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Chapter 1

Introduction

1.1 Overview

A fundamental problem in statistical signal processing is the estimation of a signal from an obser-

vation of the signal corrupted by additive noise. The noise inherent in data-acquisition devices and

analog communication systems motivated substantial body of work in this area.

In classical signal processing, it is typical to assume the signal is low-pass and the noise is not.

Oversampling can ensure most of the signal frequency content is low-pass, and noise is typically

broadband. The noise can then be reduced simply with a low-pass linear filter. Low-pass filtering

is typically performed with a linear time-invariant (LTI) filter. Since linear time-invariant (LTI)

filtering is equivalent to multiplication in the Fourier domain, all LTI techniques can be called

“Fourier-based”. Low pass filtering is an extensively studied subject and covered in many classical

signal processing textbooks, e.g. [25, 26, 14].

Unfortunately, many signals of interest have useful high-pass features, and simple low-pass fil-

tering diminishes or removes these features. For example, photographic images typically have sharp

discontinuities at the edges of objects. These sharp discontinuities appear as high frequency com-

ponents in the Fourier-domain and would be attenuated with low-pass filtering. This attenuation

would result in an undesirable blurring of the edges [19, 15].

Wavelet-based techniques offer an alternative to simple Fourier filtering that can address this

problem. Wavelet denoising can provide low-pass filtering to reduce noise, while selectively pre-

serving useful high-pass features of the signal, such as sharp discontinuities and abrupt transitions.

Unlike the Fourier transform coefficients, each wavelet transform coefficient depends on the signal

3



only in a limited interval of time [29, 20, 27, 7].

Wavelet denoising is performed by taking the wavelet transform of the noisy signal, and then

zeroing out the detail (typically high-pass) coefficients that fall below a certain threshold. An

inverse wavelet transform is applied to the thresholded signal to yield the final estimate [9, 10]. As

in classical low-pass filtering, zeroing out detail coefficients removes high-pass noise. However, in

wavelet denoising, if the signal itself has a localized high-pass feature, such as a sharp discontinuity,

the corresponding detail coefficients will have significant energy and not be zeroed out in the

thresholding. In this way, wavelet denoising can low-pass filter the signal while preserving the

high-pass components in selected time intervals.

Recently, a method known as cycle spinning has been proposed by [6] as an improvement on

wavelet denoising. The wavelet transform is not time-invariant. Consequently, if the noisy signal

is shifted in time, denoised and then shifted back, the result will, in general, be different from the

estimate obtained from denoising without shifting. It can be shown that if the wavelet transform

used in the denoising has J stages, up to 2J different estimates can be obtained with different

shifts. The cycle spinning estimate is obtained by simply linearly averaging these 2J estimates.

Heuristically, the errors in the 2J individual estimates will not be wholly statistically dependent,

and therefore, the averaging will reduce the noise power.

A natural question to ask is whether simple linear averaging is the best way to combine the

information from the estimates at different shifts. The basic thesis of this work is that linear

averaging is not the best way, and in fact, can be dramatically improved upon.

We reach this conclusion by considering the wavelet denoising and cycle spinning as types of

projections. In wavelet denoising, selecting which wavelet coefficients are to be set to zero, in

essence, identifies a subspace in which the signal of interest has most of its energy. The subspace is

the set of signals having certain wavelet coefficients as zero. In zeroing out these coefficients on the

noisy signal, the denoising, in effect, projects the noisy signal onto this subspace. Different time

shifts identify different subspaces in which the unknown signal has most of its energy, and cycle

spinning simply averages the projections onto these subspaces.

However, instead of averaging the 2J projections, we argue it is better to project directly onto

the intersection of the subspaces. The reason is simple. If the unknown signal has most of its

energy in each of the subspaces, it will have most of its energy in their intersection. Consequently,

projecting the noisy signal onto the intersection of the subspaces will remove little of the signal
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energy. Now consider the noise. If the original additive noise is white, the amount of noise left

after projecting is proportional to the dimension of the range space of the projection. Since the

intersection of subspaces typically has a much smaller dimension than the subspaces themselves,

projecting onto the intersection of the subspaces will remove much more noise than the projection

onto the individual subspaces.

To perform the projection onto the intersection of the subspaces, we propose an algorithm, which

we call iterative cycle spinning. The algorithm produces a sequence of estimates by recursively

denoising with different time shifts, repeatedly cycling through the 2J shift values.

Our main result will show that the estimates from the proposed method are guaranteed to

converge to the intersection of the range spaces of the 2J denoising projections. Our global analysis

does not require any assumption on the initial condition of the algorithm. The global convergence

result is non-trivial since the algorithm is highly non-linear due to the thresholding. Local conver-

gence results are also proven. Convergence to the projection of the original noisy signal onto the

above-stated intersection can be achieved when the initial signal has sufficiently small, yet typical,

additive noise.

Imposing certain initial conditions on the signal yields not only convergence, but convergence

to the projection of the original noisy signal onto the above-stated intersection. The necessary

conditions are satisfied when the initial additive noise is small, yet typical, in magnitude. This

projection is the closest point to the noisy signal in the space.

In addition to the theoretical analysis, numerical simulations of the algorithm denoising piece-

wise polynomial signals are presented. For these signals, it is shown that in a small number of

iterations iterative cycle spinning offers significantly better noise reduction than standard cycle

spinning. A comparison with Fourier techniques is also shown, along with studies of threshold

values, filter bank stage numbers, and filter order choices.

1.2 Previous Work

Denoising by wavelet thresholding was introduced by Donoho and Johnstone in [10]. Their method

of using “soft thresholding” was referred to as “wavelet shrinkage”. The basic idea of setting fine-

scale wavelet coefficients to zero as a noise reduction method was not revolutionary. However, earlier

and contemporaneous works on this method, e.g. [31], emphasized the need to separate “edge” and

“non-edge” locations and threshold only the fine-scale coefficients in non-edge locations. Techniques
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for this separation were effective but decidedly ad hoc. Donoho and Johnstone’s wavelet shrinkage

was remarkable for its simplicity, requiring no tracking or correlation of maxima and minima across

scales.

Wavelet shrinkage drew attention not only from engineers for its simplicity and effectiveness, but

also from statisticians and mathematicians for its elegance and the precise asymptotic statements

that could be made. Donoho [9] provided a clear and precise interpretation of wavelet shrinkage

as the minimization of a mean-squared error (MSE) subject to a smoothness condition. Further

theoretical interpretation of wavelet shrinkage and another threshold calculation method are given

in [2].

Cycle spinning is central to this thesis and thus is explained in greater detail in Section 2.4. An

erroneous motivation for cycle spinning is that averaging N noisy observations generally reduces

the variance of the noise by a factor of N . The suboptimality of cycle spinning is related to the fact

that the different phases are not corrupted by independent noise. Another wavelet thresholding

work by Chang et al. [5] looks at multiple copies of a single image each corrupted by independent

noise. There too simple averaging is suboptimal.

Other bases and estimation techniques The suitability of a basis for denoising by threshold-

ing depends on the sparseness of the signal in the basis. Krim et al. [17] report improved denoising

by applying thresholds in an adaptive best basis instead of in a fixed wavelet basis or set of wavelet

bases, and Strela et al. [28] obtain improvements by replacing the wavelet transform with a multi-

wavelet transform. A translation-invariant multiwavelet-based method is given in [1]. Thresholding

of pyramid transform coefficients is considered in [22]. A novel way to combine features across scales

is given in [11].

Finally, it should be noted that there is growing literature inspired by wavelet thresholding but

using minimum MSE estimation of wavelet coefficients. This estimation depends on developing a

statistical model for the coefficients. Amongst the best results are those reported in [23, 18, 12]
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Chapter 2

Background

2.1 The Discrete Wavelet Transform

The simplest way to define the discrete wavelet transform (DWT) is to describe the computational

structure used to calculate it. The DWT is most easily computed by an iterated filter bank;

imposing specific conditions on the filters yields a wavelet transform, imposing further conditions

determines the properties of that transform, such as orthogonality and frequency selectivity [29,

21, 27, 8].

As a precursor to the discrete wavelet transform, consider the two-channel filter bank depicted

in Figure 2.1. The left half is denoted the analysis filter bank, and correspondingly, the right the

synthesis filter bank. In the analysis filter bank, the input x is passed through two filters h0 and

h1 and both filter outputs are downsampled by a factor of 2 producing the two outputs X0 and

X1. The synthesis filter bank recombines X0 and X1 by upsampling each of these by 2, filtering

respectively by g0 and g1, and then summing. This final output is designated x̂.

For this structure to be of any interest, the filters h0 and h1 must be of different frequency

selectivity. The upper branch h0 is arbitrarily selected as having the lower passband of the two.

Under certain conditions on the filters, the output x̂ equals the input x for every input. The

transform from x to (X0,X1) can then be inverted. Specifically, the synthesis filter bank inverts

analysis filter bank. The analysis-synthesis pair is then called a perfect reconstruction filter bank.

These filter restrictions can be expressed in many forms, but time- and z-domain representations

are the most transparent and useful for this work. The following conditions are equivalent to the
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Figure 2.1: Block diagram of a two-channel filter bank.

perfect reconstruction property.1

a) Frequency domain:

G0(z)H0(z) + G1(z)H1(z) = 2

G0(z)H0(−z) + G1(z)H1(−z) = 0.

b) Time-domain: For i, j = 0, 1, the convolution of the impulse responses of the filters satisfy

(hi ⋆ gj)[2n] = δ[i − j]δ[n],

where δ[m] is the delta function: δ[m] = 1 for m = 0 and δ[m] = 0 for all m 6= 0.

With the convention above of h0 being a low-pass filter, in a perfect reconstruction filter bank,

g0 must be a low-pass filter also, and h1 and g1 are forced to be high-pass.

Discrete wavelet transforms are generated via cascaded applications of the analysis filter bank

part of a perfect reconstruction filter bank. The computational structure is shown in Figure 2.2.

The output of the analysis low-pass filter is the input into another two-channel analysis bank. A

J-stage wavelet transform can be produced with J such analysis banks iterating on the low-pass

branches as shown. The final output consists of the outputs of the final stage low-pass filter and

each of the J high-pass filter outputs.

The outputs of the branches are called subbands. For a J-stage filter, there are J + 1 subband

outputs, which will be denoted X0, . . . ,XJ . The coefficients of the subband, X0, resulting from the

J successive low-pass filter stages are called the scaling coefficients, The coefficients in the other J

subbands, X1, . . . ,XJ , are called detail coefficients.

1The convention of replacing a lower-case letter by its capital version to indicate the transformation of a time-

domain sequence to z-domain function is followed throughout this document.
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Figure 2.2: Block diagram of a filter bank implementation of a three-stage discrete wavelet trans-

form.

Due to the downsampling, the subbands have different data rates and contain the information

representing different frequency bands. The scaling subband, X0 is 1/2J times the original data

rate of x. For i > 0, the data rate of the i-th detail subband, Xi, has a data rate of 1/2J+1−i times

the original data rate. The total data rate of the subband outputs is the same as the original rate.

Also, assuming for convenience that h0 is an ideal half-band low-pass filter, the signal X0 represents

the frequency band [0, π/2J ], and for i > 0, Xi represents the frequency band, [π/2J+1−i, π/2J−i].

Hence, the label of subband.

In the remainder of this work, we will restrict our attention to finite length, discrete-time signals.

