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Abstract 

Statistical Verification and Optimization of Integrated Circuits 

by 

Yu Ben 

Doctor of Philosophy in Engineering – Electrical Engineering and Computer Sciences 

University of California, Berkeley 

Professor Costas J. Spanos, Chair 

 

 

Semiconductor technology has gone through several decades of aggressive scaling. The 

ever shrinking size of both transistors and interconnects is necessitating the interaction 

between the circuit designers and the foundries that fabricate the IC products. In particular, 

the designers must take into account the impact of the process variability early in the 

design stage. This includes both the verification and optimization of the circuit with 

statistical models characterizing the process variability. This thesis advances three 

frontiers in the variability-aware design flow.  

Yield estimation is a crucial but expensive verification step in circuit design. Existing 

methods either suffer from computationally intensive rare event probability calculation, or 

exhibit poor stability. We investigate the problem by combining partial least squares (PLS) 

regression, a dimension-reduction technique, with importance sampling, a variance-

reduction technique. The simulation results show that the method is able to improve the 

convergence speed by at least an order of magnitude over existing fast simulation methods, 

and four orders of magnitude faster than Monte Carlo. In addition to PLS-preconditioned 

importance sampling, several other methods are also investigated, and their properties are 

compared. 

For a quicker verification of the robustness of the circuit, circuit designers often 

simulate the circuit using corner models. Current corner models are extracted using single 

transistor performances and cannot incorporate local variability. These facts limit the 

usage of corner models in deep sub-micron devices and analog applications. We propose to 

extract the customized corners using PLS regression. The method is tested using ISCAS’85 

benchmark circuits. Both the probability density function and cumulative distribution 

function of the circuit performance predicted by the customized corners agree with Monte 

Carlo simulation, while delivering two orders of magnitude computational acceleration.  

The last frontier concerns robust circuit optimization. Most of the existing methods can 

only deal with a pessimistic worst-case problem. We choose to solve the ideal yield-

constrained circuit optimization problem. To this end, we introduce the idea of robust 

convex approximation to design automation for the first time. Based on the convex 

approximation, we propose a sequential method to accommodate a realistic, hierarchical 

variability model. A simple line-search as an outer-loop algorithm is used to control the 
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output the method. The optimization result shows that the proposed method is capable of 

handling circuits of thousands of gates without performance penalties due to overdesign.  
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Chapter 1      Introduction 

 

1.1 Technology scaling and its impact  

The semiconductor industry has gone through nearly fifty years of aggressive scaling [1] 

since the inception of the integrated circuit [2].  Technology scaling shrinks the size, 

enhances the speed, reduces the power, and drives down the cost of the integrated circuits. 

The trend of the changes has been largely exponential and is expected to continue for years 

to come. In particular, the number of transistors that can be integrated onto a single chip 

doubles every two years (Fig. 1.1), and this phenomenon is known as the Moore’s Law [1], 

[3].  

 

Fig. 1.1: Moore’s Law of the integrated circuits [3]. 

Whereas the technology scaling makes integrated circuits more powerful and 

affordable, it poses significant challenges to both the design and the manufacturing of ICs. 

One of the most serious challenges is the variability arising from the manufacturing process 

[5]. Variability did not get much attention when the size of the transistor was relatively 

large, but becomes very pronounced as the technology scales toward the deep-submicron 

regime. For instance, the gate length of the transistor is now as small as 32 nm, and will go 

under 20 nm in the next few years. Patterning a feature at this scale requires extremely 

sophisticated lithography projection systems [6] and various correction schemes [7]. 

However, the molecular granularity of the photoresist always leaves the edge with 

considerable roughness (Fig. 1.2), and the variability due to this line edge roughness (LER) 

cannot be removed because of the fundamental structure of the photoresist material [8], 

[9]. Moreover, even if one can create a perfect pattern, the transistor might still not have 

the desired performance since the gate area merely accommodates around 100 dopant 

atoms, and any variation of the dopant at the atomic-scale, which is inevitable, can cause 

perceptible fluctuation in the overall property of the circuit [10]. This type of fundamental 
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variability is random and has a short correlation distance and contributes to the so-called 

intra-die variation [11]. There is another type of variability that characterizes the 

fluctuation between different dies, wafers or even batches of wafers, and has much slower 

varying spatial pattern. Parts of the variability can be predicted and modeled in a 

systematic manner, and others cannot [11]. The former is called systematic variability. But 

in order to use the model that is capable of characterizing the systematic variability, one 

must have knowledge of the position of the circuit on the die, the die on the wafer, etc. This 

information is in general not available to a circuit designer; therefore systematic variability 

should also be treated as random from the designers’ standpoint.  

 

 

Fig. 1.2: An SEM image showing line edge roughness [9]. 

 

1.2 Robust circuit design flow and the outline of the thesis 

Because of variability, the manufactured circuit may not have the performance that 

designers anticipated. It is necessary to take into account variability early in the design 

stage [12], [13] in order to ensure design robustness in the presence of variability. In order 

to achieve this, variability must be properly modeled, and the model has to be integrated 

into the design flow. This thesis is focused on using the existing variability model in the 

robust circuit design flow.  

When a circuit designer is about to design a circuit, the topology or architecture is first 

chosen based on given specifications and design objectives. The parameters of the circuit 

components are then tuned to meet specifications. To test if the circuit is robust under the 

influence of variability, a set of representative worst-case scenarios are summarized as 

corner models [14], and the design is tested (through simulation) on these corner models. If 

it fails, either the circuit topology or the parameters will be changed. If it passes the corner 

model test, it will be further evaluated by Monte Carlo simulation to estimate the 

parametric yield. If the yield is below the desired value, one also goes back to change the 
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design, and if the yield is satisfactory, the design is ready for tape-out. The entire procedure 

is summarized in Fig. 1.3.  

 

Fig. 1.3: Elements of the circuit design [15]. 

In the design steps shown in Fig. 1.3, steps 3 and 4 are about the verification of the 

circuit. In step 3, current state of the art corner model extraction methods are 

characterized using single transistor performances and cannot account for local intra-die 

variability [16].  In light of technology scaling, these corner extraction methodologies can 

no longer give a comprehensive estimate of the impact of variability, and they are 

particularly problematic in analog circuit design [17]. In step 4, the yield estimation 

problem is plagued by the inability of Monte Carlo methods in calculating rare event 

probability [18]. Rare event probability calculation is very important in estimating the 

failure rate of SRAM cell, which can be as low as 10�� [19]. Existing methods such as 

importance sampling [20] can help alleviate the problem, but tend to be instable. We will 

address the challenges in statistical circuit verification in chapters 3 and 4. Before that, we 

will give an overview of the problem and the existing methods in chapter 2.  

Step 1 and 2 in Fig. 1.3 are about the circuit optimization. We will not deal with the 

choice of the circuit topology in this thesis. Our goal is to optimize the parameters of the 

circuit keeping in mind the variability without being too conservative. Ideally the 

optimization should be carried out under a “yield constraint” [21]. Most of the existing 

circuit optimization methods [22] can only use a worst-case to penalize the optimization 

problem, and this inevitably gives rise to unnecessarily pessimistic solutions. Recent 

publications [23], [24] start to look at the yield-constrained problem, but they have to rely 

on overly simplified probability model. We intend to introduce methods that are flexible 

yet efficient in dealing with the yield-constrained circuit optimization problem. The 

proposed methods are given in chapter 6.  Before chapter 6, an overview of the formulation 

and the challenges is given in chapter 5.  

1.3 Main contributions of this work 

Specs, objectives

Circuit topology

Parameter  tuning

Robustness checking via 

corner model simulation

Yield estimation via 

Monte Carlo

Chapter 2, 3, 4

Chapter 5, 6

1

2

3

4
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One key contribution is the combination of partial least squares (PLS) regression [25] is 

with importance sampling in estimating the failure probability of SRAM cell. This novel 

method shows robust performance and is at least one order of magnitude faster than 

existing methods, and 10� times faster than Monte Carlo [26].  

We also extend the definition of customized corner [27] to include both global and local 

variability. The customized corners found through PLS regression are used to predict the 

probability density function of the digital logic delay, and the prediction matches that of 

Monte Carlo, but is two orders of magnitude faster [28].  

Another contribution is the introduction of convex approximation, representing the 

latest development in chance-constrained convex optimization, to the design automation 

community [29]. Based on the idea of the convex approximation, a sequential optimization 

method is proposed. The optimized circuit is shown to possess the desired parametric yield. 

The method is shown to be capable of handling circuit with thousands of gates and flexible 

in dealing with sophisticated variability models [21].  
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Chapter 2      Overview of Statistical Circuit Verification 

As stated in the Chapter 1, the two crucial verification steps in statistical circuit design 

are the yield estimation and corner model extraction. In this chapter, we will give an 

overview of these two topics, describe the challenges thereof, and briefly introduce our 

approaches. The detailed description of our methods will be given in Chapter 3 (fast yield 

estimation) and Chapter 4 (customized corner generation). 

2.1 Statistical parametric yield estimation 

Statistical circuit yield estimation starts with the assumption that the process 

parameters characterizing variability can be described by random variables. The process 

parameters can represent threshold voltage, oxide thickness, patterning variabvility, 

random dopant fluctuation etc. Throughout the thesis, we denote the process parameters 

with a random vector �, of which the distribution has the probability density function ���	. 

The parametric yield is associated with certain circuit performance metric(s). We denote 

the circuit performance as 
��	, a function of process parameters �. Based on the value of 

performance 
��	 , one can judge whether the circuit succeeds or fails to meet 

specifications. We define the region � in 
��	-space in a way such that if the value of 
��	 

falls into region �, it represents a failure. Calculating the yield � is equivalent to calculating 

the failure probability 1  � � �� � Pr��: 
��	 ∈ �	. Typically the yield is high and the 

failure probability is low. It is crucial for most applications that one can accurately assess 

the failure probability.  

The golden standard to estimate failure probability is the Monte Carlo method [1]. In 

Monte Carlo, a random sequence of length R, ��������  is generated according to the 

probability density function ���	  and 
��	 is evaluated for all ��’s. �� is estimated as 

 ��� � 1��1�
���	 ∈ �	,�
���  (2.1)  

where 1�
��	 ∈ �	 is the indicator function of the failure event. The estimate ��� is an 

unbiased estimate of the failure probability �� . The summands 1�
���	 ∈ �	 are identically 

independent Bernoulli random variable with probability �� . The central limit theorem 

teaches that if the number of samples � is large, the estimate ��� is approximately a normal 

random variable. To characterize a normal random variable, one only needs its mean and 

variance. The mean of ��� equals �� . The variance of ��� is 

 Var���� � 1� ���  ��! . (2.2)  

When we obtain through simulation the estimate ���, we can infer that the real failure 

probability �� is within the interval 
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 #���-2&Var���� ,���'2&Var���� ( 	 (2.3)  

with 95% confidence [2]. The factor 2 in front of the square root is chosen due to the 

approximate normality of ���. In order to achieve acceptable accuracy, the standard 

deviation of the estimate must be small compared to the estimate itself. If the standard 

deviation is required to be less than *�� , then the required number of runs � is 

 � � 1*! 1  ���� . (2.4)  

There are two important conclusions we can make from Eq. (2.4). The first is that the 

number of runs (sample size) to achieve a certain accuracy is independent of the dimension 

of the problem. No matter how high the dimension is, the run number is always given by 

(2.4). The second conclusion is that when the target failure probability �� is low, the 

required sample size can be very high. If the failure probability becomes close to zero, the 

required sample size will explode. This poses a serious problem for the failure probability 

analysis of SRAM cell, as an SRAM cell has extremely low failure probability (10�+ to 10��). 

If the maximum standard error * is set to 10%, then the required sample size is at least at 

the order of 10,. Fig. 2.1 explains why Monte Carlo method is plagued by rare event 

probability simulation: according to the bell-shaped probability density function, most of 

the samples are categorized as success and are far away from the success/failure boundary. 

These points are mostly “wasted” since they do not contribute to the information about the 

failure event. Many methods try to modify the plain Monte Carlo to overcome this difficulty. 

But before we describe those Monte Carlo variants, we shall introduce methods that are of 

a completely different style.  

 

 

Fig. 2.1: Monte Carlo method in estimating rare event probability. 

 

Unlike the Monte Carlo method relying purely on random simulation, the method 

proposed by Gu et. al. [3] converts the probability estimation to a geometric problem. The 

method works on the process parameter space, and the parameters are properly scaled 

and rotated such that they follow a uniform distribution and are independent from each 

other. The problem of calculating failure probability is now a problem of calculating the 

volume of the failure region. Gu et. al. propose to approximate the region with a collection 

of simplexes (Fig. 2.2). Upon obtaining the coordinates of the vertices, one can calculate the 

Fail
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volume of the simplex, and thus the failure probability. They show through an example of 

SRAM and ring oscillator that their method can exhibit speedups of 100-1000 times 

compared to Monte Carlo. Similar idea of exploring the process parameter space can also 

be found in Ref. [4] with application in statistical timing analysis. These methods abandon 

the stochastic nature of the problem and treat it as a purely deterministic modeling 

problem. Although they exhibit superior speed in low dimensional problems, they suffer 

severely from the curse of dimensionality [5], [6].  

 

 

Fig. 2.2: Approximate the failure/success region with simplexes [3]. 

 

The third category of methods can be viewed as the combination of the above two, and 

it generally comes in the form of Monte Carlo with a “smart” sampling strategy. This 

includes importance sampling [7-9], stratified sampling [10-12], Latin hypercube sampling 

[13], [14] and statistical blockade [15]. The first three methods all aim to reduce the 

variance of the estimate by generating the samples based on a new probability density 

function -��	. By contrast, statistical blockade still use the sample from the original 

distribution, but selectively to simulate them based on the classification result given by a 

support vector machine classifier [16]. Since it is in general the simulation that consumes 

most of the time, statistical blockade can save time by not simulating most of the samples. 

We shall only describe the detail of importance sampling here as we will extend this 

method in Chapter 3. In importance sampling, the sample is generated based on a new 

probability density function -��	 (Fig. 2.3). If we view the calculation of the failure 

probability as the integral 

 �� � .1�
��	 ∈ �	���	/�, (2.5)  

then it is equivalent to the following expression 
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 �� � .#1�
��	 ∈ �	���	-��	( -��	/�. (2.6)  

If we draw samples from the distribution described by ���	, the quantity that enters the 

summation in Monte Carlo is 1�
��	 ∈ �	. By the same token, if we draw samples from the 

distribution described by -��	, the summand should be the expression within the square 

bracket 1�
��	 ∈ �	���	 -��	⁄ . Therefore, we have the following estimate for failure 

probability based on the samples from -��	: 

 ��� � 1��1���	1�
���	 ∈ �	,�
���  (2.7)  

where 1���	 � ����	/-���	. The variance of the estimate is given by 

 Var���� � 1�! 3��1!���	1�
���	 ∈ �	 �
���  ���!4. (2.8)  

The goal of importance sampling is to find the best -��	 such that the variance in Eq. (2.8) 

is minimized. In theory [17], the variance can be reduced to zero with a single sample if we 

already know the failure probability �� . But in reality we can never have that knowledge in 

advance (if we do, there will be no need to estimate it). So, heuristics are used to find a 

reasonably good -��	. A popular norm-minimization heuristic proposed in [8] performs 

uniform random search in an extended space, screens out those points that give rise to 

failure events, and finds among them the point with the smallest Euclidean norm. The 

norm-minimization method is intended to find the failure point that is the most likely to 

fail. However, relying purely on a haphazard search can easily miss the intended point in a 

high dimensional space, and a large number of random simulations is needed to determine 

the shift point.  

We will introduce our methods for parametric yield estimation in Chapter 3. The 

proposed methods extend the frontiers of all three categories as discussed above. For the 

method based on pure stochastic simulation, we propose to use extrapolation methods 

based on the assumption that the distribution tail of the concerning quantity has a certain 

smooth shape, which can be described by a closed-form function. For the method based on 

exploration of the random parameter space, we propose to model the performance 

function using binary tree-based algorithms, hoping the logarithmic complexity of the tree 

algorithm can compensate the exponential complexity incurred by dimensionality. For the 

hybrid method involving both stochastic simulation and deterministic exploration, we 

propose to precondition the importance sampling method using machine learning 

dimension reduction techniques.  

 



11 

 

 

Fig. 2.3: Illustration of importance sampling. 

 

2.2 Corner models  

The yield estimation as described in the last section is used in the final verification 

phase of the circuit design. For a quick check of the circuit robustness against process 

variation, yield estimation is still overly time-consuming. For the verification task where 

speed is of major concern, circuit designers opt to use corner models representing the 

worst-case scenario arising from process variability [18-21] to run circuit simulations and 

verify the robustness of the circuit.  

It is common in industry to take account of the statistical variation using five types of 

worst case models, each of which is defined by a two letter acronym title describing the 

relative performance characteristics of the p- and n-channel devices. The letters describe 

the operation as being typical or nominal (T), fast (F) or slow (S). For instance, “FS” denotes 

the situation where the n-device is fast and the p-device is slow. Usually, the design is done 

in typical p, typical n (TT) condition, and checked for all four corners (SS, FF, FS and SF). 

What is assumed is that given a yield level, the four corners bound all worst possible 

scenarios of extreme performance. If the circuit can pass the test on these corners, then 

certain yield is guaranteed. This methodology has been successfully adopted in circuit 

design practice,, yet it faces two important challenges. 

The first challenge is related to the definition and extraction of the corners. Existing 

process corner models are defined and extracted using the measurement data on 

individual transistors [18]. For digital logic circuits, the worst-case performance commonly 

measured by critical delay occurs when single transistors are also at the worst case. But for 

analog circuits, it is not guaranteed that the worst case will be found at any of these corners 

[24]. Depending on the metric (band width, common mode rejection ratio, gain etc.), the 

worst case can be worse that any that the corners predict (Fig. 2.4). This means that even if 

the circuit passes the four corner cases, it is not guaranteed to have the desired robustness.  

The second challenge comes from the fact that local variation due to random dopant 

fluctuation and line-edge roughness is becoming more pronounced [22], [23]. The corner 

models as commonly used in the industry can only be used to describe global variation. To 

account for local variations, designers have to resort to the more expensive Monte Carlo 

simulation. Direct extension of the corner definition to include local random variables is 

Fail
Original 

Distribution  g(ξ) 

Biased 

Distribution  h(ξ)
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impossible as the number of corners increase exponentially with the number of random 

variables.  

 

 

Fig. 2.4: Corner models commonly used in the industry. 

