The price of certainty: "waterslide curves" and the gap
to capacity

Anant Sahai
Pulkit Grover

ST NEFLELEL]

1]

h,
Y
4

Electrical Engineering and Computer Sciences
University of California at Berkeley

Technical Report No. UCB/EECS-2008-1
http://www.eecs.berkeley.edu/Pubs/TechRpts/2008/EECS-2008-1.html

January 1, 2008




Copyright © 2008, by the author(s).
All rights reserved.

Permission to make digital or hard copies of all or part of this work for
personal or classroom use is granted without fee provided that copies are
not made or distributed for profit or commercial advantage and that copies
bear this notice and the full citation on the first page. To copy otherwise, to
republish, to post on servers or to redistribute to lists, requires prior specific
permission.

Acknowledgement

Years of conversations with colleagues in the Berkeley Wireless Research
Center have helped motivate this investigation and informed the
perspective here. Cheng Chang participated in the research discussions,
especially as regards the AWGN channel. Sae-Young Chung gave
valuable feedback at an early stage of this research and Hari Palaiyanur
caught many typos in early drafts of this manuscript. Funding support from
NSF CCF 0729122, NSF ITR 0326503, NSF CNS 0403427, and gifts from
Sumitomo Electric.



The price of certainty: “waterslide curves” and the
gap to capacity

Anant Sahai and Pulkit Grover
Wireless Foundations, Department of EECS
University of California at Berkeley, CA-94720, USA
{sahai, pulki} @eecs.berkeley.edu

Abstract

The classical problem of reliable point-to-point digitalnemunication is to achieve a low probability of error
while keeping the rate high and thetal power consumption small. Traditional information-theoretic analysis
uses explicit models for the communication channel to sthdypower spent in transmission. The resulting bounds
are expressed using ‘waterfall’ curves that convey thelotiamary idea that unboundedly low probabilities of bit-
error are attainable using only finite transmit power. Hosvepractitioners have long observed that the decoder
complexity, and hence the total power consumption, goeshgnvattempting to use sophisticated codes that operate
close to the waterfall curve.

This paper gives an explicit model for power consumption ratidealized decoder that allows for extreme
parallelism in implementation. The decoder architectgrénithe spirit of message passing and iterative decoding
for sparse-graph codes, but is further idealized in thdlda for more computational power than is currently known
to be implementable. Generalized sphere-packing argunaeatused to derive lower bounds on the decoding power
needed for any possible code given only the gap from the Smafimit and the desired probability of error. As
the gap goes to zero, tlemergy per bitspent in decoding is shown to go to infinity. This suggests tihaptimize
total power, the transmitter should operate at a power thatrictly above the minimum demanded by the Shannon
capacity.

The lower bound is plotted to show an unavoidable tradedffiéen the average bit-error probability and the total
power used in transmission and decoding. In the spirit oeotional waterfall curves, we call these ‘waterslide’
curves. The bound is shown to be order optimal by showing xistemce of codes that can achieve similarly shaped
waterslide curves under the proposed idealized model addieg.
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The price of certainty: “waterslide curves” and the
gap to capacity

Note: A preliminary version of this work with weaker boundssvsubmitted to ITW 2008 in Porto [1].

. INTRODUCTION

As digital circuit technology advances and we pass into tlaeof billion-transistor chips, it is clear that the
fundamental limit on practical codes is not any nebulousseasf “complexity” but the concrete issue of power
consumption. At the same time, the proposed applicationsefior-correcting codes continue to shrink in the
distances involved. Whereas earlier “deep space comntigritdnelped stimulate the development of information
and coding theory [2], [3], there is now an increasing irgene communication over much shorter distances ranging
from a few meters [4] to even a few millimeters in the case ¢érichip and on-chip communication [5].

The implications of power-consumption beyond transmit polaae begun to be studied by the community. The
common thread in [6]-[10] is that the power consumed in pgsitey the signals can be a substantial fraction of the
total power. In [11], it is observed that within communicatinetworks, it is worth developing cross-layer schemes
to reduce the time that devices spend being active. In [9]infarmation-theoretic formulation is considered.
When the transmitter is in the ‘on’ state, its circuit is medeas consuming some fixed power in addition to
the power radiated in the transmission itself. Thereforeyakes sense to shorten the overall duration of a packet
transmission and to satisfy an average transmit-powerti@nsby bursty signalling that does not use all available
degrees of freedom. In [7], the authors take into accounta&k-pewer constraint as well, as they study the optimal
constellation size for uncoded transmission. A large adlagton requires a smaller ‘on’ time, and hence less
circuit power. However, a larger constellation requireghleir power to maintain the same spacing of constellation
points. An optimal constellation has to balance betweertwioe but overall this argues for the use of higher rates.
However, none of these really tackle the role of the decodmyplexity itself.

In [12], the authors take a more receiver-centric view arai$oon how to limit the power spent in sampling the
signal at the receiver. They point out that empirically farawideband systems aiming for moderate probabilities
of error, this sampling cost can be larger than the decodusyl dhey introduce the ingenious idea of adaptively
puncturing the code at the receiver rather than at the tristesnThey implicitly argue for the use of longer codes
whose rates are further from the Shannon capacity so thatetb@ddr has the flexibility to adaptively puncture as
needed and thereby save on total power consumption.

In [4], the authors study the impact of decoding complexiging the metric of coding gain. They take an
empirical point of view using power-consumption numbensdertain decoder implementations at moderately low
probabilities of error. They observe that it is often betteuse no coding at all if the communication range is low
enough.

In this paper, we take an asymptotic approach to see if cerisigl decoding power has any fundamental
implications as the average probability of bit error tenglzéro. In Section Il, we give an asymptotic formulation
of what it should mean to approach capacity when we must denslie power spent in decoding in addition to that
spent in transmission. We next consider whether classigaloaches to encoding/decoding such as dense linear
block codes and convolutional codes can satisfy our stritndard of approaching capacity and argue that they
cannot. Section Ill then focuses our attention on iteratigeodiing by message passing and defines the system
model for the rest of the paper.

Section 1V derives general lower bounds to the complexityterbitive decoders for BSC and AWGN channels in
terms of the number of iterations required to achieve a deégrobability of error at a given transmit power. These
bounds can be considered iterative-decoding counterpartse classical sphere-packing bounds (see e.g. [13],
[14]) and are derived by generalizing the delay-orientepianrents of [15], [16] to the decoding neighborhoods in
iterative decoding. These bounds are then used to show tisainifprinciple possible for iterative decoders to be a
part of a weakly capacity-achieving communication systelmwever, the power spent by our model of an iterative
decoder must go to infinity as the probability of error tendgewo and so this style of decoding rules out a strong
sense of capacity-achieving communication systems.



We discuss related work in the sparse-graph-code conteRedation V and make precise the notion of gap to
capacity before evaluating our lower-bounds on the numbé#eiations as the gap to capacity closes. We conclude
in Section VI with some speculation and point out some inteérggjuestions for future investigation.

II. CERTAINTY-ACHIEVING CODES

Consider a classical point-to-point AWGN channel with ndif. For uncoded transmission with BPSK sig-
naling, the probability of bit-error is an exponentiallyadeasing function of the transmitted energy per symbol.
To approach certainty (make the probability of bit-errorywemall), the transmitted energy per symbol must go to
infinity. If the symbols each carry a small number of bits, thieis implies that the transmjtoweris also going
to infinity since the number of symbols per second is a nonzenstant determined by the desired ratefobits
per second.

Shannon’s genius in [17] was to recognize that while there neasvay to avoid having the transmitteshergy
go to infinity and still approach certainty, this energy cokdamortized over many bits of information. This meant
that the transmittegowercould be kept finite and certainty could be approached by paiginit using end-to-end
delay (see [16] for a review) and whatever implementatiom@exity is required for the encoding and decoding.
For a given channel and transmit powey, there is a maximum rat€'( Pr) that can be supported. Turned around,
this classical result is traditionally expressed by fixing thesired rateR and looking at the required transmit
power. The resulting “waterfall curves” are showim Figure 1. These sharp curves are distinguished from the
more gradual “waterslide curves” of uncoded transmission.
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Fig. 1. The Shannon waterfalls: plots big((P.)) vs required SNR (in dB) for a fixed ratet3 code transmitted using BPSK over an
AWGN channel with hard decisions at the detector. A comparison is métietlve rate1/3 repetition code: uncoded transmission with the
same bit repeated three times. Also shown is the waterfall curve for #raga power constrained AWGN channel.

Traditionally, a family of codes was considered capacityieng if it could support arbitrarily low probabilities
of error at transmit powers arbitrarily close to that preelicby capacity. The complexity of the encoding and
decoding steps was considered to be a separate and quelitatistinct performance metric. This makes sense

!since the focus of this paper is on average bit error probability, theseswombine the results of [17], [18] and adjust the required
capacity by a factor of the relevant rate-distortion function hy((F)).



when the communication is long-range, since the “exchaatg’ between transmitter power and the power that
ends up being delivered to the receiver is very poor due tamte-induced attenuation.

In light of the advances in digital circuits and the need fboder-range communication, we propose a new way
of formalizing what it means for a coding approach to be “capa@chieving” using the single natural metric:
power.

A. Definitions

Assume the traditional information-theoretic model (sgp E.3], [19]) of fixed-rate discrete-time communication
with k total information bits,;» channel uses, and the rate Bf= % bits per channel use. As is traditional, the
rate R is held constant whilé andm are allowed to become asymptotically larg®. ;) is the average probability
of bit error on thei-th message bit andP.) = + 3", (P.;) is used to denote the overall average probability of bit
error. No restrictions are assumed on the codebooks asidetfrose required by the channel model. The channel
model is assumed to be indexed by the power used in tranemisBhe encoder and decoder are assumed to be
physical entities that consume power according to some htbdecan be different for different codes.

Let & Pr be the actual power used in transmission and?etand Pp be the power consumed in the operation
of the encoder and decoder respectivély.is the exchange rate (total path-loss) that connects thepspent at
the transmitter to the received powgy that shows up at the receiver. In the spirit of [10], we asstina the
goal of the system designer is to minimize some weighted awetibn P,y = &7 Pr + £ Po + £p Pp where the
vector§> 0. The weights can be different depending on the applicataond &7 is tied to the distance between
the transmitter and receiver as well as the propagatiorr@mwvient.

For any rateR and average probability of bit eerPe> > 0, we assume that the system designer will minimize the

—

weightecicombination above to get optimizBd,.; (¢, (P.), R) as well as constituer®y (&, (P.), R), Pc (&, (Pe), R),
andPD(fv <Pe>7 R)
Definition 1: The certainty of a particular encoding and decoding system is the recipro€ the average

probability of bit error.

Definition 2: An encoding and decoding system at rdtebits per second isveakly certainty achievingf
liminf py_q Pr(§, (Pe), R) < oo for all weights¢{ > 0.