Specifically, for a J-stage wavelet, we will assume the input x is an N -length discrete-time signal,

where N is divisible by 2J . In this case, the scaling coefficient output X0 will have N/2J coefficients,

denoted X0(k), k = 0, . . . , N/2J − 1. For i > 0, Xi will have N/2J+1−i coefficients. We will use the

notation, X, to denote the stacked vector of the J + 1 subband coefficients,

X = [X0 X1 · · · XJ ].

The wavelet transform X can thus be considered a N -length vector, and we will let W denote the

wavelet transform operator from x to X: X = W(x).

Wavelet transforms can also be performed on continuous-time signals, although we will not

consider the continuous-time transform here. The interested reader is referred to [8, 21, 29]. This

work utilizes only the discrete wavelet transform.
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2.2 Properties of the Wavelet Transform

2.2.1 Periodic Time-Invariance

Although it is implemented with linear time-invariant filters, the wavelet transform is not time-

invariant. This is due to the downsampling in the analysis bank. However, the wavelet transform

does retain the property of periodic time-invariance.

An operator O is periodically time invariant with period T if it is satisfies the property:

O(x[n]) = y[n] ⇒ O(x[n − kT ]) = y[n − kT ] for every k ∈ Z.

An operator is time invariant if it is periodically time invariant with period 1.

It is easy to verify that downsampling by a factor of K followed by upsampling by a factor of

K is a periodically time-invariant operation with period of K. This operation is not periodically

time-variant with period T for any T that is not a multiple of K; using the notation above, the

sample x[T ] is discarded when the down- and upsampling are done without shifting but is retained

when the input is first shifted by T . Thus downsampling by K > 1 followed by upsampling by K

is not a time-invariant operation.

In a J-stage DWT, the lowest rate subbands have been decimated by a factor of M = 2J . The

transform is thus periodically time invariant with period M = 2J .

2.2.2 Orthogonality

Orthogonal transforms are an important class of linear transforms. In general, a linear transform

is orthogonal if it has a matrix representation T with T−1 = T ′, where T ′ denotes the transpose of

T .

Two properties of orthogonal transforms are used repeatedly in this work:

a) Orthogonal transform are Euclidean-distance preserving. If T is orthogonal, ‖T (x − y)‖ =

‖x − y‖ for any two vectors x and y.

This property is useful for denoising, since it implies that the distance between two vectors is the

same in transform domain as the original space. Consequently, a quantity such as an error between

a true signal and an estimate can be evaluated equally in either space.

b) Orthogonal transformations of a white noise are white. A zero-mean random vector η ∈ R
N

is a white noise if its autocorrelation matrix E[ηη′] = σ2
ηIN for a scalar ση. If T is orthogonal,
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ν = Tη is also a white noise because

E[νν ′] = E[Tηη′T ′] = T E[ηη′]T ′ = σ2
ηIN .

This property is important for removing additive white noise because it allows one to consider the

noise as added and removed in the transform domain.

Another important property of orthogonal transforms that is not used explicitly in this work but

is important in any numerical experimentation is that orthogonal transforms are numerically well

conditioned. Not only is the inverse of an orthogonal transform T known to be T ′ without requiring

any computation, but solving Tx = y for x is always well conditioned. Discrete wavelet transforms

are, by the iterated filter bank construction, always invertible without explicit computation of a

matrix inverse.

A discrete wavelet transform can be made orthogonal by imposing certain restrictions on the

filters. Specifically, it can be shown that a wavelet transform is orthogonal if and only if the filter

transfer functions satisfy

H0(z)H0(z
−1) + H0(−z)H0(−z−1),

and

H1(z) = −z2k+1H0(−z−1)

for some integer k. In the remainder of this work, we will restrict our attention to orthogonal

wavelet transforms.

2.2.3 Vanishing Moments and Daubechies Filters

A filter h[n] is said to have p vanishing moments if h[n] ⋆ x[n] = 0 for any polynomial x of degree

less than p. In frequency domain, this property corresponds to the filter H(z) having p zeros at

z = 1. A wavelet transform is said to have the p vanishing moments if its high-pass filter H1(z)

has p vanishing moments.

Wavelet transforms with vanishing moments have the useful property that the detail coefficients

of polynomials are zero. Specifically, suppose that W is a wavelet transform with p vanishing

moments with any number of stages J , and x is a polynomial input to the transform with degree

less than p. It can be verified that downsampling and filtering any polynomial will remain a

polynomial with the same degree. Therefore, if x is the input to the transform W, the input to the

high-pass filter H1(z) in each detail coefficient subband will be a polynomial of degree less than p.
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Since H1(z) has p vanishing moments, the output of the filter will be zero. Consequently, all the

detail coefficients of W(x) will be zero for any polynomial of degree less than p. This vanishing

moment property will be useful later in denoising piecewise polynomials.

Orthogonal wavelet transforms can be constructed with an arbitrary number of vanishing mo-

ments. The most common construction is through the Daubechies filters. For any p, the Daubechies

filter pair, denoted Dp, is a pair of filters (H0(z),H1(z)) such that the resulting wavelet transform

has exactly p vanishing moments. The Dp filters are FIR with length 2p and have a cutoff fre-

quency of π/2: H0(z) is low-pass with passband [0, π/2] and H1(z) is a high-pass filter with passband

[π/2, π]. The Daubechies filters have the property that the filter pair Dp are the minimum length

orthogonal FIR filters with p vanishing moments. The details of the construction of the filters are

given in [8, 21]. For p = 1, the Daubechies filter pair D1 is given by

H0(z) =
1√
2
(1 + z−1), H1(z) =

1√
2
(1 − z−1).

This filter pair, D1, is also often called the Haar wavelet. For p = 2, the Daubechies pair, D2, is

H0(z) =
1

4
√

2
(a0 + a1z

−1 + a2z
−2 + a3z

−3)

H1(z) =
1

4
√

2
(−a3 + a2z

−1 − a1z
−2 + a0z

−3)

where

a0 = 1 +
√

3, a1 = 3 +
√

3, a2 = 3 −
√

3, a3 = 1 −
√

3.

These filters, and the filters for higher values of p, are given in [8, 21].

2.3 Denoising using Wavelet Thresholding

2.3.1 Basic Algorithm

Denoising refers to the general problem of estimating an unknown signal from observations of the

signal corrupted by additive noise. In this work, x will denote an unknown signal to be estimated,

and y will denote the signal x with noise

y[n] = x[n] + d[n], n = 0, . . . , N − 1,

where d is the additive noise. The goal of denoising is to find an estimate x̂ of x from the noisy

signal y.
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Figure 2.3: Wavelet transform of a piecewise polynomial signal with the transform coefficients

arranged in subbands.

As discussed earlier, the most common method for denoising is low-pass filtering of the noisy

signal y. The idea is that the true signal, x, is assumed to be mostly low-pass. Therefore, low-pass

filtering preserves the signal energy while eliminating any noise in the high frequencies. Unfor-

tunately, the true signal x may also have certain high-pass features, such as discontinuities, and

low-pass filtering will attenuate these features. For example, images have discontinuities at the

boundaries of objects, and low-pass filtering will have the undesirable effect of blurring the edges

at these locations.

Wavelet thresholding is a method for denoising signals that can selectively locate and preserve

important high-pass features of the signal. The wavelet thresholding estimate for x given y can be

obtained in three steps:

1. The noisy signal, y, is first wavelet transformed to yield wavelet coefficients, Y = W(y), where

W denotes the wavelet transform operator.

2. All the detail wavelet coefficients of Y are zeroed out, except coefficients that are sufficiently

large. The wavelet coefficient vector after zeroing out is denoted X̂ and can be described by
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W W−1

T
x[n]

d[n]

y[n] Y (k) Ŷ (k)
x̂[n]

Figure 2.4: Block diagram depicting denoising via hard thresholding of wavelet coefficients.

the thresholding operation,

X̂(k) =







Y (k) if |Y (k)| > T (k)

0 if |Y (k)| ≤ T (k)

where the values T (k) are the threshold levels. In general, the threshold levels T (k) = ∞ for all

the scaling coefficients k, and T (k) is finite, but non-zero when k is a detail coefficients. In this

way, all the scaling coefficients are kept along with any detail coefficients that are sufficiently

large. The threshold level values are adjustable parameters of the denoising algorithm and

will be discussed momentarily.

3. The final estimate, x̂, is the inverse wavelet transform of the thresholded coefficients: x̂ =

W−1(X̂).

The basic assumption in the algorithm is that the energy of the true signal, x, in the detail

subbands is concentrated in a few large coefficients. The remaining detail coefficients are assumed

to be small. Under this assumption, the threshold levels could, in principle, be set such that the

small detail coefficients fall below the threshold and are set to zero, while the large coefficients lie

above the threshold and are preserved. Since the true signal, x, is assumed to have little energy

on the small coefficients, the small coefficients of y should contain mostly noise. Therefore, setting

these coefficients to zero removes mostly noise while removing little energy of the true signal. On

the other hand, the large detail coefficients of y are likely to contain a large component due to the

true signal x and will be kept. In this way, the estimate x̂ is obtained from the original signal y

by removing the noise in the small detail coefficients, while selectively preserving the components

in the large detail coefficients. Since the detail coefficients generally contain the high-pass content

of the signal, we could say that wavelet thresholding low-pass filters the noisy signal, except at

selected points where large high-pass features are detected.
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One situation that wavelet thresholding is particularly well-suited to is the estimation of a

“piecewise low-pass” signal. That is, the signal to be estimated, x, is low-pass signal except for

some occasional discontinuities.

Since the detail coefficients of a signal generally contain the signal’s high-pass content and x is

piecewise low-pass, the detail coefficients of x should be small, except possibly for the coefficients

effected by the discontinuities. In general, the wavelet transform filters are FIR with short length.

Therefore the effect of each discontinuity will appear in only a small number of detail coefficients.

Consequently, all the detail coefficients of x should be small except for a few points due to the

signal discontinuities. Thus, if the threshold levels are set correctly, the small coefficients will be

set to zero, and the large coefficients due to the discontinuities will be preserved. In this way, the

thresholding will ideally low-pass filter the noisy signal, except at the discontinuities, where the

high-pass content will be preserved. The thresholding is thus able to low-pass filter the signal to

remove noise, while maintaining the high-pass content at the discontinuities.

2.3.2 Denoising Piecewise Polynomials

One important application of wavelet thresholding is the estimation of piecewise polynomials. In

this case, the unknown, true signal, x, is assumed to be a piecewise polynomial of degree less than

d, for some known value d. The wavelet transform used in the denoising is selected to have at least

d vanishing moments. The construction of such wavelet transforms was discussed above in Section

2.2.3.

With the vanishing moment property, the detail coefficients of the true signal x will be exactly

zero, except at the discontinuities. Therefore, the corresponding coefficients of the noisy signal y

will contain only noise. Thus, if the coefficients are set to zero in the thresholding, the thresholding

will remove only noise energy and no signal energy.

Thus, wavelet denoising with piecewise polynomials with vanishing moment wavelet transform

represents an ideal case where the thresholding can be performed without removing any signal

energy.

2.3.3 Notation

At this point, we introduce some notation that will be useful for the remainder of this work.

Referring to Section 2.3.1, given a noisy signal y, we will let α(y) denote the set of coefficients that
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Figure 2.5: Example of denoising a piecewise polynomial signal with wavelet thresholding. (a)

Original signal and noisy signal with 17.1 dB SNR. (b) Hard thresholding increases the SNR to

22.9 dB.
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are set to zero in the thresholding. That is,

α(y) = { k : |Y (k)| < T (k) },

where Y = W(y) are the wavelet transform coefficients of y. We let Λα denote a hard thresholding

operator with zero set α,

(ΛαY )(k) =







Y (k) if k 6∈ α

0 if k ∈ α

With this notation, the thresholding step of denoising can be written,

X̂ = Λα(y)Y.