 

To address the first challenge, [25] and [26] propose to define the process corner 

models based on certain performance metrics. However, the methods proposed in [25] and 

[26] do not naturally scale to high dimension, hence cannot be used in the situation where 

local variation must be considered. To the best of our knowledge, [27] is the only work that 

addresses both challenges. Ref. [27] proposes to use a non-linear operating point to 

estimate the delay quantiles. The method is limited by the fcat that it needs to pick the 

critical path in advance since it involves first-order derivative calculation requiring a 

differentiable delay function. Moreover, that method requires an estimate of sensitivity 

with respect to every variable, which can be a serious problem if the dimensionality is high. 

These facts limit the scope of application for the method proposed in Ref. [27].  

In this work we propose is a set of methods suitable for different situations. When the 

dimensionality is high and the nonlinearity of the performance function is weak (as in 

digital logic delay), we propose an approach that uses partial least squares (PLS) 

regression [28] to reduce the problem space dimensionality and ultimately use a reduced 

model to estimate the corner points. When the nonlinearity of the performance function is 

strong as commonly found in analog circuits, we propose to use nonlinear classifier [29] to 

describe the contour shape of the function and also use direct optimization to locate the 

corner points.  
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Chapter 3      Fast Circuit Yield Estimation 

In this chapter we address the challenge in circuit yield estimation, or equivalently, 

failure probability estimation. The circuit yield estimation is prevalent in all robust circuit 

analysis and design problems, among which the yield calculation of SRAM cell is considered 

the most challenging. The failure probability of an SRAM cell is extremely low, but the small 

failure probability can be a yield limiting factor for a large array of SRAM cells as commonly 

seen in processors and ASICs. In light of this fact, we will focus on the yield estimation 

problem for an SRAM cell. We will first introduce the problem definition and formulate the 

failure probability of an SRAM cell in a way that can be readily handled by the proposed 

methods.  We shall describe three different methods to tackle the yield estimation problem. 

The first method is based on extrapolation. The second method explores the variability 

space using binary tree-based methodology. The third method uses partial least squares 

regression as a dimensionality reduction step for importance sampling. For every method, 

we will describe the theoretical background, implementation details, and will compare the 

pros and cons. Among these methods, we find the partial least squares regression-

preconditioned importance sampling to be the most suitable for the yield estimation of 

SRAM cells. 

3.1 Problem definition 

We are going to illustrate the proposed methods through the failure probability 

estimation of an SRAM cell. The standard 6-T SRAM cell design, shown in Fig. 3.1(a), has the 

following parameters: 5��� � 50	nm, 9�,!,�,+ � 200	nm, 9:,� � 100	nm, ;<< � 1	V  and ;>?@ � 0.3	V. The circuit is simulated in Hspice with PTM 45 nm low voltage model [1]. The 

design parameters given above are specified only for the purpose of illustration, and should 

not be regarded as a good design example. 

 

Fig. 3.1: SRAM example. (a) A 6-T SRAM cell schematic. (b) Butterfly curve in read operation. The 

static noise margin (SNM) is defined as the side length of the maximal inscribed square in either of 

the two  lobes. 

The variability is assumed to stem from the threshold voltage fluctuation of every 

transistor. Due to the hierarchical structure of the variability [2], it is important to consider 
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both the global variation and the local mismatch. We assume that the threshold voltage 

fluctuation of the 6 transistors is described by a random vector � ∈ B�,  the component of 

which is 

 �C � DEFE ' DCFC, (3.1)  

where G � 1… .6 , DE  and DC  are the amplitudes of the global and local variations, 

respectively, and FE, FC  are independent standard normal random variables. The normality 

assumption is only for the convenience of simulation. We can use any realistic distribution 

as long as random samples can be easily generated from it. As a result of this formulation, �C’s are correlated random variables. In our analysis, as an example we assume that DE � DC � 50	mV. 

The SRAM cell is the most prone to fail during the read operation, when both bit lines 

(BL) are pre-charged and the word line (WL) is selected [3]. The performance metric of 

interest is the static noise margin (JKL) during the read operation. It is also a function of �. 

As shown in Fig. 3. 1(b), if the voltage transfer curves of the left and right inverters are 

plotted on the same graph, the side lengths of the largest inscribing squares that can fit into 

the two lobes are called JKL1 and JKL2, respectively. JKL is defined as  

 JKL � min�JKL1, JKL2	. (3.2)  

Theoretically, cell failure happens when JKL becomes smaller than zero. But in reality we 

have to guard against additional perturbation induced by supply voltage fluctuation; 

therefore we define the failure as 

 JKL N JKLOGP. (3.3)  

In our example analysis, JKLQCR is set to 50 mV.  

The failure probability that we are interested in is 

 �� � Pr��: JKL��	 N JKLQCR	. (3.4)  

Considering the definition of JKL, this definition can be rewritten as 

 

�� � Pr��: JKL��	 N JKLQCR	� Pr��: JKL1��	 N JKLQCR	 ' Pr��: JKL2��	 N JKLQCR	Pr���: JKL1��	 N JKLQCR� ∩ ��: JKL2��	 N JKLQCR�	.  (3.5)  

Because the probability that both lobes diminish at the same time is orders of magnitude 

smaller than the probability that one of them fails [4], the last term in Eq. (3.5) can be 

eliminated. Taking into account the symmetry between JKL1 and JKL2, it suffices to 

calculate  

 �� � 2Pr��: JKL1��	 N JKLQCR	. (3.6)  

For the purpose of comparison with the literature, we will use the definition in Eq. (3.6) as 

used in [4], [5]. However, our method applies to the general definition Eq. (3.4) as well. 
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Now our focus is to calculate Eq. (3.6), and the method to do so is described in the next 3 

sections. 

3.2 Extrapolation methods 

Extrapolation methods are based on the assumption that the failure probability is a 

smooth function of a certain parameter, the parameter being either a variable controlled by 

the user or an artificial threshold defining the success or failure.  

We will explore two extrapolation methods in this section. In the first method we 

change the operating condition by tuning the supply voltage such that the failure 

probability is high enough to be estimated using common methods (e.g. Monte Carlo). A 

link is forged between failure probability and supply voltage allowing the real failure 

probability to be estimated. In the second method, we extend the idea of extreme value 

theory and treat the failure probability as a function of threshold value delimiting the 

success and failure.  

3.2.1 Extrapolation by biasing operating condition 

As we show in section 2.1, the difficulty in estimating the failure probability of an SRAM 

cell is that the failure event is extremely rare, hence the failure probability is low. If we 

manually change the operating condition of the SRAM cell, making the failure probability 

artificially high, then we can adopt common methods such as Monte Carlo to estimate that 

number. Building upon that estimation, we deduce what the real failure probability is.  

For SRAM cells, the operating condition can be altered by changing the supply voltage ;<<. At low supply voltage, the SRAM cell is more likely to fail, making the failure 

probability significantly higher than under nominal conditions (Fig. 3.2). We can use 

regular Monte Carlo to estimate the failure probability at several different ;<< values with 

low computational cost. Then we extrapolate the real failure probability based on an 

empirical relation between failure probability and supply voltage. However, building an 

empirical model directly between failure probability �� and supply voltage ;<< is unlikely 

to succeed. The reason is that JKL is a highly nonlinear function of  ;<<, and a pure 

empirical model is incapable of capturing the nonlinearity. On the other hand, we do have 

the capability of deducing this relation using a single-run simulation at various ;<< levels. 

Based on these arguments, we propose a two-step procedure as illustrated in Fig. 3.3. 

In step 1, we map the supply voltage ;<< to the mean value of JKL at that supply 

voltage: 

 JKL � 
�;<<	. (3.7)  

This can be done by simple simulation without variation. If the estimation is conducted 

experimentally, this step can be carried out by measuring the JKL on sampled cells and 

calculate the mean value. Since it is the mean value that we need at this step, the sample 

size does not suffer from the rare event and is generally small.  

In step2, we use an empirical model to link the mean value of JKL to failure probability ��:  
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 ���
�;<<	 � exp�W@ ' W�
�;<<	 ' W!
!�;<<		, (3.8)  

where the parameters W@, W� and W! are parameters that can be determined by least-

squares fitting.  

 

 

Fig. 3.2: The distribution of SNM under nominal condition and biased operating condition. 

 

 

Fig. 3.3: Flowchart for the link between biased condition and nominal condition. 

 

We apply the above method to the SRAM cell as described in section 3.1. The biased 

conditions are controlled by the supply voltage ;<<. We let ;<< take values 0.5, 0.6, 0.7 and 

0.8 V, and evaluate the failure probability at every ;<< level. In accordance with the two-

step method, the mean JKL values are simulated at these four supply voltage levels, and 

also at the nominal ;<< � 1; (upper panel of Fig. 3.4). The failure probability as a function 

of mean JKL � 
�;<<	 is plotted in the lower panel of Fig. 3.4. These four points are used 

to fit the formula in Eq. (3.8) to find parameters W@, W� and W!. Upon fitting Eq. (3.8), we 

predict the failure probability at nominal operating condition. The final relation between 

failure probability �� and ;<< is summarized in Fig. 3.5, where the solid line is the model 

given by Eq. (3.8), the squares are Monte Carlo simulation at lower supply voltages and the 

diamond is obtained by 2 X 10� Monte Carlo at nominal condition. The error bar around 

the diamond indicates the 95% confidence interval of the Monte Carlo estimation. We can 

see that the model as shown in solid line gives an accurate estimation at the nominal 

operating condition. It is interesting to note that, if we made the extrapolation directly on ��~;<< relation, we would roughly have a straight line in Fig. 3.5 based on the first four 

points. An extrapolation using the straight line would significantly underestimate the 

failure probability. By contrast, we can achieve an accurate estimate by adopting the two-

step strategy as described above.  
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Fig. 3.4: Two-step extrapolation in SRAM failure probability estimation. 

 

Fig. 3.5: Failure probability as a function of supply voltage ;<<. 

Compared to other methods to be introduced later, this method has a unique advantage 

in that it can be used in simulation as well as when actual measurements are involved. This 

is because the operation condition is changed by supply voltage, which can also be varied 

experimentally, and all the parameters that are present in the model can also be obtained 

by measurements. In other methods, there are always some parameters that are beyond 

experimenters’ control, and can only be handled in simulation. 

3.2.2 Extrapolation using extreme value theory 

The method we will explore in this section is based on extreme value theory (EVT). The 

original theory of EVT was established around 1975 [6], [7], but it did not gain the 

attention of design automation researchers until recently [8], [9]. The basic idea of EVT is 

as follows.  
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Suppose we have a random variable Z, and two real numbers [ and \ with \ fixed, then 

the probability for Z ] [ ' \ given Z ] \ is a function of [. We denote it as _̂�[	: 

 _̂�[	 � Pr�Z ] [ ' \|Z ] \	. (3.9)  

As we increase the value of \, EVT teaches that the function will converge to a parametric 

function 1  ab,c�[	: 

 lim_→f	 supij@ k _̂�[	  l1  ab,c�[	mk � 0. (3.10)  

where ab,c�[	  is the cumulative distribution function of the Generalized Pareto 

Distribution (GPD): 

 ab,c�[	 � n1  o1 ' *[D p��c , * q 0
1  r�ib, * � 0.  (3.11)  

The relation holds for almost all commonly-seen distributions [10]. Among the two 

expressions of  ab,c�[	, it is the most common to use the exponential parametric form. If we 

expand the conditional probability in Eq. (3.9), we find 

 Pr�Z ] [ ' \	 � Pr�Z ] \	 _̂�[	. (3.12)  

This shows that the probability for Z to be greater than a threshold that is [ extra larger 

than \ equals the probability for Z ] \ times an exponential function of [	provided \ is 

large enough.  

To apply the theory to SRAM yield estimation, we use L@ in place of JKLQCR for the 

sake of simplicity.  Then the quantity of interest is  

 Pr�JKL N L@	. (3.13)  

Compared to Eq. (3.12), what we are trying to estimate is the probability in the lower 

rather that the upper tail of the distribution. So we will set a small threshold L, for which 

the probability Pr�JKL N L	 is easy to estimate, and then estimate Eq. (3.13) using the 

relation derived from Eq. (3.12): 

 Pr�JKL N L@	 � Pr�JKL N L	 exp�s�L  L@	 , (3.14)  

where s is a fitting parameter. If we use multiple L’s and calculate the corresponding 

probabilities Pr�JKL N L	, then we can estimate the parameter s in Eq. (3.14), hence 

make the estimation of the failure probability at the nominal threshold L@ (Fig. 3.6). But for 

Eq. (3.14) to be valid L should be small and close to the tail of the distribution. To this end, 

one normally adopts an arbitrary criterion of choosing the largest value of L: L_ttu� such 

that Pr�JKL N L_ttu� v 0.01 [8], [9].  On the other hand, if L is too small, then the 

failure probability at that point can be inaccurate or expensive to estimate. We denote the 

smallest value of L as Lwxyu� and will discuss its choice later in this section. As shown in 
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Fig. 3.7, multiple L  values are picked between Lwxyu�  and L_ttu� , and the failure 

probabilities are estimated using regular Monte Carlo for every L to fit Eq. (3.14).  

 

 

 

Fig. 3.6: Change the threshold L such that the probability Pr�JKL N L	 is large and easy estimate. 

 

Fig. 3.7: Use multiple threshold points to estimate parameter s and the real failure probability Pr�JKL N L@	. 

 

There are two issues that need some discussion. The first is about the validity of Eq. 

(3.14). The relation given by Eq. (3.14) is true when L approaches negative infinity. In 

reality, however, we cannot use an infinite number and we must use a number that is 

reasonably low. To the best of our knowledge, there is no known general method giving 

guidance to choose this number, and most people resort to arbitrary criterion, such as the 

probability being less than 0.01. Therefore, the arbitrary criterion of choosing L_ttu� 

cannot guarantee the exact exponential relation. In fact, we observe that the failure 

probability is a super-exponential function of L (Fig. 3.8). In light of this fact, we propose 
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to use quadratic-exponential model to account for this deviation from exponential 

characteristics of the tail of the distribution: 

 �� � Pr�JKL N L	 � exp�W@ ' W�L ' W!L!	, (3.15)  

where the parameters W@, W� and W! are parameters that can be determined using least-

squares fitting. We call the model in Eq. (3.15) the extended EVT in comparison to the 

original theory of EVT. Both extended EVT and original EVT methods are used in the SRAM 

example. We use 10 evenly distributed L values between 0.084 and 0.14, and estimate the 

quantity Pr�JKL N L	 for these L values using the first 1 X 10+ samples from a larger 1 X 10� sample pool. The results are plotted in Fig. 3.9. We can observe that the original 

EVT extrapolation gives an estimation of the failure probability at L@ � 0.05 that is higher 

than that given by the extended EVT. If we compare the real failure probability as shown in 

Fig. 3.8 (around 1.6 X 10�+ ), we can see that the extended EVT gives better estimation 

than the original EVT, because it accounts for the fact that the L values we use in 

extrapolation are not infinitely far into the tail of the distribution.  

 

Fig. 3.8: The failure probability �� � Pr�JKL N L	 as a function of M as estimated by 1 X 10� 

Monte Carlo. The error bars indicate the standard error. 
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Fig. 3.9: Extrapolation given by extended EVT and the original EVT. The goal is to find the failure 

probability at L � 0.05. The original EVT overestimates the failure probability.  

The second issue that must be addressed is the choice of the number of L values. It 

appears that if we use more points, we can infinitely reduce the prediction error. Since we 

use different L as threshold values on a single data set to count the number of points 

smaller than that value, it would seem as if we can improve the accuracy by merely 

involving more threshold values. Obviously this cannot be true, and we are going to show 

that the correlation between the failure probability estimation for different L’s is the 

reason that prevents us from using arbitrarily large number of points.  For the discussion of 

this issue, we denote the exponent W@ ' W�L ' W!L! in Eq. (3.15) as z. Suppose the 

estimation of �� can be expressed as a summation of mean value ��{  and an error term Δ�� , 

then z can be expressed as  

 z � z} ' F � log �� � log�}� ' Δ���}� . (3.16)  

The error term F is related to the error in �� by 

 F � Δ��/�}� . (3.17)  

 It shows that the absolute error of the exponent z is the standard error of the failure 

probability estimation.  

The mean value of z is a linear combination of W � �W@	W�	W!	�, and can be expressed by 

the standard linear model 

 z} � �1	L	L!	 3W@W�W!4. (3.18)  
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If we have multiple L’s, we can stack the row vector l1	L	L2m and call it matrix Z following 

the convention of standard linear model  [10]. The complete model for estimating W is  

 z � ZW ' F, (3.19)  

of which the least square solution is 

 W� � �Z�Z	��Z��z ' F	. (3.20)  

The purpose of this fitting is to predict the value of zt at L@. Based on the above 

formulation, if we assign [t � �1	L@	L0!	, we have 

 zt � [tW� � [t�Z�Z	��Z�z ' [t�Z�Z	��Z�F, (3.21)  

and the prediction error is 

 F� � &[��Z�Z 1Z�����F, F�	Z�Z�Z 1[��. (3.22)  

Considering the relation in Eq. (3.17), we find that the quantity given by Eq. (3.22) is the 

standard error of the �� estimation. If the covariance matrix ����F, F�	 has only diagonal 

elements, then we can reduce the standard error without limit by increasing the number of L’s. However, the off-diagonal elements of the covariance matrix are significant compared 

to that of diagonal elements as shown in the calculation given in the appendix 3.A of this 

chapter. This fact limits the extent of improvement in terms of accuracy. We shall use Eq. 

(3.22) to evaluate the accuracy of the method.  

 

 

Fig. 3.10: Standard error of failure probability estimation at different Mlower. The artificial thresholds 

(M) are evenly distributed between Mlower and Mupper. The parameter Mupper is chosen such that 

Pr(SNM<Mupper) =0.01. 
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Fig. 3.11: Standard error of failure probability estimation given by different number of fitting 

points. Mlower is chosen to be the 0.09 as indicated by Fig. 3.10.  

 

The first parameter being tested is the smallest value of L used in parameter fitting. 

This is the parameter Lwxyu� in Fig. 3.7. The largest value L_ttu� is fixed such that Pr�JKL N L_ttu�	 � 0.01. The values of L are evenly distributed between Lwxyu� and L_ttu�. The resulting standard errors for estimating Pr�JKL N L@	 using 10, 5 and 3 

values of L are shown in Fig. 3.10. What we observe is that there is an optimal Lwxyu� such 

that the standard prediction error is minimized. For Lwxyu� value that is too high, the 

predicted L@ is too far from the data region; by contrast, if Lwxyu� is too low, the standard 

error of the data used in fitting is large. Therefore, there is tradeoff of choosing the value of Lwxyu�.  