If an encoder/decoder system is not weakly certainty aatggvhen this means that it does not deliver on the
revolutionary promise of the Shannon waterfall curve from plerspective of transmit power. Instead, such codes
encourage system designers to pay for certainty using undsalitransmission power.

Definition 3: An encoding and decoding system at rdtebits per second istrongly certainty achievingf
liminf py o Protal (€, (P.), R) # oo for all weightsé > 0.

A strongly certainty-achieving system would deliver on fia# spirit of Shannon’s vision: that certainty can
be approached at finite total power just by accepting longerterend delays and amortizing the total energy
expenditure over many bits. The general distinction betvatemg and weak certainty-achieving systems relates to
how the decoding powePp (£, (P.), R) varies with the probability of bit-errofP.) for a fixed rateR. Does
it have waterfall or waterslide behavior? For example, itcisar that uncoded transmission has very simple
encoding/decodiryand soPp (&, (P,), R) has a waterfall behavior.

Definition 4: A {weaklystrongly} certainty-achieving system at rafbits per second is alspweaklystrongly}
capacity achievingf

liminf liminf Pr(E, (P.), R) = C~(R) (1)
tckp—0 (Pe)—0

whereC—1(R) is the minimum transmission power that is predicted by thenBbia capacity of the channel model.

2For example, in an RFID application, the power used by the tag is actualplisdpvirelessly by the reader. If the tag is the decoder,
then it is natural to makép even larger thargr in order to account for the inefficiency of the power transfer from thader to the
tag. One-to-many transmission of multicast data is another example gipdicadion that can increasg,. The £p in that case should be
increased in proportion to the number of receivers that are listening tmélssage.

3All that is required is the minimum power needed to sample the receivedlsigl threshold the result.



This sense of capacity achieving makes explicit the sensehiohave should consider encoding and decoding
to be asymptotically fregbut not actually free. The traditional approach of modelmgoding and decoding as
being actually free can be recovered by swapping the ordéreofimits in (1).

Definition 5: An encoding and decoding system is considdraditionally capacity achievingf

liminf liminf Pp(¢, (R,), R) = C"'(R). 2)
(Pe)=0 £c £p—0

whereC~1(R) is the minimum transmission power that is predicted by thenBba capacity of the channel model.

By taking the limit (¢, &{p) — 0 for a fixed probability of error, this traditional approach kea it impossible
to capture any fundamental tradeoff with complexity in apnagtotic sense.

The conceptual distinction between the new (1) and old (2kesrof capacity-achieving systems parallels
Shannon'’s distinction between zero-error capacity andlaegiapacity [20]. IfC(e,d) is the maximum rate that
can be supported over a channel using end-to-end délapd average probability of errar, then traditional
capacityC' = lim_,olimg_. C(€,d) while zero-error capacity’y = limg_.o lim._o C(¢,d). When the limits
are taken together in some balanced way, then we get condeptnytime capacity [16], [21]. It is known that
Co < Cany < C'in general and so it is natural to wonder whether any codesapacity achieving in the new
stricter sense of Definition 4.

B. Are classical codes capacity achieving?

1) Dense linear block codes with nearest-neighbor decodingnse linear fixed-block-length codes are tradi-
tionally capacity achieving under ML decoding [13]. To uratand whether they are weakly certainty achieving, we
need a model for the encoding and decoding powernkéte the block length of the code. Each codeword symbol
requiresm R operations to encode and it is reasonable to assume thabpaddtion consumes some energy. Thus,
the encoding power i$)(m). Meanwhile, a straightforward implementation of ML (nesiraeighbor) decoding
has complexity exponential in the block-length and thus itdasonable to assume that it consumes an exponential
amount of power as well.

The probability of error for ML decoding drops exponentialiith m with an exponent that is bounded above by
the sphere-packing exponefif,(R) [13]. An exponential reduction in the probability of errsrthus paid for using
an exponential increase in decoding power. Consequenidyeasy to see that the certainty return on investments in
decoding power is only polynomial. Meanwhile, the certairgturn on investments in transmit power is exponential
even for uncoded transmission. So no matter what the valeefoaf, > 0, in the high-certainty limit of very low
probabilities of error, an optimized communication systeailt using dense linear block codes will be investing
ever increasing amounts in transmit power.

A plot of the resulting waterslide curves for both transmityer and decoding power are given in Figure 2.
Following tradition, the horizontal axes in the plots areegi in normalized SNR units for power. Notice how the
optimizing system invests heavily in additional transnoivyer to approach low probabilities of error.

2) Convolutional codes under Viterbi decodingor convolutional codes, there are two decoding algorithand
hence two different analyses. (See [22], [23] for details) Wterbi decoding, the complexity per-bit is exponential
in the constraint lengtiR L. bits. The error exponents with the constraint lengthZgfchannel uses are upper-
bounded in [24], and this bound is given parametrically by

Eo(p, P
Eecons (R, Pr) = Eo(p, Pr) ; R = O(ppT) 3)

where Ej is the Gallager function [13] and > 0. The important thing here is that just as in dense linear block
codes, the certainty return on investments in decoding p@svenly polynomial, albeit with a better polynomial
than linear block-codes sincB..,.,(R, Pr) is higher than the sphere-packing bound for block codes. [I8is,
an optimized communication system built using Viterbi dding will also be investing ever increasing amounts in
transmit power. Viterbi decoding is not weakly certainthiewing.

A plot of the resulting waterslide curves for both transmitver and decoding power is given in Figure 3.
Notice that the performance in Figure 3 is better than that glifei 2. This reflects the superior error exponents
of convolutional codes with respect to their computatigmaiameter — the constraint length.
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Fig. 2. The waterslide curves for transmit power, decoding powet,tha total power for dense linear block-codes of r&e= 1/3
under brute-force ML decoding. It is assumed that the normalizetygmequired per operation at the decodefis= 0.3 and that it takes
2mf « mR operations per channel output to decode using nearest-neighlsoh $ema block length ofn channel uses.

3) Convolutional codes under magical sequential decodiRgr convolutional codes with sequential decoding,
it is shown in [25] that the average number of guesses mustase to infinity if the message rate exceeds the
cut-off rate Ey(1). However, below the cut-off rate, the average number of gpeeés finite. Each guess at the
decoder costd..R multiply-accumulates and we assume that this means thaagwelecoding power also scales
asO(L.) since at least one guess is made for each received sample.

For simplicity, let us ignore the issue of the cut-off rateddnrther assume that the decoder magically makes
just one guess and always gets the ML answer. The convolltimaing error exponent (3) still applies, and so
the system’s certainty gets an exponential return for iimeests in decoding power. It is now no longer obvious
how the optimized-system will behave in terms of transmiveo

For the magical system, the encoder power and decoder poedyoth linear in the constraint-length. Group
them together with the path-loss and normalize units to gatgle effective termy L. The goal now is to minimize

Pr +~L, 4)
over Pr and L subject to the probability of error constraint thatﬁ = Feonv(R, PT)%. Since we are interested

in the limit of In ﬁ — 00, it is useful to turn this around and use Lagrange multipliér§ttle calculation reveals
that the optimizing values aPr and L. must satisfy the balance condition

8Econv (Ra PT)

Econv(R, Pr) =~L 5
(R, Pr)=~Le—7 Py (5)
and so (neglecting integer-effects) the optimizing caistrlength is eithed (uncoded transmission) or
1 8E’conv (R7 PT)
L.=—Feonw(R, Pp)) ————=. 6
5 (R, Pr)/ oP; (6)

To get ever lower values ofP.), the transmit power must therefore increase unboundedly unless the ratio

Econv(R, PT)/%]%R?PT) approaches infinity for some finit®;. Since the convolutional coding error exponent



- = = Total power
— Optimal transmit power| T
----- Decoding power
—— Shannon waterfall

40 50 60 70 80
Power

Fig. 3. The waterslide curves for transmit power, decoding powet tiam total power for convolutional codes of rae= 1/3 used with
Viterbi decoding. It is assumed that the normalized energy requiredgeration at the decoder i = 0.3 and that it take@”<® x L.R
operations per channel output to decode using Viterbi search fonstramt length ofZ. channel uses.

(3) does not go to infinity at a finite power, this requif}fg% to approach zero. For AWGN style channels,
this only occur$ as Pr approaches infinity and thus the gap betwéeand the capacity gets large.

The resulting plots for the waterslide curves for both trabhgower and encoding/decoding power are given in
Figure 4. Although these plots are much better than those iar&ig, the surprise is that even such a magical
system that attains an error-exponent with investmenteaoding power is unable to be weakly certainty achieving
at any rate. Instead, the optimizing transmit power goesfiaify.

4) Dense linear block codes with magical syndrome decoditig: well known that linear codes can be decoded
by looking at the syndrome of the received codeword [13]. $8pphat we had a magical syndrome decoder that
could use a free lookup table to translate the syndrome ldviL corrections to apply to the received codeword.
The complexity of the decoding would just be the complexitycomputing the syndrome. For a dense random
linear block code, the parity-check matrix is itself typigadense and so the per-channel-output complexity of
computing each bit of the syndrome is linear in the bloclgthn This gives rise to behavior like that of magical
sequential decoding above and is illustrated in Figure 5.

From the above discussion, it seems that in order to have ewealkdy certainty-achieving system, the certainty-
return for investments in encoding/decoding power mustasgef than exponential!

I1l. PARALLEL ITERATIVE DECODING: A NEW HOPE

The unrealistic magical syndrome decoder suggests a wayfdrif the parity-check matrix were sparse, then
it would be possible to compute the syndrome using a consiamiter of operations per received symbol. If the
probability of error dropped with block-length, that wouddve rise to an infinite-return on investments in decoder

“There is a slightly subtle issue here. Consider random codes for a roffenconvolutional random-coding error exponent is flat at
Eo(1, Pr) for ratesR below the computational cutoff rate. However, that flatness with Raienot relevant here. For any fixed constellation,
the Ey(1, Pr) is a strictly monotonically increasing function &, even though it asymptotes at a non-infinite value. This is not enough
since the derivative with transmit power still tends to zero onlyPasgoes to infinity.
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Fig. 4. The waterslide curves for transmit power, decoding powet,tha total power for convolutional codes of rale= 1/3 used
with “magical” sequential decoding. It is assumed that the normalizerygmequired per operation at the decodefis= 0.3 and that the
decoding requires just.R operations per channel output.

power. This suggests looking in the direction of LDPC codes.[#}ile magical syndrome decoding is unrealistic,
many have observed that message-passing decoding givdsrgmdts for such codes while being implementable
[27].

Upon reflection, it is clear that parallel iterative decodvased on message passing holds out the potential for
super-exponentiaimprovements in probability of error with decoding power.iS'ts because messages can reach
an exponential-sized neighborhood in only a small numbeitesfitions, and large-deviations thinking suggests
that there is the possibility for an exponential reductinoriie probability of error with neighborhood size. In fact,
exactly this sort of double-exponential reduction in thelability of error under iterative decoding has been shown
to be possible for regular LDPCs [28, Theorem 5.