We will let D the wavelet denoising operator, x̂ = D(y). Since denoising is performed by taking

the wavelet transform, thresholding, and then taking the inverse transform, the denoising operator

is given by

x̂ = D(y) = W−1Λα(y)W(y).

2.3.4 Threshold Selection

Since the wavelet transform is linear, the wavelet transform of the signal y[n] = x[n] + d[n] is

given by Y (k) = X(k) + D(k), where X = W(x) and D = W(d). That is, each individual wavelet

coefficient Y (k) has a signal component X(k) and a noise component D(k). In wavelet thresholding,

X(k) is estimated either as X̂(k) = Y (k) or as X̂(k) = 0. The squared error for this coefficient is

|X(k) − X̂(k)|2 =







|D(k)|2, if X̂(k) = Y (k);

|X(k)|2, if X̂(k) = 0.

The best choice between the two possible estimates thus depends on whether the noise component

is larger than the signal component.

In the denoising problem considered in this work, there is obviously no direct access to X(k)

or D(k)—if there was, there would be no challenge in estimating x[n]. However, purely for sake

of comparison, one can imagine the existence of an oracle with knowledge of |X(k)| and σ2 =

E[|D(k)|2] that tells you whether to use X̂(k) = Y (k) or X̂(k) = 0.2 The oracle would tell you to

use

X̂oracle(k) =







Y (k), if |X(k)| ≥ σ;

0, otherwise.

2Notice that the oracle knows the signal magnitude and the variance of the noise but does not know the realization

of the noise D(k).
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The expected squared error for this coefficient is thus E[|X(k) − X̂(k)|2] = min{|X(k)|2, σ2}, and

the expected squared error over the whole signal is then

E[‖X − X̂‖2] =
∑

k

min{|X(k)|2, σ2}. (2.1)

Incidentally, this equation shows the value of a sparse representation of the signal: if the wavelet

domain representation of the signal has only K ≪ N nonzero coefficients, the expected squared

error after denoising is at most Kσ2, so the noise has been reduced by a factor of at least N/K ≫ 1.

The performance of the above oracle-based technique may seem irrelevant because no such

oracle is available in practice. However, it is useful as a reference against which to compare the

performance of other techniques. Donoho and Johnstone [10] showed that with an appropriate

choice of the threshold T , replacing the oracle by the simple and implementable rule

X̂thresh(k) =







Y (k), if |Y (k)| ≥ T ;

0, otherwise
(2.2)

degrades the performance by a factor logarithmic in the signal length:

E[‖X − X̂thresh‖2] ≤ (2 ln N + 1)
(

σ2 + E[‖X − X̂oracle‖2]
)

. (2.3)

Furthermore, no diagonal estimator can improve the 2 ln N factor, so in asymptotic terms threshold-

ing is as good as any denoising technique that acts independently on each of the wavelet coefficients.

While (2.2) is the hard threshold operator, the same bound (2.3) applies for soft thresholding.

Thresholding is a simple way to detect signal energy. The increased error of hard thresholding as

compared to the error obtained with an oracle is due to two types of errors: coefficients that should

have been set to zero but were retained (“false positives” in the detection of signal energy) and

those that should have been retained but were set to zero (“false negatives”). A small threshold

will result in more false positives and a large threshold will result in more false negatives. The

optimal threshold value balances these types of error.

The threshold value used to prove (2.3) is

T = σ
√

2 ln N. (2.4)

The intuition for this value is that with very high probability, the maximum amplitude of N inde-

pendent samples of N (0, σ2) noise is just below σ
√

2 ln N . So this threshold value will insure that

when the noise-free coefficient X(k) is approximately zero, the thresholded value of the coefficient
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is zero with high probability. For large enough values of N—when the maximum amplitude of the

noise becomes predictable—threshold with this value of T removes all of the small coefficients that

are dominated by noise but is also removes some of the smaller signal components that are not

dominated by noise. In other words, it avoids false positives on small coefficients. The optimal

threshold value is smaller than σ
√

2 ln N but, in agreement with the earlier-stated results, does not

greatly reduce the error below the bound (2.3).

Much of the engineering work that followed the seminal work of Donoho and Johnstone focused

on the selection of threshold values for denoising images. Many researchers noted that the universal

and asymptotically near-optimal thresholds of [9] could be improved by ad hoc means. Some

proposed means for computing a better single threshold to apply to all the wavelet coefficients

while others suggested using different thresholds for different subbands.

The best thresholding in a wavelet basis is achieved when the threshold is adapted spatially

and with scale. In [4], threshold adaptation is done with context modeling and generalized Gaus-

sian models for the wavelet coefficients. This adaptation is motivated by Rissanen’s minimum

description length (MDL) principle in [13].3 The concepts of denoising by compression articulated

in [24] and MDL inspired the threshold selections in [3]. Other methods of threshold selection are

developed, for example, in [16, 30].

In this work, the threshold T = 3σ, where σ is the standard deviation of the noise or an estimate

of the standard deviation of the noise, is generally used. This value is empirically supported for

image denoising [21, p. 462] and has a similar heuristic justification as (2.4): the threshold σ
√

2 ln n

is intended to be larger than the noise with vanishing probability, while 3σ is smaller than the noise

with small, fixed probability. Allowing a small, fixed probability of false positives better balances

the two types of errors and hence leads to lower average error.

2.4 Cycle spinning

One way of improving the basic denoising algorithm is through a method called cycle spinning.

In cycle spinning, the signal to be denoised is translated by various time shifts. Each time shift

is separately transformed and denoised, and the estimate is then taken to be the average of these

results.

3While denoising performance is not greatly improved, only a few nonzero coefficients are retained so the method

of [13] is good for simultaneous compression and denoising.
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ŷ(1)[n]
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Figure 2.6: A depiction of cycle spinning. The number of shifts is M = 2J , where the wavelet

transform W has J stages. The M wavelet transforms will have some coefficients in common, so

this is not an efficient implementation.

For a sequence x[n], let x(i)[n] = x[n− i], i.e. the right shift of x[n] by i. Thus for various shifts

i, we take the noisy signal y[n], shift it by i, then perform a wavelet denoising on y(i)[n]. Each of

these denoised outputs are left-shifted back by i, and these estimates are denoted x̂(i)[n].

In general, the estimates x̂(i)[n] are different for different values of i because the wavelet trans-

form is periodically translation-invariant. Because of the decimation in each branch, the wavelet

transforms of different shifts differ from one another for shifts up to N = 2J , where J is the number

of stages in the filter bank. Thus, the estimates x̂i[n] will also differ. For a J-stage filter bank, x̂(i)

is equal to x̂(k) when k = i mod 2J ; therefore, the estimates x̂(0), . . . , x̂(M−1), where M = 2J , are

in general different estimates.

The cycle spinning estimate is obtained by simply linearly averaging the 2J estimates, x̂(i)[n],

i = 0, . . . , 2J − 1. The idea is that the error in the estimates are not completely dependent.

Consequently averaging these estimates should yield a reduction in noise. For example, if the

additive noise were white and if these estimate errors were completely independent, then the noise

would be reduced by a factor of 1/M . In general however, the errors are not independent but they

do have independent components, and some reduction in noise is obtained.
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Figure 2.7: Denoising with a shift gives a different estimate than denoising without a shift. However,

the errors are not uncorrelated.
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Chapter 3

Improving Cycle Spinning through

Projections

3.1 Problems with Cycle Spinning: An Illustrative Example

Cycle spinning reduces the estimation error by simply averaging the estimates obtained from de-

noising various shifts of the signal. It is natural to wonder if this is the best way to combine the

information from these 2J estimates. The basic thesis of this work is that linear averaging is, in

fact, far from optimal. In this section, a simple example is presented illustrating how improvement

may be possible.

Consider estimating a piecewise constant signal x[n] from a noise corrupted signal y[n],

y[n] = x[n] + d[n], n = 0, . . . , N − 1, (3.1)

where, as usual, N is the signal length and d[n] represents additive noise.

To denoise a piecewise constant function, it is natural to use a wavelet transform that has one

vanishing moment. For higher order polynomial signals, we could of course use a transform with

more vanishing moments. To implement the wavelet transform in this example, we use a 1-stage

filter bank with filters

H0(z) =
1√
2
(1 + z−1), H1(z) =

1√
2
(1 − z−1).

This actually corresponds to the filter coefficients for the Haar, or the first order Daubechies (D1)

wavelet transform. As discussed in Section 2.2.3, the D1 filter produces an orthogonal wavelet

transform with the zero-moment property for constant functions.
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Since this is a one-stage filter bank, cycle spinning would entail averaging estimates obtained

from shifts of zero and one. Let us first consider the wavelet coefficients of the true signal, x[n],

under the two shifts. The detail coefficients are the output of the high-pass filter H1(z) subsampled

by two. Applying this transform to the piecewise constant signal x[n] yields detail coefficients

X
(0)
1 (k) =







2−1/2(x[2k] − x[2k − 1]) k = 1, . . . , N/2 − 1,

2−1/2x[0] k = 0.
(3.2)

Here, we have assumed, for simplicity, that N is even. Similarly, the transform of the signal shifted

by one has detail coefficients:

X
(1)
1 (k) = 2−1/2(x[2k + 1] − x[2k]), k = 0, . . . , N/2 − 1. (3.3)

Now suppose the function x[n] happened to be constant on the entire interval [0, N −1], not just

piecewise constant. Then (3.2) and (3.3) show that the detail coefficients of the unknown signal

would satisfy:

X
(0)
1 (k) = 0, for k = 1, . . . , N/2 − 1, and

X
(1)
1 (k) = 0, for k = 0, . . . , N/2 − 1.

That is, all but one of the detail coefficients of the true signal would be zero.

Now consider the detail wavelet coefficients of shifts of the noisy signal y[n]. The wavelet

transform of y[n] is the sum of the wavelet transforms of the true signal, x[n], and noise, d[n].

Therefore, for values of i and k with X
(i)
1 (k) = 0, Y

(i)
1 (k) would contain only noise energy and

no component of the signal. If the noise is sufficiently small, these coefficients will fall below the

threshold level and would be set to zero in the thresholding. Therefore, the estimates, x̂(i)[n],

i = 0, 1, obtained from taking the inverse wavelet transform of the thresholded shifts of the signal

would satisfy,

x̂(0)[2k] = x̂(0)[2k − 1], for k = 1, . . . , N/2 − 1,

x̂(1)[2k + 1] = x̂(1)[2k], for k = 0, . . . , N/2 − 1.
(3.4)

Thus, the estimates on each shift will be constant over pairs of samples: x̂(0)[n] would be constant

on even pairs, and x̂(1)[n] on odd pairs.

So with sufficiently small noise, denoising with a shift of zero revealed that the signal is constant

over even pairs of samples. The second denoising, with the shift of one, revealed that the signal

is constant over odd pairs. Therefore, simultaneously utilizing both sets of information, the final

estimate should be constant on both even and odd pairs’ samples. Such an estimate, x̂[n], would
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Figure 3.1: Example to illustrate the deficiency of cycle spinning.

satisfy,

x̂[n + 1] = x̂[n], for all n = 0, . . . N − 2.