The second parameter being tested is the number of L’s or fitting points. The smallest 

value of L is fixed at 0.09 which is an optimal value as indicated by Fig. 3.10. The number 

of L’s is scanned from 3 to 100, and the corresponding standard errors for estimating Pr�JKL N L@	 are plotted in Fig. 3.11. We can clearly observe that beyond a certain point, 

more data will not contribute to error reduction. 
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Fig. 3.12: Comparison of standard error as a function of sample size given by extended EVT and 

direct measurement.  

We compare the efficiency of extended EVT method with direct measurement by 

looking at the standard error that can be achieved with certain sample size. Direct 

measurement refers to the methodology where one counts the number of failures out of a 

large sample, and it is essentially the Monte Carlo method.  The results are shown in Fig. 

3.12. For a given sample size, the extended EVT method can reduce the standard error by 

up to 50%. For a given standard error, the extended EVT method can shrink the sample 

size by 40%.  

In summary, the extrapolation method builds upon the traditional Monte Carlo methods 

by imposing certain smoothness on the probability function. The method, more efficient 

than Monte Carlo as shown in the last paragraph, overlooks information that can be 

obtained from exploring the process parameter space. Therefore the improvement in 

efficiency is limited. A closer look at the function shape in the process parameter space is 

the topic of the next section. 

3.3 Binary tree-based method 

As stated in section 2.1, the Monte Carlo method wastes too many simulation runs away 

from the failure point, leading to its inefficiency in estimating the small failure probability. 

Ideally, one should not spend too much computational resource in the region that is 

determined to be either success or failure; instead one should focus on the boundary 

between success and failure. 

 In statistical learning theory, tree-based algorithms have been proven a successful 

technique for classification and regression [11]. By segmenting the feature space into 

smaller but pseudo-uniform regions, one can extract useful information and end up with a 

useful model. Similarly, we would expect the same method can quickly discard regions that 

are not important, and focus on the important boundary regions. The purpose of this 

section is to test the binary tree-based method in the context of failure probability 

estimation. We shall use a generic performance function 
��	 in this section in place of the 

static noise margin JKL. The failure is defined as 
��	 � L, where L is the threshold.  
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3.3.1 Method  

The first step of applying the binary tree-based method is to transform the original � 

space to �′ space, such that every entry of �′ is a uniformly-distributed random variable, 

and they are independent of each other. The transformation is possible if we rotate and 

scale the original � space properly [12]. In the newly transformed space, �′ can take value 

from a high dimensional unit box of which the volume is 1. Within this box, there is a region 

or regions that correspond to the failure event, and the volume of that failure region is the 

failure probability we are interested in. For instance, in Fig. 3.13, the entire space is 

indicated by the large square. The failure region is the part to the top right of the curve. The 

calculation of the failure probability amounts to calculating the volume of the upper-right 

region of the box as defined by the curve.  

The binary tree-based method starts with the entire square, splits it in half, and judges 

among the resulting split boxes whether they are worth further splitting. If the box is found 

contained in either the success or the failure region, it will be considered inactive and left 

un-processed. If it is not, the box will be split. In the end, the failure region will be 

approximated by a collection of boxes, among which a large proportion is devoted to mimic 

the boundary shape. This process is analogous to a binary tree, where the final boxes are 

the leaves of the tree. Therefore, the method is called the binary tree-based method.  

It is understood that the complexity of the boundary grows exponentially with the 

dimension. But the algorithmic complexity of the tree-based method can be logarithmic. So 

we hope that logarithmic complexity of the tree algorithm can compensate for the 

exponential complexity due to dimensionality of the yield estimation problem.  

 

Fig. 3.13: Illustration of the binary tree-based method. 

The complete flow of the binary tree-based method is summarized in Fig. 3.14. For 

every box, we assign a flag “splitornot” indicating the smallest number of splits that must 

be carried out before the box becomes inactive. The default value is 2, meaning every box 

must split at least twice to avoid mistakes due to lack of resolution. We start with a 

candidate box to split, evaluate the gradient direction and split along the Cartesian 

coordinate giving rise to the largest change in function value 
���	. The resulting 2 new 

boxes will be evaluated as described in the next paragraph. The splitting procedure 

updates the estimation of the failure probability. If the fractional change compared to the 

estimation before splitting is larger than a parameter ���, then we reset a flag “splitornot” 

for the new boxes to default; if not, the newly generated boxes are considered one step 
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closer to being inactive by setting the flag to the value of its parent box minus one. 

Eventually, either all boxes are labeled inactive, or the fractional change is less than ���, 
and the algorithm is terminated.  

 

Fig. 3.14: Flow diagram of the tree-based algorithm. 

A key step is the process used to evaluate the box. The evaluation procedure is shown in 

Fig. 3.15. First, the function 
���	 is evaluated at extreme points as shown in the left panel 

of Fig. 3.15. We do not pick the corner points of the box to avoid the exponential explosion 

of the number of corner points in high dimension. Once the function values are calculated, a 

linear model is fitted using least squares 

 
���	 � D��� ' �, (3.23)  

where D and � are fitting parameters. Next, we solve the following two optimization 

problems 

 

� � min��∈�xi 	
���	
! � max��∈�xi 	
���	 . (3.24)  

Both the objective function and the constraints in the above two optimization problems are 

linear functions; so they are recognized as linear programming (LP) problems, and we can 

solve it very quickly using off-the-shelf algorithms [13]. Using the function values 
� and 
!, 

a judgment is made about whether the box is contained or not in either the success or 

failure region. If it is contained, we simply calculate the volume of the box and update the 

failure probability estimation. If it is not, we estimate the failure volume of this box based 

on a linear approximation: 

 ;����[	 � 
!  L
!  
� ;�����[	, (3.25)  
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to update the total failure probability estimation. 

 

 

Fig. 3.15: Extreme points of a box and the flow diagram of evaluating the box. 

3.3.2 Results and Discussion 

We test the above method on a simple two-dimensional function 

 
�[, z	 � 2[! ' z! ' 0.5[ ' 0.5z. (3.26)  

The threshold L is set to be 3.5. The parameter ��� is set to 0.02. The final box layout and 

the �� estimate-step trajectory are shown in Fig. 3.16. The �� estimate given by binary tree-

based method is 0.0124, and the number of function evaluations is 230. By contrast, the �� 

estimate by Monte Carlo with the same accuracy is 0.0120, and it needs 204531 function 

evaluations to reach the standard error of 0.02.  
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Fig. 3.16: Box splitting result (left) and �� estimate trajectory (right). 

To see how the method scales with dimensionality, we use two test functions. The first 

test function is a linear function of the form 

 
��′	 � s��� ' W, (3.27)  

where the coefficients s and W are randomly chosen. The threshold L is set to a value such 

that the target �� is around 0.1. The fractional change tolerance ��� equals 0.02. The 

number of function evaluations in order to achieve the desired accuracy (��� � 0.02) is 

plotted in Fig. 3.17. What is also shown is the number of function evaluations for the Monte 

Carlo method to achieve standard error of 0.02. We can observe in Fig. 3.17 that the binary 

tree-based method is much more efficient than Monte Carlo on low-dimensional problems. 

But its computational cost grows quickly as dimension grows. When the dimensionality is 

beyond 6, Monte Carlo is already a faster method than the binary tree-based method.  

 

Fig. 3.17: The number of function evaluations as a function of dimension for linear test function. 
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Fig. 3.18: The number of function evaluations as a function of dimension for quadratic test function. 

 

The second test function is a quadratic function of the form 

 
��′	 � ������ ' ���� ' �, (3.28)  

where the coefficients �, � and � are randomly chosen. Similar to the linear test case, the 

threshold L is set to a value such that the target �� is around 0.1. The fractional change 

tolerance ��� equals 0.02. The number of function evaluations in order to achieve the 

desired accuracy for both binary tree-based method and Monte Carlo method is plotted in 

Fig. 3.18. For a slightly more complicated function as that in Eq. (3.28), the efficiency of the 

binary tree-based method deteriorates quickly as the dimensionality increases, whereas 

the necessary number of function evaluations for Monte Carlo to achieve the same accuracy 

remains almost constant.  

In summary, the binary tree-based method has an advantage in low dimensional 

problems. However, it suffers the curse of dimensionality in high dimensions. On the 

contrary, the Monte Carlo method is plagued by small probability simulation, but is 

immune to dimension. It would be better to combine the deterministic search in the 

random parameter space as found in binary tree-based method with stochastic simulation. 

This is the topic of the next section.  

3.4 Partial least squares-preconditioned importance sampling method 

The technique of importance sampling [10] is a perfect example of combining the 

deterministic search and stochastic simulation. It has been adopted by several authors [4], 

[5], [14] to estimate failure probability. Most of the popular importance sampling 

implementations begin with a preconditioning step to find a shift point, construct around 

the shift point a shifted version of the original probability density function, and perform 

Monte Carlo simulation based on the new density function. The simulation result is 

translated back to the original distribution via the formulae as stated in importance 
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sampling theory.  The odds of success rely on the quality of the shift point. Existing 

methods use random search or stratified search in the parameter space to find the 

minimal-norm point [4], [5]. Provided the search space is extremely “sparse” compared to 

the “point” that we hope to find, the preconditioning step in existing methods cannot 

guarantee the quality of the shift point. As shown in the following text, should the choice be 

bad, the resulting importance sampling can take a long time to converge. The remedy for 

the existing framework is to increase the sample size in the preconditioning step. However, 

this will almost fail for sure as dimension increases since the required sample size will 

grow exponentially.  

Given the problems faced by the existing approach, a better preconditioning step is 

needed to aid the importance sampling in yield estimation. We propose to make use of 

partial least square (PLS) regression [15] to shrink the search space. We collapse the 

search space onto the line determined by the rotating vector in PLS regression. Then a 

systematic line search is used to find a boundary point. That point is used as the shift point 

to construct the biased density function and carry out the subsequent importance sampling 

simulation. Since we use PLS in the preconditioning step, the method is called the PLS-

preconditioned importance sampling. It will be illustrated through example that the 

proposed method is much more efficient and stable than existing approaches. 

In this section, we will first introduce the basic idea of importance sampling and point 

out the crucial step that awaits systematic solution. We then lay out the general settings of 

the seemingly irrelevant PLS regression. Finally the two concepts are combined to 

introduce the PLS-preconditioned importance sampling. In describing the method, we will 

use general notation, but will refer them to the quantities defined in section 3.1.  

3.4.1 Importance Sampling 

Suppose that the random variable is � ∈ B� , of which the probability density function is ���	. In our example, � is a �6 X 1	 vector denoting the threshold voltage fluctuation of 

every transistor within the SRAM cell. The failure event is determined by a circuit 

performance metric, a scalar function of �: 
��	. In our example, 
��	 � JKL1��	. If the 

value of 
��	 falls into region �, it is considered a failure. Our objective is to evaluate �� � Pr��: 
��	 ∈ �	. In the SRAM example, this quantity is defined in Eq. (3.6).  

We have discussed the methods of Monte Carlo and importance sampling in Chapter 2. 

For the purpose of illustrating the principle of the proposed method, we re-state here some 

of the key features. In Monte Carlo, a random sequence of length R, ��������  is generated 

according to ���	, and 
��	 is evaluated for all ��’s. �� is estimated as 

 ��� � 1��1�
���	 ∈ �	,�
���  (3.29)  

where 1�
��	 ∈ �	 is the indicator function of the failure event. The variance of the 

estimate is 
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 Var���� � 1� ���  ��! . (3.30)  

In order to achieve acceptable accuracy, the standard deviation of the estimate must be 

small compared to the estimate itself. If the standard deviation is required to be less than *�� , then the required number of runs � is 

 � � 1*! 1  ���� . (3.31)  

It is evident from Eq. (3.31) that the number of runs to achieve certain accuracy will 

increase dramatically as �� becomes close to zero. The reason is that most of the runs are 

“wasted” in the region where we are not interested in.   

Importance sampling [16] as a variance reduction technique was invented to 

circumvent this difficulty by biasing the original distribution such that there are sufficient 

number of trials falling into the important region, which is the region close to the 

success/failure boundary, defined by 

 ��: 
��	 � ^�. (3.32)  

In the SRAM example, the boundary is ��: JKL1��	 � JKLQCR�. In importance sampling, 

the random sequence ��������  is generated according to the biased density function -��	, 

and the failure probability is estimated by 

 ��� � 1��1���	1�
���	 ∈ �	,�
���  (3.33)  

where 1���	 � ����	/-���	. The variance of the estimate is given by 

 Var���� � 1�! 3��1!���	1�
���	 ∈ �	 �
���  ���!4. (3.34)  

If we want to achieve the same accuracy as that in Eq. (3.31), we can stop the simulation 

when the following criterion is met:   

 
&Var����	��� v *. (3.35)  

The introduction of the biased distribution -��	 is a double-edge sword. Chosen wisely, it 

can reduce the variance given by Eq. (3.34), thus reducing the number of runs required by 

Eq. (3.35). On the other hand, if the choice is bad, the performance of importance sampling 

can be worse than plain Monte Carlo.  

A good biased distribution -��	 can be constructed by shifting the center of the original 

density function to the success/failure boundary defined by Eq. (3.32) such that the 

sampling points according to the biased distribution can provide ample information about 



34 

 

the import region. This operation is hard to implement in high dimensional space because 

the boundary is a complicated high dimensional surface, and finding a point on that surface 

as the center of the new biased distribution requires careful investigation.  

A popular norm-minimization method proposed in [4] is to perform uniform random 

search in a reasonably large space, screen out those points that give rise to failure events, 

and find among them the point with the smallest Euclidean norm. The norm-minimization 

method is intended to find the failure point that is the most likely to fail. But relying purely 

on haphazard search can easily miss the intended point in high dimensional space, and 

large amount of random simulations are needed to determine the shift point.  

We propose an alternative method to identify the shift point, aided by PLS regression as 

will be explained in the next two subsections. 

3.4.2 Partial Least Squares (PLS) regression 

PLS regression [15] is a method for modeling relations between two sets of variables. In 

practice, variables often exhibit correlation between each other because they depend on 

certain common latent factors. Projecting the data onto these latent structures reveals 

important factors, reduces the dimensionality of the problem, and enhances robustness. 

Principal component analysis (PCA) [17] is a well-established method to resolve internal 

correlation among explanatory variables. However, this overlooks the external relation 

between explanatory and response variables. This is where PLS comes into play: it projects 

both explanatory and response variables onto a few leading factors (score vectors), such 

that the relation between explanatory and response variable can be best explained by the 

relation between the first few score vectors.  

The general setting of PLS regression consists of two data sets. One set of data, denoted 

as [ ∈ B� , is the explanatory variable vector; the other set z ∈ B� is the response variable 

vector. In our analysis, each value of the explanatory variable vector [ is an instantiation of 

the random variable vector � . The response variable z  takes value of the circuit 

performance metric 
�[	, therefore in this specific case it is a scalar with � � 1.  Suppose 

that we have P data samples from each data set, we can then organize the explanatory 

variables into matrix	� ∈ BRX�, and organize the response variables into matrix	� ∈ BRX� 

 � � ���
�[��[!�⋮[R���

�� and � � ���
�z��z!�⋮zR���

��. (3.36)  

For the convenience of analysis, the mean value of each variable is subtracted from both 

matrices. PLS decomposes the zero-mean matrices	�	and	� as 

 
� � � � ' ¡� � ¢£� ' ¤ (3.37)  

where � � �¥�, ¥!, … ¥t  and ¢ � �\�, \!, … \t  are �P X �	  matrices of �  score vectors,   ∈ B�Xt and £ ∈ B�Xt are matrices of loading vectors, and ¡ and ¤ are residual matrices. 

Ordinary least squares regression is then carried out in order to determine the  score 
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vectors ¥C and \C . Regression on score vectors is better than that on the original data 

matrices in the sense that score vectors ¥C and \C  are the choice that has the largest 

covariance among the linear combinations of columns of � and �. In fact, in most 

implementations of PLS (e.g. NIPALS [18] and SIMPLS [19]), the score vectors are 

determined by iteratively updating the rotating vectors ¦ ∈ ��|� ∈ B� , ‖�‖ � 1�		  and ¨ ∈ ��|� ∈ B� , ‖�‖ � 1�		, such that  

 |����¥, \	| � |�����¦, �¨	| (3.38)  

is maximized. Once the score vectors ¥ and \ are determined, the loading vectors are 

determined by regressing the data matrices against them:  

 � � ��¥/�¥�¥	 and © � ��\/�\�\	. (3.39)  

The overall procedure is iterative and it is repeated after the original data matrices � and � 

are updated by deflating the data matrices: 

 �′ � �  ¥�� and �′ � �  \©� . (3.40)  

The remaining data matrices X’ and Y’ are used to find the next score vectors until certain 

convergence criteria are met.  

In our analysis, we will use only the first score vectors and denote them as ¥, \ without 

subscript. Among all linear combinations of the column vectors in �, ¥ gives the best 

explanation of the variance in �.    

3.4.3 PLS-preconditioned importance sampling  

 

 

Fig. 3.19: Flow chart of PLS –preconditioned importance sampling. 
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Once we completed the PLS regression, we have found the rotating vector ¦ that 

combines the columns of  � matrix to obtain leading score vector ¥. The vector ¦ projects [ 

into the direction parallel to ¦. That direction is the best direction in [ space to explain the 

covariance between [ and z. We postulate that a good choice of shift point for importance 

sampling lies on that direction, and it will be justified by simulation results. 

Since we have fixed the direction, we can perform line search along it to find the 

boundary point. This can be done by using any line search algorithm. Upon obtaining the 

boundary point on the ¦ direction, we center the biased distribution -��	 on that point and 

perform importance sampling simulation.  

In our simulation we use the Newton-Raphson method in line search. Suppose the 

distance along direction ¦ is represented by scalar ¨, then ¨ is updated in every iteration 

according to 

 
¨�Rª�	 � ¨�R	  
 o¨�R	 ¦‖¦‖p  ^	

«
 o¨�R	 ¦‖¦‖p«¨�R	
. 

(3.41)  

where ^ is the parameter to define boundary in Eq. (3.32).  Notice that in doing the line 

search to find the boundary point, we do not intend to solve equation 
�¨�R	¦/‖¦‖ � ^ 

with high accuracy, because we are not interested in the solution to that equation itself and 

the solution is only used as a base point for subsequent simulation. A modest accuracy 

requirement can be employed as the stopping criterion. In our simulation, we use  

 ¬
 o¨�R	 ¦‖¦‖p  ^¬ v 0.02^. (3.42)  

The line search typically reaches the convergence criterion in less than 5 steps.  

