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Abstract

Two Multi-Terminal Communication Problems: Distributed Estimation and

Source-Channel Broadcast

by

Vinod Malathi Prabhakaran

Doctor of Philosophy in Engineering-Electrical Engineering and Computer Sciences

Designated Emphasis in Communication, Computation, and Statistics

University of California, Berkeley

Professors Kannan Ramchandran and David Tse, Co-chairs

A major success of information theory is a more or less satisfactory understanding of

point-to-point communication (where a single source of information wants to convey

this information to a single sink). However, many questions remain open when there

is more than one source or sink of information. This dissertation addresses two classes

of such problems.

The first set of problems is motivated by wireless sensor networks where a large

number of sensors collect potentially noisy data about an underlying physical phe-

nomenon and communicate a compressed form of the data to a fusion centre which

attempts to reconstruct some aspects of the original source of data. One model for
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studying such problems is the so-called CEO model proposed by previous researchers

where the sensors communicate only to the fusion centre and not with one another.

We derive the optimal trade-off between the quality of reconstruction at the fusion

centre and the communication burden on the sensors under this model for the Gaus-

sian case. We demonstrate the robustness of the scheme to sensor failures. We also

study improved models to explore the potential for co-operation between the sensors

through interactions and drive bounds on performance.

The motivation for our second set of problems is the migration of audio and

video broadcasting from analog transmission schemes to the more spectrum efficient

digital schemes. We first address the question of this migration itself and derive the

optimal trade-off between the qualities at which the new digital and the legacy analog

receivers can be served simultaneously without consuming any additional spectrum.

Then, for an all-digital system, we design efficient transmission schemes which can

offer differentiated levels of service in terms of fidelity of source reconstruction to

users based on the quality of their channels from the broadcast station.

Professor Kannan Ramchandran Professor David Tse
Dissertation Committee Co-chair Dissertation Committee Co-chair
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Chapter 1

Introduction

The short history of information theory since it was founded by Shannon in 1948

is marked by many successes. Remarkably, many of the more profound and impactful

of these successes can found be in Shannon’s seminal paper [41] which established the

field. Arguably, the theory of point-to-point communication (where a single source of

information wants to convey this information to a single sink) was covered more or less

single-handedly by Shannon himself in a sequence of papers [41–43]. However, many

questions remain open when there is more than one source or sink of information.

We consider two classes of such problems. In the first class, the multiplicity is in the

sources of information with just one sink consuming this information, whereas in the

second class of problems there is a single source of information, but multiple sinks

are interested in receiving the information.

We are motivated by wireless sensor networks in studying our first set of problems.
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Wireless sensor networks raise many challenges to a system designer. Typically, the

sensing devices make low-quality measurements, operate with limited communication

resources (e.g. power, bandwidth), and suffer from poor reliability (sensor-failures,

power-cycling). The fact that the cost of communication is typically much higher

than the cost of processing [21] calls for the use of distributed or locally-collaborative

designs. On the positive side, sensors are typically inexpensive devices which allows

for a large-scale deployment resulting in a high degree of redundancy in the measure-

ments which can be exploited. There have been many noteworthy efforts at building

protocols and infrastructure for sensor networks [2, 19, 27]. Our interest here is in

understanding the fundamental limits of performance of and optimal designs for such

networks.

One of the earliest attempts at studying such problems appears to be by Tenny and

Sandell in 1981 [47]. The approach is called distributed detection (see [9, 49, 53] and

references therein). A simple form of the model studied involves many sensors making

an observation each and helping a fusion centre decide among many hypotheses about

the environment in which the sensors reside by sending it messages. The main design

question is: what should the sensors send to the fusion centre if there are constraints

on how much the sensors can send? This is in contrast to a centralised detection

scheme where the fusion centre will have direct access to all the observations. Many

authors have addressed various versions of this model (see references above).

The approach we will follow is information theoretic. We treat the networked
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sensing problem as a multi-terminal rate distortion question. This was introduced

by Berger, Zhang, and Viswanathan in a paper titled “The CEO Problem” [8]. The

CEO in the title stands for the “chief estimation officer” who serves as the fusion

centre mentioned above. The sensors (which are termed “agents” in the paper) make

a sequence of observations and send a message each to the CEO whose objective is to

reconstruct an underlying sequence which influences the observations of the agents,

but is not necessarily visible to any of the agents. The objective of the CEO problem

is to find the set of sizes (or rates) of the messages that the sensors need to send such

that at least a certain quality of reproduction is achieved by the CEO. As pointed

out earlier, typically, in wireless sensor networks, the cost of communication is larger

than the cost of processing at the sensor. This makes the question posed by the CEO

problem a relevant one for wireless sensor networks. The key difference with respect

to distributed detection theory is that there are no delay constraints on the operation

of the CEO. This is in contrast to the distributed detection problem where the delay

constraint on the fusion centre can be thought of as being less than one sampling

interval of the sensors. Thus the results here are more relevant for sensing applications

where the delay constraints are not stringent (e.g., habitat monitoring [45], monitoring

of the health of structures such as bridges [29]. See [39] for many more).