That is, the estimate should be constant on the entire interval [0, N − 1], just like the true signal.

But, simply linearly averaging the pairwise constant estimates, x̂(0)[n] and x̂(1)[n], does not

result in a constant signal. In fact, the estimate obtained from averaging the two signals, would be

constant on neither even nor odd samples. Thus, we see that although the information from the two

shifts showed that the true signal is constant on the entire interval, cycle spinning does not produce

an estimate with this property. This motivates seeking an alternative method for combining the

estimates and the potential to better utilize the information from the two shifts.

A simple example is given in Figure 3.1. The top panel shows a constant signal x[n] = 1

and a noisy version of x[n] denoted as y[n]. The second panel shows the two pairwise constant

estimates x̂(0)[n] and x̂(1)[n]. These are each less noisy than y[n] but also are far from being constant

sequences. The bottom panel shows the average of x̂(0)[n] and x̂(1)[n] as would be computed with
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cycle spinning. This is compared to the optimal estimate computed from y[n] given that the signal

is constant.

3.2 Wavelet Thresholding as a Projection

To understand the problem with cycle spinning algorithm better and to motivate an alternative

algorithm, we need to introduce the idea of wavelet thresholding as a projection.

Projections play a fundamental role in denoising. A classical method to denoise a signal is to

find a subspace in which the true signal belongs, and to project the noisy signal onto that subspace.

Noise reduction occurs since projecting preserves the component of the true signal, while removing

any noise in the null space of the projection. Least squares estimation is a classic example of

denoising by projecting.

Wavelet thresholding can also be seen as an projection. Selecting which wavelet coefficients

to be set to zero, in effect, identifies a subspace in which most of the true signal energy is likely

to belong. Setting those coefficients of the noisy signal to zero projects the noisy signal onto that

subspace. Unlike least squares estimation, however, wavelet thresholding can be seen as an adaptive

projection, since the denoising procedure both identifies the subspace containing the true signal

and performs the projection to that subspace.

To describe the wavelet thresholding projection mathematically, recall that a projection is a

matrix, P , satisfying the properties that P = P ∗ and P 2 = P (here, and in the remainder of this

work, we will restrict our attention to orthogonal projections). A well-known property of projections

is that a matrix P is a projection if and only if it can be expressed as the product P = UΛU ′ where

U is an orthogonal matrix and Λ is a diagonal matrix with only ones or zeros on the diagonal.

From Section 2.3, the output of wavelet thresholding a noisy signal y can be written,

D(y) = W−1Λα(y)W(y)

where W(y) is the wavelet transform of y, α(y) is the set of coefficients zeroed out in the thresholding

and Λα(y) is the hard thresholding operator. Now, if the wavelet transform filters are orthogonal,

W, will have an orthogonal matrix representation. Also, the hard thresholding operator Λα(y)

can be represented as a diagonal matrix with only ones or zeros. Therefore, taking U = W and

Λ = Λα(y), we see that D(y) is a projection of y.

The noise reduction from wavelet thresholding can be understood easily in terms of the range
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and null space of the projection. Recall that the wavelet coefficients, α(y), that are set to zero are

assumed to contain mostly noise. That is, the true signal should have little or no energy in these

wavelet coefficients. The range space of the projection D(y) is precisely the set of signals whose

wavelet coefficients, α(y), are zero. Therefore, most of the signal energy should be contained in the

range space of the projection, while the null space contains mostly noisy. Consequently, projecting

the noisy signal y onto the range space will remove little of the energy of the true signal, while

removing mostly noise.

3.3 Cycle Spinning as Projection Averaging

Now consider denoising a signal y using cycle spinning with a J-stage wavelet transform. As

described in Section 2.4, cycle spinning will wavelet threshold the signal y with shifts of i =

0, . . . ,M − 1 where M = 2J . The signal y denoised with a shift i can be written as

x̂(i) = Di(y) = S(−i)W−1Λα(y,i)WS(i)(y)

where S(i) is the left shift by i, and α(y, i) is the set of wavelet coefficients zeroed out in the

denoising by a shift of i. The left shift operator S(i) is orthogonal with inverse S(−i). Therefore, as

in the previous subsection, Di(y) is a projection of y.

For each shift i, we will call the range space of the projection Di(y) the i-th denoise space of

y. The i-th denoise space of y is the set of signals x with X(i)(k) = 0 for all k ∈ α(y, i). Wavelet

thresholding the signal y with a shift i, projects y onto its i-th denoise space.

Assuming the thresholding works properly, for all shifts i, the i-th denoise space of y should

contain most of the energy of the true signal. Each estimate x̂(i) is the projection onto the i-th

denoise space. Cycle spinning thus locates M subspaces containing most of the energy of the true

signal, and finds M corresponding estimates in the subspaces.

The final cycle spinning estimate is the average of the denoised signals, x̂(i),

x̂ =
1

M

M−1∑

i=0

x̂(i).

Now, although each estimate x̂(i) lies in the i-th denoise space of y, the average of the estimates,

x̂, does not, in general, lie in any of the subspaces.

This fact is, in essence, the problem with cycle spinning: wavelet thresholding at different shifts

locates a number of subspaces in which the true signal is likely to belong. However, the final cycle
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(a) (b)

Figure 3.2: Comparison of denoising methods by considering projections onto subspaces. Denoising

by hard thresholding in the original wavelet basis is a projection to R0; including a shift makes it

a projection to R1. (a) Basic wavelet thresholding results in estimate x̂(0), which is the projection

of noisy observation y onto R0. In cycle spinning the projection onto R1, denoted x̂(1), is also

computed. The estimate from cycle spinning is the average of x̂(0) and x̂(1) and does not belong to

either R0 or R1. (b) To fully utilize the postulated sparseness of the original signal x in either of

the wavelet bases (the original basis or the basis used when there is a shift) the estimate should be

in the intersection of R0 and R1. The point in the intersection nearest to y is the projection of y

onto R0 ∩ R1. It can be found by alternating projections onto R0 and R1.

spinning estimate does not belong to any of them. It is natural to think that cycle spinning can

be improved by finding some estimate in all of the denoise subspaces. The relationships of these

subspaces is illustrated in Figure 3.2(a).

3.4 Projecting to the Denoise Space Intersection

Call the intersection of the M denoise spaces of y, the denoise space intersection. If the thresholding

of the noisy signal y works properly, the true signal should have most of its energy in each of M

denoise spaces. Therefore the true signal should have most of its energy in the denoise space

intersection as well.

This fact motivates a conceptually simple wavelet denoising procedure: use wavelet thresholding
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at different shifts to identify the M denoise subspaces of the noisy signal y, and then project y onto

the intersection of the subspaces, namely the denoise space intersection.

To quantitatively compare the performance of projecting the denoise space intersection to aver-

aging consider the following. As usual, let x be an unknown signal, and let y be a noise-corrupted

version of x given by,

y[n] = x[n] + d[n], (3.5)

where d[n] is additive noise.

Let Ri, i = 0, . . . ,M − 1 be a set of M subspaces of signals and let R be the intersection of

the subspaces Ri. Suppose that x is known a priori to belong to each subspace Ri. Consequently

x ∈ R. Let Pi be the projection operator onto Ri and P be the projection onto R. Consider two

estimates of x from the noisy signal y,

x̂avg =
1

M

M−1∑

i=0

Piy, (3.6)

x̂proj = Py. (3.7)

The first estimate, x̂avg , is the average of the projections of the noisy signal y onto the subspaces

Ri. If Ri were the i-th denoise space of y, then x̂avg would be the estimate obtained from the

cycle spinning algorithm. The space R is the intersection of the subspaces Ri, and is therefore the

denoise space intersection. Consequently, x̂proj, is the proposed estimate obtained by projecting

the noisy signal y onto R. These estimates are illustrated in Figure 3.2(b).

To compare the estimation error in the two estimates, we begin with the following simple lemma.

Lemma 1 Consider the estimates x̂avg and x̂proj above and suppose that the true signal x ∈ R.

Then for all noise sequences d,

‖x̂proj − x‖ ≤ ‖x̂avg − x‖.

Proof: Since x ∈ R and P is the projection onto R, Px = x. Also, since each subpsace Ri

contains R, PPi = P . Therefore,

P (x̂avg − x) = P

[

1

M

M−1∑

i=0

(Piy − x)

]

=
1

M

M−1∑

i=0

PPiy − Px

=
1

M

M−1∑

i=0

(Py − x) = Py − x = x̂proj − x.
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Since P is a projection, ‖P‖ ≤ 1 and therefore,

‖x̂proj − x‖ = ‖P (x̂avg − x)‖ ≤ ‖x̂avg − x‖.

�

Lemma 1 shows that for all noise sequences, d, the error in the projection estimate x̂proj is

never higher than the averaging estimate x̂avg. Consequently, projecting onto the intersection of

the subspaces is only better than averaging over the projections.

Under certain circumstances the projection estimate can be significantly better than the av-

eraged estimate. One important case, is illustrated in the following lemma which quantifies the

difference in the mean square errors when d[n] is white.

Lemma 2 Consider the estimates x̂avg and x̂proj above and suppose that the true signal x ∈ R.

Suppose, in addition, that the noise d[n] is white, zero-mean, with variance E|d[n]|2 = σ2. Then,

the mean square error (MSE) of the estimates satisfy,

E‖x − x̂proj‖2 = σ2 dim R

E‖x − x̂avg‖2 ≥ σ2

M2

M−1∑

i=0

dim Ri.

In the second equation, equality is obtained when the errors x − Piy are uncorrelated for different

values of i.

The proof of the lemma is given at the end of the section.

The lemma shows that, in the case of white noise, the averaging estimate, x̂avg, has an error

that is greater than or equal to σ2/M times the average of the dimensions of the range spaces

of the projections. On the other hand, the projection estimate, x̂proj, results in a error of σ2

times the dimension of the intersection of the range spaces. Now, in general, the dimension of

the intersection of the subspaces is typically much smaller than the dimensions of the subspaces

themselves. Therefore, in the case of additive white noise, the projection estimate should result in

a dramatically smaller error.

As an example, consider again the example in Section 3.1. In this case, the cycle spinning

estimate is the average of M = 2 estimates: x̂(0) and x̂(1). The estimate x̂(0) can be seen as the

projection of the noisy signal y onto a space R0 defined by the set of signals satisfying the first

equation of (3.4). The estimate x̂(1) is the projection onto a space R1 defined by the set of signals
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satisfying the second equation of (3.4). Since R0 and R1 are subspaces of an N -dimensional space

defined by N/2 − 1 and N/2 constraints, respectively, they have dimensions N/2 + 1 and N/2.

Therefore, Lemma 2 shows that the cycle spinning estimate error is lower bounded by,

E‖x̂avg − x‖2 ≥ σ2

22
(N/2 + N/2 + 1) =

σ2(N + 1)

4
.

Now, the intersection of the spaces R = R0 ∩R1 is the set of constant functions on [0, N − 1]. This

space has dimension one. Therefore, from Lemma 2 an estimate obtained from the projection of y

to the denoise space intersection, R, would have an MSE,

E‖x̂proj − x‖2 = σ2.

Comparing the two estimations errors, we see that for large N , the projection estimate error can

be dramatically smaller. For example, if N = 100 (ie. the signal is constant for 100 samples),

the projection estimate error would be at least 25 times, or 14 dB, lower than obtained from cycle

spinning.

Proof of Lemma 2: Since x ∈ R, Px = x, so

x̂proj − x = Py − Px = Pd.