To make all this precise, we need to fix our model of the problech @ an implementable decoder. Consider
a point-to-point communication link. An information seqee B¥ is encoded int@™# codeword symbolsXT,
using a possibly randomized encoder. The observed chantgltaa Y7*. The information sequences are assumed
to consist of iid fair coin tosses and hence the rate of theedsd? = k/m. Following tradition, botht andm
are considered to be very large. We ignore the complexityoirigithe encoding under the hope that encoding is
simpler than decoding.

Two channel models are considered: the BSC and the powetramesl AWGN channel. The true channel is
always denoted. The underlying AWGN channel has noise variangéeand the average received power is denoted
Pr so the received SNR |§ Similarly, we assume that the BSC has crossover probability/e consider the
BSC to have resulted from 'BPSK modulation followed by hardsleni detection on the AWGN channel and so
= o(/2)

For maximum generality, we do not impose amyriori structure on the code itself. Instead, inspired by [30]-

SFor certain LDPC-codes, it is shown in [29] that encoding can be matiawe complexity linear in the block-length for a certain model
of encoding. In our context, linear complexity means that the complexitgat bit is constant and thus this does not require power at the
encoder that grows with either the block length or the number of decodatidgtes. We have not yet verified if the complexity of encoding
is linear under our computational model.
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Fig. 5. The waterslide curves for transmit power, decoding powet tlae total power for dense linear block-codes of rRte- 1/3 under
magical syndrome decoding. It is assumed that the normalized eregfgiyed per operation at the decode#is= 0.3 and that the decoding
requires just1 — R)mR operations per channel output to compute the syndrome.

[33], we focus on the parallelism of the decoder and the gneogisumed within it. We assume that the decoder
is physically made of computational nodes that pass mesdageach other in parallel along physical (and hence
unchanging) wires. A subset of nodes are designated ‘messages’ in that each is responsible for decoding
the value of a particular message bit. Another subset of sx\@det necessarily disjoint) has members that are
each initialized with at most one observation of the reakichannel-output symbols. There may be additional
computational nodes that are just there to help decode.

The implementation technology is assumed to dictate thah eamputational node is connected to at most
a+1 > 2 other nodeswith bidirectional wires. No other restriction is assumedtbe topology of the decoder. In
each iteration, each node sends (possibly different) mgessta all its neighboring nodeNo restriction is placed
on the size or content of these messages except for the fact that they mdepend on the information that
has reached the computational node in previous iterationdf a node wants to communicate with a more distant
node, it has to have its message relayed through other nbldeassumptions are made regarding the presence
or absence of cycles in this graph. The neighborhood sizeeaetll of! iterations is denoted by < o!*!. We
assumen > n. Each computational node is assumed to consume a fixeg joules of energy at each iteration.

Let the average probability of bit error of a code be denoted/Ry, when it is used over channél. The goal
is to derive a lower bound on the neighborhood sizas a function of(F.), and R. This then translates to a
lower bound on the number of iterations which can in turn bedu® lower bound the required decoding power.

Throughout this paper, we allow the encoding and decodingetoamdomized with all computational nodes
allowed to share a common pool of common randomness. We eseitm ‘average probability of error’ to refer
to the probability of bit error averaged over the channelizations, the messages, the encoding, and the decoding.

®In practice, this limit could come from the number of metal layers on a ehig. 1 would just correspond to a big ring of nodes and is
uninteresting for that reason.



IV. LOWER BOUNDS ON DECODING COMPLEXITYITERATIONS AND POWER

In this section, lower bounds are stated on the computdttmmaplexity for iterative decoding as a function of the
gap from capacity. These bounds reveal that the decodin@lm@igoods must grow unboundedly as the system tries
to approach capacity. We assume the decoding algorithmgkeimented using the iterative technology described in
Section Ill. The resulting bounds are then optimized numbyita give plots of the optimizing transmission and
decoding powers as the average probability of bit error goemero. For transmit power, it is possible to evaluate
the limiting value as the system approaches certainty. Mewelecoding power is shown to diverge to infinity for
the same limit. This shows that the lower bound does not ruleveakly capacity-achieving schemes, but strongly
capacity-achieving schemes are impossible using Sectisnmbdel of iterative decoding.

A. Lower bounds on the probability of error in terms of decodimgghborhoods

The main bounds are given by theorems that capture a locatespheking effect. These can be turned around
to give a family of lower bounds on the neighborhood sizas a function of P.) ,. This family is indexed by the
choice of a hypothetical channé! and the bounds can be optimized numerically for any desigedfsparameters.

Theorem 1: Consider a BSC with crossover probabiljy< % Let n be the maximum size of the decoding
neighborhood of any individual bit. The following lower baiiholds on the average probability of bit error.

N by (5(G)) gl (pu - g))eﬁ

P)p > sup
el C-1(R)<g< 2 9(1 =p)

(7)

1
2

where hy(+) is the usual binary entropy functiod)(g||p) = glog, (%) + (1 — g)log, (}%f}) is the usual KL-
divergence, and

0(G) = 1- Cg;) 8)
whereC(G) = 1—hy(g)
1 2
ande = J K(g) % (hb—l(a(G))) ©
where K (g) = 0<1172{;g D(g:;?'g). (20)
Proof: See Appendix I. ]

Theorem 2: For the AWGN channel and the decoder model in Section llipldte the maximum size of the
decoding neighborhood of any individual message bit. Thewahg lower bound holds on the average probability
of bit error.

hyt (0(@)) 3 2 o2
Fopz | p Ty e (‘”D("é”"?’)_ﬁ<2”1“<h;1<6<e>>>><a§j‘ )) an

where §(G) = 1 — C(G)/R, the capacityC(G) = 1ilog, (14—5—%), and the KL divergenceD(c%||o%) =

0.2

1o 1 _ (%
2 |02 o3
[rhe following lower bound also holds on the average prolghbif bit error

ht (6(@)) 1 _ o2
T I (~nD(o2lle3) - g0l (G) (U]f 1)),
where
1 1 4T (n) + 2
w) = S0t ey T Y A+ Ty (13)
whereT(n) = —Wrg(—exp(—1)(1/4)"/™) (14)
and Wiy (x) solvesx = Wiy (x)exp(Wr(x)) (15)

while satisfyingiWy(z) < —1Vz € [—exp(—1),0],
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and

oln,y) = —n(Wy, (—exp(-1)($)7) +1). (16)
The Wi, (z) is the transcendental Lambéit function [34] that is defined implicitly by the relation (15pave.
Proof: See Appendix Il. ]

The expression (12) is better for plotting bounds when we &xpeo be moderate while (11) is more easily
amenable to asymptotic analysisagets large.

B. Joint optimization of the weighted total power

Consider the total energy spent in transmission. For trétismk bits at rateR, the number of channel uses is
m = k/R. If each transmission has pow&r Pr, the total energy used in transmissior¢isPrm.

At the decoder, let the number of iterations beAssume that each node consunigs,;. joules of energy in
each iteration. The number of computational nodes can berlbaended by the number of received channel
outputs.

Edec > Enode xm X [. (17)

This gives a lower bound oPp > E,,.4.! for decoder power. There is no lower bound on the encoder aoitypl
and so the encoder is considered free. This results in thewfioly bound for the weighted total power

Ptotal > gTPT + gDEnode x 1. (18)

Using!l > E?EZ; as the natural lower bound on the number of iterations giveesired maximum neighborhood
size, ’

gDEnode 10g2 (TL)
log, (@)

P
x o +log, (n) (19)
0p

Ptotal > gTPT +

wherey = —t2Bmeac s 3 constant that summarizes all the technology and envieatal terms. The neighborhood
oplrlo Q(QI)

sizen itself can be lower bounded by plugging the desired averageability of error into Theorems 1 and 2.

It is clear from (19) that for a given raiR bits per channel use, if the transmit pow@y is extremely close to that
predicted by the channel capacity, then the value @fould have to be extremely large. This in turn implies that
there are a large number of iterations and thus it would rechigh power consumption at the decoder. Therefore,
the optimized encoder has to transmit at a power larger therpredicted by the Shannon limit in order to decrease
the power consumed at the decoder. Also, from (7){&s — 0, the required neighborhood size— co. This
implies that for any fixed value of transmit power, the powenstaned at the decoder diverges to infinity as the
probability of error converges to zero. Hence the total poeamsumed must diverge to infinity as the probability
of error converges to zero. This immediately rules out thesipdgy of having a strongly certainty-achieving code
using this model of iterative decoding. The price of certaiistinfinite power. The only question that remains is
whether the optimal transmitter power can remain boundeaboar

The optimization can be performed numerically once the exgbaatelr is fixed, along with the technology
parameters’, .q., o, ¢, Ep. Figures 6 and 7 show the total-power waterslide curves éoative decoding assuming
the lower bound$. These plots show the effect of changing the relative cost obdieg. The waterslide curves
become steeper as decoding becomes cheaper and the pldtediss chosen to clearly illustrate the double-
exponential relationship between decoder power and piiitlyadif error.

Figure 8 fixes the technology parameters and breaks out thmiajtg transmit power and decoder power as
two separate curves. It is important to note that only theghteid total power curve is a true bound on what a real
system could achieve. The constitudit and Pp curves are merely indicators of what the qualitative betavi

"The order-of-magnitude choice of = 0.3 was made using the following numbers. The energy cost of one iteratiamea node
E,0de = 1pJd (optimistic extrapolation from the reported values in [4], [12]), pafisfa- ~ 86dB corresponding to a range in the tens of
meters, thermal noise energy per sample~ 4 x 10~21J from kT with T around room temperature, and computational node connectivity
a=4.
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Fig. 6. The BSC Waterslides: plots bfg({P.)) vs bounds on required total power for any fixed raf8-code transmitted over an AWGN
channel using BPSK modulation and hard decisions: £p Enode/ (E70% log, (o)) denotes the normalized energy per node per iteration
in SNR units. Total power takes into account the transmit power as welleapdiver consumed in the decoder. The Shannon limit is a
universal lower bound for ah.

would be if the true tradeoff behaved like the lower bodrithe optimal transmit power approaches a finite limit
as the probability of error approach@sThis limit can be calculated directly by examining (7) foetBSC and
(11) for the AWGN case.

To compute this limit, recall that the goal is to optimige + ~vlog, (n) over Pr so as to satisfy a probability
of error constraintP.), where the probability of error is tlénding to zero. Instedaanstraining the probability
of error to be small, it is just as valid to constrairflog log}.% to be large. Now, take the logarithm of both
sides of (7) (or similarly for (11)). It is immediately cled@nat the only ordem term is the one that multiplies
the divergence. Since — oo as (P.) — 0, this term will dominate when a second logarithm is taken. sThu
we know that the bound on the double logarithm of the cev;tamloglogﬁ — vlogsy (n) + vlog f(R,%)

where f(R, f—%) = D(G||P) is the divergence expression involving the details of thenciel. It turns out thatz

approache€’~!(R) when (P.) — 0 since the divergence is maximized there.
Optimizing for ¢ = f—; by taking derivatives and setting to zero gives:

Of(R,
pr, )20 20)
a¢
It turns out that this has a unique ragtR, ) for all ratesR and technology factors for both the BSC and the
AWGN channel.