The second set of problems we address is motivated by the migration of audio and

video broadcasting from analog transmission schemes to the more spectrum efficient

digital schemes. This migration is stimulated as much, if not more, by a desire to free



4

up spectrum for use by other services such as the future generations of wireless data

service as by a desire to deliver improved reception and additional services such as

interactive TV (in which, for instance, the viewers can choose the camera angle). The

questions we address are two fold. First, we consider the process of this migration

itself. Switching over the transmission format from analog to digital will render

the large number of analog receivers useless. The current solution is to simulcast

the content in the existing analog format and in the digital format in addition on a

separate part of the spectrum. This is however redundant. We ask what is the optimal

trade-off of quality we can offer to the legacy analog receivers and the digital receivers

without occupying any more of the spectrum than the existing analog system.

In a broadcast system, different users experience different channel qualities. Of-

fering differentiated levels of service in terms of the quality of source reproduction

which the users can subscribe to based on the quality of their channels has been a

long standing challenge. Techniques like scalable coding with unequal error protec-

tion are practical attempts at achieving this goal [48]. We address this problem under

a simple, but relevant model and attempt to find efficient schemes for simultaneously

satisfying users with different channel qualities.

1.1 Outline and contributions

In Part I we discuss the CEO problem and some variations motivated by sensor

networks. In chapter 3, we first derive for the Gaussian version of the CEO problem,



5

the optimal set (called the rate-region) of rates at which the sensors may operate

in order to achieve a prescribed quality of estimation under the mean-squared error

(MSE) distortion criterion. This result was obtained independently of Oohama who

also published the same results [35, 36]. We then address the question of robustness

of the optimal strategy to random sensor failures. We derive the optimal qualities

of estimation at the CEO under different sensor-failure scenarios if the system is

constrained to operate optimally when a certain minimum number of sensors are

active.

In a practical sensor network deployment, it may be possible for the sensors to co-

operate with one another, and for the central unit to provide feedback to the sensors.

In Chapter 4, we extend the CEO model to consider different forms of co-operation

and feedback. We derive an upper-bound on the total rate of all sensors, and use

it to show that the jointly Gaussian distribution is a least-friendly distribution to

co-operation in the sense that no reduction in the total rate of communication can

be achieved over the CEO setting through feedback and co-operation.

In Part II, we consider the problem of sending coloured Gaussian sources over

Gaussian channels to a heterogeneous set of receivers. In Chapter 6, motivated by the

practical application of seamless “in-band” digital upgrade of legacy analog transmis-

sion systems, we study the problem of transmitting a Gaussian source with memory

to a digital and a linear-analog receiver, over an arbitrarily coloured, non-degraded

Gaussian broadcast channel. We characterise the set of all achievable MSE distor-
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tion pairs at the two receivers given a power constraint at the transmitter. Further,

we show a constructive hybrid uncoded-coded scheme consisting of the cascade of

source coding with side information and channel coding with side information sys-

tems that can achieve the entire power-distortion region associated with the problem.

An interesting operating point in this region is one where the digital receiver obtains

the classical point-to-point optimal quality and the analog receiver attains the best

possible simultaneously achievable distortion.

We consider the problem of transmission of information sources with memory over

a broadcast channel in Chapter 7. Using a parallel Gaussian source model and an

additive white Gaussian noise broadcast channel model, we consider the problem of

information source transmission with the goal of attaining trade-offs in MSE distortion

achieved by individual receivers under a transmission power constraint. We propose

a hybrid constructive framework consisting of building blocks derived from a number

of tools from multi-user information theory – source coding with side information,

channel coding with side information, successive refinement source coding and super-

position broadcast channel coding. When specialised to the case of a white source

with bandwidth mismatched to the channel bandwidth which has been studied, our

scheme performs as well or in some cases better than all currently known strategies.
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Part I

The CEO Problem
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Chapter 2

Introduction

A canonical problem in the area of sensor networks is that of estimating a physical

process (e.g. temperature) from noisy observations made by a large number of un-

reliable, resource-constrained sensors. The CEO problem is an information theoretic

abstraction of this remote estimation problem. It models a group of say L sensors who

observe independently corrupted versions of an underlying hidden memoryless source

which a central unit (or the “CEO”) is interested in estimating. The sensors encode

long blocks of their observations into bits without co-operating with one another and

communicate the encoded bits to the CEO over rate-constrained noiseless channels.