Also, since d is white, zero mean and has variance E|d[n]|2 = σ2, the expectation of the matrix dd′

is given

E(dd′) = σ2I,

where I is the identity matrix. Therefore,

E‖x̂proj − x‖2 = E‖Pd‖2 = E(d′P 2d) = E(d′Pd)

= ETr(Pdd′) = Tr
[
PE(dd′)

]
= σ2TrP = σ2 dim R.

Here, we used the properties of the projection P that P 2 = P and the trace of the projection, TrP ,

is equal to dim R, the dimension of its range space. This proves the first part of the lemma.

For the second equation, observe that since x ∈ R, x ∈ Ri for all i and therefore Pix = x.

Therefore

x̂avg − x =
1

M

M−1∑

i=0

(Piy − Pix) =
1

M

M−1∑

i=0

Pid.

Consequently,

E‖x̂avg − x‖2 = E(x̂avg − x)′(x̂avg − x) =
1

M2

M−1∑

i,j=0

E(d′PiPjd). (3.8)
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To lower bound this sum, first observe that for all i and j,

Ed′PiPjd = σ2Tr(PiPj) = σ2Tr(PiP
2
j ) = σ2Tr(PjPiPj) ≥ 0,

where in the last step, we have used the fact that, since the matrices Pi and Pj ≥ 0, the matrix

PjPiPj ≥ 0. Therefore, the sum can be lower bounded by removing all the terms with i 6= j,

E‖x̂avg − x‖2 ≥ 1

M2

M−1∑

i=0

E(d′Pid).

Now, similar to the previous computation,

Ed′Pid = σ2 dimRi,

so,

E‖x̂avg − x‖2 ≥ σ2

M2

M−1∑

i=0

dimRi.

This proves the second equation of the lemma.

Finally, suppose that the estimation errors Piy − x are uncorrelated for different values of i.

Since Piy − x = Pid,

0 = E((Piy − x)′(Pjy − x)) = E(d′PjPid).

for all i 6= j. When E(d′PjPid) = 0 for all i 6= j, the sum in (3.8) reduces to

E‖x̂avg − x‖2 =
1

M2

M−1∑

i=0

E(d′Pid) =
σ2

M2

M−1∑

i=0

dimRi,

showing that equality is obtained in the second equation of the lemma when the errors are uncor-

related. �

3.5 Characterization of the Denoise Space Intersection

3.5.1 Dimension Bounds

The previous section claimed, without proof, that, in general, the denoise space intersection has a

much smaller dimension that the individual denoise space. This property, along with Lemma 2, was

used to argue that projecting to the denoise space intersection should result in a much lower MSE

than obtained from cycle spinning. The dimension of the denoise space intersection and denoise

subspaces were worked out for the simple constant signal case of Section 3.1. For this example,
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it was shown that the denoise space intersection does indeed have a much smaller dimension than

the individual denoise spaces. In this section, we extend this argument to more general wavelet

transforms.

The denoise spaces are, in general, complex functions of the wavelet transforms and thresholding.

Throughout the section, we make two simplifying assumptions. First, we will restrict our analysis

to J = 1 stage wavelet transforms, where the computations are much simpler.

Assumption 1 The wavelet transform W is an orthogonal one-stage filter bank with filters H0(z)

and H1(z). The high-pass filter, H1(z), has an impulse response is h1[n], n ≥ 0 with h1[0] 6= 0.

With a one-stage wavelet transform, denoising is performed with two shifts of the signal: shifts

of i = 0 and 1. As usual, the detail coefficients of the wavelet transform of a signal x[n] shifted

by i will be denoted X
(i)
1 (k). We will assume signals have N points, x[n], n = 0, . . . , N − 1.

Consequently, for each i, the detail coefficients will have N/2 points, X
(i)
1 (k), k = 0, . . . , N/2 − 1.

As a second assumption, we assume that the thresholding zeros out all but some initial number

of detail coefficients. To analyze this situation, we fix a K > 0, and, for i = 0, 1, define Ri to be

the set of signals

Ri =
{

x̂ : X̂(i)(k) = 0 for all k with 2k + i ≥ K
}

. (3.9)

We let R = R0 ∩ R1.

Later, we will assume the denoise spaces have the form Ri. Of course, in general, wavelet

thresholding may not zero out all but some initial set of coefficients. However, the analysis in this

section can be applied to an interval of the signal all of whose detail coefficients are set to zero.

The first lemma in this section computes the dimensions of the spaces Ri and R.

Lemma 3 Consider the spaces R0, R1 and R above.

a) The dimensions of R0 and R1 satisfy

dim R0 + dimR1 = N + K.

b) The space R = R0 ∩ R1 is precisely the set of signals x̂[n] satisfying

(h1 ⋆ x̂)[k] = 0 for all k ≥ K.

Also, dimR = K.
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Proof: Given a signal, x̂[n], the output of the filter H1(z) can be represented as a matrix product,

T x̂, where T is the N × N Toeplitz matrix,

T =











h1[0] 0 · · · 0

h1[1] h1[0] · · · 0
...

...
. . .

...

h1[N − 1] h1[N − 2] · · · h1[0]











.

Since the wavelet coefficients X̂(i)(k) are obtained from the left shifting x̂ by i samples, filtering

the shifted output with H1(z), and then downsampling by two, it can be verified that

X̂(i)(k) = (T x̂)[2k + i]. (3.10)

for k = 0, . . . N/2 − 1 and i = 0, 1.

Now, let Ki be the number of values of k with k = 0, . . . N/2− 1 and 2k + i < K. Observe that

K0 +K1 = K. Combining (3.9) with (3.10), we see that the space Ri is defined by the set of signals

x̂ with (T x̂)[j] = 0 for N/2 − Ki values of j. Since h1[0] is non-zero, the matrix T is invertible.

Therefore,

dim Ri = N − (N/2 − Ki) = N/2 + Ki.

Consequently,

dimR0 + dimR1 = N/2 + K0 + N/2 + K1 = N + K.

This proves part a).

For part b), observe that if x̂ ∈ R, then x̂ ∈ R0 and R1 and therefore,

X̂(i)(k) = 0 for i = 0, 1 and k with 2k + i ≥ K.

Therefore, (3.10) shows that x̂ ∈ R is equivalent to

(h1 ⋆ x̂)[k] = (T x̂)[k] = 0 for all k ≥ K.

Consequently, R is a set of signals x̂ with (T x̂)[k] = 0 for N − K values of k. Consequently, the

dimension of R is given by

dim R = N − (N − K) = K.

�
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3.5.2 MSE: Averaging versus Projecting

Lemma 3 can be easily combined with Lemma 2 to compare the MSE of the cycle spinning estimate

with that obtained by projecting to the denoise space intersection. Let x[n] be the unknown signal,

and y[n] be a noisy version given by (3.5). Suppose d[n] is zero-mean, white noise with E|d[n]|2 = σ2.

Also suppose that wavelet thresholding the noisy signal y[n] zeros out all but some initial set of

detail coefficients. Specifically, suppose that, for some K > 0, the i-th denoise space of y is of the

form Ri in the previous subsection. The cycle spinning estimate is the average of the projections

of y onto Ri. Therefore, the cycle spinning estimate is given by x̂avg in (3.6).

Now suppose that the true signal x is in R, the intersection of R0 and R1. This assumption is

equivalent to assuming that the wavelet thresholding at each shift does not zero out any wavelet

coefficients in which the true signal has energy. Under this assumption, Lemmas 2 and 3, along

with the fact that M = 2J = 2 show that the MSE of the cycle spinning estimate is bounded below

by

E‖x − x̂avg‖2 ≥ σ2(N + K)

4
. (3.11)

Now consider the MSE of projecting to the denoise space intersection. Since R0 and R1 are the

denoise spaces of y, R = R0 ∩R1 is the denoise space intersection. Therefore, the estimate x̂proj in

(3.7) is the projection of the noisy signal to the denoise space intersection. Lemmas 2 and 3 show

that the MSE of this estimate is

E‖x − x̂proj‖2 = σ2K. (3.12)

To compare the MSE’s in (3.11) and (3.12), note that K is the total number of detail coefficients

not set to zero in the thresholding. Now, typically, thresholding should zero out detail coefficients

unless they depend on samples at a discontinuity or other high pass feature. Usually, wavelet

thresholding is applied only when these features of the signal are relatively sparse. Consequently,

K is typically much smaller than the signal length N . Therefore, the MSE in (3.12) obtained

from projecting to the denoise space intersection should be much smaller than the MSE from cycle

spinning in (3.11).

3.5.3 Polynomial Approximations and Zero Moment Filters

Maintaining the notation of the previous subsection, suppose that the true signal x[n] is an unknown

polynomial of degree p. As discussed earlier, for denoising piecewise polynomial signals, it is natural

to use a wavelet transform with the zero moment property. Suppose the high-pass filter in the
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wavelet transform, H1(z), has the zero moment property for polynomials of degree p. Also suppose

that H1(z) is implemented with a K-th order FIR filter with coefficients h1[n].

Since x[n] is a polynomial of degree p and H1(z) has the zero moment property for degree p

polynomials, we have

(h1 ⋆ x)[k] = 0 for all k ≥ K. (3.13)

The initial K coefficients of the convolution may be non-zero due to the transient response of the

filter.

Now, for a shift of i = 0 or 1, the detail coefficients of x are given by shifting and decimating

the filter output h1 ⋆ x,

X
(i)
1 (k) = (h1 ⋆ x)[2k + i]. (3.14)

Combining (3.13) and (3.14), we see that the detail coefficients of the true signal x satisfy (3.9).

Therefore, the above analysis applies and the MSE’s of the cycle spinning estimate and the estimate

obtained by projecting onto the denoise space intersection are given by (3.11) and (3.12) respec-

tively. These equations show that as long as the filter order K is much smaller than the length N

on which the signal is a polynomial, the MSE of the projection estimate will be much better than

that of cycle spinning.

It is instructive to compare the denoise space intersection with the space of polynomials. Sup-

pose for a zero moment filter, H1(z), we use a Dp+1 Daubechies filter. As discussed earlier, the Dp+1

filter has the zero moment property for polynomials of degree p. The filter has order K = 2p + 1.

According to Lemma 3b), the denoise space intersection has dimension K = 2p + 1. However,

the space of polynomials of degree p only has dimension p + 1. Consequently, the denoise space

intersection is a larger space, having approximately twice the dimension for large p. Therefore,

projecting to the denoise space intersection will not exactly produce a polynomial estimate. Instead

it will project the noisy signal to a space containing, but larger than, the set of polynomials.

This property is a shortcoming of projecting to the denoise space intersection in comparison

to direct least squares estimation of the polynomial coefficients. Least squares estimation would,

in effect, project the noisy signal onto the space of polynomials. Since the space of polynomials

has approximately half the dimension as the denoise space intersection, least squares would result

in an approximately 3dB lower MSE than the denoise space intersection projection, assuming the

additive noise were white.

There are however other advantages of projection estimate to least squares. Most significantly,
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least squares does not identify the boundaries of the piecewise polynomial estimate, which is diffi-

cult, especially at higher dimensions. We will compare least squares and the proposed projection

estimate further later.
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Chapter 4

Recursive Cycle Spinning

4.1 Basic Algorithm

The previous chapter motivated the following simple conceptual algorithm: given a noisy signal y,

1. Use wavelet thresholding of shifted versions of the noisy signal, y, to identify M subspaces

likely to contain the most of the true signal energy. These spaces were called the denoise

spaces of y.