The key difference between (5) and (20) is that no term thatelsted to the neighborhood-size or number of
iterations has survived in (20). This is a consequence of thelg-exponentidlreduction in the probability of

8This doesn’t mean that the bound is useless however. A lower boutideomansmit power can be computed once any implementable
scheme exists. Simply look up where the bounded total power matches pleriemtable scheme. This will immediately give rise to lower
bounds on the optimal transmit and decoding powers.

°In fact, it is easy to verify that anything faster than double-exponentilaigo work.
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Fig. 7. The AWGN Waterslides: plots ddg({P.)) vs bounds on required total power for any fixed raf8-code transmitted over an AWGN
channel. The initial segment where all the waterslide curves almostideiillustrates the looseness of the bound since that corresponds to
the case of. = 1 or when the bound suggests that uncoded transmission could be optioaadveét, the probability of error is too optimistic

for uncoded transmission.

error with the number of iterations and the fact that the dnaibh power shows up in the outer and not the inner
exponential.

To see if iterative decoding allows weakly capacity-acinigwodes, we take the limit &fp — 0 which implies
v — 0. (20) then suggests that we need to SO, C)/%}E’O = 0 which implies that either the numerator is
zero or the denominator becomes infinite. For AWGN or BSC chanttee slope of the error exponeftR, () is
monotonically decreasing as the SR~ oo and so the unique solution is wheféR, () = D(C~!(R)||Pr) = 0.
This occurs atPr = C~'(R) and so the lower bounds of this section do not rule out weakfyacity-achieving
codes.

In the other direction, as the term gets large, thé’r(R,~) increases. This matches the intuition that as the
relative cost of decoding increases, more power should loeatbd to the transmitter. This effect is plotted in
Figure 9. Notice that it becomes insignificant whenis very small (long-range communication) but becomes
non-negligible whenever the exceedd).1.

Figure 10 illustrates how the effect varies with the desitae k. The penalty for using low-rate codes is quite
significant and this gives further support to the lessons difam [7], [9] with some additional intuition regarding
why it is fundamental. The error exponent governing the poditya of error as a function of the neighborhood
size is limited by the sphere-packing bound at itate this is finite and the only way to increase it is to pay more
transmit power. However, the decoding power is proportiotmahe number of received samples and this is larger
at lower rates.

Finally, the plots were all made assuming that the neighlmthsize n could be chosen arbitrarily and the
number of iterations could be a real number rather than begagicted to integer values. This is fine when the
desired probability of error is low, but it turns out thatghinteger effect cannot be neglected when the tolerable
probability of error is high. This is particularly significamthen~ is large. To see this, it is useful to consider
the boundary between when uncoded transmission is optintalwaen coding might be competitive. This is done
in Figure 11 where the minimum log, (/) power required for the first decoder iteration is instead mite the
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Fig. 8. The BSC Waterslide curve far= 0.3, R = 1/3. An upper bound (from Section IV-C) that is parallel to the lower boundlss
shown along with the heuristically optimal transmit power. This transmit pasvearger than that predicted by the Shannon limit for small

probabilities of error. This suggests that the transmitter has to make atmtetions for the decoder complexity in order to minimize the
total power consumption.

transmitter. Oncey > 10, it is hard to beat uncoded transmission unless the desidsability of error is very low
indeed.

C. Upper bounds on complexity

It is unclear how tight the lower bounds given earlier in théstion are. The most shocking aspect of the lower
bounds is that they predict a double exponential improvermeprobability of error with the number of iterations.
This is what is leading to the potential for weakly capacitiaving codes. To see the order-optimality of the
bound in principle, we will “cheat” and exploit the fact thatir model for iterative decoding in Section Il does
not limit either the size of the messages or the computdtipoaer of each node in the decoder. This allows us
to give upper bounds on the number of iterations requirecafgiven performance.

Theorem 3: There exists a code of rafeé < C' such that the required neighborhood size to achié¥¢ average
probability of error is upper bounded by

lo A
- 129) ((p€>>

"STERR) b
whereF, (R) is the random-coding error exponent for the channel [13]. /Egeiired number of iterations to achieve
this neighborhood size is bounded above by

1—2< 2Eg2 E”% (22)
«
Proof: This “code” is basically an abuse of the delglrzlitions. We simpdg a rateR random code of length
from [13] where each code symbol is drawn iid. Such random sdfddecoded using ML decoding satisfy

<P€>P < <Pe>b|ock < exp(—nET(R)). (23)
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Fig. 9. The impact ofy on the heuristically predicted optimum transmit power for the BSC use®l at%. The plot shows the gap from
the Shannon prediction in a factor sense.

The decoder for each bit needs at mesthannel-output symbols to decode the block (and hence atiguyar
bit).

Now it is enough to show an upper bound on the number of itarati. Consider a regular tree structure imposed
on the code with a branching factor efand thus overall degree+ 1. Since the tree would have’! nodes in it at
depthd, a required depth of = 1052( ") 4 1 is sufficient to guarantee that everything within a block isroected.

Designate some subset of computatlonal nodes as respofaitdecoding the individual message bits. At each
iteration, the “message” transmitted by a node is just theptete list of its own observation plus all the messages
that node has received so far. Because the diameter of astnee more than twice its depth, at the end2df
iterations, all the nodes will have received all the valueseoeived symbols in the neighborhood. They can then
each ML decode the whole block, with average error proldgibgiven by (23). The result follows. [ |

For both the AWGN channel and BSC, this bound recovers thec Hashavior that is needed to have the
probability of error drop doubly-exponentially in the nuentof iterations. For the BSC, it is also clear that since
E.(R) = D(C~Y(R)||p) for ratesR in the neighborhood of capacity, the upper and lower bousdsrsially agree
on the asymptotic neighborhood size whdn) — 0. The only difference comes in the number of iterations. This
is at most a factor of and so has the same effect as a slightly diffeggntin terms of the shape of the curves
and optimizing transmit power.

We note here that this upper bound points to the fact that dmding model of Section Il is too powerful
rather than being overly constraining. It allows free cotagions at each node and unboundedly large messages.
This suggests that the lower bounds are relevant, but it iseanevhether they are actually attainable with any
implementable code. We delve further into this in Section VI.

V. THE GAP TO CAPACITY AND RELATED WORK

Looking back at our bounds of Theorems 1 and 2, they seem to sugjggt a certain minimum number
(log,, f(R, Pr)) of iterations are required and after that, the probabiiityerror can drop doubly exponentially
with additional iterations. This parallels the result of [Z&eorem 5] for regular LDPCs that essentially implies
that regular LDPCs can be considered weatdytainty-achievingcodes. However, our bounds above indicate that
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power, our predictions, and the ratio of the difference between the twoet&liannon minimum. Notice that the predicted extra power is
very substantial at low data rates.

iterative decoding might be compatible with weaklgpacity-achievingodes as well. Thus, it is interesting to ask
how the complexity behaves if we operate very close to capdedllowing tradition, denote the difference between
the channel capacit¢'(P) and the rateR as thegap = C(P) — R.

Since our bounds are general, it is interesting to compara thigh the existing specialized bounds in the vicinity
of capacity. After first reviewing a trivial bound in SectionA/to establish a baseline, we review some key results
in the literature in Section V-B. Before we can give our resulte take another look at the waterfall curve in
Figure 1 and notice that there are a number of ways to apprdéeciSthannon limit. We discuss our approach in
Section V-C before giving our lower bounds to the number afatiens in Section V-D.

A. The trivial bound for the BSC

Given a crossover probability, it is important to note that there exists a semi-trivial bdwn the neighborhood
size that only depends on th&%). Since there is at least one configuration of the neighborhibatwill decode
to an incorrect value for this bit, it is clear that

(Pe) 2 p™. (24)
This implies that the number of computational iterationsgarode with maximum decoding degree-1 is lower

log log 2~ —loglog * L .
bounded byOg o8 qe aog % This trivial bound does not have any dependence on the a¢gpawil so does not

capture the fact that the complexity should increase imhgras a function ofyap as well.

B. Prior work

There is a large literature relating to codes that are spediffesbarse graphs. The asymptotic behavior as these
codes attempt to approach Shannon capacity is a centralauesthat literature. For regular LDPC codes, a result
in Gallager’s Ph.D. thesis [26, Pg. 40] shows that the averageee of the graph (and hence the average number
of operations per iteration) must diverge to infinity in order these codes to approach capacity even under ML
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Fig. 11. The probability of error below which coding could potentially befuls& his plot assumes an AWGN channel used with BPSK
signaling and hard-decision detection, target messagel%@e%, and an underlying iterative-decoding architecture with= 3. This plot
shows what probability of error would be achieved by uncoded trasgonigrepetition coding) if the transmitter is given extra power beyond
that predicted by Shannon capacity. This extra power correspondsitteettuired to run one iteration of the decoder. Oncegets large,
there is effectively no point in doing coding.

decoding. It turns out that it is not hard to specialize ourdrben 1 to regular LDPC codes and have it become
tighter along the way. Such a modified bound would show that eag#pfrom Gallager’s rate bounaonverges to
zero, the number of iterations must diverge to infinity. Hoarewt would permit double-exponential improvements
in the probability of error as the number of iterations irased.

More recently, in [35, Pg. 69] and [36], Khandekar and McElieoajectured that for all sparse-graph codes,
the number of iterations must scale either multiplicatives

(o () )
or additively as . .
e

in the near neighborhood of capacity. Here we use(theotation to denote lower-bounds in the order sense of
[37]. This conjecture is based on a graphical argument fornteesage-passing decoding of sparse-graph codes
over the BEC. The intuition was that the bound should also hamidyéneral memoryless channels, since the BEC
is the channel with the simplest decoding.

Recently, the authors in [38] were able to formalize and eravpart of the Khandekar-McEliece conjecture
for three important families of sparse-graph codes, narttedyLDPC codes, the Accumulate-Repeat-Accumulate
(ARA) codes, and the Irregular-Repeat Accumulate (IRA)eodJsing some remarkably simple bounds, the authors
demonstrate that the number of iterations usually scaléla(ba%) for Binary Erasure Channels (BECs). If, however,
the fraction of degre@-nodes for these codes converges to zero, then the bound]ingBome trivial. The authors
note that all the known traditionally capacity-achievireggences of these code families have a non-zero fraction
of degree2 nodes.
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In addition, the bounds in [38] do not imply that the numberdafcoding iterations must go to infinity as
(P.) — 0. So the conjecture is not yet fully resolved. We can observeekier that both of the conjectured bounds
on the number of decoding iterations have only a singly-eeptial dependence of the probability of error on
the number of iterations. The multiplicative bound (26) hatsalike a block or convolutional code with an error-
exponent of K x gap and so, by the arguments of Section II-B.3, is not compatibith such codes being weakly
capacity achieving in our sense. However, it turns out thatadditive bound (25% compatible with being weakly
capacity achieving. This is because the main role of the @sakponential in our derivation is to allow a second
logarithm to be taken that decoupled the term depending erirdmsmit power from the one that depends on the
probability of error. The conjectured additive bound (253 tiaat form already.