Following the above discussion, the PLS-preconditioned importance sampling is 

summarized in Fig. 3.19.  

3.4.4 Results and Discussion 

We compare our method with the norm-minimization method proposed in Ref [4] by 

calculating the failure probability defined in Eq. (3.6): Pr��: JKL1��	 N JKLQCR	. The 

accuracy * as defined in Eq. (3.35) is 0.1.  

In a norm-minimization method, 3000 uniform random sampling points are generated 

on 6DE, 6DE® for every �C. According to Eq. (3.1), the standard deviation ¯ of �C is √2DE; so 

the interval is around 4¯, 4¯® for every �C . For all sampling points, simulation is 

performed in order to find JKL, and all failure points are sorted out based on simulation 

results. The Euclidean norm should be used with modification since the underlying random 

variables �C  are not independent. Suppose the covariance matrix of �  is Σ , a more 

appropriate choice of norm is  
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 ‖�‖³ � ´��Σ��� (3.43)  

Thus, among the failure points, the one with the smallest ‖∙‖³ norm is picked as the shift 

point for importance sampling. Since both the search for the point with minimum norm and 

importance sampling itself are stochastic simulations, we repeat the entire procedure 

(norm minimization plus the subsequent importance sampling) 50 times in order to have a 

meaningful comparison with our method. As will be shown in a moment, sometimes this 

method can result in very bad choice of the shift point, and the resulting importance 

sampling run number to achieve the accuracy * � 0.1 is prohibitively large. Therefore, we 

manually stop the importance sampling process whenever the run number exceeds 1 X 10+.  

In PLS-preconditioned importance sampling, we first draw 500 sampling points from 

the original distribution ���	. These points are used in PLS regression to determine the 

rotation vector ¦. Once the rotation direction is determined, a line-search is performed to 

find the boundary point as described in section 3.4.3.  The line-search normally takes less 

than 5 steps to converge. After the boundary point along the ¦ direction is determined, we 

use that point as the shift point to perform importance sampling simulation. As in norm-

minimization approach, the whole procedure is also random. Therefore, it makes sense to 

repeat it 50 times as well. 

 

Fig. 3.20: Relative error trajectories in importance sampling. 50 experiments using PLS-

preconditioned method are shown in solid lines. 50 experiments using norm-minimization method 

are shown in dotted lines. 
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Fig. 3.21: Failure probability estimation trajectories in importance sampling. 50 experiments using 

PLS-preconditioned method are shown in solid lines. 50 experiments using norm-minimization 

method are shown in dotted lines. 

The relative error * as defined in Eq. (3.35) recorded at every step in importance 

sampling simulation are shown in Fig. 3.20. The solid lines represent the trajectories given 

by PLS-preconditioned importance sampling, and the dotted lines are given by the norm-

minimization method. The number of simulations in order to achieve * � 0.1 in PLS-

preconditioned importance sampling is around 10:, whereas that of norm-minimization 

method varies significantly: some of them are comparable or even better than PLS-

preconditioned method, but some fail to reach the target accuracy in less than 10+ runs.  

The trajectories of �� estimation (Fig. 3.21) show that during importance sampling 

simulation, the PLS-preconditioned method oscillates in a smaller range, and converges to 

the correct failure probability (~10�+) quickly. The quick convergence benefits from the 

high quality of the shift point picked during the preconditioning process. By contrast, the 

shift point given by norm-minimization method is chosen in a purely random fashion, thus 

failing to guarantee a fast convergence.     
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Fig. 3.22: Box plots of the number of simulations to reach * � 0.1. The plots use the data from 50 

experiments for both methods. The number for norm-minimization method is not shown  because 

the simulation is manually halted if it fails to converge within 10+ runs. 

 

The comparison is further summarized in Fig. 3.22 and Fig. 3.23. The box-plots in Fig. 

3.22 compare the number of simulations needed to achieve the same accuracy * � 0.1, and 

Fig. 3.23 compares the �� estimations given by the two approaches. The two methods give 

essentially the same estimation of failure probability. But for the simulation runs to reach 

convergence, the number is much smaller and the spread is narrower in PLS-

preconditioned method. Notice that the simulations runs in the preconditioning step for 

the PLS-preconditioned method (500 in the example), and the simulation runs in norm-

minimizing step for norm-minimization step (3000 in the example) are excluded. If 

included, they can further enlarge the benefit gained by PLS-preconditioned method. It is 

true that one could enhance the quality of norm-minimizing step by increasing the number 

of samples used in the preconditioning step. Even though this approach can work to some 

extend in this example �� ∈ B�	, it will be troublesome if we are dealing with a space of 

which the dimension is much higher than 6, where it becomes exponentially harder to 

identify a good shift point as the dimension increases. The PLS-based method will not 

suffer as much in high dimensional space. In fact, in other fields [14], PLS is widely used as 

a dimension-reduction technique to screen out import factors from a large population of 

variables at the cost of very few experimental runs. 
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Fig. 3.23: Box plots of �� estimation. The plots use the data from 50 experiments for both methods. 

Both methods give roughly the same estimation of probability of failure��~10�+. 

 

Finally, we note that to estimate failure probability as slow as 10�+ with 10% standard 

error, it takes Monte Carlo 10, simulation runs according to Eq. (3.31). The partial least 

squares-preconditioned importance sampling method exhibits 10� speed up compared to 

plain Monte Carlo.  

We devote the last part of this section to further understanding why PLS regression can 

help pick a good shift point.  

Suppose the random data � exhibits itself as data cloud shown in Fig. 3.24(a). The shape 

of the cloud is determined by the level sets of probability density function ���	. The level 

sets of the scalar function 
��	 are plotted as solid lines in � space. Thus the points on the 

same line have identical function values. Suppose the center line represents the value that 

distinguishes success and failure 
��	 � ^. Therefore any point on this line is a boundary 

point. According to the large deviation theory [20], when a rare event happens, it happens 

in the most likely manner. Translated to the geometry exhibited in Fig. 3.24(a), it means the 

point that is the most likely to fail is the tangential point of the scalar function level set with 

respect to the level set of the probability density function. That is the point where we 

should center the biased density function -��	 for importance sampling. This choice of 

ideal shift point is the same as in norm-minimization method. However, unlike the norm-

minimization method which scouts the space randomly, PLS regression can find this point 

in a systematic manner by carrying out line search in the rotating direction.  
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Fig. 3.24: Illustration of ideal shift point selection in � space. (a) The tangential point between 

function level set and density function level set is the ideal shift point. (b) For data with covariance 

matrix Σ and linear function with coefficient �, the tangential point lies in the direction parallel to 

vector Σ�. 

We give now a mathematical proof of our claim that the tangential point mentioned in 

the last paragraph lies on the ¦ direction given by PLS regression. We will prove in a 

simplified case where the performance metric is a linear function � as illustrated in Fig. 

3.24(b). Though strict mathematical proof cannot be made for more general cases, this 

proof can give some insight, and we resort to simulation results in the last section as a 

practical justification in general situation. 

Proposition: Suppose 
��	 � ��� and �~¶�0, Σ	, we have hyper-planes �· � ��: ��� � W� 

ellipsoidal surface  ¸¹ � ��: ��Σ��� � s!� ; then the tangential point between �· and ¸¹  

lies on the direction given by the ¦ direction in PLS regression (Fig. 3.24(b)). 

Proof: Following the setup of PLS regression, we have �’s stacked in �, and P function 

values stacked in z ∈ BRX�.  Therefore we have z ≡ ��  due to our assumption. As 

illustrated in section 3.4.2, the goal of PLS regression is to find the rotation vector ¦ and ¨, 

such that the covariance between rotated response and explanatory variables is maximized. 

Since z is now a column vector instead of a matrix, the rotation on z does not have any 

rotating effect; thus it suffices to consider ¦ only. The maximization criterion is formally 

stated as 

 

¦ � arg max‖�‖���cov�z, �¦	 � arg max‖�‖���z��¦	� arg max‖�‖��������¦	.  (3.44)  

The solution to the above problem is  

 ¦ � ����‖����‖ (3.45)  

Suppose without loss of generatlity that  � is a zero-centered matrix, then the 

covariance matrix of � is Σ ∝ ���. So the direction determined by ¦ is parallel to Σ�.  

cΣc

Ideal Shift Point

(a)                                             (b)



42 

 

Now we will show that the tangential point is also on the direction parallel to Σ�. The 

definition of tangency implies that the normal direction of ellipsoidal surface 	̧¹ is the 

same as that of the hyper-plane �· . The normal direction of of any point � on 	̧¹ is  

 ¾����Σ���  s!	 � 2Σ���. (3.46)  

This quantity should be proportional to �, therefore we have the following equation 

 2Σ��� � ¿�, (3.47)  

where ¿ is a constant. Solving this can give the solution for the tangential point  

 � � ¿2 Σ�, (3.48)  

showing that the tangential point is along the direction determined by Σ�. This coincides 

with the ¦ direction given by PLS regression. Q.E.D.  

In reality, the function 
��	 is seldom a linear function of �. But PLS regression can still 

capture the interaction between 
��	 and the distribution of �. This is illustrated in our 

SRAM example as shown in Fig. 3.25. It shows the contour lines of JKL1 as a function of 

threshold voltage fluctuation. Only the Δ;¥-1  Δ;¥-2 plane is shown here due to the 

visualization limitation. The dotted line shows the principal component direction, which 

corresponds to the major axis of the ellipsoid. The direction given by the ¦ vector in PLS 

regression is shown in solid line. It is deflected away from the principal component 

direction toward the function gradient direction. Considering the above discussion, this is a 

better choice in terms of finding the shift point for importance sampling. 

 

Fig. 3.25: Contours of JKL1 on Δ;¥-1  Δ;¥-2 plane. The solid line is the direction given ¦ vector. 

The dotted line represents the direction of the first principal component direction if one carries out 

PCA on the data. 
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Yield estimation plays an important role in yield-based statistical circuit analysis. 

Among various yield calculation methods, the Monte Carlo method is purely based upon 

stochastic simulation. By imposing additional smoothness on the failure probability, we 

have the extrapolation methods described in section 3.2. Compared to plain Monte Carlo, 

the extrapolation methods can reduce the sample size by a factor of 4. The improvement is 

not very significant compared to the methods introduced later in this chapter, but it has a 

unique advantage of being able to be used in measurements.   

 Binary tree-based method abandons the stochastic approach. It explores the geometry 

of the space defined by the random process variables. Though it is shown to be very 

effective in low dimensional problems, it suffers from the curse of dimensionality.  

Combining both stochastic simulation and deterministic exploration, importance 

sampling inherits Monte Carlo’s immunity to dimensionality, and overcomes the difficulty 

of Monte Carlo in rare event simulation by biasing the original distribution. Existing 

methods of obtaining the bias distribution relie on haphazard search in the parameter 

space, and the resulting performance can vary significantly from run to run. More often 

than not, the bad choice of shift point causes degrades the performance of importance 

sampling. We propose a PLS-preconditioned method to address this problem. The method 

starts with PLS regression to find the most important direction in parameter space, 

reducing the search space to a single line. Then a simple line search is done in this direction 

to find the boundary point. The biased distribution is constructed around that point, and is 

used in subsequent importance sampling simulation.  We illustrate the effectiveness of the 

proposed method through an example of SRAM cell. It is shown that the PLS-

preconditioned importance sampling is much more stable than existing method. In average, 

it is at least one order or magnitude faster than existing importance sampling techniques, 

and is 10� faster than Monte Carlo.  

3.A The calculation of covariance matrix elements in Eq. (3.22) 

Suppose we have a random sample �JC�C��� , and threshold values �� and �!, from which 

two binomial random variables can be defined:  

�� � 1K�1�JC v ��	C  

�! � 1K�1�JC v �!	C . 
The mean values of these two random variables are ¸���	 � ��{  and ¸��!	 � �!}}}. To 

calculate the covariance, one needs to calculate ¸����!	: 
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¸����!	 � ¸ À 1K! ��1�JC v ��	1�JÁ v �! ÁC Â
� ¸ À 1K! �1�JC v ��	1�JC v �!	C ' 1K! ��1�JC v ��	1�JÁ v �! ÁÃCC Â
� 1K! �min���{ , �!}}}	C ' 1K! ����{ �!}}}CÃÁC � min���{ , �!}}}	K ' K�K  1	��{ �!}}}K!
� min���{ , �!}}}	 ' �K  1	��{ �!}}}K . 

Therefore we can calculate the covariance between �� and �! by 

������, �!	 � ¸����!	  ¸���	¸��!	 � min���{ , �!}}}	  ��{ �!}}}K . 
Now, consider  

zC � log�C � log�Ä{ ' Δ�C�Ä{  

So the error term FC � ÅÆÇÆÈ{ , and the covariance between FC and FÁ  is 

����FC, FÁ � 1�Ä{�É{ ����Δ�C , Δ�Á � min��Ä{, �É{  �Ä{�É{K�Ä{�É{ 	� min��Ä{, �É{ K�Ä{�É{ 	. 
Compare this result with the variance of  FC 

;D¦�FC	 � �Ä{  �Ä{!
K�Ä{! � 1K�Ä{, 

We can see that they are comparable. An example of the covariance matrix elements given 

by 10 L points is shown in Fig. 3.26. 
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Fig. 3.26: Covariance matrix of failure probability estimations at 10 different values of L 
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Chapter 4      Customized Corner Generation and Its 

Applications 

In this chapter we propose several methods to address the two challenges in corner 

model extraction described in chapter 2: inclusion of the local variability and customized 

definition of the corner for specific performance. The first method, based on PLS algebraic 

computation, is able to find the customized corner model for digital logic circuit in an 

efficient manner, but it is less useful for analog circuits. For analog and other applications 

with high nonlinearity, we propose to use optimization-based methods. These methods are 

slower than their algebraic counterparts, and are more suitable for analog applications 

since they are generally small in scale. Next we describe two sample problems. They are the 

circuits that the proposed methods will be tested on. The methods are then introduced and 

the results are discussed at the end.  

4.1 Example problems 

4.1.1 Digital logic delay 

 

 

Figure 4.1: Digital logic blocks. 

 

As shown in Fig. 4.1, the logic block can be viewed as a collection of gates. The logic 

circuit blocks are often placed between flip-flops, which are in turn controlled by clock 

signals. The data signal must arrive at the other end of the circuit block before the next 

clock cycle. Thus there are two important numbers associated with the digital logic block: 

one is the longest time it takes for the signal to traverse the block; it is called the critical 

delay �Ê�C>CÊbw; the other one is the maximum allowable delay determined by the clock 

frequency and the setup time of the flip flop; and we denote it as �Qbi . In order to for the 

circuit to work, the critical delay must be less than �Qbi . The performance of interest is the 

critical delay. We will not discuss the parameter �Qbi  until chapter 5. 
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We describe the gate delay using the RC delay model [2], [3]: when a signal is about to 

propagate through a gate, it is essentially charging or discharging a capacitor through a 

non-linear resistor. We approximate this as a �� network composed of an equivalent linear 

resistor and an equivalent capacitor (Fig. 4.2). The equivalent resistor represents the 

driving strength of the gate; large gate size corresponds to small resistance. We will fix the 

gate sizing in our analysis in this chapter and the equivalent resistance of gate G is a 

constant: 

 �CuË � �C. (4.1)  

The constant �C depends on gate type, threshold voltage etc. The equivalent capacitance is 

the sum of all caps connected to this gate: 

 �CuË � �CCR> ' � �ÁCRÁ∈ÌÍ�C	 , (4.2)  

where �CCR>  is intrinsic capacitance of gate G, �ÁCR is the input capacitance of gate G, and ^Î�G	 

denotes the indices of the gates that connect to the output of gate G, or the fan-out gate G. 
The delay of a single gate can be expressed by 

 �C�[	 � 0.69�CuË�CuË (4.3)  

The constants that will be used in our example are summarized in Table 4.1. In Chapter 5 

and 6, we will extend the model (4.1)-(4.3) to include the dependence on gate sizes.  

 

 

Figure 4.2: RC delay model. 

 

Gate type Cin (fF) Cint (fF) R (kΩ) a 

INV 3 3 0.48 3 

NAND2 4 6 0.48 8 

NOR2 5 6 0.48 10 

Table 4.1: Circuit parameters [3]. The constant of the last column will be used in Chapters 5 and 6. 

Because a digital logic block can be viewed as a directed acyclic graph, one can adopt 

either the path-based (depth-first) algorithm or the block-based (breadth-first) algorithm 

to find the critical delay of the circuit [4]. A complete enumeration of all paths for large-

scale circuit is problematic since the number of paths grows exponentially with the size of 

the circuit. By contrast, a block-based algorithm can be used to calculate critical delay at 

linear computational cost.  
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We assume that the variability arising from manufacturing impacts the delay through 

threshold voltage fluctuation �. The threshold voltage of gate G is ;>?,C � ;>?,C@ ' �C, where ;>?,C@  is the nominal threshold voltage and is assumed to be 0.3 V. The unit-size resistance 

can be related to the threshold voltage by the s-power law [5]: 

 �C ∝ �;<<  ;>?,C �¹, (4.4)  

where ;<< is the supply voltage, typically around 1 V; s is a parameter that typically equals 

1.3; ;>?,C is the threshold voltage of gate i. The variability in threshold voltage is described 

by the same hierarchical model as in (3.1): 

 �C � DEFE ' DCFC, (4.5)  

where DE and DC are the amplitudes of the global and local variations respectively, and FE, FC 
are independent standard normal random variables. In our example in this chapter, we 

assume DE � 50	mV and DC � DE.  

In summary, the critical delay is the performance metric of concern. We use a block-

based method to evaluate critical delay of unit-sized logic circuit. The delay of every gate is 

given by Eq. (4.3). The variability is assumed to be the threshold voltage fluctuation and is 

modeled as Eq. (4.5). It is linked to the resistance in Eq. (4.3) by (4.4).  

4.1.2 The pre-amplifier 

The second example is a pre-amplifier circuit that has wide applications in signal 

processing, communication and power electronics [6]. As shown in Fig. 4.3, the circuit has 6 

transistors (M1 – M6) and 4 load resistors. The output of the circuit (node 5) is driving a 

load capacitor of 10fF. The design parameters are shown on the schematics. The design is 

used to illustrate the methods presented here, and should be deemed as an optimal design 

example. The circuit is modeled using Hspice with 45nm PTM transistor compact model [7].  