2. Compute the denoise space intersection, the intersection of the M denoise spaces.

3. Project y onto the denoise space intersection to obtain an estimate for the true signal.

The previous chapter argued that, if the thresholding correctly identified M subspaces containing

the true signal, the estimate obtained from projecting to the denoise space intersection would have

a much lower MSE than that obtained from averaging the projections to the M denoise spaces.

Unfortunately, directly performing the above algorithm is computationally difficult. For exam-

ple, the “brute force” method would be to write each of the M projections as matrices, numerically

compute the intersection of their range spaces (say, with a singular value decomposition), and then

project to the intersection. Unfortunately, all the matrices in the computation would have a size

of N × N , where N is the signal length. For large signal lengths, the matrix computations would

be prohibitive.

Recursive cycle spinning is an approximate, but computationally simple, method for projecting

to the denoise space intersection. The algorithm is simple to describe.
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z
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Figure 4.1: A depiction of recursive cycle spinning. The switch is initially in the upper position

to draw the noising signal y[n] into the system. Thereafter, the switch is in the lower position to

recursively denoise the output of the previous iteration. The shift i is changing from one iteration

to the next.

As before, let Di(x) denote the signal x wavelet denoised using a shift of i. That is, Di(x)

is obtained by shifting x to the left by i samples, wavelet denoising the shifted signal, and then

shifting the denoised signal back. Recursive cycle spinning generates a sequences of estimates, x̂ℓ,

as follows. The initial estimate, x̂0, is set equal to the original noisy signal: x̂0 = y. The subsequent

estimates are generated from the recursive rule:

x̂ℓ+1 = Di(x̂ℓ), i = ℓ mod M.

That is, the ℓ + 1-st estimate is obtained by denoising the ℓ-th estimate with a shift of i, cycling

through the shifts i − 0, . . . ,M − 1 in a round-robin manner.

The idea of the algorithm is that each iteration projects the estimate to one of the M denoise

spaces. Ideally, the algorithm would be performed for an infinite number of iterations, and the

estimate sequence x̂ℓ would converge to some limit point, say x̂∞. This limit point should be a

fixed point of the recursion updates, so that

x̂∞ = Di(x̂∞), ∀i = 0, . . . ,M − 1.

This fixed point condition means that x̂∞ would be in the range space of projections Di for all i.

That is, x̂∞ would be in the denoise space intersection. As argued in the previous chapter, the

denoise space intersection should be a space of small dimension containing the true signal, and

consequently, the final limit point should be close to the true signal.

Of course, the convergence of the algorithm is far from obvious. It is possible, for example, that

the estimate sequence could “bounce” between the M subspaces without converging. Moreover,
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even if the estimates do converge, the algorithm must be terminated after some finite number of

iterations. Consequently, it is important that the recursive cycle spinning converges quickly.

We will address these convergence issues in detail in Chapter 5. There, we will show that, under

suitable conditions, the recursive algorithm does indeed converge to the projection of the original

noisy signal to the denoise space intersection. Also, in a numerical example presented later, we will

see that the algorithm can converge quickly.

However, before discussing the convergence, we will need to address some implementation issues

that are particular to recursive cycle spinning.

4.2 Windowed Thresholding

In recursive cycle spinning, it is critical that not too many wavelet coefficients are set to zero in

the thresholding step. Otherwise, the denoise space intersection, the space the algorithm attempts

to project the noisy signal to, may be too small, and the estimate could be poor.

To illustrate this potential problem, consider using recursive cycle spinning with a J = 1 stage

wavelet transform. For a one-stage transform, recursive cycle spinning is implemented cycling

through shifts of i = 0 and 1.

Now, suppose that the unknown, true signal, x[n], has some discontinuity, say at n = n0. The

discontinuity will result in non-zero detail coefficients, the number depending on the filter length.

Using an analysis similar to Lemma 3, it can be shown that the total number of non-zero detail

coefficients from the shifts of zero and one will equal K, where K is the filter length of the high

pass filter H1(z).

However, even for a large discontinuity, some of these coefficients may be small and could be

set to zero in the thresholding. In this case, recursive cycle spinning will try to project the noisy

signal onto a space with less than a total of K non-zero wavelet coefficients. As a result, the range

space of the projection, the denoise space intersection, would have less than K degrees of freedom

from the discontinuity. Since the filter has length K, this lack of degrees of freedom will necessitate

some linear dependence between the portion of the signal before and after the discontinuity.

This restriction could result in a poor estimate. For example, in denoising piecewise polynomials

with filters with vanishing moments, the denoise space intersection may not contain all polynomials

before and after the discontinuity.

To avoid this problem, recursive cycle spinning can be implemented with “windowed” thresh-
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olding. As discussed earlier, in basic denoising, the set of wavelet coefficients that are set to zero

for a noisy signal y left shifted by i, is of the form,

α(y, i) = { k : |Y (i)(k)| ≤ T (k) }, (4.1)

where Y (i)(k) is the k-th wavelet coefficient of y shifted by i and T (k) is the threshold level for the

coefficient. For recursive cycle spinning, we propose to zero out the set of wavelet coefficients given

by

α(y, i) = { k : |Y (i)(j)| ≤ T (j) for all j ∈ [k, k + ∆(k)] }, (4.2)

where ∆(k) is a windowing parameter. The idea in the windowing is that a wavelet coefficient

k will not be zeroed out if any coefficient within ∆(k) of the coefficients exceeds the threshold.

The window length ∆(k) can be selected separately for each subband, and should be set equal to

the filter response length for that branch. With this setting, the windowing will guarantee that a

sufficient number of wavelet coefficients are left as non-zero.

4.3 Soft vs. Hard Thresholding

Up to now, we have described wavelet thresholding with hard thresholding. However, in wavelet

denoising, it is common practice to use a soft thresholding function, described by

(ΛSOFTY )(k) =







0 if |Y (k)| < T (k),

Y (k) − T (k) if Y (k) ≥ T (k),

Y (k) + T (k) if Y (k) ≤ −T (k),

(4.3)

where Y (k) are the wavelet coefficients of the noisy signal and T (k) are the threshold levels. Unlike

hard thresholding, soft thresholding is a continuous function and decreases the value of signal by

the threshold level. It has been argued that under certain statistical assumptions, soft thresholding

can result in slightly greater noise reduction.

In basic wavelet thresholding, one has the choice of using either soft or hard thresholding

depending on the problem. However, recursive cycle spinning can be implemented only with hard

thresholding.

The reason for this restriction is simple. In soft thresholding, all wavelet transform coefficients

are reduced somewhat, even ones that are not set to zero. If soft thresholding were used in recursive

cycle spinning, the estimate would decrease in norm in each iteration, eventually converging to
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zero. Therefore, to obtain a meaningful result, soft thresholding cannot be used with recursive

cycle spinning.
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Chapter 5

Convergence Analysis

5.1 Recursive Projections

Before analyzing the convergence of the proposed recursive cycle spinning algorithm, a general

result about recursive projections is proven. The following theorem shows, in essence, that if a set

of projections are repeatedly applied to a vector, then the result will converge to a vector in the

intersection of the range spaces of the projections. This result is the most technically complicated,

but will be the basis of the subsequent analysis.

Theorem 1 Let P = {P0, ..., PK−1} be a finite set of orthogonal projections. Suppose x̂ℓ is a

sequence of vectors satisfying

x̂ℓ+1 = Qℓx̂ℓ, (5.1)

where Qℓ ∈ P for all ℓ. Suppose that each Pi occurs infinitely often. That is, for every i, Qℓ = Pi

for infinitely many values of ℓ. Then

x̂ℓ → Px̂0 (5.2)

where P is the projection onto the intersection of the range spaces of the Pi’s.

Proof: The proof of this theorem is long and occupies the remainder of this section. We will begin

with some notation. For any subset I ⊆ {0, ...,K −1}, let SI denote the set of matrices of the form

Q = Q1 · · ·QL

where
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a) For every ℓ = 1, ..., L, Qℓ = Pi for some i ∈ I.

b) For every i ∈ I, Pi = Qℓ for some ℓ.

That is, matrices Q ∈ SI are products of matrices Pi with i ∈ I, with each Pi occurring at least once

in the product. For example, if I = {1, 3, 4}, SI contains matrices such as P1P4P3, P1P4P3P4P1,

etc. Let Ri denote the range space of Pi and let

RI =
⋂

i∈I

Ri.

The first step in the proof of Theorem 1 is to prove a somewhat technical bound. Define a

sequence γn recursively as follows. Let γ0 be any number with 0 < γ0 < 1, say γ0 = 1/2. Given γn,

define

γn+1 = max ‖Pjx‖ (5.3)

where the maximum is over all x of the form

x = x1 + x2 ∈ R⊥
J ∩ RI ⊕ R⊥

I , (5.4)

where I is some subset with |I| ≤ n, J = I ∪ j for some j 6∈ I, and

‖x1‖2 + γ−1
n ‖x2‖2 ≤ 1. (5.5)

We now prove the following.

Lemma 4 For all n, 0 < γn < 1.

Proof: The lemma is proven by induction on n. The case for n = 0 follows from the definition of

γ0. So, suppose that γn ∈ (0, 1) for some n. We want to show that γn+1 ∈ (0, 1). Since the set of

x satisfying (5.5) is compact, and there are only finitely many subsets I and finitely many values

j 6∈ I, the maximum in (5.3) is achieved. Therefore, the lemma is proven if the following can be

shown: for any subset I with |I| ≤ n, j 6∈ J ,

‖Pjx‖ < 1

for any and x satisfying (5.5).

First suppose x2 6= 0 where x2 is the component of x in R⊥
I in (5.4). Therefore, ‖x2‖ > 0, and

since γn < 1, ‖x2‖2 < γ−1
n ‖x2‖2. Also, since Pj is a projection, ‖Pj‖ ≤ 1. Using these two facts
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along with equation (5.5), we have

‖Pjx‖2 ≤ ‖x‖2 = ‖x1‖2 + ‖x2‖2

< ‖x1‖2 + γ−1
n ‖x2‖2 ≤ 1.

Now suppose that x2 = 0, but ‖Pjx‖ ≥ 1. By (5.5), ‖x‖ = ‖x1‖ ≤ 1. Therefore,

1 ≤ ‖Pjx‖2 = ‖Pjx1‖2

= ‖x1‖2 − ‖(I − Pj)x1‖2 ≤ 1 − ‖(I − Pj)x1‖2.

Hence (I−Pj)x1 = 0, or equivalently, Pjx1 = x1. Hence, x1 ∈ Rj . But x1 ∈ R⊥
J ∩RI and therefore,

x1 ∈ R⊥
J ∩ RI ∩ Rj = R⊥

J ∩ RJ .

Thus, x1 = 0. This is impossible. �

The next lemma is, again, a technical bound, in terms of the variables γn.

Lemma 5 Let I ⊆ {0, ...,K − 1}, and Q ∈ SI . Then,

a) If x ∈ RI , then Qx = x.

b) If x ∈ R⊥
I , then Qx ∈ R⊥

I .

c) If x ∈ R⊥
I , then ‖Qx‖ ≤ γn‖x‖.

Proof: The definition of RI implies that if x ∈ RI , x ∈ Ri for all i ∈ I. Therefore, Pix = x for all

i ∈ I. Since Q ∈ SI is a product of matrices Pi with i ∈ I, Qx = x. This proves part a).