C. ‘Gap’ to capacity

In the vicinity of capacity, the complication is that for afigite probability of bit-error, it is in principle possible
to communicate at ratembove the channel capacity. Before transmission, thbits could be lossily compressed
using a source code ts (1 — hy((P.)))k bits. The channel code could then be used to protect theseahitsthe
resulting codeword transmitted over the channel. Afterodéay the channel code, the receiver could in principle
use the source decoder to recover the message bits with eptable average probability of bit error. Therefore,
for fixed (P.), the maximum achievable rate %

Consequently, the appropriatetal gapis #“P” — R, which can be broken down as sum of two ‘gap’s

¢ C
1—m7(<13,3>)_R:{1_m,(<136>)—0}+{C—R} (27)

The first term goes to zero d$.) — 0 and the second term is the intuitive idea of gap to capacity.

The traditional approach of error exponents is to study ttebier as the gap is fixed ard.) — 0. Considering
the error exponent as a function of the gap reveals somedtiagt how difficult it is to approach capacity. However,
as we have seen in the previous section, our bounds predittielexponential improvements in the probability
of error with the number of iterations. In that way, our bosirsthare a qualitative feature with the trivial bound of
Section V-A.

It turns out that the bounds of Theorems 1 and 2 do not give v@srdasting results if we fixP.) > 0 and
let R — C. We need(F,.) — 0 alongsideR — C'. To capture the intuitive idea of gap, which is just the secon
term in (27), we want to be able to assume that the effect oksdo®mnd term dominates the first. This way, we
can argue that the decoding complexity increases to infirsitya@ — 0 and not just becausg’.) — 0. For this,
it suffices to considetP,) = gap® for 8 > 1. Our proof actually gives a result fdiP,) = gap® for any g > 0.

D. Lower bound on iterations for regular decoding in the vityirof capacity

Theorems 1 and 2 can be expanded asymptotically in the wicofittapacity to see the order scaling of the
required neighborhood size with the gap to capacity. Essfntthis shows that the neighborhood size must grow
at least proportional tegal—pz, unless the average probability of bit error is dropping sawbl with gap that the

dominant gap is actually thé% — C) term in (27).
Theorem 4: For the problem as stated in Section Ill, we obtain the folfayvlower bounds on the required
neighborhood size for (P,) = gap® and gap — 0.

For the BSC,
« Forg<1, nggbgz(l/gam;_

gap2ﬁ
« FOrg>1,n=0 (lo8l/0p))
For the AWGN channel,

gap?
e« FOrp<1,n=90 ﬁ).

_ 1
e FOrg>1,n=90Q Jar% )

Proof: We give the proof here in the case of the BSC with some detdiégated to the Appendix. The
AWGN case follows analogously, with some small modificatitinst are detailed in Appendix V.
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Let the code for the given BS@ have rateR. Consider BSC channelS, chosen so that'(G) < R < C(P),
whereC'(-) maps a BSC to its capacity in bits per channel use. Takigg(-) on both sides of (7) (for a fixed),

o2 ((P2) ) 2 o (" (B(G)) = 1= nD (al) - evitons (4211 ). @8)
Rewriting (28),
D (gll) + evintogs (25 =10) +tog, ((P)p) ~ o (1 (0(G)) +1 2 0. (29)

This equation is quadratic ig/n. The LHS potentially has two roots. If both the roots are not, réeen the
expression is always positive, and we get a trivial lowerrabof \/n > 0. Therefore, the cases of interest are
when the two roots are real. The larger of the two roots is aldweend on./n.

Denoting the coefficient of. by a = D (g||p), that of \/n by b = clog, (g(kp)), and the constant terms by

p(1—g)
¢ =logy ((P.)p) —logy (hy ' (6(G))) + 1 in (29), the quadratic formula then reveals

—b+ Vb? —4dac
2a '

Vn >

Since the lower bound holds for gl satisfyingC(G) < R = C — gap, we substituteg* = p + gap”, for some
r < 1 and smallgap. This choice is motivated by examining Figure 12. The congtraiti 1 is imposed because
it ensureC(g*) < R for small enoughyap.
Lemma 1: In the limit of gap — 0, for g* = p + gap™ to satisfyC(¢*) < R, it suffices that- be less than 1.
Proof:

(30)

Clg") = Clp+gap")
= C(p) +gap” x C'(p) + o(gap")
< C(p) —gap =R,
for small enoughyap andr < 1. The final inequality holds sincé€'(p) is a monotonically-decreasing concave-

function for a BSC withp < % whereasgap” increases faster than any linear functiongap when gap is small
enough. ]

In steps, we now Taylor-expand the terms on the LHS of (29) tabet p.
Lemma 2 (Bounds onhy(p) and h; ' (p) from [39]): For all d > 1, and for allz € [0, 3] andy € [0, 1]

hy(z) > 2z (31)
ho(z) < 22'7Y4d/In(2) (32)
_ _a_ (In(2) =
1 d—1
w0 (57 (39)
_ 1
hy, "y) < 2Y (34)
Proof: See Appendix IlI-A. ]
Lemma 3:
1" logy (gap) — 1 + K1 + o(1) < log, (b, ' (5(g%))) < r log, (gap) — 1+ Ka + o(1) (35)
where K = ;4 gogQ (}g’((é’))? + log, (hlff))) whered > 1 is arbitrary andK; = logQ(}g((g))).
Proof: See Appendix IlI-B. ]
Lemma 4: )
* gap™"
D(g*[lp) = (1+o(1)). (36)

. 2p(1 — p) In(2)
Proof: See Appendix IlI-C. ]
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Fig. 12.  The behavior of", the optimizing value of; for the bound in Theorem 1, withap. We plotlog(gopt — p) Vs log(gap). The
resulting straight lines inspired the substitutiongdf= p + gap”.

Lemma 5:

g (11— p)) gap”
lo )| =— (1 +o 1)).
. 52 <p(1 -99)/) p(l-p) ln(2)( 1)
Proof: See Appendix IlI-D. ]
Lemma 6:

\/7,/ ogs 1+o \/(d_;;l[{(m\/logz (mip>(1+o(1))

where K (p) is from (10).
Proof See Appendix IlI-E. ]

If ¢ <0, then the bound (30) is guaranteed to be positive. (o , = gap®, the conditionec < 0 is equivalent
to

Blog, (gap) —logy (hy ' (6(g*))) +1 <0 (37)

Since we want (37) to be satisfied for all small enough valuggipf we can use the approximations in Lemma 3-6
and ignore constants to immediately arrive at the followsndficient condition

Blog, (gap) — di Trlogy (gap) < 0
pld—1)
4
whered can be made arbitrarily large. Now, using the approximationLemma 3 and Lemma 5, and substituting
them into (30), we can evaluate the solution of the quadesigation.
As shown in Appendix IlI-F, this gives us the following loweound onn.

n>0 (bgfz(l/gap)) (38)

gap2r

e.r <
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for any r < min{$,1}. Theorem 4 follows. [ |

The lower bound on neighborhood sizecan immediately be converted into a lower bound on the minimu
number of computational iterations by just takikg,, (-). Note that this is not a comment about the degree of a
potential sparse graph that defines the code. This is just aheuhaximum degree of the decoder’s computational
nodes and is a bound on the number of computational itesatiequired to hit the desired average probability of
error.

It turns out to be easy to show that the upper bound of Theoreine3 gise to the samgc% scaling on the
neighborhood size. This is because the random-coding expmnent in the vicinity of the capacity agrees with
the sphere-packing error exponent which just has the gtiadeam coming from the KL divergence. However,
when we translate it from neighborhoods to iterations, the bounds asymptotically differ by a factor @fthat
comes from (22).

The lower bounds are plotted in Figure 13 for various diffeneaadties of3 and reveal dogﬁ scaling to the
required number of iterations when the decoder has boundgded for message passing. This is much larger
than the trivial lower bound ofog logi but is much smaller than the Khandekar-McEliece conjectuﬂedor

gapl 29 (gap> scaling for the number of iterations required to traversehgpaths toward certainty at capacity.

1 -~ B=2 1
~el —p=15

14 hE . - @ - “palanced” gaps|
~ ——B=0.75
12}o. -=-=-B=05
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l0g,(n)

100, (620

Fig. 13. Lower bounds for nelghborhood size vs the gap to capacityHQr— gap® for various values of3. The curve titled “balanced”
gaps shows the behavior fH C = C — R, that is, the two ‘gaps’ are equal. The curves are plotted by brute-fgptimization
of (7), but reveal slopes that are as predlcted in Theorem 4.

VI. CONCLUSIONS AND FUTURE WORK

In this work, we use the inherently local nature of messaagsing decoding algorithms to derive lower bounds
on the number of iterations. It is interesting to note thathveo few assumptions on the decoding algorithm and
the code structure, the number of iterations still divergednfinity as gap — 0. As compared to [40] where a
similar approach is adopted, the bounds here are strongindeed tight in an order-sense for the decoding model
considered. To show the tightness (in order) of these bqumesierived corresponding upper bounds that behave
similar to the lower bounds, but these exploit a loophole un complexity model. Our model only considers the
limitations induced by the internal communication struetof the decoder — it does not restrict the computational
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power of the nodes within the decoder. Even so, there is stijaificant gap between our upper and lower bounds
in terms of the constants and we suspect this is largelyeckkat the known looseness of the sphere-packing bound
[41], as well as our coarse bounding of the required grapmeliar. Our model also does not address the power
requirements of encoding.

Because we assume little about the code structure, the bdward are much more optimistic than those in [38].
However, it is unclear to what extent the optimism of our lbis an artifact. After all, [28] does get double-
exponential reductions in probability of error with addital iterations, but for a family of codes that does not
seem to approach capacity. This suggests that an investigato expander codes might help resolve this question
since expander codes can approach capacity, be decodedausircuit of logarithmic depth (like our iterations),
and achieve error exponents with respect to the overalkbleagth [42]. It may very well be that expanders or
expander-like codes can be shown to be weakly capacity\daonbién our sense.

For any kind of capacity-achieving code, we conjecture thatoptimizing transmit power will be the sum of
three terms B .

PT*“ - C_l(R) + TeCI'(f, «, Enodev R) + A(<Pe>7 R7 fv &, Enode)-

« C7(R) is the prediction from Shannon’s capacity.

