Y =y,). (28)
ap,0 + a1 aio + ap,1

Since X is not deterministicP(X = 0) = ap,0+ a1, andP(X = 1) = ay 0+ ag,1 are non-zero. Next, if

either ofag o or a1, are zero, it implies that o or ag,; is zero. But this implies that eithdr or ' are

constant random variables which is a contradiction. H 0“ 9.1 and Y% are non-zero. But then

0Ta11 ai,0+ao,1
equation 28 uniquely specifig§ X = 1|Y = y;), implying thatp(X = 1Y = y1) = p(X = 1|Y = y2)
which is again a contradiction.

Next assume thak = U A V. We have:

u=0,0=0/y=y ZWP(XZO‘Y:%),

) = e DX = 0Y = y),

)
)
u=1v=0y=y) = ;e —p(X = 0]Y =y;),
) =p(X =1Y =y).
Note thatP(X = 0) = ago + ao,1 + a1,0 iS non-zero. Independence bf andV givenY = y; implies

that

plu=Lv=1y=y)xplu=0,v=0/y=y) =plu=0,v=1y =y;) X plu=1,v="0ly =y).
Therefore

ao,0
ap,0 + ao,1 +aipo

a1,000,1
MXZWY=ym¢Y=UY=%%=mm+am+amme=mY=yN,
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or alternatively
a1,000,1

a00 - P(X = 1Y =) = ao,0 + ap,1 + aip

p(X =0Y =u), (29)

If apo is zero, eithera; o or ap;; must also be zero, but this implies that eitlféror V' are constant
random variables which is a contradiction. Therefagg is non-zero. But then equation 29 uniquely
specifiesp(X = 1Y = y;), implying thatp(X = 1Y = y1) = p(X = 1|Y = y2) which is again a

contradiction.
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