To prove part b), write Q as an operator on RI ⊕ R⊥
I ,

Q =




I Q12

0 Q22



 . (5.6)

Here the first column is [I 0]′, since QRI = RI . Now since Q is a product of projections, ‖Q‖ ≤ 1.

Therefore, the norm of the first row in (5.6) must be less than one. This is only possible with

Q12 = 0. Consequently, QR⊥
I ⊆ R⊥

I and this proves part b).

Part c) will be proven by induction on n. First consider the case with n = 1. If |I| = 1, then

I has only one element. That is, I = {i} for some i. Consequently, if Q ∈ SI , Q = Pi. Now if

x ∈ R⊥
I = R⊥

i , Qx = Pix = 0. Hence, ‖Qx‖ = 0. In particular, ‖Qx‖ ≤ γ1‖x‖.
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Now suppose that part c) is true for some n. To prove it is true for n + 1, consider a Q ∈ SJ

with |J | = n + 1 and x ∈ R⊥
J . WLOG we can assume ‖x‖ = 1. We must show that ‖Qx‖ ≤ γn+1.

Since Q is a product of projections Pj , j ∈ J , with each projection occurring at least once, we

can write Q as

Q = APjQ0 (5.7)

where Q0 ∈ SI , |I| = n, j 6∈ I, J = {j} ∪ I and A some product of projections, Pj , j ∈ J . Write

x = x1 + x2 with x1 ∈ R⊥
J ∩RI and x2 ∈ R⊥

I . Let y = Q0x and write y = y1 + y2 where y1 = Q0x1

and y2 = Q0x2. Part a) shows that y1 = x1 and therefore, y1 ∈ R⊥
J ∩ RI . Part b) shows that

y2 ∈ R⊥
I , and therefore

y = y1 + y2 ∈ R⊥
J ∩ RI ⊕ R⊥

I .

Also, by the induction hypothesis, ‖y2‖ = ‖Q0x1‖ ≤ γn‖x1‖. Since ‖x‖ = 1,

‖y1‖2 + γ−1
n ‖y2‖2 ≤ ‖x1‖2 + ‖x2‖2

= ‖x‖2 = 1.

By the definition of γn+1, we have that ‖Pjy‖ ≤ γn+1.

Now, in the decomposition (5.7), the matrix A is a product of projections, so ‖A‖ ≤ 1. Using

this fact along with the fact that y = Q0x and ‖Pjy‖ ≤ γn+1 we have that

‖Qx‖ = ‖APjQ0x‖ = ‖APjy‖ ≤ ‖Pjy‖ ≤ γn+1.

This completes the proof of the Lemma. �

We introduce some more notation. For I = {0, . . . ,K − 1}, let R and S denote RI and SI

respectively. The space R is the intersection of all the spaces Ri, and therefore P is the projection

onto R.

Define eℓ = x̂ℓ − Px̂0. We need to show that eℓ → 0. Since P is the projection onto R, and

Ri ⊆ R for all i, PiP = P for all i. Now for every ℓ, Qℓ = Pi for some i. Therefore, QℓP = P for

all ℓ. Consequently,

eℓ+1 = x̂ℓ+1 − Px̂0 = Qℓx̂ℓ − QℓPx̂0 = Qℓeℓ.

Therefore, eℓ satisfies the recursion

eℓ+1 = Qℓeℓ. (5.8)

Since each Qℓ is a projection, ‖Qℓ‖ ≤ 1. Therefore, ‖eℓ‖ is non-decreasing. Therefore, to show that

eℓ → 0, it suffices to show that eℓ → 0 on some subsequence of values of ℓ.
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We define this subsequence as follows. Let T0 = 0. Given Tk, let Tk+1 be chosen such that the

product of matrices
Tk+1−1

∏

ℓ=Tk

Qℓ ∈ S. (5.9)

Now, for every i, Qℓ = Pi for infinitely many values of ℓ. Therefore, for any Tk, the product in (5.9)

will contain the projections Pi for all i for sufficiently large Tk+1. Therefore, Tk+1 can be chosen

such that the product is in S, and consequently, the sequence Tk is well-defined. Let Ak be the

product,

Ak =

Tk+1−1
∏

ℓ=Tk

Qℓ ∈ S,

and let vk = eTk
. From (5.8) it follows that

vk+1 = Akvk. (5.10)

To show that a subsequence of ek converges to zero, we will show that vk → 0.

To prove this, first note that since T0 = 0,

v0 = e0 = x̂0 − Px̂0.

Since P is the projection onto R, v0 ∈ R⊥. Now, since Ak ∈ S, Lemma 5b) along with (5.10) shows

that if vk ∈ R⊥, vk+1 ∈ R⊥. Since v0 ∈ R⊥, it follows from induction on k that vk ∈ R⊥ for all k.

Since vk ∈ R⊥, Lemma 5c) and (5.10) show that

‖vk+1‖ ≤ γK‖vk‖.

From Lemma 4, 0 < γK < 1, and therefore, vk → 0. This shows that a subsequence of ek converges

to zero and completes the proof of the theorem. �

5.2 Global Convergence of Recursive Cycle Spinning

We can now address the convergence of the recursive cycle spinning algorithm. We will use the

notation of Chapter 4 where Di(x) denotes the output of wavelet thresholding a signal x with a

shift of i. The recursive cycle spinning algorithm applied to a noisy signal y is given by x̂0 = y and

x̂ℓ+1 = Di(x̂ℓ) i = ℓ mod M (5.11)

where M = 2J and J is the number of stages in the wavelet transform.
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The convergence of the algorithm depends on the thresholding decision rules. At least two

thresholding methods have been discussed: the basic thresholding described in equation (4.1) and

the windowed thresholding in (4.2. Within these methods, there is considerable flexibility in the

choice of the threshold levels T (k).

To analyze these methods in one common framework, we will assume that the set of coefficients

to be zeroed out when thresholding a signal x with a shift of i are given by

α(x, i) = { k : φ(x, i, k) < 0 }, (5.12)

where φ(x, i, k) are a set of functions, continuous in y. This definition of α(x, i) incorporates a

number of thresholding schemes. For example, the basic thresholding rule in (4.1) can be described

by

φ(x, i, k) = |X(i)(k)| − T (k),

where T (k) is the threshold level for the k-th wavelet coefficient. The definition (5.12) also applies

to the case when the threshold levels are continuous functions of the input signal x, and to the case

of windowed thresholding.

The following is the main result of this section.

Theorem 2 Let x̂ℓ be a sequence of signals produced by the recursive cycle spinning algorithm

(5.11). Suppose that the denoising operations are performed with an orthogonal wavelet transform,

and assume that the thresholding sets are given by (5.12) for continuous functions φ(x, i, k). Then

x̂ℓ converges to a signal x̂∞ with the property that

x̂∞ = Di(x̂∞)

for all shifts i.

The theorem shows that the recursive cycle spinning algorithm is guaranteed to converge to

some signal x̂∞. Since x̂∞ = Di(x̂∞) for all i, x̂∞ is in its i-th denoise space for all i. Therefore,

the recursive cycle spinning algorithm is guaranteed to converge to a denoise space intersection as

desired.

We call Theorem 2 a global convergence result, since the convergence does not require any

restrictions on the initial condition of the algorithm x̂0.
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It is important to recognize that Theorem 2 does not relate the convergence point of the al-

gorithm to any ”true” signal. It doesn’t, for example, state that the algorithm converges to the

projection onto a desired denoise space intersection. Instead, it only states that the algorithm

converges to some denoise space intersection. To relate the convergence point to a true signal, we

will need further conditions, which will be discussed in the next section.

Proof of Theorem 2: Using the notation of Sect. 2.4, wavelet thresholding operator with a shift

i can be described by,

Di(x) = S(−i)W−1Λα(x, i)WS(i)(x).

where S(i) is the shift operator, Λα(x, i) is the hard thresholding operator and W is the wavelet

transform. Define the operator,

Pi,α(x) = S(−i)W−1ΛαWS(i)(x).

The difference between the operators Di(x) and Pi,α(x) is that Pi,α performs the wavelet thresh-

olding with a fixed set of coefficients α. As discussed in Sect. 2.4, the operator Pi,α is an orthogonal

projection.

Recursive cycle spinning can be re-written as:

x̂ℓ+1 = Qℓx̂ℓ

where Qℓ = Pi,αℓ
and αℓ = α(x̂ℓ, i) where i = ℓ mod M . Since there are only a finite number of

subsets α and finitely many shifts i, there are a finite number of projections Pi,α. By Theorem 1,

x̂ℓ → x̂∞ for some signal x̂∞. The signal x̂∞ is in the range of all projections Pi,α if Qℓ = Pi,α for

infinitely many values of ℓ.

To show that x̂∞ = Di(x̂∞), we must show that the wavelet transform of x̂∞ satisfies

X̂(i)
∞ (k) = 0 for all k ∈ α(x̂∞, i).

Using (5.12), we must show that, for every k and i, either X̂
(i)
∞ (k) = 0 or φ(x̂∞, i, k) ≥ 0. Fix i and

k and suppose φ(x̂∞, i, k) < 0. We must show that X̂
(i)
∞ (k) = 0.

Consider the sequence of sets αℓ with ℓ mod M = i. There must exist a set α such that αℓ = α

for infinitely many values of ℓ with ℓ mod M = i. Since φ(x, i, k) is continuous, φ(x̂∞, i, k) < 0

and x̂ℓ → x̂∞, φ(x̂ℓ, i, k) < 0 for ℓ sufficiently large. Hence, k ∈ αℓ for all ℓ sufficiently large with

ℓ mod M = i. Consequently, k ∈ α.
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Now, for any ℓ with ℓ mod M = i, Qℓ = Pi,αℓ
. Since αℓ = α infinitely often, Qℓ = Pi,α infinitely

often. Therefore, x̂∞ must be in the range space of Pi,α. This implies that X̂
(i)
∞ (j) = 0 for all j ∈ α.

But k ∈ α, and therefore, X̂
(i)
∞ (k) = 0. �

5.3 Local Convergence of Iterative Cycle Spinning

We will now address the convergence of the recursive cycle spinning algorithm to an unknown signal

starting with a noisy estimate. Let x denote the true signal and y the noise-corrupted version,

y[n] = x[n] + d[n], (5.13)

where d[n] is additive noise. We consider the recursive cycle spinning algorithm estimates (5.11)

initialized with x̂0 = y. As before, we assume that the wavelet transform in the denoising is

orthogonal and the thresholding sets are given by (5.12).

We make two key assumptions. The first assumption is given as follows.

Assumption 2 For all shifts i and wavelet coefficients k, either

a) X(i)(k) = 0 and φ(x, i, k) < 0, or

b) φ(x, i, k) > 0.

A consequence of the assumption is that X(i)(k) = 0 whenever k ∈ α(x, i, k). Therefore,

x = Di(x)

for all shifts i and x is contained in its own denoise space intersection. In other words, we assume

that the wavelet thresholding of the true signal under any shift would not remove any of the signal

energy. The second assumption is that the noise d is small. Under these assumptions, we have the

following result.

Theorem 3 Consider the sequence of signals, x̂ℓ, generated by the recursive cycle spinning al-

gorithm (5.11) with the initial condition x̂0 = y. Suppose that the wavelet transform used in the

denoising is orthogonal, and the thresholding sets are given by (5.12) for some continuous functions

φ(x, i, k). Suppose, in addition, that the noisy signal y is given by (5.13) for a signal x satisfying

Assumption 2. Then, there exists an ǫ > 0 such that ‖d‖ < ǫ implies x̂ℓ converges to the projection

of y onto the denoise space intersection of the true signal x0.
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The theorem states that, if the noise is sufficiently small, then the recursive cycle spinning

converges to the projection of the noisy signal onto the denoise space intersection containing the

true signal. The result is called a local result since it requires that the initial estimate is sufficiently

close to the true signal.