. Tecr(g, a, Eode, R) 1S the minimum extra transmit power that needs to be used ptsyically to help reduce
the difficulty of encoding and decoding for the given applimatand implementation technology. Solving (20)
and subtracting”~!(R) gives a heuristic target value to aim for, but it remains aeroproblem to get a tight
estimate for this term.

. A((Pe),R,E,a,Emde) is an amount by which we should increase or reduce the tranmmier because we
are willing to tolerate some finite probability of error ane thon-asymptotic behavior is still significant. This
term should go to zero ag>,) — 0.

Understanding the second term Té{f‘,hy, E,.qe, R) above is what is needed to give principled answers regarding

how close to capacity should the transmitter operate.

The results here indicate that strongly capacity-achiedioding systems are not possible if we use the given

model of iterative decoding. There are a few possibilitiestive@xploring.

1) Our model of iterative decoding left out some real-wortdnputational capability that could be exploited to

dramatically reduce the required power consumption. Thexdhaee natural candidates here.

« Selective and adaptive sledp:the current model, all computational nodes are activelysaming power
for all the iterations. If there was a way for computationaties to adaptively turn themselves off and
useno power while sleeping, then the results might change. We suspattiibunding the performance
of such systems will require some sort of neighborhoodrbei@ analogies to the bounds for variable-
block-length coding [43], [44].

« Dynamically reconfigurable circuitstn the current model, the connectivity structure of compateal
nodes is fixed and considered as unchanging wiring. If there avavay for computational nodes to
dynamically rewire who their neighbors are (for example bgving themselves in the combined spirit
of [12], [45], [46]), this might change the results.

« Feedback:n [16], a general scheme is presented that achieves an énfininputational error exponent
by exploiting noiseless channel-output feedback as welragfinite amount of common randomness.
If such a scheme could be implemented, it would presumablstioagly capacity achieving as both the
transmission and processing power could remain finite whakdrty arbitrarily low average probability
of bit error. However, we are unaware if either this schemaryr of the encoding strategies that claim
to deliver “linear-time” encoding and decoding with an erexponent (e.g. [42], [47]) are actually
implementable in a way that uses finite total power.

2) Strong or even weakly capacity-achieving communicatigstesns may be possible using infallible compu-
tational entities but may be impossible to achieve usingliaisle computational nodes that must burn more
power (i.e. raise the voltages) to be more reliable [48].

3) Either strongly or weakly capacity-achieving commurmasystems might be impossible on thermodynamic
grounds. Decoding in some abstract sense is related to ¢laeaficooling a part of a system [49]. Since an
implementation can be considered a collection of Maxwekians, this might be useful to rule out certain
models of computation as being aphysical.
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Finally, the approach here should be interesting if exterided multiuser context where the prospect of causing
interference makes it less easy to improve reliability bst jincreasing the transmit power. There, it might give
some interesting answers as to what kind of computatiorfaliericy is needed to make it asymptotically worth
using multiterminal coding theory.

APPENDIX |
PROOF OFTHEOREM 1: LOWER BOUND ON(P.), FOR THEBSC

The idea of the proof is to first show that the average probwgliliterror for any code must be significant if
the channel were a much worse BSC. Then, a mapping is given taas$ the probability of an individual error
event under the worse channel to a lower-bound on its prityabnder the true channel. This mapping is shown
to be convexd in the probability of error and this allows us to use this sanspping to get a lower-bound to the
average probability of error under the true channel. We geddn steps, with the lemmas proved after the main
argument is complete.

Proof: Suppose we ran the given encoder and decoder over a test tltanmstead.

Lemma 7 (Lower bound on (P.) under test channelG.): If a rateR code is used over a chann@! with

C(G) < R, then the average probability of bit error satisfies

(P = byt (8(@)) (39)

whered(G) =1 — @. This holds for any channel modél, not just BSCs.
Proof: See Appendix I-A. ]

Let b} denote the entire message, and >t be the corresponding codeword. Let the common randomness
available to the encoder and decoder be denoted by the rawdoable U, and its realizations by.

Consider thei-th message bif3;. Its decoding is performed by observing a particular devgdieighborhoot?
of channel outputgr,,;. The corresponding channel inputs are denotesty;, and the relevant channel noise by
Znbdi = Xnbdi D Ynba: Whereo is used to denote modulbaddition. The decoder just checks whether the observed
Y7ou: € Dy.i(0,u) to decode taB; = 0 or whetheryZ,,; € Dy.;(1,u) to decode taB; = 1.

For givenxy,q;, the error event is equivalent iy, falling in a decoding regioﬁ)z,i(xﬁbdi,b’f, u) =Dy (1@
bi, u) @ Xppq;- Thus by the linearity of expectations, (39) can be rewritisn

L ! n n —
k 2 2k > D Pr(U=u) Pr(Zppq; € D, i(%ppgi (bY, w), bY, w)) > hy ' (6(G)) .- (40)
7 blf U

The following lemma gives a lower bound to the probability af event under channd? given a lower bound
to its probability under channe¥.
Lemma 8: Let A be a set of BSC channel-noise realizatiafissuch thatPrs(A) = 4. Then

Pr(A) > £ (0) @1)
where -~
_ T yan(lp) (PA =g\

fl) =g 2o <g<1—p>> (42)

is a convexd increasing function of: and

o=ty ioea (2) )

Proof: See Appendix I-B. ]

Applying Lemma 8 in the style of (40) tells us that:

For any given decoder implementation, the size of the decoding nelyhdmight be different for different bits However, to avoid
unnecessary complex notation, we assume that the neighborhoaal theesame size corresponding to the largest possible neighborhood
size. This can be assumed without loss of generality since smaller dgcodighborhoods can be supplemented with additional channel
outputs that are ignored by the decoder.
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(P)p = 730 5e 30 S P = 0) Pr (Zigs € Dl (b ), b))

7 b’fu

1 1 " n
= Z ok Z Z Pr(U = U)f(%f (and,i € D..i(Xfpq; (BT, u), bl U)))~ (44)
% bt u
But the increasing functiorf(-) is also convexd and thus (44) and (40) imply that

1 1 n n
(P)p = £ D 55 22 D PrU = u) Pr (Zig; € Dai(xfoas (b w), b, ) ))
i bk

u

> [y (5(G))).
This proves Theorem 1. ]

At the cost of slightly more complicated notation, by folliong the techniques in [16], similar results can be
proved for decoding across any discrete memoryless chagnaling Hoeffding’s inequality in place of the Chernoff
bounds used here in the proof of Lemma 7. In place of the KL-damece termD(g||p), for a general DMC the
arguments give rise to a termax, D(G.||P,) that picks out the channel input letter that maximizes tierdience
between the two channels’ outputs. For output-symmetranoRls, the combination of these terms and the outer
maximization over channel§ with capacity less tha®® will mean that the divergence term will behave like the
standard sphere-packing bound wheis large. When the channel is not output symmetric (in thessef [13]),
the resulting divergence term will behave like the Haroigorbound for fixed block-length coding over DMCs
with feedback [50].

A. Proof of Lemma 7: A lower bound qi,) ..
Proof:

H(BY) - H(BY[YT) = IB}Y) < I(XT;YT) < mO(G).

Since theBer (%) message bits are iid (BY) = k. Therefore,

1 m C(G
EH(B’f\Yl ) >1-— ;). (45)
Suppose the message bit sequence was decodedﬁ@.lﬁenote the error sequence Eﬁ Then,
BY — BY & BY, (46)

where the additior is modulo 2. The only complication is the possible randonmzabf both the encoder and
decoder. However, note that even with randomization, the messag®? is independent oB% conditioned on
Y. Thus,

H(BY|Y{") = H(BjoBi|Y])
H(Bf @ BY[Y{") + I(B}; BY|YT")
H(Bf ® BY[Y{") — H(B{[Y{", BY) + H(B}|Y{")
= I(Bf @B Bi|YT") + H(B}|Y]")

> H(B{|Y{")
C(G)
A
This implies
k
L a2 o149 (7)



24

Since conditioning reduces entrop,(B;) > H(B;|Y'"). Therefore,

1en ~ C(G)
;H(Bi) >1- = (48)

|

Since B; are binary random variableg/ (B;) = hy((Pe,i) ), Wherehy(-) is the binary entropy function. Since
hy(-) is a concave function, h;'(+) is convext when restricted to output values frojy 1]. Thus, (48) together
with Jensen’s inequality implies the desired result (39). [ |

B. Proof of Lemma 8: a lower bound di. ;) , as a function of( P ;) ..
Proof: First, consider a stronglgz—typical set ofzf,y;, given by

Tec = {2z} s.t. zn:zz —ng < eyn}. (49)
1=1
In words, 7. ¢ is the set of noise sequences with weights smaller #han- e,/n. The probability of an event
can be bounded using
b = Pc’;r(Z? €A
= Pr(Z{ € ANTec) +Pr(Z} € ANTS)
< Pr(Zi € AnTg) +Pr(Z] € Tg)-

Consequently,
Pr(Z} € ANTiq) 2 6 — Pr(TSG). (50)
Lemma 9: The probability of the atypical set of Bernoullichannel noisg Z;} is bounded above by
Pr <W > e) < 2~ K(9)e (51)
€] Vn
whereK(g) = inf 2ltnlo)
0<n<il—g 7
Proof: See Appendix I-C. ]
Choosee such that
9~ K(9)¢® g
2
1 2
: 2
.e. ¢ = lo - . 52
w= (5) 2

Thus (50) becomes
: (53)

NGRS

PGr(Z? cANT.q) >
Let n,» denote the number of ones #}. Then,

12,1"( T =27)=g""(1—g)" ", (54)
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This allows us to lower bound the probability df under channel lawP as follows:

PHZ} € 4) > PZi€ANTg)

AT rq(z}) G
pnz? 1— P n—mnzn N
- Z nzn(l )ﬂ,*nzn Gr(zl)
zreAnT.c I (-9
1—p)" . p(l—g ng-+ey/n
> Y e (42)
=9 . © 9(1—p)
(1-p)r (p(l — 9)>”9+6ﬁ
— Pr(AN7,
(I—=g)" \g(1-p) ! <)
evn
> 9onDiglp) <P(1—9)) '
-2 9(1—=p)
This results in the desired expression:
. p(1—g)\ V"
2y — & 9-nD(glp) ( ) 55
wheree(x) = ﬁlogg (%) To see the convexity of (x), it is useful to apply some substitutions. Lat =

2—nD(gllp)

5 >0 and let§ = | /K(ggan ln(g(l_g)). Notice that¢ < 0 since the term inside thi is less thanl. Then

(1-p)
f(x) =crexp(éy/In2 —Inx).