Similar to the SRAM problem examined in Chapter 3, the variability is assumed to come 

from threshold voltage fluctuation. We use a 6 X 1 vector � to characterize the threshold 

voltage change, of which every entry is the threshold change of each transistor, and is 

described using the same hierarchical model as in Eq. (4.5).  
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Fig. 4.3: The schematics of the pre-amplifier [6]. 

 

We will consider two performance metrics in our analysis. The first is the open loop 

differential gain. Under the small-signal model [6], if the differential input amplitude is ;<C , 
and the differential output amplitude is ;<x, then the open loop differential gain is defined 

as �< � ;<x ;<C⁄ , and expressed in units of dB: 

 �/�/�	 � 20 log10��<	. (4.6)  

A related quantity is the common mode gain. If the common mode input amplitude is ;ÊC, 
and the common mode output amplitude is ;Êx, then the common mode gain is defined as �Ê � ;Êx ;ÊC⁄ , and this quantity is also normally expressed in dB: 

 ���/�	 � 20 log10��Ê	. (4.7)  

A good differential pre-amplifier should have a high open loop differential gain, and a low 

common mode gain. Therefore the second performance metric is the ratio of the 

differential gain to the common mode gain. It is called the common mode rejection ratio 

(CMRR), and it is given in dB as 

 �L���/�	 � 20 log10 o�<�Êp. (4.8)  

In summary, we use the same variability model Eq. (4.5) to describe the randomness 

arising from process variation. The quantities of interest are the open loop gain given in 

(4.6) and the common mode rejection ratio given in (4.8). These performances are 

evaluated through simulation using Hspice.  

4.2 PLS-based algebraic method 
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Fig. 4.4: Illustration of customized corner as the tangential point between the performance function 

contours and the variability ellipsoid. 

 

The objective of customized corner estimation is to find a combination of the random 

process parameters that represent the worst performance situation at a certain yield level. 

For any given probability level s, there is a corresponding ellipsoid in the process 

parameter space (�-space) such that the probability of � being enveloped inside the 

ellipsoid is s. The volume of the ellipsoid is therefore dependent on s. The higher the 

probability level is, the larger the volume of the ellipsoid. Among all � points within a given 

ellipsoid, the performance metric will achieve its extremity at the ellipsoid surface, 

assuming that the delay is roughly a monotonic function of process parameters. More 

accurately, the extreme point is the tangential point between performance function contour 

and the ellipsoidal surface (Fig. 4.4). This point is the customized corner point that we are 

interested in.  

We have shown in section 3.4.4 that partial least square regression (PLS) has the 

capability to identify the direction where the tangential point resides. So we propose to use 

PLS on a small set of randomly generated (or measured) samples in order to find the ¦ 

direction as we did in Chapter 3, and then project the point in �-space onto the ¦ direction 

and reduce the high dimensional problem to a one dimensional problem. If the original 

parameter �  is a zero-centered multidimensional Gaussian random variable with a 

covariance matrix Σ, by projecting � to direction ¦, we have 

 �Ð � ¦��~¶�0, ¦�Σ¦	. (4.9)  

Thus, the s-quantile of the scalar �Ð can be obtained as 

 �Ð�¹	 � ´¦�Σ¦Φ���s	. (4.10)  

The corresponding point in the original �-space is 

r direction

Customized corner

Performance 

metric function 

contours

Parameter 

distribution
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 ��¹	 � ¦´¦�Σ¦Φ���s	 (4.11)  

where Φ is the cumulative distribution function for standard normal distribution. This 

point ��¹	 is the customized corner point at the s-yield level, and the performance function 

value at ��¹	  
 
�¹	 � 
���¹	 . (4.12)  

should be the s-quantile of the distribution of that performance metric. Based on the 

quantile information, we can also construct the probability density function (PDF) of the 

performance: 

 ��^�
�¹		 ∝ exp3 �Φ���s	 !2 4. (4.13)  

Notice the PDF function given by Eq. (4.13) can be very different from a Gaussian 

distribution. It maps the value of the performance PDF function to the PDF of the 

underlying projected process parameter �Ð (Fig. 4.5). Even if the distribution of �Ð is 

Gaussian, that of 
 may not be.  

 

 

Fig. 4.5: Mapping the PDF of �Ð to the PDF of performance function 
.  

The accuracy of the method is verified by comparing the quantile prediction and PDF 

estimation given by the PLS method with Monte Carlo simulation  

We implemented our method in MATLAB and applied it to ISCAS’85 benchmark circuits 

[8], all of which are digital logic circuits and are modeled using the framework outlined in 

section 4.1.1. To check the quality of the customized corner estimation, we also perform 10� Monte Carlo (MC) simulation for every benchmark circuits. The number of Monte Carlo 

samples is chosen such that the standard error of estimating the failure probability of 1% is 
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below 10% [3]. The MC simulation results are parsed using kernel density estimation [9], 

where Gaussian kernel is used and 100 points equally spaced across data range are used to 

evaluate the probability density function. The quantiles and the density function given by 

MC are compared to that estimated by PLS-based methods.  

Fig. 4.6 shows the PDF estimation for the smallest circuit in ISCAS’ 85: c17, which has 6 

gates. The kernel density estimation result is shown in solid line, and the estimation given 

by our proposed PLS-based method is shown in dashed line. The histogram of Monte Carlo 

simulation result is also shown in the figure. 500 samples are used to run the PLS 

regression. The PDF estimation given by PLS regression closely matches that of density 

estimation via Monte Carlo. What is also worth noticing is that even though the underlying 

random variable is Gaussian, the critical delay is highly non-Gaussian because of 

nonlinearity and numerous max operations in block-based critical delay calculation [4]. 

This indicates that our method is capable of dealing with the nonlinearity and max 

operation in timing analysis, and the result is very close to MC simulation.  

 

 

Fig. 4.6: PDF function comparison for c17. The solid line is given by kernel density estimation, and 

the dashed line is given by our proposed method based on PLS regression. 500 samples are used in 

PLS regression. 
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Fig. 4.7: Probability plot and quantile prediction for c17. The cross marks are Monte Carlo 

simulation results. The green boxes are predictions given by the PLS method. The straight dash line 

represents normal distribution. 

The non-Gaussian characteristics of the critical delay are further illustrated in Fig. 4.7. 

In Fig. 4.7, the Monte Carlo results are plotted against the quantiles of standard normal 

distribution. Should the distribution be Gaussian, the data points would lay around a 

straight line. The deviation from the straight dashed line indicates light lower tail and 

heavy upper tail for critical delay distribution. The prediction given by PLS regression at 5 

different probabilities (0.01, 0.1, 0.5, 0.9, 0.99) are marked by squares in Fig. 4.7. We can 

observe that they track the real distribution very well. If one uses a simple Gaussian 

distribution to make the estimation, one would obtain the points on the dashed line which 

can lead to significant errors, especially at the tails.  

A similar PDF estimation result is shown in Fig. 4.8 for the largest circuit of ISCAS’85: 

c7552, which has 3512 gates. Fig. 4.8 shows that even for circuits with thousands of gates, 

the PDF estimation via the proposed method is still accurate as verified by MC simulation, 

and our method readily extends to larger problems of high dimensionality. Similar to Fig. 

4.7, both the Monte Carlo simulation results and PLS regression prediction are plotted 

against the quantiles of a normal random variable in Fig. 4.9, which confirms the non-

Gaussian characteristics of the result and the ability of the proposed method to track the 

real distribution. 

In order to quantify the accuracy of the PDF estimation, we define the quantity PDF 

error as the integrated discrepancy of PDF estimation: 

 ¸Æ�Ì � .|�� Æ̂ÒÓ�[	  �� Ô̂Õ�[	|	/[, (4.14)  

where �� Æ̂ÒÓ�[	 is the PDF estimation given by the PLS regression-based method, and �� Ô̂Õ�[	 is the PDF estimation given by kernel density estimation on Monte Carlo 

simulation results. Based on this definition, we summarize the PDF error for ISCAS’85 
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circuits in Table 2. For these results, 500 samples are used in PLS regression, and 10,000 

samples are used in MC simulation. Table 4.2 shows that the PDF error for all circuits that 

we tested, most of them are below 0.1.  

 

Fig. 4.8: PDF function comparison for c7552. The solid line is given by kernel density estimation, 

and the dashed line is given by our proposed method based on PLS regression. 500 samples are 

used for PLS regression. 

 

Fig. 4.9: Probability plot and quantile prediction for c7552. The cross marks are Monte Carlo 

simulation results. The green boxes are predictions given by PLS methods. The straight dash line 

represents normal distribution. 

 

For some applications, we are interested in the quantiles at the tail of the distribution. 

To test the prediction capability at the tail, we define the 0.99-quantile error as  
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 ¸@.ÖÖ � k×ÆÒÓ�@.ÖÖ	  ×ÔÕ�@.ÖÖ	k×ÔÕ�@.ÖÖ	 , (4.15)  

where ×ÔÕ�@.ÖÖ	
 and ×ÆÒÓ�@.ÖÖ	

 are the 0.99-quantiles given by Monte Carlo simulation and PLS 

regression methods, respectively. The 0.99-quantile error for ISCAS’85 circuits are also 

summarized in Table 4.2. The prediction errors are below 3%. Compared with plain Monte 

Carlo, the PLS-based method shows faster convergence. This is shown by performing 50 

independent experiments for both Monte Carlo and PLS-based method, and comparing the 

standard error of 0.99 quantile prediction. The speed-up is summarized at the last column 

of Table 4.2.  

 

 Total Gates PDF Error 
0.99 Quantile 

Error 

Speed up 

compared to MC 

c17 6 0.0526 0.0205 6.32x 

c432 160 0.0858 0.0168 4.51x 

c880 383 0.0441 0.0115 5.68x 

c1908 880 0.0554 0.0266 6.17x 

c2670 1193 0.1121 0.0145 7.76x 

c3540 1669 0.0599 0.0169 6.28x 

c5315 2307 0.0294 0.0162 9.81x 

c6288 2416 0.0732 0.0155 18.58x 

c7552 3512 0.0459 0.0201 8.21x 

Table 4.2: PDF error for ISCAS’85 benchmark circuits. 500 samples are used in PLS regression. 

10,000 samples are used in MC simulation. The number of MC simulations is chosen such that the 

standard error of estimating the failure probability of 1% is 10%. The speed-up factor is the ratio of 

standard error for 0.99 quantile prediction achieved by MC and PLS method using 500 samples. 

In the simulation results presented above, we have been using 500 samples for PLS 

regression. It is interesting to see how sensitive the accuracy of PDF estimation is to the 

number of samples. To this end, we run our method with various sample size from 10 to 

1000, and the results on selected circuits are shown in Fig. 4.10. The result for c17 shown 

in solid line indicates that a very small sample size does not differ much from large sample 

size. This is reasonable since the dimension of c17 is only 6. For larger circuits such as 

c1908 (dotted line) and c7552 (dash line), a sample size that is too small can have a 

negative impact on the accuracy. However, the PDF errors for both circuits decrease to 

below 0.1 when the sample size is above 100. This indicates 100 samples can be a good 

choice for most applications. The same trend is also observed for 0.99-quatile error as 

shown in Fig. 4.11, which indicates 100 samples are enough for the estimation of 0.99-

quantiles.  

 

 



57 

 

 

Fig. 4.10: PDF error vs. sample size in PLS regression. 

 

 

Fig. 4.11: 0.99-quantile error vs. sample size in PLS regression. 
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Fig. 4.12: The performance function contours in the Δ;¥-1  Δ;¥-2 plane. The dotted line is the ¦ 

direction given by PLS regression.  

We also applied the method to the pre-amplifier example, but did not obtain meaningful 

results (Fig. 4.12). In Fig. 4.12, the ellipse describing the variability is superimposed upon 

the contour lines of the performance functions for both open loop gain and CMRR. What is 

also shown in dotted line is the ¦ direction as picked by PLS regression. It is observed that 

the ¦ direction given by the PLS regression is not the direction we really want. The reason 

is that both the open loop gain and the CMRR are highly nonlinear and non-monotonic 

functions of threshold voltage. In this situation, the PLS-based method is not applicable and 

we have to resort to optimization based methods as shown in the next section. 

4.3 Optimization-based methods 

4.3.1 Nonlinear classifier-assisted method 

Provided the objective is to find the tangential point between the contours of the 

performance function and the ellipsoidal surface characterizing the variability, we can treat 

it as a pure geometric problem in the �-space. The biggest challenge is how to describe the 

contour shape of the performance function. The nonlinear classifier, such as support vector 

machine (SVM) classifier [10], is a powerful tool to address this problem in high 

dimensional space. It uses the kernel transformation [11] to implicitly work on an 

augmented space, thus capable of handling nonlinearity. In this section, we propose to use 

SVM classifier to describe the performance function contours and solve a nonlinear 

equation to find the tangential point.  

The method starts with simulations on a number of training samples. The sampled 

points are artificially divided into two classes based on the simulated performance value. 

This is achieved by introducing a threshold ^, such that half of the samples have 

performance values smaller than ^, and those samples are labeled by the number 0. The 

other half is labeled by the number 1 (Fig. 4.13). An SVM classifier separating the two 

classes characterizes the hyper-surface where the performance function has the value ^. 

Therefore, the separating surface of the classifier approximates the contours of the 

performance function. We then use this contour information to find the tangential point 

with the ellipsoid surface as described in detail in the following.  
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Fig. 4.13: Illustration of the nonlinear classifier-based method. 

 

Suppose the decision equation in SVM is given by  

 ���	 � �sCz�C	Ø���C	, �	�
C�� ' �, (4.16)  

where K is the number of training samples, z�C	 is the indicator function taking value 1 or 1 for sample �G	, sC and � are fitting parameters given by the training process. We use the 

quadratic kernel function in our analysis: 

 Ø���C	, � � ����C	�1 ' ����C	 . (4.17)  

The normal direction at the separating surface is given by 

 /1 � ¾���	 � �sGz�G	¾Ø���G	, �	�
C�� . (4.18)  

On the other hand, the normal direction of the ellipsoid is  

 /! � ¾���Σ���	 � 2Σ���. (4.19)  

What we intend to find is the point where /�||/! and ���	 � 0. This amounts to solving the 

following nonlinear simultaneous equations: 

 Ù�/1�/2 2 � ‖/1‖2‖/2‖2���	 � 0.  (4.20)  

Eq. (4.20) is solved iteratively using Levenberg–Marquardt method [12].  
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To solve Eq. (4.20), 10 different points are randomly generated as initial values, and the 

equation (4.20) is solved for each of them. Many of the solutions are identical, and we 

merge them if they are close to each other. The customized corners given by Eq. (4.20) are 

tested at different yield tolerance levels. We use the number of sigma’s ¿ to represent the 

yield tolerance level. The quantity ¿ is set so that the ellipsoid characterizing the variability 

is expressed as ��: ��Σ��� v ¿!�. We let the size of the variation ellipsoid to change from ¿ �2 to 3. At each ¿ level, we randomly sample 1000 points on the surface of the ellipsoid ��: ��Σ��� v ¿!�. If the corner points picked by Eq. (4.20) are the ideal corner points, then 

the performance values at the 1000 sample points should not be worse than that given by 

the corner points. We count how many points out of the entire sample are not confined by 

the customized corner prediction, and call that the error rate. The results are shown in Fig. 

4.14. It is observed that for open loop gain, most of the sampled points are confined by the 

customized corner prediction, and only 1 out of 1000 at the yield level ¿ � 2 generates an 

error. For CMRR, the estimated customized corners envelope the worst-performance 

points to some extent. But there is a small portion of the sampled points not confined by 

the estimated customized corners, and the error rate can be as high as 2.5%. 

 

Fig. 4.14: The error rate tested by ellipsoid surface samples for the classifier-based method. 

 

4.3.2 Direct optimization method 

The method presented in the last section seeks to find the tangential point based on the 

description of the performance function contours using SVM. We have shown that the 

method, though approximates the customized worst-case corner points to some extent, 

cannot find the desired worst-case points with high accuracy. In this section, we intend to 

work directly on the optimization problem: 

 
minimize 
��	subject	to ��Σ��� v ¿!. (4.21)  

The optimization problem of Eq. (4.21) is solved using the interior point method with the 

initial points picked randomly. The solutions to the problem are regarded as the 

customized corner points for performance metric 
��	.  
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The result is checked via the same procedure as detailed in 4.3.1. For every ¿ level, 10 

randomly generated initial points are used in the optimization problem (4.21). The error 

rates are shown in Fig. 4.15. The error rates for both the open loop gain and CMRR are 

reduced below 10�: across the yield tolerance range we simulated. This means that the 

customized corner as picked by Eq. (4.21) represents the worst-case performance at a 

given yield level. But the quality of the corner estimation comes at the price of the 

computation. Our simulation shows that the optimization problem Eq. (4.21) takes 

100~300 function evaluations to reach the solution, and this problem is solved for every 

choice of the initial points. By contrast, in classifier-based method, we used only 100 

evaluations to simulate the training sample, and the subsequent nonlinear equation solving 

does not require any expensive simulation.  

 

Fig. 4.15: The error rate tested by ellipsoid surface samples for the direct optimization method. 

 

4.4 Summary 

The PLS-based method estimates the customized corner through algebraic calculation. 

Its major advantage is computational speed and the ability to handle large scale problem. It 

is shown to be powerful in estimating the customized corner for critical delay of digital 

logic circuits, but it cannot give good estimation for analog applications.  

For analog circuits, we propose to use nonlinear classifier-based method. An SVM 

classifier is built on artificially divided training sample. A nonlinear equation is solved 

based on the decision function to yield the customized corners. These corners are shown to 

be good representatives for the worst-performance points, but can fail sometimes. A more 

robust method, based on direct optimization, is able to improve the result, but at the 

expense of a more computationally-intensive optimization procedure.  

The comparison is also summarized in Table 4.3.  
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Method Speed Accuracy 

PLS-based Fast Good  only for digital circuits 

Nonlinear Classifier method Medium Good 

Direct optimization Slow Best 

Table 4.3: Comparison of the methods in Chapter 4. 
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Chapter 5      Mathematical Formulation of Optimal Circuit 

Design 

This chapter gives an overview of formulating the circuit design practice as an 

optimization problem. It establishes the mathematical framework of which the solution 

will be discussed in the next chapter. We start our discussion with deterministic circuit 

design without the impact of process variation. It is followed by the introduction of the 

yield-constrained design problem and its worst-case surrogate. Current methods to solve 

the worst-case problem and the yield-constrained problems are introduced and their 

limitations are discussed. At the end of this chapter, we describe the digital gate sizing 

problem in detail as we will use it as an example to illustrate our methods in the next 

chapter.  