It is important to recognize that Theorem 3 does not state the recursive cycle spinning estimates

converge to the true signal x itself. Rather, they converge simply to the projection of the noisy

signal onto the denoise space intersection containing x. We have argued earlier, that, in general,

the denoise space intersection is a relatively small space containing the signal and therefore, the

limiting point of the recursive cycle spinning algorithm should be a good estimate. However, the

exact quality of the estimate depends on the wavelet transform and how well the thresholding is at

removing coefficients.

Proof of Theorem 3: Using the notation from the previous section, define the projection

operator,

Pi(x̂) = Pi,α(x0,i)(x̂).

A signal x̂ is in the range space of Pi if and only if X̂(i)(k) = 0 for all k ∈ α(x, i). That is, x̂ is in

the range space of Pi if and only if X̂(i)(k) = 0 when X(i)(k) = 0.

Choose an ǫ > 0 such that ‖x̂ − x0‖ < ǫ implies that α(x̂, i) = α(x0, i) for all i.

Suppose that ‖d‖ < ǫ. We claim by induction that for all ℓ, ‖x̂ℓ − x0‖ < ǫ. For ℓ = 0,

‖x̂0 − x0‖ = ‖y − x0‖ = ‖d‖ < ǫ.

Now suppose that ‖x̂ℓ − x0‖ < ǫ. By the definition of ǫ, α(x̂ℓ, i) = α(x0, i) for all i. Thus,

x̂ℓ+1 = Di(x̂ℓ) = Pi,α(x̂ℓ,i)(x̂ℓ) = Pi(x̂ℓ),

where i = ℓ mod M . Theorem 1 now shows that x̂ℓ → x̂∞ where x̂∞ is the projection of x̂0 = y

to the intersection of the range spaces of the operators Pi, i = 0, . . . ,M − 1. But, the range of Pi

is precisely the i-th denoise space of the true signal x, and therefore, the intersection of the spaces

is the denoise space intersection. Therefore, the sequence converges to the projection of y to the

denoise space intersection of the true signal. �
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Chapter 6

Numerical Example

6.1 Simulation Description

The recursive cycle spinning algorithm is illustrated with a simple example. The unknown signal,

x[n], to be estimated is a piecewise polynomial with N = 1024 points, given by

x[n] =







n + 0.08 1 ≤ n ≤ 512,

0.27n2 + 0.08n + 3 513 ≤ n ≤ 768,

0.01n4 − 0.07n3 − 0.01n2 − 0.03n 769 ≤ n ≤ 1024.

This piecewise polynomial signal has a maximum degree of four. The signal is estimated from a

noise-corrupted signal, y[n], given by

y[n] = x[n] + d[n],

where d[n] is additive white Gaussian noise with zero mean. The variance of d[n] is set so that the

original SNR is 20 dB, where the SNR is defined as,

SNR = 10 log10

( ‖x‖2

E(‖d‖2)

)

.

That is, the SNR is the signal energy over the average noise energy expressed in dB. The true

signal, x[n], and a typical noise-corrupted version, y[n], are shown in the top panel of Figure 6.1.

To implement the recursive cycle spinning algorithm, we use a Daubechies D4 wavelet filter

bank with J = 3 stages. As discussed earlier, wavelet transforms with D4 filters are orthogonal

with 4 vanishing moments, which are adequate for polynomials up to degree three.

As discussed in Chapter 4, recursive cycle spinning should be implemented with windowed

thresholding to avoid projecting to a space that is too small. In the example, the window length,
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Figure 6.1: Typical result of recursive cycle spinning estimation. Top panel: True piecewise poly-

nomial signal and the original noise-corrupted signal from which the estimate is made. Original

SNR = 20 dB. Bottom pannel: Final estimate from recursive cycle spinning.

defined by ∆(k) in (4.2), was set to be constant on each subband at a value equal to the filter

impulse response in the band.

Hard-thresholding was used and the threshold levels, T (k), were set on a per subband basis

using the simple heuristic,

T (k) = 3σ,

where σ is the root mean square value of the wavelet coefficients in the subband. The idea in

this rule is that, assuming the signal contributes little energy to the detail coefficients, σ will

approximately be the noise power per wavelet coefficient in each subband. Assuming the noise is

Gaussian, setting T (k) = 3σ will insure that any coefficient that has only noise will be set to zero

with a probability of 0.99.

The recursive cycle spinning algorithm was performed for 400 iterations – 50 iterations of

denoising at each shift ranging from 0 to 7. The estimate after the 400 iterations is shown in the

bottom panel of Figure 6.1. The final estimate can be seen to be a close estimate of the true signal

and has an MSE of -29.3 dB.

Figure 6.1 shows the MSE as a function of the iteration number. As expected, the mean square
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Figure 6.2: Progress of recursive cycle spinning.

error (MSE) decreases monotonically. The MSE drops fastest at the beginning and the estimate is

within 1 dB of the final error after 100 iterations.

Also shown in Figure 6.1 for comparison is the MSE from the standard cycle spinning. Since the

wavelet transform has J = 3 stages, the standard cycle spinning estimate is obtained by averaging

the estimates from wavelet denoising at shifts from 0 to 2J − 1 = 7. In order that the comparison

be equal, the standard cycle spinning was implemented with the same wavelet transform and

thresholding rule. In this example, the standard cycle spinning algorithm obtains an MSE of -27.4

dB. The recursive cycle spinning estimate thus outperformed the standard cycle spinning algorithm

after only a few iterations, and the final estimate is about 1.9 dB better.

6.2 Comparison of Methods

Figure 6.3 shows the results of the same experiment using a D3, or Daubechies third order filter,

with various number of stages, J . For each stage, the recursive wavelet thresholding was performed

20 times. For each run, the algorithm was terminated after 100 iterations. The figure shows the

mean and standard deviation of the noise reduction, where the noise reduction is defined as the

difference between the final and original SNR. For comparison, the results of single-basis wavelet

thresholding (thresholding once with no shifts) and standard cycle spinning are also shown.
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Figure 6.3: Comparison of (single-basis) wavelet thresholding, cycle spinning, and recursive cycle

spinning for denoising a piecewise quartic signal. The D3 filter pair is used and means and standard

deviations of 20 experiments are shown.

It can be seen that the recursive cycle spinning method consistently outperforms both cycle

spinning and single basis denoising. The improvement is most pronounced with J = 1 and J = 2

stages. For a J = 1 stage transform, recursive cycle spinning shows about a 2 dB improvement over

standard cycle spinning, and for J = 2 stages, the improvement is about 2.5 dB. Standard cycle

spinning itself performs approximately 3 dB better than single-basis denoising, due to the benefits

obtained from averaging.

Increasing the number of stages from 1 to 3, results in better noise reduction in all three

methods. This improvement is due to the fact that increasing the number of stages increases the

low-pass filtering in the scaling coefficients, thereby filtering out more high pass noise.

However, increasing the number of stages beyond 3 results in a degradation in the noise reduction

for cycle spinning and single-basis denoising. The degradation is the result of edge effects of the

filter: for high filter stages, the transient response of the filter at the edges and discontinuities
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Figure 6.4: Comparison of (single-basis) wavelet thresholding, cycle spinning, and recursive cycle

spinning for denoising a piecewise quartic signal. The D4 filter pair is used and means and standard

deviations of 20 experiments are shown.

occupy a significant number of the coefficients in the subband and less coefficients can be set to

zero. While these filter edge effects also present a problem for recursive cycle spinning, the effect is

outweighed by the fact that using a higher number of stages, results in larger number of subbands

with smaller numbers of coefficients. The recursive cycle spinning algorithm tends to converges

faster on smaller subbands. Consequently, the estimate error with recursive cycle spinning after a

final number of iterations may be lower with a higher number of stages, despite the edge effects.

Figure 6.4 shows the results of repeating the experiment with a Daubechies fourth-order, D4,

filter pair. The qualitative results are similar to the D3 results, with recursive cycle spinning

outperforming standard cycle spinning and single-basis denoising. The performance improvement

is greatest at a lower number of stages. Figure 6.5 shows the results obtained with the D5 filter

pair.

For all three methods the D4 filter pair performs better than the D3 filter pair, since the
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Figure 6.5: Comparison of (single-basis) wavelet thresholding, cycle spinning, and recursive cycle

spinning for denoising a piecewise quartic signal. The D5 filter pair is used and means and standard

deviations of 20 experiments are shown.

D4 has an extra vanishing moment which is desirable for denoising a fourth-order polynomial.

Unfortunately, even though it has what would seem to be the optimal number of vanishing moments,

the performance with the D5 filter pair is not as good because of the increased edge effects from

having longer filters.

6.3 Comparison to Fourier Methods

The recursive cycle spinning method was also compared against standard low-pass filtering using

a DFT or a DCT. The low-pass filtering is implemented by simply zeroing out all but r of the

low-pass terms in either the DCT or the DFT.

In general, the ideal number of terms to retain depends on the signal bandwidth and noise. In

our comparison against an ideal Fourier low-pass filter, the number r is selected to maximize the

a posteriori noise reduction. Of course, this cannot be implemented in practice because the true
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Method Noise reduction

RCS w/ D3, 1 stage 6.3 dB

RCS w/ D3, 2 stages 8.3 dB

RCS w/ D3, 3 stages 9.0 dB

RCS w/ D4, 1 stage 6.8 dB

RCS w/ D4, 2 stages 9.4 dB

RCS w/ D4, 3 stages 9.4 dB

RCS w/ D5, 1 stage 7.1 dB

RCS w/ D5, 2 stages 8.0 dB

RCS w/ D5, 3 stages 8.5 dB

Low-pass filtering with DCT 5.4 dB

Low-pass filtering with DFT 2.0 dB

Table 6.1: Performance of recursive cycle spinning with various Daubechies filter pairs compared

to two idealized low-pass filtering techniques.

signal is not known. Therefore, we overestimate the performance of the Fourier low-pass filtering.

The results are summarized in Table 6.1 Notice that cycle spinning and recursive cycle spinning

both outperform the Fourier techniques. The DCT-based technique outperforms the DFT-based

technique by about 3 dB because the original signal is real.

6.4 Effect of Threshold Selection

This section presents a set of simulation results to show the effect of the threshold selection. As

discussed in Section 2.3.4, empirical evidence has shown that using a threshold size of 3σ, where σ

is the standard deviation of the noise, leads to good denoising performance.

To study the sensitivity of the performance on the threshold value, a threshold of α ·σ was used

with α ranging from 1 to 5. In addition, the true value of σ is generally not known. So experiments

were performed with the thresholds α · σ̂, where σ̂ is an estimate of the standard deviation σ

computed from the noisy data.

Figure 6.6 shows the effect of threshold selection. It confirms that good performance is obtained

with a scale factor of α = 3. Also, computing the threshold with respect to the estimated noise
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Figure 6.6: Comparison of threshold selection methods.

variance rather than the actual noise variance does not cause performance degradation; however,

the sensitivity to α increases.

For comparison, Figure 6.6 also shows the performance with an oracle that sets to zero all of

the coefficients for which the signal contribution is zero. The thresholding methods perform within

2 dB of this unimplementable oracle technique.
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