Differentiating f(z) once results in

f'(z) = c1exp ({ In(2) + In( ! )) (1+ ¢ ). (56)

z 24/In(2) + In(2)

By inspection,f’(z) > 0 for all 0 < x < 1 and thusf(x) is a monotonically increasing function. Differentiating
f(z) twice with respect ta gives

) 501 exp (§ In(2) + ln(%)) X 1 ¢ -
x) = — + _ )

24/In(2) + 1n(%) 2(In(2) + ln(%)) 24/1n(2) + ln(%)
Since¢ < 0, it is evident that all the terms in (57) are strictly posgtiviherefore f(-) is convexw. [ |

C. Proof of Lemma 9: Bernoulli Chernoff bound
Proof: Recall thatZ; are iid Bernoulli random variables with megn< 1/2.

2LilZi=9) .\ _p, (2ilZi=9) -
(o) o (Bi220
wheree = \/n¢ and son = €2 /¢2. Therefore,

Pr(w >¢€) <[((1—g)+ gexp(s)) x exp(—s(g +¢€))]" forall s>0. (59)

n

Chooses satisfying

exp(—s) = (1fg) « <( L 1). (60)
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It is safe to assume thatt€ < 1 since otherwise, the relevant probabilitydisnd any bound will work. Substituting

(60) into (59) gives
Pr >.i(Zi—g) > ¢
NLD
This bound holds under the constragét: n. To obtain a bound that holds uniformly for all we fix ¢, and take
the supremum over all the possitdesalues.

Pr <ZZ(Z’L — g) > 6) < sup exp(—ln(2)D<g +a‘g) 62)

_ D(g+€ll9) €2
2

IA

vn 0<e<l—g Gy
. D(g+€lg)
< —In(2)€? f —
< exp(—In(2)e L ),
giving us the desired bound. [ |

APPENDIX I
PROOF OFTHEOREM 2: LOWER BOUND ON(F.) , FORAWGN CHANNELS

The AWGN case can be proved using an argument almost idetithé BSC case. Once again, the focus is on
the channel nois¢ in the decoding neighborhoods [51]. Notice that Lemma 7 diyepplies to this channel even
if the power constraint only has to hold on average over allebmoks and messages. Thus, all that is required is
a counterpart to Lemma 8 giving a convexmapping from the probability of a set of channel-noise edions
under a Gaussian channel with noise variangeback to their probability under the original channel withiseo
variances>.

Lemma 10: Let A be a set of Gaussian channel-noise realizatighsuch thatPrg(A) = §. Then

Pr(4) = 1 (0) (61)

where 5 5 0 )
16) = § expl-nDlablor) - via(y +2m (3 )) (% - 1)) ©2)

Furthermore f(z) is a convex- increasing function iry for all values ofc? > o%.
In addition, the following bound is also convex whenewgr > o%u(n) with u(n) as defined in (13).

] 1 o2
10) = § expl-nDlo3llo?) - y0(n.8) (% ~1)) (63
9p
where¢(n,d) is as defined in (16).
Proof: See Appendix II-A. ]

With Lemma 10 playing the role of Lemma 8, the proof for Theoremidtpeds identically to that of Theorem 1.

It should be clear that similar arguments can be used to psimidar results for any additive-noise models for
continuous output communication channels. However, we atobrlieve that this will result in the best possible
bounds. Instead, even the bounds for the AWGN case seemtsubbpecause we are ignoring the possibility of
a large deviation in the noise that happens to be locallynatigto the codeword itself.

A. Proof of Lemma 10: a lower bound d#. ;) , as a function of( P ;)
Proof: Consider the length- set of G-typical additive noise given by

ni2 _ 2
T.c= {z? Nzill” = nog e}. (64)

n

With this definition, (50) continues to hold in the Gaussiaseca
There are two different Gaussian counterparts to Lemma 9. Tieepah expressed in the following lemma.
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Lemma 11: For Gaussian noisg; with varianceag,

1 o Z2 € € € B
Pr(—=) —+>14+—)< |1+ — - . 65
IBERSEPIE (04 ) ew-5) (©5)
Furthermore 2
1 Vne
— —Z —) < - 66
nE; J5 > 1+ ) <ewl-i) (66)
for all ¢ > 3"@
Proof: See Appendix 11-B. ]
To havePr(7*;) < g it suffices to pick any(é,n) large enough.
So
Pr(A) > / fp(z})dz}
P 27 €ANT, o

/ Ip(@) o (an)dzy. (67)

2" €ANT, ¢ fG(Z1)
Consider the ratio of the two pdf's faf € 7 ¢

n o2\ 1 1
e = (Vo) e (e (- am)
1

exp <—(nag +ne(5,n)) <20?D - 20%) +nln <Zi>)
= o (~ 08 (% 1) —nniet o ) (69)

2JG op

~
Q

Y

where D(c%||0%) is the KL-divergence between two Gaussian distributionsasfancess? ando? respectively.
Substitute (68) back in (67) to get

e(§,n)n [o? s m
I?DI“(A) > exp <_ (202) (O_g — 1> — nD(O’%f”UQP)) / fa(z))dz]
G ZZLEAO'Z;,G

V

P

1) 9. 9 e(6,n)n (o2

 exp (—nD<aG|ap> SR (%)) (69)
At this point, it is necessary to make a choicee®d, n). If we are interested in studying the asymptoticsnas

gets large, we can use (66). This reveals that it is sufficiechtmsec > o max( %, 4%). A safe bet
2, 3+4in(3)

is € =o0g——=" 0rne(d,n) =+/n(3+ 41n(2))oZ. Thus (53) holds as well with this choice efs, n).
Substltutlng into (69) gives

) 51 9 3 2\, 0%
Pr(4) = S exp (—nD(ogllod) — va(5 +2In (5 NS - 1))
2 2 60) op
This establishes the desirgd-) function from (62). To see that this functiof{x) is convexd and increasing
in x, definec, = exp(—nD(0%]jo) — V(2 + 21n(2)) (gf ~ ) In(2)) and¢ = 2v/n (— - ) > 0. Then
F(0) = c1dexp(€1n(8)) = c16'+¢ which is clearly monotonically increasing and conve)by inspection.
Attempting to use (65) is a little more involved. Let= — for notational convenience. Then we must solve

(1+exp(—e) = (3 ). Substitutew = 1 + ¢ to getuexp( u+1) = (3 )u. ThIS |mmed|ately simplifies to
—uexp(—u) = —exp(— 1)(—)n At this point, we can immediately vern‘y thaﬁg [0,1] and hence by the
definition of the Lambert W function in [34], we get= —W(— exp(— 1)( ) ) Thus

Y

&(8,n) = —Wr(—exp(=1)(5)7) — 1. (70)

NGRS
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Substituting this into (69) immediately gives the desiregression (63). All that remains is to verify the convexity.
Letv = 1 (Z—g - ) As above,f1(0) = dco exp(—nve(d,n)). The derivatives can be taken using very tedious

2
manipulations involving the relationshiy; (z) = ;L«(KLT% from [34] and can be verified using computer-aided

symbolic calculation. In our casee(d,n) = (Wr(z)+ 1) and so this allows the expressions to be simplified.

f1.(8) = coexp(—nve)(2v + 1 + 2%) (71)

Notice that all the terms above are positive and so the firstatere is always positive and the function is increasing
in 0. Taking another derivative gives

20(1 4 €) exp(—nwe) v 4 2
1(6) = 1+4 _- - == 72
r(0) =e 5 Tt T e (72)

Recall from (70) and the properties of the Lamb@ft function thate is a monotonically decreasing function of
0 that is+oo whend = 0 and goes down t0 at § = 2. Look at the term in brackets above and multiply it by the
positive ne?. This gives the quadratic expression

(4v + 1)ne® + 4(vn — 1)€ — 2. (73)

This (73) is clearly convexs in € and negative a€ = 0. Thus it must have a single zero-crossing for positive
and be strictly increasing there. This also means that thergtia expression is implicitly a strictlgecreasing
function of 4. It thus suffices to just check the quadratic expression-atl and make sure that it is non-negative.
Evaluating (70) at = 1 givese(1,n) = T'(n) whereT'(n) is defined in (14).

It is also clear that (73) is a strictly increasing linear dtion of v and so we can find the minimum value for
v above which (73) is guaranteed to be non-negative. This wiflrgntee that the functiofy, is convexw. The
condition turns out to be > % and hencer?, = 02(2v +1) > %&(1+ 771 + atirin)- This matches up
with (13) and hence the Lemma is proved. [ |

B. Proof of Lemma 11: Chernoff bound for Gaussian noise
Proof: The sum}_!" 1 is a standardy?® random variables witln degrees of freedom.

1«72}
Pr(=3 %5 > 14+ -5)
nizl O'G O'G

<) (1 1+ O% eXp(—ZUﬁé)>n (74)
- (a+ Z)exp<—;>); (75)

where (a) follows using standard moment generating funstitor y2 random variables and Chernoff bounding
arguments and (b) results from the substitutioa ﬁ This establishes (65).
For tractability, the goal is to replace (74) with a expomanof an affine function of%-. For notational

convenlence let = —-. The idea |s to bound the polynomial terfil + € with an exponentlal as long as> €*
Lete* = f and IetK % 4f Then it is clear that
V1+€ < exp(Ke) (76)

as long ass > €*. First, notice that the two agree at= 0 and that the slope of the concawefunction v/1 + €
there is}. Meanwhile, the slope of the convexfunctionexp(K¢) at0 is K < 3. This means thatxp(K¢) starts
out below+/1 4+ €. However, it has crossed to the other sideeby: ¢*. This can be verified by taking the logs
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of both sides of (76) and multiplying them both By Consider the LHS evaluated &t and lower-bound it by a
third-order power-series expansion

3 3 9 9
In(l+-—>2) < =24 7
n +\/ﬁ) - Vn 2n+n3/2
meanwhile the RHS of (76) can be dealt with exactly:
IR = (1— )
2¢/n"\/n
_ 3 _3
- yn 20’
Forn > 9, the above immediately establishes (76) sigte- == = 3 > %\/6 The cases, = 1,2,3,4,5,6,7,8

can be verified by direct computation. Using (76), & s ¢* we have:

PHTE) < [exp(K?) exp(— )"

n
=emefa- (77)
|

APPENDIX Il

APPROXIMATION ANALYSIS FOR THEBSC
A. Lemma 2

Proof: (31) and (34) are obvious from the concaverature of the binary entropy function and its values at
0 and 3.

hy(z) = wlogy (1/x) + (1 —x)logy (1/(1 — x))
<(a) 2wlogy(1/z)=2xIn(1/z)/In(2)
<@ 2rd(— —1)/In(2) Vd>1

pl/d
2217144/ In(2).
Inequality (a) follows from the fact that:® < (1 — z)' = for € (0,1). For inequality(b), observe thatn(z) <

z — 1. This impliesln(z'/?) < z'/¢ — 1. Therefore In(z) < d(2*/¢ — 1) for all = > 0 since} <1 for d > 1.
The bound omgl(x) follows immediately by identical arguments. [ ]

IN

B. Lemma 3

Proof:
First, we investigate the small gap asymptotics 05*), whereg* = p + gap” andr < 1.