5.1 Deterministic Circuit Design Problem 

When designing a circuit, designers are given a set of specifications and possibly several 

performance metrics to optimize. The circuit coming out of the design phase must meet 

these specifications, and is hoped to achieve the highest possible performance. Designers 

have the freedom of choosing different circuit topologies and tuning design parameters to 

achieve the goal.  

This design practice can be formulated as a mathematical optimization problem. 

Suppose the design parameters are denoted as a vector [, then circuit performance metrics 

are functions of [. For every specification, it is possible to express the requirement posed 

by it as an inequality �C�[	 v 0 , where G � 1, … , � , with �  being the number of 

specifications. We can denote the circuit performances to be optimized as a vector 
�[	, of 

which every entry corresponds to a performance metric. Based on these notations, the 

circuit design problem is mathematically formulated as:  

 
minimize 
�[	subject	to �C�[	 v 0,			G � 1,… , �. (5.1)  

This is known as a multi-objective optimization problem since the objective function is a 

vector. It is often solved by optimizing the weighted sum of all entries in the objective 

function vector, i.e. a scalar 
x�[	 � 1�
�[	 [1]. This scalarization procedure gives rise to 

the solution that lies on the Pareto-optimal surface defined in the performance metric 

space [25]. Since we will always scalarize the objective function, we assume in our 

formulation that the function 
�[	 in Eq. (5.1) is a scalar.  

It is possible that in many design settings there is no performance to be optimized, and 

the only design objective is to meet specs. It is easy to encompass this type of problem in 

the formulation. This can simply be done by setting the objective function 
�[	 equal to a 

constant 
�[	 � 1. With the objective function being a constant, the optimization problem 

stated in Eq. (5.1) is known as a feasibility problem [1].  
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It is also worth noting that the design variable can be used not only to describe the 

parametric design choices, but also circuit topologies. This generalization allows the 

formulation in Eq. (5.1) to cover the entire circuit design problem. The resulting problem is 

a mixed combinatorial optimization [2]. Although the nonlinear mixed combinatorial 

optimization problem can be tackled via heuristics, it is in general very hard to solve. In our 

discussion, we consider only the situation where the topology is fixed, and the design 

variable [ is parametric. It corresponds to the parameter tuning phase in circuit design 

(chapter 1).  

The mathematical optimization formulation can be applied to various circuit types at 

different levels in design hierarchy. For instance, Ref. [3] models the gate-level digital logic 

design as a geometric programming problem; Ref. [4] minimizes the power consumption of 

SRAM cell at both circuit and layout level; Ref. [5] obtains the optimal design of CMOS op-

amp via geometric programming.  

To solve the mathematical optimization problem, one can use general-purpose 

nonlinear optimization methods as described in the survey paper [6]. Although these 

methods have been successfully employed in various design situations [7], [8], they suffer 

from being frequently trapped in locally optimal designs. To circumvent this difficulty, 

global optimization techniques such as branch and bound [9] and simulated annealing [10] 

can be adopted. Branch and bound method can reach the global optimal solution without 

using heuristics, but the convergence in general is extremely slow. Simulated annealing 

method uses stochastic method to reduce the chances of finding a non-globally optimal 

solution, but it cannot be avoided completely and the convergence tends to be slow. In the 

last two decades, convex optimization gained plenty of attention. Once the problem is 

formulated as a convex optimization problem [1], powerful methods such as interior-point 

[12] can be used and the convergence to globally optimal solution is guaranteed. The major 

disadvantage of a convex optimization approach is that the problem must conform to the 

form of convex optimization. In the digital-circuit-sizing example discussed in the following 

sections, the problem takes the form of geometric programming [1], a form of convex 

optimization, and therefore can be solved efficiently using interior method. In other cases 

where the problem is not inherently convex, or closed form expression of the function is 

not available, one can approximate the problem with a convex formulation [5].  

5.2 Robust circuit design 

The design problem described in the previous section assumes a deterministic relation 

between circuit performance and design. In reality, the performance can fluctuate around 

its nominal value due to the variation arising from the manufacturing process or operating 

environment. As discussed in chapter 1, the impact from manufacturing process variation 

is becoming more pronounced as the technology nodes shrink to 32 nm and below. Any 

realistic design must take into account the process variation [13]. 

5.2.1 Yield-constrained design 

We assume the variability can be described by random variables. For consistency with 

the preceding chapters, we denote the parameters related to process variation as a vector �. 
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Every entry in �  is a random variable, and �  is a random vector following certain 

distribution. As a result, the performance metrics are also functions of �.  

In practice, we want the probability of meeting specifications to be greater than a 

certain value 1  Þ, where Þ is a small number, e.g. 0.01. This probability is also known as 

parametric yield. Equivalently we can also ask the probability of failing to meet specs be 

smaller than Þ. We shall replace the deterministic constraint in Eq. (5.1) by a probability 

constraint Pr��: ∃G	�C�[, �	 � 0	 v Þ. The objective that we try to minimize is now the 

expectation of the objective function. This new problem is a yield-constrained optimization 

problem, and is formally stated as: 

 
minimize ¸�
�[, �		subject	to Pr��: ∃G	�G�[, �	 � 0 v Þ. (5.2)  

We denote the formulation as described by Eq. (5.2) as the yield-constrained design 

problem. It is also recognized as the “chance-constrained optimization” problem in the 

community of convex optimization [14-19].  

5.2.2 Worst-case Design 

In most situations, the problem as defined in Eq. (5.2) is extremely hard to solve. So 

people resort to conservative approximations to the yield-constrained problem. The most 

popular approach is the worst-case design.  

 Suppose we choose a set Ω, such that the probability for � to take a value outside of the 

set is small enough, then we can design the circuit with the worst-case scenario that can 

possibly be given by that set. This idea can be formulated by the following worst-case 

design problem: 

 

minimize maxξ∈Ω 
�[, �	subject	to maxâ∈ã �C�[	 v 0,			G � 1, … , �. (5.3)  

In many situations, the optimization problem in Eq. (5.3) is easier to handle than that in Eq. 

(5.2).  For instance, the problem given by Eq. (5.3) often maintains the convexity of its 

deterministic counterpart whereas the chance-constrained problem Eq. (5.2) does not [20]. 

But its disadvantage is obvious: the set Ω is often larger than necessary since people have 

poor knowledge about the connection between the size of the set and the final parametric 

yield, and hence use conservative estimation.  

In summary, it is ideal to work on the yield-constrained optimization problem (5.2). But 

the practical difficulty of lacking efficient algorithm prevents us from directly tackling the 

yield-constrained problem. Instead, people opt to deal with the conservative worst-case 

problem (5.3) as happened in both convex optimization community [20] and design 

automation community [5], [21]. In recent years, many researchers started to look at the 

yield constrained problem [22], [23]. However, these existing methods either resort to 

overly simplified circuit performance formulae in order to conform to a particular 

optimization formulation, or rely on the assumption that the variability carries certain 

closed-form distribution. The latter is a particularly serious problem since the closed-form 



66 

 

distribution can disagree tremendously with reality at the remote tail of the distribution, 

which in fact is the most important region for yield estimation. A realistic variability model 

extracted from data [24] is often too complicated to be included in the existing 

optimization framework. Therefore, a generic optimization framework that is capable of 

utilizing a more realistic and accurate variability model is desired. We will introduce our 

contribution to the problem in chapter 6. The example we choose to work on is the gate 

sizing problem [3], which is going to be described in the next section. 

5.3 Example: Digital Circuit Sizing 

In this section, we introduce a design example that we will use in the next chapter: 

digital circuit sizing. As discussed in section 4.1.1, there are two important numbers 

associated with the digital logic: one is the longest time it takes for the signal to traverse 

the block; it is called critical delay �Ê�C>CÊbw; the other one is the maximum allowable delay 

determined by the clock frequency and the setup time of the flip flop; and we denote it as �Qbi . In order for the circuit to work, the critical delay must be less than �Qbi , and we 

refer to the situation where critical delay is greater than �Qbi  as failure event. 

As in chapter 4, we adopt the RC mode to describe the critical delay. Unlike the �� 

model in chapter 4, the size-dependence of the �� parameters will be considered in this 

example. If we use [C  to describe the size of gate G, then the equivalent resistance �CuË is 

represented as a constant divided by gate size 

 �CuË�[	 � �C[C . (5.4)  

The constant �C depends on gate type, threshold voltage etc., but is independent of gate 

size. The equivalent capacitance is the sum of all caps connected to this gate, and it is 

proportional to the size: 

 �CuË�[	 � �CCR>[C ' � �ÁCR[ÁÁ∈ÌÍ�C	 , (5.5)  

where �CCR>  is unit-size intrinsic capacitance of gate G, �ÁCR is the unit-size input capacitance 

of gate G, and ^Î�G	 denotes the indices of the gates that connect to the output of gate G, or 

the fan-out gate G. The delay of a single gate can be expressed by �C�[	 � 0.69�CuË�[	�CuË�[	. 

Starting from the input, there could be several paths leading to the output, and the 

delay associated with that path is the sum of the delay of the gates belonging to that path: 

 �t � � 0.69�CuË�[	�CuË�[	C∈tb>?�t	 � � �C�Ää�[	C∈tb>?�t	 , (5.6)  

where we group all the terms that are not related to �C together and call them �Ää�[	. �Ää�[	 

is a posynomial [1] of [. By definition, the critical delay the maximum of all path delays: 
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 �Ê�C>CÊbw � maxt À � �C�Ää�[	C∈tb>?�t	 Â. (5.7)  

5.3.1 Deterministic Digital Circuit Sizing 

The objective of digital circuit sizing is to tune the size of the circuit [, to optimize some 

metric under performance constraints. In this work, we assume that we would like to 

minimize the area of the circuit, or equivalently, the dynamic power consumption of the 

circuit. It is a linear function of the size: 

 ��[	 � D�[. (5.8)  

where D is a constant vector of which every entry DC is the unit size area of gate G. In 

addition to the performance constraint that the critical delay being less than �Qbi , the gate 

sizes cannot be less than one due to minimum feature size limitation. Putting all these 

together, we have the following deterministic digital circuit sizing problem 

 

minimize ��[	 � D�[																					
subject	to �Ê�C>CÊbw�[	 N �Qbi 							[ ] 1.																																	 (5.9) 	

The	critical	delay	�Ê�C>CÊbw�[	 is given in Eq. (5.7), and the coefficients for different types of 

gates used in our simulation are summarized in Table 4.1 of chapter 4. This problem is 

recognized as a geometric programming (GP) problem [1], and can be solved efficiently 

using off-the-shelf algorithms.  

5.3.2 Yield-constrained Digital Circuit Sizing 

We adopt the same variability model as described in section 4.1.1, where � is the 

random variable characterizing the threshold voltage fluctuation. Since equivalent 

resistance is a function of random variable � based on the variability model described in 

section 4.1.1, the critical delay is also a function of it. We can re-define the digital circuit 

sizing problem as  

 

minimize ��[	 � D�[																																																				
subject	to �� � Pr��Ê�C>CÊbw�[, �	 � �Qbi	 v Þ							[ ] 1,																																																																	 (5.10) 	

incorporating	a	yield	constraint.		

We	will	discuss	various	methods	to	solve	(5.10)	in	Chapter	6.		
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Chapter 6      Solving the Yield-constrained Design Problem 

The	 presence	 of	 the	 yield	 constraint	 makes	 it	 hard	 to	 solve	 the	 yield-constrained	

optimization	problem.	As	shown	in	Chapter	2,	it	is	difficult	to	evaluate	the	yield;	it	is	even	

more	difficult	 to	 include	 it	 in	an	optimization	problem.	One	cannot	 treat	 the	yield	as	 just	

another	 nonlinear	 function	 and	 throw	 the	 entire	 problem	 in	 Eq.	 (5.12)	 into	 a	 generic	

nonlinear	optimization	solver,	because	every	function	can	be	evaluated	hundreds	of	times	

before	the	solution	is	reached	and	that	poses	a	daunting	computational	burden	if	one	of	the	

functions	being	evaluated	 is	 the	yield.	A	more	 feasible	approach	 is	 to	replace	the	original	

problem	with	approximations.		

In	this	chapter,	we	will	introduce	three	methods.	The	first	method,	gradient	projection,	

can	be	applied	with	high	flexibility	but	has	convergence	problems	when	the	dimensionality	

is	 high.	 The	 second	 approach,	 convex	 approximation,	 approximates	 the	 yield	 constraint	

with	 convex	 constraints.	 This	 approach	 can	 efficiently	 handle	 the	 situation	 where	 the	

variability	 does	 not	 possess	 much	 correlation,	 but	 becomes	 problematic	 when	 strong	

correlation	is	present.	The	third	method,	sequential	geometric	programming,	can	overcome	

most	 of	 the	 difficulty	 by	 reducing	 the	 original	 problem	 to	 a	 sequence	 of	 convex	

optimization	problems,	and	the	sequence	is	controlled	by	fast	yield	simulation.	This	allows	

it	to	be	applicable	in	various	situations.		

We	 will	 use	 the	 example	 of	 digital	 circuit	 sizing	 described	 in	 Chapter	 5	 to	 illustrate	

different	methods.	

6.1 Gradient projection method 

In	 this	 section,	we	propose	 a	method	 that	 is	 intended	 to	be	 as	 generic	 as	possible	 to	

solve	the	problem	(5.10),	which	is	re-stated	here	for	the	convenience	of	discussion:	

	

minimize ��[	 � D�[																																																				
subject	to �� � Pr��Ê�C>CÊbw�[, �	 � �Qbi	 v Þ							[ ] 1.																																																																	 (6.1) 	

Since	 it	 is	 impossible	 to	 directly	 apply	 generic	 nonlinear	 optimization	 method	 to	 this	

problem	due	to	computational	challenge	of	evaluating	failure	probability,	our	approach	is	

to	reduce	the	number	of	�� calculation while treating the rest of the problem as a common 

nonlinear optimization problem. Before we delve into the method itself, we will first give a 

brief introduction to the generic nonlinear optimization methods.  

In general, nonlinear programming methods can be categorized according to the orders 

of derivatives involved [1]. Second-order methods need evaluation of the second-order 

derivatives, or Hessian, of the function being optimized, first-order methods need gradient, 

and zeroth-order methods only need the evaluation of the function value itself. These 

methods [1], [2] are summarized in Table 6.1. The 0th order methods are very flexible in the 

forms of the problems they can deal with, but these methods tend to converge very slowly. 

The 1st order methods take advantage of the gradient information to speed up the 
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convergence, but they require the functions to be smooth such that the gradient calculation 

can be carried out. The 2nd order methods are the fastest if the functions are smooth and 

convex. In fact, if the objective function is a quadratic function, a 2nd order method such as 

Newton’s method can reach the solution in a single iteration. However, the drawback of 2nd 

order methods is also as pronounced. If the Hessian matrix at the point being evaluated is 

not positive-definite, the algorithm could give rise to a catastrophic step and a meaningful 

solution could never be reached.  

 

Method 0th order 1st order 2nd order 

Examples 
Nelder-Mead 

Genetic Algorithm 

Steepest descent 

Projected gradient 

Cutting-plane 

Newton 

Interior-point 

BFGS 

    

Speed Slow Medium Fast 

Robustness to Noise Good Good Bad 

Table 6.1: Comparison of different nonlinear optimization methods 

An important feature about using simulation in failure rate estimation is that the 

evaluation result contains noise, and this will incur significant numerical errors in gradient 

and Hessian calculation. Based on the discussion in the last paragraph, all 2nd order 

methods risk the failure of convergence if we were to use them directly on the yield-

constrained problem. First-order methods provide good resilience to noise, while at the 

same time they maintain descent convergence speed compared to 0th order methods.  

 

Fig. 6.1: Projected gradient method. 

Among various 1st order methods, we choose to use the projected gradient method [1], 

[3] because it allows completely separate treatment of the objective function and 

constraints. In this way, we can make the number of yield evaluations as small as possible. 

The method is a combination of gradient descent and feasibility projection and it will be 

described next in some detail.  
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But before we embark upon the explanation of the algorithm itself, we need to take a 

closer look at the problem. The failure probability will be evaluated through stochastic 

simulation, which is essentially the mean of a large number of random results. As we have 

shown in Chapter 2, the estimate ��� is approximately a random variable following Gaussian 

distribution according to the central limit theorem. Given the fact that the evaluation of �� 

is random in nature, the yield constraint needs to be modified in order to accommodate 

this randomness. If we would like to reject the fraction non-conforming ¿ with probability 1  W, we borrow the idea of upper control limit (UCL) in statistical process control theory 

[4] and arrive at the modified constraint 

 �� � Pr��Ê�C>CÊbw�[, �	 � �Qbi	 v ÞÐ, (6.2)  

where ÞÐ is given by 

 ÞÐ � Þ  �åæ ' å· *Þ1 ' *åæ. (6.3)  

The quantities å·  and åæ  are the �1  W	 and �1  ¿	 quantile of the standard normal 

distribution.  

6.1.1 The algorithm 

With the modified yield constraint, we are ready to describe the projected gradient 

method. First, we calculate the gradient gA of the objective function by finite difference at 

an arbitrary initial point. The point is then updated along the direction of gA, by step length 

αA (as shown by the blue dash arrows in Fig. 6.1). The updated point is often infeasible. We 

call a subroutine to project the point back to feasible region (yellow solid arrows in Fig. 

6.1). The new objective function is calculated at this new feasible point. If the function 

change is smaller than Tolfun, the loop is stopped; if not, the entire process is repeated. The 

algorithm reads: 

Repeat until change in A(x) is smaller than TolFun 

1 Get the local gradient gA of A(x) 

2 Update x to x - αA gA 

3 Project x to feasible region  

4 Calculate A(x) 

There remains one question: how to project an infeasible point to feasible region. The 

projection operation for a size constraint [ ] 1 is straightforward: if [C N 1, set it to be 1. 

For the yield constraint, we will decrease the critical delay if the failure probability is out of 

spec. This can be done by moving on the descend direction of the critical delay and is 

implemented by the following algorithm: 

Repeat if x is infeasible 

1 Get a local gradient gD of Dcritical(x) 

2 Update x to x - αD gD 

6.1.2 Results and Discussion 



73 

 

The method outlined in section 6.1.1 is implemented in MATLAB 7.4.0 on a desktop 

with 2.4 GHz Intel Core 2 Quad processor. The method is first applied to the ISCAS ’85 

benchmark circuit c17 [5] which has 6 gates. The parameters used in the simulation are 

summarized in Table 6.2. The objective function ��[	 is recorded at every step, and its 

values are plotted in Fig. 6.2. As shown in Fig. 6.2, the convergence is achieved after a 

number of iterations. Even though the convergence is not comparable to the quadratic 

convergence rate of the Newton’s method [1], it still gives the result within a reasonable 

number of iterations. The optimized circuit is tested by Monte Carlo simulation, of which 

the histogram of the critical delay is shown in Fig. 6.3. The histogram shows the probability 

of exceeding �Qbi  is approximately 1%, indicating the yield constraint is active, just as 

desired.  

 

TolFun s� sç �Qbi  Þ ¿ W 

0.5 0.1 0.05 12.5 ps 0.01 0.05 0.20 

Table 6.2: Simulation parameters in optimizing ISCAS ’85 c17. 

 

Fig. 6.2: Objective function vs. iteration for ISCAS ’85 c17. 
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Fig. 6.3: Delay histogram of the optimized c17. 

In order to study how the method scales with the problem size, we create a scalable 

circuit by cascading a basic unit (Fig. 6.4). As a result, the number of paths grows 

exponentially as a function of the number stages. The maximum tolerable delay is set to 

12.5 ps×Nstage (number of stages), and the simulation parameters are summarized in 

Table 6.3. We plot the run-time as a function of the number of gates in Fig. 6.5 and as a 

function of the number of paths in Fig. 6.6. It can be seen that the run-time grows linearly 

with the path number, but exponentially with the number of gates. This indicates this 

simulation-based projected gradient method, though flexible, is slow in general.  

 

 

Fig. 6.4: Circuit cascade. The basic circuit is modified from the one used in [6]. 

 

TolFun s� sç �Qbi  Þ ¿ W 

0.5 0.1 0.05 12.5 ps×Nstage 0.01 0.05 0.20 

Table 6.3: Simulation parameters used in optimizing cascaded circuit. 
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Fig. 6.5: Run-time as a function of the number of gates. 

 

 

Fig. 6.6: Run-time as a function of the number of paths. 

6.2 Convex Approximation 

The method in this section is derived from the most recent developments in robust 

convex optimization [7]. The yield-constrained problem is also known as the chance-

constrained optimization in that field. The study of robust convex optimization itself dates 

back to 1973 [8]. The entire field was revived around 1997 [9-12], and was followed by 

significant progress in both theory and applications. Systematic research on chance-

constrained robust convex problem was not seen until very recently [13], [14]. Most of 

these approximation techniques have been successfully used in the robust versions of 
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circuit sizing problem. To facilitate the usage of convex approximation techniques, we first 

need to modify the original problem.  

Suppose we can express the variability of the equivalent resistance explicitly as 

 �C � �C@ ' �EèE ' �C�èC , (6.4)  

where the global perturbation random variable èE ∈ 1,1®; the deterministic constant �E ] 0 denotes the range of impact of global perturbation; the local perturbation random 

variables èC ∈ 1,1] are independent of each other and are independent of the global 

perturbation variable èE; the deterministic constant �C� ] 0 characterizes the range of 

impact of the local perturbation. Information about intra-die spatial variability can be 

added if gate positions and the form of spatial variability are known. Notice that the only 

assumption on èE and èC  is that they take values on [-1,1]; otherwise we do not assume 

them to follow any particular distribution.  

Next, we will relate the coefficients in Eq. (6.4) to the variability model described in 

section 4.1.1. In section 4.1.1, we stated that the resistance is linked with the threshold 

voltage by the s-power law �C ∝ �;<<  ;>?,C �¹, and the threshold voltage is described by 

a hierarchical model 

  ;>?,C � ;>?,C@ ' �C � ;>?,C@ ' D�F� ' DGFG (6.5)  

To find the coefficients �E and �C� in Eq. (6.4), we simply let the global and local random 

variables in Eq. (6.5) to take their extreme values and estimate the change in threshold 

voltage, and consequently, in equivalent resistance through the s-power law. In case where 

the range of FE or FC is infinite, a practically “distant” value can be used instead (e.g. 3¯ 

value in case of Gaussian). The goal is to obtain a rough estimate of the impact of the 

variability in threshold voltage on the equivalent resistance, through the coefficients �E 

and �C� . This can be achieved as long as a simulation can be carried out to calculate ;>?,C. In 

our example, we assume FE and FC’s are independent and they follow the standard normal 

distribution ¶�0,1	. In order to estimate the parameters �E and	�C� , we let FE and FC’s  to 

take their 3¯ value, i.e. FE, FC =3, and arrive at the following formula: 

 �E � �C@ �;<<  ;>?,C@  ¹�;<<  ;>?,C@  3DE ¹  �C@, (6.6)  

 �C� � �C@ �;<<  ;>?,C@  ¹�;<<  ;>?,C@  3DC ¹  �C@. (6.7)  

6.2.1 Box Approximation 

An obvious way of replacing the yield constraint in Eq. (6.1) is to dictate the critical 

delay to be less than Dmax for all possible perturbation values èE , èC ∈ 1,1®. If we view èE 
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and èC ’s as elements of a vector è � �èE , èC …èQ �, then è takes values that are determined 

by the perturbation set éBox � �è: ‖è‖f v 1� . A robust approximation to the yield 

constraint in Eq. (6.1) becomes  

 
maxÀ � ��C@ ' �EèE ' �C�èC �Ää�[	C∈path�t	 Â v �Qbi ,

∀è ∈ éBox, � ∈ All	Paths

	 (6.8)  

Because �E, �C� ] 0, Eq. (6.8) is equivalent to  

 
� ��C@ ' �E ' �C� �Ää�[	C∈path�t	 v �Qbi ,

∀� ∈ All	Paths

	 (6.9) 	

The	 resulting	optimization	problem	 is	 a	 geometric	programming	problem	 [15].	 Since	 the	

perturbation	set	éBox has the shape of a box, the approximation Eq. (6.9) is also called a box 

approximation [10]. The box approximation guarantees that the delay requirement is 

always satisfied under the variability model described in Eq. (6.4); therefore it is a robust 

but overly conservative approximation of the yield constraint in Eq. (6.1). Since the worst 

possible situation is included, the design problem Eq. (6.1) with the yield constraint 

replaced by Eq. (6.9) is indeed a conservative worst-case design.  

6.2.2 Ball Approximation 

The box approximation satisfies the constraint overlooking the fact that �Ê�C>CÊbw v�Qbi  can be violated with a finite probability. In order to remove this redundancy, a 

perturbation set that is smaller than éBall should be used. It is established in [10] that using 

the ball perturbation set   éBall � �è: ‖è‖! v ë� with ë � ´2 ln�1/Þ	  is a less conservative 

yet still safe approximation of the original chance constraint. Notice that the radius of the 

ball ë is determined by the maximum tolerable yield loss Þ. The smaller the yield loss Þ, the 

larger the radius will be. Under the perturbation described by éBall, the yield constraint in 

Eq. (6.1) is approximated as  

 
maxÀ � ��C@ ' �EèE ' �C�èC �Ää�[	C∈path�t	 Â v �Qbi ,

∀è ∈ éBall, � ∈ All	Paths

	 (6.10)  

and it is equivalent to  

 

	
� �C@�Ää�[	C∈tb>?�t	 'ëì � l�C��Ää�[	m!C∈tb>?�t	 ' À � �E�Ää�[	C∈tb>?�t	 Â!	

v �Qbi, ∀	� ∈ All	Paths.
 (6.11)  
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The ball approximation takes its name from the fact that the perturbation set éBall has the 

shape of a ball. The left hand side of the approximation is generalized posynomial [15]. 

Thus the resulting optimization problem is still a geometric programming problem.  

 

Fig. 6.7: The comparison of the size of a box and a ball in high dimension. 

One can understand the benefit of using ball approximation against box approximation 

via geometric arguments. If the perturbation set é is large, then the approximated 

constraint is conservative, and vice versa. The volume of éBox in P-dimensional space is ;íxi � 2R since the side length of the box is 2. The volume of an n-dimensional ball with 

radius ë is [16] 

 ;íbww � îR!Γ lP2 ' 1mëR, (6.12)  

where Γ is the gamma-function. As the dimensionality P increases, the volume of the box 

will be incomparably larger than that of the ball. A numerical example with  ë �´2 ln�1/Þ	 and Þ � 0.01 is shown in Fig. 6.7. The upper panel of Fig. 6.7 shows the ratio of 

the diameter of the box (max diagonal distance within the box) to the diameter of the ball 

as a function of dimension. The lower panel shows the ratio of the volume of the box to that 

of the ball. It is clear that the ball can be significantly smaller than a box in high 

dimensional space. It is this unintuitive property of the high dimensional ball that 

guarantees the effectiveness of the ball approximation method.  

6.2.3 Bernstein Approximation 

A more sophisticated way to approximate the yield constraint is through the Bernstein 

approximation [10], in which the distribution �C�èC	 associated with each perturbation 

variable èC  is assumed to satisfy 
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 .exp�¥¨	/�G�¨	 v exp ðmaxñòG'¥, òG¥ó ' 12¯G2¥2ô ,	 (6.13)  

where òCª, 	òC� and C̄  are deterministic constants. A large number of well-known 

distributions fall under this category. For a unimodal distribution defined on [-1,1], it is 

shown [10] that òCª � 0.5, òC� � 0.5 and C̄ � 1 √12⁄ . Under the unimodal assumption, the 

approximation of the yield constraint is 

 

	
ë√12ì � l�C��Ää�[	m!C∈tb>?�t	 ' À � �E�Ää�[	C∈tb>?�t	 Â!	

' � o�C@ ' 12�C� ' 12�Ep�Ää�[	C∈tb>?�t	 v �Qbi, ∀	� ∈ All	Paths.
	 (6.14)  

The left hand side of this approximation is also a generalized posynomial [15], thus the 

approximated problem is a geometric programming problem, and can be solved using 

efficient algorithms.  

6.2.4 Dynamic Programming Formulation 

The summations that appear in the above constraints (6.9), (6.11) and (6.14) are for all 

paths. This could pose a computational problem because the number of paths can grow 

exponentially with the number of gates; hence the number of constraints grows 

correspondingly. To address this problem, one can adopt the dynamic programming 

formulation as described here. Suppose we define the delay associated with gate G as �C , 
then the arrival time �C� of the signal right after the gate must satisfy (Fig. 6.8) 

 �C� ] �Á� ' �C, ∀õ ∈ FI�G	, (6.15)  

where the notion FI(i) represents the indices of the gates that connect to the input of gate i, 

or the fan-in of gate i. In box approximation (6.9), the term in the summation is the gate 

delay �C � ��C@ ' �EèE ' �C�èC �Ää�[	, and equation (6.9) can be written as 

 �C� ] �Á� ' ��C@ ' �E ' �C� �Ää�[	, ∀õ ∈ FI�G	. (6.16)  

If we want the summation of the gate delays along all paths to be less than some value �Qbi  

as in (6.9), then we only need to look at the arrival time at the output nodes and set those 

to be less than �Qbi . We can further simplify this by appending a single artificial output 

node with zero delay right after the real output nodes, with all real output nodes as its fan-

in. If we denote this new artificial node as o, we can replace the inequalities involving all 

paths with a single inequality of �x� 

 �x� v �Qbi . (6.17)  

The complete problem with box approximation reads: 
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minimize ��[	 � D�[																																																																													
subject	to �C� ] �Á� ' ��C@ ' �E ' �C� �Ää�[	, ∀õ ∈ FI�G									��� v �OD[																																[ ] 1.																																												 																																											

	 (6.18) 	

To	deal	with	the	first	summation	under	the	square	root	in	ball	approximation	(6.11),	we	

can	similarly	 introduce	an	artificial	circuit	 that	carries	 the	same	topology	as	 the	real	one,	

but	 the	 “delay”	 associated	 with	 each	 gate	 is	 defined	 as	��C�	! � ��C��Ää�[	 !. In the same 

manner, if we introduce the arrival time �C�  for this artificial circuit, we have 

 �G¦ ] �Á� ' l�C��Ää�[	m! ,						õ ∈ FI�G	. (6.19)  

Similarly, for the second summation under the square root in Eq. (6.11), we define arrival 

time �CE on the same topology: 

 �G� ] �ÁE ' �E�Ää�[	,						õ ∈ FI�G	. (6.20)  

The complete problem with ball approximation reads: 

 

minimize ��[	 � D�[																																															
subject	to �C� ] �Á� ' �C@�Ää�[	, õ ∈ FI�G																																							�C� ] �Á� ' l�C��Ää�[	m! ,						õ ∈ FI�G			�CE ] �ÁE ' �E�Ää�[	,						õ ∈ FI�G									

�x� ' ë&�x� ' ��xE ! v �Qbi 													[ ] 1.																																																							
	

	 (6.21) 	

The	 summation	 in	 Bernstein	 approximation	 (6.14)	 can	 be	 handled	 using	 similar	

methods,	and	the	complete	problem	reads:	

	

minimize ��[	 � D�[																																																												
subject	to �C� ] �Á� ' o�C@ ' 12�C� ' 12�Ep�Ää�[	, õ ∈ FI�G																																							�C� ] �Á� ' l�C��Ää�[	m! ,						õ ∈ FI�G											�CE ] �ÁE ' �E�Ää�[	,						õ ∈ FI�G									

�x� ' ë√12&�x� ' ��xE ! v �Qbi																											[ ] 1.																																																							
	

	 (6.22) 	

The	 optimization	 problems	 stated	 in	 (6.18),	 (6.21)	 and	 (6.22)	 are	 all	 recognized	 as	

geometric	programming	(GP)	problems,	a	well-known	formulation	in	convex	optimization,	

solvable	by	very	efficient	off	the	shelf	algorithms.	
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Figure	6.8:	Abstract	network	

	

6.2.5 Results and Discussion 

We	apply	the	three	approximated	GP	problem	formulations	to	an	8-bit	adder	[17]	with	

88	 gates.	 The	maximum	allowable	delay	 is	 set	 to	Dmax=70ps, and Þ is set to 0.01. The GP 

problems (6.18), (6.21) and (6.22) are modeled and solved using the Matlab toolbox of 

MOSEK [18], on a desktop with 2.4 GHz Intel Core 2 Quad processor and Matlab 7.4.0. After 

the optimization, the optimally sized circuits are tested with a 50,000-run Monte Carlo 

simulation to find the delay distribution, where the random numbers are generated 

according to (6.5).  

We test the method in two scenarios. In the first test scenario, the global variability 

coefficient DE is assumed to be 0, and local variability coefficient DC � 20 mV. This is the 

situation where the global variation does not play a significant role and the local variability 

dominates. The simulated histogram is shown in the upper panel of Fig. 6.9. The optimized 

result given by the different methods are shown in the lower panel of Fig. 6.9. It is clearly 

seen that, both ball approximation and Bernstein approximation give better result 

compared to the worst-case (box approximation) optimization. The conservativeness of the 

worst-case approach is observed from the histogram, where the Bernstein approximation 

is the least conservative approach of these three. The run-time (Table 6.4) numbers suggest 

that the approximation methods introduced here are very efficient. 
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Fig. 6.9: Upper panel: the delay histogram from Monte Carlo simulation on optimized results. Lower 

panel: the optimized area. 

 

To further study the efficiency of these methods, we employ them on ISCAS’85 

benchmark circuits. The run-time of different methods is shown in Table 6.5. The proposed 

methods can solve circuits with hundreds of gates in seconds, and circuits with thousands 

of gates in minutes. The exact run-time of course depends on the architecture in addition to 

the size of the circuits.  

 

Fig. 6.10: Optimized area in scenario 2. 

In the second test scenario, we adopt the hierarchical model where the global 

variability dominates, or equivalently, the variability across the entire circuit exhibits high 

correlation. In this test, we set DE � 20 mV, and DC � 0.1DE. The optimized areas given by 

different methods are summarized in Fig. 6.10. What can be observed from this figure is 

opposite to the result in scenario 1: ball approximation gave much worse result than the 

box-approximation. The optimized area given by Bernstein approximation is also larger 

than that of box-approximation. It contradicts our assertion that ball and Bernstein 

approximations are less conservative than the box approximation, and this needs further 

discussion. 

To understand the phenomenon, we need to take a close look at the path delay formula 

organized with respect to è: 
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� ��C@ ' �EèE ' �C�èC �Ää�[	C∈path�t	 �	
� �C@�Ää�[	C∈path�t	 'À � �E�Ää�[	C∈path�t	 ÂèE ' � �C��Ää�[	èCC∈path�t	 .	 (6.23)  

At the second line of Eq. (6.23), the coefficients in front of èE are contributed by all gates in 

the path, whereas that of èC  come from a single gate G. Moreover, because DE is one order of 

magnitude larger than DC, �E is much larger than �C� according to Eq. (6.6) and (6.7). Based 

on these facts, we can conclude that the impact due to èE is much larger than èC , making the 

effective dimension of the problem low. Recall that the ball approximation scheme is only 

effective when the dimensionality is high; so, ball-approximation is not an appropriate 

choice for the situation when there is a strong global variability component.  

 

 Box Ball Bernstein 

Run-time (sec) 0.1719 0.2031 0.3750 

Table 6.4: Run-time of different methods on an 8-bit adder. 

 

 
Total Gates 

Run-time (sec) 

Box Ball Bernstein 

c17 6 0.0313 0.0625 0.0469 

c432  160 4.6250 2.5156 2.6563 

c880  383 0.7813 1.6406 2.0625 

c1355 546 1.8125 2.9219 2.3125 

c1908 880 1.5000 7.2031 7.6094 

c2670 1193 2.5781 7.7500 10.1719 

c3540 1669 10.7813 23.0156 16.1875 

c5315 2307 5.1875 30.7656 46.9688 

c6288 2416 46.3906 90.8438 97.2813 

c7552 3512 16.0313 32.5156 35.7969 

Table 6.5: Run-time on ISCAS’85 Benchmark Circuits (seconds). 

 

6.3 Sequential Geometric Programming 

It was shown in the last section that the convex approximation methods are not good 

choice when global variability dominates or variation across the circuit exhibits high 

correlation. We propose a sequential method in this section to overcome this problem. It is 

based upon the box-approximation of the original yield-constrained problem.  

6.3.1 Scaled Box Approximation 
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Since the approximation deduced from the box perturbation set is more conservative 

than necessary, we can use a set that is smaller than éBox, provided, of course, that the 

original yield constraint is never violated. One possible way is to scale the size of the box. 