R
_ 4 Cltgw)
C(p) — gap
_ 1 C) —gap"hiy(p) + o(gap”)
C(p)(1 — gap/C(p))
= 1-Q0- }g((ﬁ)) gap” +o(gap")) x (1 + gap/C(p) + o(gap))
AT gap” + o(gap”). -

C(p)



Plugging (78) into (34) and using Lemma 2 gives

logy (hy " (8(g%))) < logy <h/ ((I;))gap + o(gap” ))

= log, (20(53)> + rlogy (gap) + o(1)

= rlog, (gap) — 1 + log, (Z%g:;) +o(1)

and this establishes the upper half of (35).
To see the lower half, we use (33):

logy (b ' (8(g%))) i 1 <log2 (6(g7)) + log, (1;;))

v
&

d hy(p) , In2
= 77 <log2( ol )gap + o(gap )) + log, (

C(p)

S (r log,, (gap) + log, <h;’(p)> + o(1) + log, (1“2

C(p)
= T log, (gap) — 1+ K1 + o(1)

where K1 = d%l (log2 ( ) + log, ( )) andd > 1 is arbitrary.

C. Lemma 4
Proof:
D(g*|lp) = D(p+ gap"||p)

2r

1 gap 2
= 040xgap" + =————————— + o(gap™"
2p(1 - p) ) T 0w
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(79)
(80)

(81)

sinceD(p||p) = 0 and the first derivative is also zero. Simple calculus showshieesecond derivative d(p+z||p)

with respect taz is | log, (€)

p+x)(1—p—x)"
D. Lemma 5
Proof:
g*(l—p)> (1—1)) g
log ( = logy | —— | +log
*\p(1 - g7) *\Up \1-g
1 - P * *
= log, T +logy (g%) —logy (1 — g7)
1 - D r r
= log, > +logy (p + gap”) — logy (1 — p — gap")
1—p
= logy (p) + log (p) + logy (
gap” gap” .
= + + o(ga
pin@ T pym) ")
gap” ,
= ——————— +o(gap
(- p)m(@) )
= 9P 1401)).

p(1—p)In(2)

gap”
) > —logy (1 —p) — log, <1—
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E. Lemma 6
Proof: Expand (9):

v

\/ln K(p + gap") \/ln —rln(gap) + In(2) — K2 In(2) + o(1)

1
- \/ln Ko T gar )\/rln(gap)+(2—K2)ln(2)+o(1)

1
= \/m oo |G ) (L olD).

and similarly

IN

€ =
\/ln K(p+ gap”

d 1
(2 )K(p+gapT)\/(2_K2)ln(2)+ d_lrln (gap> +o(1)

rd 1
- \/ @)@~ DK (p + gar) \/ i () 100

All that remains is to show thak (p + gap”) converges taK (p) as gap — 0. Examine (10). The continuity of

Digtnlle) s clear in the interion € (0,1 — g) and forg € (0, 5). All that remains is to check the two boundaries.

lim,) o D(g;””g) = 5= )1 5 by the Taylor expansion ab(g + n||g) as done in the proof of Lemma 4. Similarly,

lim,, 1, % = D(1||g) = logy . Since K is a minimization of a continuous function over a compact
set, it is itself continuous and thus the Ilrﬂmtngapﬂo K(p+ gap") = K(p).
Converting from natural logarithms to base 2 completes tioefp ]

F. Approximating the solution to the quadratic formula
In (30), forg = g* = p + gap”,

a = D(g"|lp)
g(1-— p))
b = elo e
52 (p(l - 9%)
c logy ((Pe) p) — log, (R ' (8(¢%))) + 1.
The first term,a, is approximated by Lemma 4 so

a = gap® ( +0(1)). (82)

2p(1 —p)In(2)



Applying Lemma 5 and Lemma 6 reveals

rd 1 gap"
" s \/@l—l)K(W\/IOgQ <gap>p(1—p)ln(2)(1+0(1))
1 'I"d 1
~ p(1-p) 1n(2)\/(d— 1)K (p) \/gap2 log, <gap)(1 +0o(1))

1 r 1
b > p(1 —p)In(2) M\/ga]ﬂ logs (gap) (14 o(1)).

The third term,c, can be bounded similarly using Lemma 3 as follows,
¢ = plog, (gap) —logy (b '(6(g%))) +1

r — () logy <gclzp> + K3 +o(1)

IN

d
G=1
> (r—B)logy (g;p) + K4+ o(1).

for a pair of constantd(s, K4. Thus, forgap small enough ana < B(df), we know thate < 0.
The lower bound on/n is thus

Vb2 —4ac—b

Vvno >
2a

Plugging in the bounds (82) and (84) reveals that

log, (m%p)

gap” K(p)

b
— >
2a —
Similarly, using (82), (84), (85), we get
dac - 4gap® (I,(lTl)ln(g)> X {(%7’ — ) logy <ﬁ) + KS] (1+0(1))
— < -
b (p(l—pl) n(2) )QK(p)gap2r log, <ﬁ) (14 0(1))

— - PG |75 - |40

This tends to a negative constant since @.

Plugging (88) and (89) into (87) gives:

1082 (ﬁ) g d 2
n oz [ (1 o) <\/1+4p<1—p>1n<2>f<<p> [fd_l]“(”—l)]

2

log, (ﬁ) 1 —
= | gap” ]2K(p) (\/“%p(1 —p)In(2)K(p) [ﬁ— T 1] - \/77> (14 0(1))

_q <(10g2 (1/9ap))2>

gapQ’”

for all 7 < min{

,1}. By taking d arbitrarily large, we arrive at Theorem 4 for the BSC.

g
d

—1
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(83)

(84)

(85)

(86)

(87)

(88)

(89)

(90)
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APPENDIX IV
APPROXIMATION ANALYSIS FOR THEAWGN CHANNEL

Taking logs on both sides of (11) for a fixed test chantigl

0.2
(P2} ) 2 Il (3(G) ~ n(2) ~ nD(allo) — V() +2m2 - 2muln 6@ (%5 ~1) . @D

9p
Rewriting this in the standard quadratic form using
a = D(og|lop), (92)
3 2
b = (5 +2In2 — 21n(hb‘1(5(G)))) (Zg - > , (93)
¢ = W((P)p) —In(hy ' (5(G))) + In(2). (94)

it suffices to show that the terms exhibit behaviorgag — 0 similar to their BSC counterparts.
For Taylor approximations, we use the chan@él with corresponding noise variano%* = o—% + ¢, where

=g (B ) o
Pr

Lemma 12: For small enouglyap, for ¢ as in (95), ifr < 1 thenC(G*) < R.
Proof: SinceC(P) — gap = R > C(G*), we must satisfy

1 PT 1 PT
< =1 1+— ] —=1 1 .
< S (1 22) S (1 22

So the goal is to lower bound the RHS above to show that (95) ésl gmough to guarantee that this is bigger

than the gap. So
1 ¢ ¢
= 3 <10g2 (1 + U%) logs (1 + U% n PT>>

i . o
=35 log, | 1+ 2gap (1—|—P—T) —log, 1—|—29apP—T

1 Cs o? 1 02
> S| —2gap"(14+ -L)—- ——2 P
= 9 <ln(2) 9" (14 5 ) = iy 29 PT>

1 o
= (g —(1— P 96
o i (o= -0 ). 0)
For small enouglyap, this is a valid lower bound as long as < 1. Choosec; so thatl < ¢; < P . For¢ as
in (95), the LHS isgap” K and thus clearly having < 1 suffices for satisfying (96) for small enougpiap This
is because the derivative gfip” tends to infinity agjap — 0. ]

In the next Lemma, we perform the approximation analysis ierterms inside (92), (93) and (94).
Lemma 13: Assume that?. = 0% + ¢ where( is defined in (95).

(a)
GG _ r 2(PT + 0123>
Up —1=gap < Pr > . (97)
(b)
In(6(G*)) = rln(gap) + o(1) — In(C(P)). (98)
(€)
In(h, (5(G"))) > = Ingap) + e, (99)

for some constant, that is a function ofd.

In(h, '(6(G*))) < rin(gap) + cs, (100)
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for some constants.

(d)

P 2\2

D(02.||o%) = (T;;’P) ap? (1 + o(1)). (101)
Proof: (a) Immediately follows from the deflnltlons and (95).

(b) We start with simplifyingd(G*)

c(G*
o) — 12 9@

C — gap — Y1ogy (1+ =)
N C — gap

%logz <1+5—1§;) - %logQ ( + 2+<> — gap
N C — gap

o%+Pr o?
Llogy (%) (57E55)) — gaw

a C — gap

%logz (1 + %) - %logg (1 + ﬁ) — gap
a C — gap
357~ 3P +ol0) —gap
a C — gap
B % (a%(lgfiaz) + 0(<)> - gap
a C — gap

1.1 20%(Pr + 0%) Pr gap
— - T T o 1 g

&G ( ) s ola) ) - gap)(1 = %2+ ofgur)
= T (1+o(1)

Taking In(-) on both sides, the result is evident.
(c) follows from (b) and Lemma 2.
(d) comes from the definition oD (c?2.||c%) followed immediately by the expansidn (o é Jo%) = ln(l +

(Jo%) = CP - %(U%)Q + o(gap?®"). All the constant and first-order igap” terms cancel smc@ﬂ =1+ 2. This

gives the result immediately. ]

Now, we can use Lemma 13 to approximate (92), (93) and (94).

0« = (PT;Q)gap "(1+0(1)) (102)
b = (2 +2In2 — 2In(hy* (5(G)))> gapr2(PT;T—0123)

< W ln(gl Ygap” (1 + o(1)) (103)
b o> 2<PTPj"P) In(——)gap' (1+ o(1) (104)
¢ < (= A=)+ o(1) (105)
¢ > (r—B)ln(——)(1+o(1)). (106)

gap
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Therefore, in parallel to (88), we have for the AWGN bound

— > 1 1)). 107
2a ~ (PT+O'12;.) ( gap” (1+0(1)) (107)
Similarly, in parallel to (89), we have for the AWGN bound
dac 1 d 1
— < —(—r =) ——.
b2 — <1+0(1))T2(d_1r 6)111( 1 )
gap

This is negative as long as< @, and so for every.g < % for small enoughyap, we know that

4ac 1 d
1—bT—1 Z Csﬁ(ﬂ—ﬁ”f’)@(l‘i‘O(l))
Combining this with (107) gives the bound:
1 d 1 P (WG,
e L any e ( ) (108)
B Py _ d 1\
= ooy (= 750 (o )P (109)

Since this holds for alb < ¢, < 1 and all7 < min(1, @) for all ¢ > 1, Theorem 4 for AWGN channels
follows.
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