Suppose that the size of the box is scaled by a scalar factor of fBox, the scaled perturbation 

set is	éBox
� � �è: ‖è‖f v 
Box�. If we require the critical delay to be less than Dmax for all the 

perturbations defined by éBox
� , then the approximation (6.8) becomes  

 
� ��C@ ' 
Box��E ' �C�	 �Ää�[	C∈path�t	 v �max

∀� ∈ All	Paths.

	 (6.24) 	

We	 call	 (6.24)	 a	 scaled box	 approximation.	 Now	 the	 problem	 becomes	 determining	 the	

appropriate	 scale	 factor	 fBox	that	will	help	 us	 achieve	 the	 desired	 yield	without	 being	 too	

conservative.	

Similar	 to	 the	 dynamic	 programming	 formulation	 in	 the	 convex	 approximation	

approach,	we	 introduce	the	 idea	of	arrival	 time	 in	order	to	avoid	the	path	summation.	 In	

scaled	 box	 approximation	 (6.24),	 the	 term	 in	 the	 summation	 is	 the	 gate	 delay	�C ���C@ ' 
Box��E ' �C�	 �Ää�[	, and the maximum arrival time �C� of the signal at the output of 

the gate satisfies the following inequality 

 
�C� ] �Á� ' ��C@ ' 
Box��E ' �C�	 �Ää�[	,∀õ ∈ FI�G	.  (6.25)  

Similar to the last section, we can append a single artificial output node with zero delay 

right after the real output nodes, with all real output nodes as its fan-in. The arrival time at 

this output node � should be less than Dmax:  

 �x� v �max. (6.26)  

The complete problem with scaled box approximation is 

 

minimize ��[	 � D�[																																															
subject	to �C� ] �Á� '	��C@ ' 
Box��E ' �C�	 �Ää�[	,∀õ ∈ FI�G	�x� v �max																																																								[ ] 1.																																																																

 (6.27)  

6.3.2 Sequential Geometric Programming 
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Fig. 6.11: Flow diagram of sequential geometric programming. 

 

Let us denote the problem (6.27) as p(fBox). If fBox=1, then p(1) is the conservative 

worst-case problem. If fBox=0, the solution to the problem p(0) is a risky design solution 

because  no randomness is taken into account, and the resulting failure probability Pf is 

bigger than any Þ that one might be interested in. Based on these observations, we 

conclude that the best fBox that can make Pf close to Þ is bounded in [0,1]. Therefore, we can 

iteratively tune the scale factor fBox, solve the associated problem p(fBox), and, through 

simulation, calculate the failure probability Pf corresponding to the solution at each 

iteration. If Pf is close enough to Þ, then the algorithm exits; if not, a new value of fBox is 

generated for the next iteration. The entire procedure is summarized in Fig. 6.11. 

The algorithm can be viewed as a line search for the best fBox. The line search can be any 

generic line search algorithm, and we use bisection in our examples. The notion “close 

enough” will become concrete in section 6.3.4. Because the optimization problem being 

solved at each iteration is a geometric programming problem (6.27), we call this method 

sequential geometric programming (SGP).  

In the current implementation of SGP, we use a single scalar parameter 
Box to describe 

the set from which è’s can take values. This limits the shape of the set. More parameters can 

be introduced to relax this limitation at the expense of more outer iterations. 

It is understood that the geometric programming problem can be solved very efficiently 

in polynomial time as has been shown theoretically and observed experimentally [15]; the 

remaining question of SGP is how to efficiently calculate the failure probability.  This is the 

topic of chapter 3. For the specific problem discussed in this chapter, importance sampling 

is found to be effective as will be shown in the next section.  

6.3.3 Importance Sampling in SGP 

As we discussed in Chapter 3, the variance reduction achieved in importance sampling 

strongly depends on the choice of the biased distribution -��	 , where � ����, �!, … �Q	�and �C � DEFE ' DCFC. In this section we will work explicitly in the F-space for 

Solve p(fBox) for x

fBox=1

Simulate Pf

Pf ≈δ

Update

fBox

Output x
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which the reason will be obvious from the following discussion. Ideally, one wants to shift 

the original distribution ���	 to the place where failure is most likely to happen, or 

equivalently the point on the boundary that is the closest to the center of the original 

distribution. The search for such points in a �O ' 1	-dimensional space, where m (the 

number of gates) could be in the thousands, can be extremely time consuming. The 

situation can become even worse when there are many vertices in the boundary due the 

fact that many paths are nearly critical, and small perturbations can cause the critical delay 

to shift from one path to another. Fortunately, under the hierarchical model (6.5), the 

critical delay grows the most rapidly along the direction of the global variability axis FE 

(since global variation is typically much larger than local), therefore the boundary of 

interest is nearly parallel to the local variation axes FC. We can largely ignore the boundary 

points on all local variation axes. Consequently, the closest boundary can be approximately 

found by shifting ���	 along FE axis by an amount FEshift to the boundary as shown in Fig. 

6.12.  

 

 

Fig. 6.12: Illustration of importance sampling. The random sample is drawn from the biased 

distribution -��	, which has a significant number of points falling in the region of interest. 

 

Following the model in (6.5), the original distribution is 

 ���	 � � exp ù∑ FC!QC��2 û expù FE!2 û, (6.28)  

and the biased distribution is 

 -��	 � � expù∑ FC!QC��2 û	 ∙ 	exp3�FE  FEshift !2 4, (6.29)  

where C is a normalization constant. The function 1��	 as defined in Eq. (2.7) is 
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 1��	 � ��F	-�F	 � expù FE!2 û
exp3 �FE  FEshift !2 4. (6.30)  

The shift amount FEshift is found using the Newton-Raphson method, where the iteration 

follows the following formula: 

 
FE�Rª�	 � FE�R	  �critical�FE�R	  �max	«�critical�FE�R	 «FE�R	 , 

(6.31)  

and the stopping criterion of the search for FEshift is  

 ü�critical�FE�R	  �maxü≤0.01	ps.	 (6.32) 	

Once	FEshift is found, hence the biased distribution -��	 is determined, the failure probability 

is estimated by sampling at the biased distribution according to Eq. (2.7). It is shown in the 

next section that, with standard error k=5%, the total number of simulations required in 

importance sampling is around 103, almost independent of the probability that is being 

estimated. 

6.3.4 Results and Discussion 

We first show the efficiency of geometric programming and importance sampling, 

which in turn legitimize the idea of SGP which combines these two. SGP is applied to 

several sample problems showing the capability of solving yield-constrained digital circuit 

sizing problem with thousands of gates. Similarly, the simulations are done on a desktop 

with 2.4 GHz Intel Core 2 Quad processor and Matlab 7.4.0. The geometric programming 

problem is modeled and solved using the Matlab toolbox of MOSEK [18]. 

6.3.4.1 Geometric Programming Result 

To test how the geometric programming formulation of the circuit sizing problem can 

be solved efficiently, we first apply the method to the cascaded circuit example used earlier 

in section 6.1.2 (Fig. 6.4). The problem being solved is (6.27) with fBox=1. The number of 

stages is changed from 1 to 180, and the number of gates changes from 6 to 1080. As shown 

in Fig. 6.13, the run-time to solve the geometric programming problem (6.27) grows 

roughly linearly with the number of gates. But the exact run-time can depend heavily on 

the architecture of the circuit, and can also depend on how the problem is formulated and 

processed in the solver. It is clearly seen that the run-time is on the order of seconds even 

for a circuit with thousands of gates. 
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Fig. 6.13. GP Run-time vs. the number of stages in cascaded circuits. The run-time shows roughly a 

linear dependence of the size of the circuit. But the exact run-time depends on topology, 

formulation details. 

6.3.4.2 Importance Sampling Result 

Using Monte Carlo-based simulation to estimate probability, the accuracy is controlled 

by the standard error k as defined in Eq. (2.4). For the rest of this section, k is set to 5%. We 

apply the importance sampling method outlined in section 6.3.3 to a sample the circuit c17 

in the ISCAS’85 benchmark circuit family [5]. The circuit under test is set so that the size of 

all its gates is unit (x=1). For the purpose of comparison, standard MC is also carried out. 

The parameter Dmax is changed from 14.8 ps to 16.2 ps. As a result of the increase in Dmax, 

the failure probability is going to drop. Both importance sampling and standard MC give 

the same result as shown in the upper panel of Fig. 6.14. However, the number of 

simulation runs in Monte Carlo to achieve the accuracy set by k=5% grows exponentially, 

whereas the number of simulation runs in importance sampling to achieve the same 

accuracy shows much weaker, if any, dependence on Dmax, or equivalently on the 

probability being estimated. The number of simulation runs of importance sampling is 

roughly 1000. This can be understood by the following crude argument: the importance 

sampling biases the original distribution such that the effective Pf under the biased 

distribution is around 0.5, making the term ��/�1  ��	 close to one; to achieve the 

accuracy determined k=5%, the number of runs determined by (2.4) is on the order of 103.  

Even though the formula (2.4) is for pure MC, it still gives an approximate estimate of the 

required number of runs for importance sampling, since the method of importance 

sampling is indeed MC with a biased distribution. 
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Fig. 6.14. Importance sampling and Monte Carlo simulation on unit-sized circuit c17. Upper panel: 

the estimated failure probability vs. Dmax. Lower panel: number of runs vs. Dmax. The standard error *	is set to 5%. 

6.3.4.3 SGP Result 

Based on the results in 6.3.4.1 and 6.3.4.2, we observe that geometric programming can 

be solved very efficiently, and that the simulation runs required by importance sampling to 

estimate failure probability do not grow catastrophically large when the probability to be 

estimated is small. These observations show it is possible to combine these two elements in 

the iterative SGP method.  

Due to the fact that the failure probability Pf  is estimated via stochastic methods, thus 

the estimate is random in itself, it would be unreasonable to demand the final Pf  to be 

infinitely close to Þ. Therefore, the notion “close enough to Þ” can be defined to be a region 

that is acceptable in practice. In our simulation, we use  

 �� ∈ Þ  0.1Þ, Þ ' 0.1Þ®. (6.33)  

We apply both SGP and the worst-case approach to an 8-bit adder [17]. The parameter Þ is set to 0.01, corresponding to 99% yield, and Dmax is set to 70 ps. After the optimization, 

a regular 50,000-run MC simulation is applied to the optimized circuits to visualize the 

delay distribution, where the random numbers are generated according to (6.5). The 

simulated histogram is shown in the upper panel of Fig. 6.15, and the optimized circuit area 

is shown in the lower panel of Fig. 6.15. It is clearly seen that worst-case approach ends up 

with a solution of which the failure probability is much less than necessary; this comes with 

an area penalty. SGP gives better result by pushing the delay distribution closer to the 

success/failure boundary, such that the failure probability is very close to Þ;  thus the yield 

constraint is active. 
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Fig. 6.15. SGP and worst-case approach on 8-bit adder. Upper panel: delay histogram from Monte 

Carlo simulation on the optimized circuits. Lower panel: optimized area given by different methods.  

 

 

Fig. 6.16. Tradeoff curve of optimized area vs Þ. 
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Fig. 6.17. Upper panel: runtime at different Þ’s. Lower panel: number of SGP iterations at different Þ’s. 

To see how the method behaves at different Þ’s, we change Þ from 10-3 to 10-1, a typical 

tradeoff curve of the optimized area vs. Þ  is shown in Fig. 6.16. It is interesting to see how 

many SGP iterations are needed to reach the stopping criterion in (6.33). The total run-time 

and SGP iterations at different	Þ’s are shown in Fig. 6.17. It is seen that the total run-time is 

only dozens of seconds for this circuit, and the number of SGP iterations never exceeds 4 

throughout the entire Þ range that we simulated. 

 

Fig. 6.18. Run-time breakdown for ISCAS’85 benchmark circuits. 

We also applied the method to the ISCAS’85 benchmark circuit families, of which the 

largest circuit c7552 has 3,512 gates. The parameter Þ is set to 0.01, and Dmax is set to 

Nlogic×12.5 ps, where Nlogic is the logic depth of the circuit. The run-time is summarized in 

Fig. 6.18. The total time to solve the problem is no more than a few hours. Compared to 

geometric programming, the importance sampling simulation takes most of the run-time. 

This is expected since importance sampling involves large number of repetitions and is 

implemented completely in Matlab which may add significant overhead. A better 

implementation exploiting the nature of the repetitive runs or even using a parallel 
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architecture would have been far more efficient. However, even with the present code, the 

run-time of importance sampling can be well controlled as shown in Fig. 6.19. In Fig. 6.19, 

the number of simulation runs for importance sampling in each iteration is averaged and 

plotted for each benchmark circuit. The average number of simulation runs is around 103, 

which conforms to the argument in section 6.3.4.2 that the simulation runs should be at the 

order of 103 for k=5%. For the number of SGP iteration, as shown in Fig. 6.20, it is again 

below or equal to 4 for all the benchmark circuits we test.  

 

 

Fig. 6.19. Average number of runs for importance sampling at each iteration. 

 

Fig. 6.20. The number of SGP iterations for ISCAS’85 benchmark circuits. 

6.4 Summary 

The first method, gradient projection, works directly on the non-convex form of the 

yield-constrained optimization problem. In order to reduce the number of expensive failure 

probability estimations, the method treats the objective function and the constraints 

separately. Although the method is flexible in dealing with different variability models, our 
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analysis shows that it suffers the high dimensionality, making it less useful when the 

number of gates is large.  

The convex approximation method uses the three different approximation schemes: 

box approximation, ball approximation and Bernstein approximation. The box 

approximation is essentially the conservative worst-case method, whereas the ball 

approximation and Bernstein approximation can remove the conservativeness when the 

dimension of the problem is high. The approximated problems are convex and can be 

solved by off-the-shelf convex solvers. However, when the variability exhibits high 

correlation, neither ball nor Bernstein approximation gives satisfying result. This scenario 

is handled by the third method: the sequential geometric programming method. 

The method of sequential geometric programming (SGP) consists of iterative usage of 

geometric programming and importance sampling. The fact that the yield constraint is 

handled by simulation makes the approach applicable to any variability model. The number 

of simulation runs in importance sampling is shown to be well controlled; few SGP 

iterations are generally needed to achieve practical convergence. The method is applied to 

8-bit adder and also ISCAS’85 benchmark circuit families. All of them can be solved within 

reasonable amount of time using the proposed method.  
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Chapter 7      Conclusions 

 

7.1 Dissertation summary 

Technology scaling necessitates close interaction between design and manufacturing. 

This thesis is focused on how to incorporate process variability in the design flow. More 

specifically, the thesis addresses the statistical verification and optimization of the 

integrated circuits.  

Yield estimation is a crucial but expensive step in circuit verification. It is particularly 

challenging for SRAM cells since it has very low failure probability. We propose several 

methods intended to speed up the yield estimation. These methods include an 

extrapolation method using biased operating condition, extended extreme value theory, 

binary tree-based method and the partial least squares (PLS)-preconditioned importance 

sampling. Among these, we find the PLS-preconditioned importance sampling is the most 

suitable yield estimation method for SRAM failure analysis. It is shown to have high 

stability, and is at least 10 times faster than other importance sampling-based methodology. 

The method of extrapolation based on biased operating condition is not able to achieve the 

same level of efficiency, but it has potential applications when experimental measurements 

are involved. This is a unique advantage among all the proposed methods. The binary tree-

based method is extremely fast for low dimensional problems, but suffers severely from 

the curse of dimensionality. Six variables are shows to be too many to justify the usage of 

the method, making the method not very useful in circuit yield analysis.  

The corner models are used as a crude version of the yield estimation in circuit design. 

But current corner models cannot deal with local variability and can be misleading for 

certain performances. Customized corners are therefore needed. We find the shift-point 

used in PLS-preconditioned importance sampling is a good candidate of such customized 

corners. This hypothesis is verified using the ISCAS’85 benchmark circuits. But the PLS-

based method is useful only when the circuit performances are roughly a monotonic 

function of the process parameters. When the performance function is more complicated, 

such as in analog circuit design, we propose to use nonlinear classifier-based method or the 

direction optimization method. The former is fast, but the corner points generated may fail. 

The direct optimization method can extract the desired customized corner points, albeit at 

a high computational cost. Depending on the requirement and computation budget, one can 

choose one method or the other.  

Optimizing the circuit under the influence of variability is traditionally within the 

framework of worst-case corners. These methods lead to pessimistic design in general. To 

remove the pessimism, one needs to solve the yield-constrained optimization problem. But 

the presence of the failure probability calculation in the constraint makes it hard to solve. 

We propose three methods to solve the yield-constrained circuit optimization problem. The 

first method separates the treatment of objective function and constraints using gradient 

projection. This method has high flexibility in terms of the formulation, but is problematic 
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when the scale of the problem becomes large. The second method is based on the convex 

approximation idea from the most recent development in robust convex optimization. It 

can efficiently solve the yield-constrained problem if the variability across the circuit is 

independent. But when they are highly correlated, these convex approximation methods 

will give rise to very pessimistic solutions. The third method is a combination of the 

parameterized version of the convex approximation and fast yield estimation. It is able to 

accommodate a large variety of variability model because the yield is handled by 

simulation, and at the same time it is very efficient thanks to the convex nature of the 

problem being solved at every iteration step. The method is shown to be capable of dealing 

with circuits with thousands of gates.  

7.2 Future research directions  

Based on this work, several research directions can be pursued.  

First, the extraction of customized corner models can be improved. The proposed 

methods in this thesis provide a solution to this problem, but the solution is not optimal 

and cannot be used as a generic methodology for all circuit applications. Although the 

direct optimization method can be used everywhere in theory, its computational cost for 

large circuits is prohibitive. Alternatively, one can exploit the nonlinear extension of the 

PLS regression techniques [1]. It can take advantage of the speed of regression to tackle the 

situation with highly nonlinear performance functions. One can identify a worst-case 

hyper-surface based on nonlinear PLS regression. But the conversion from the hyper-

surface to discrete corner points needs further investigation.  

Second, the sequential method is based on the box-approximation of the original yield-

constrained problem. It is possible to incorporate other convex approximations and make 

it scalable. Moreover, one can use multiple parameters to describe the shape of the 

perturbation set. These possible extensions can allow for even better result to be reached, 

but they may also incur extra burden on the outer loop since more than one parameters 

need to be tuned and the simple line-search cannot be used.  

The sequential optimization method should be able to be applied to other circuits, in 

particular the optimization of an SRAM cell [2]. It takes the industry large amount of 

manpower to design the SRAM cell right at the desired margin. It would be cost effective for 

the memory design company if this process can be automated through optimization 

formulation. The sequential optimization method introduced in this thesis should be able 

to be applied to this problem with some modification. That way, memory can also enjoy the 

automated design with the exact parametric yield. 
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