We are interested in characterising the set of bitrates (L-tuples) of the channels which

can support a desired fidelity at which the source is reproduced at the decoder. We

will call this set the rate region for the specified fidelity. In the CEO problem, no

constraints are placed on the delay at which the CEO reproduces the source.
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The most basic result of this type is due to Shannon [41] who showed what the

most parsimonious representation of an independent and identically distributed (i.i.d.)

sequence is. His result states that an i.i.d. sequence1 X(1), X(2), . . . , X(n) where each

random variable has a distribution pX over an alphabet X can be compressed losslessly

to its entropy H(X) =
∑

x −pX(x) log(pX(x)) bits per source symbol when n is large,

and this is also the lowest bit rate possible. Shannon [43] generalised this to the case of

lossy compression. If the source decoder produces a reconstruction of X̂(1), . . . , X̂(n)

in a reconstruction alphabet X̂ , and the distortion of this reconstructed sequence is

measured using a distortion measure d : X × X̂ → R+, the objective is to satisfy

1

n

n∑

k=1

E

[
d(X(k), X̂(k))

]
≤ D,

where D is the target distortion. Shannon showed that the least possible rate of

compression required to achieve this objective is

R(D)
def
= inf

pX̂|X

I(X; X̂),

where the infimum is over all conditional distributions pX̂|X which satisfy E[d(X, X̂)] ≤

D. Here I(X; X̂) is the mutual information between X and X̂ defined as I(X; X̂) =

H(X) + H(X̂) − H(X, X̂).

Unlike in the above settings, in sensing networks, typically there is more than

one sensor making observations and often they are physically separated. This can

be modelled by introducing multiple encoders into Shannon’s model. Slepian and

1We will also call this a memoryless source X.
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Wolf [44] considered this generalisation in the lossless setting. They showed that for

two dependent discrete memoryless sources X1 and X2 observed by two physically

separated encoders can be reconstructed losslessly at the decoder if the encoder ob-

serving X1 compresses at a bit rate R1 and the encoder observing X2 compresses at

rate R2 provided (R1, R2) satisfy the following.

R1 ≥ H(X1|X2),

R2 ≥ H(X2|X1),

R1 + R2 ≥ H(X1, X2),

where the conditional entropy is defined as H(X1|X2) = H(X1, X2)−H(X2). This set

of rates which is the largest set of rates under which we can achieve the objective of

the problem (which in this case is the lossless recovery of the sources at the decoder) is

called the rate region of the problem. The lossy compression version of this problem

setting where the objective of the decoder is to reconstruct the source(s) under a

distortion criterion is called the multi-terminal (lossy) source coding problem [5].

The problem in general remains open, and only inner and outer bounds are available

for the rate region of most versions of the problem. One noteworthy instance of the

problem which has been fully resolved is when the encoder has a memoryless source

X1 over an alphabet X1 and the decoder has a dependent memoryless source X2 over

an alphabet X2. The decoder reconstruction may depend on the bits received from the

encoder and the source observation X2(1), . . . , X2(n). Under a distortion constraint
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on the decoded sequence as in Shannon’s problem above, the smallest bitrate needed

was shown by Wyner and Ziv [57] to be

RX1|X2(D)
def
= inf I(X1; U |X2), (2.1)

where the infimisation is over all auxiliary random variables U over some alphabet U

of cardinality no bigger than |X1| + 1 satisfying the Markov chain U − X − Z and

such that there is a function f : X2 × U → X̂2 satisfying E[d(X1, f(X2, U))] ≤ D.

The CEO problem is a special case of the general multi-terminal (lossy) source

coding problem (sometimes also referred to as the many-help-one problem). The only

other examples where the rate region had been completely characterised at the time

of this work were due to Körner and Marton [30] and Berger and Yeung [7]. After this

work was completed, Wagner and Anantharam [54] derived the currently best known

outer bound on the rate region of the general multi-terminal source coding problem

and provided another example where the rate region can be completely characterised.

Perhaps more significantly, they showed that all known tight upper bounds are special

cases of their result. As we mention below, using some of the results presented here,

recently Tavildar, Wagner and Viswanath have provided yet more examples [46, 55]

where the rate region can be fully characterised, most notably the two-user Gaussian

multi-terminal problem for quadratic distortions which remained open from when

Oohama [33] proposed a partial solution.

There is a natural achievable strategy for multi-terminal source coding. Each

encoder quantises its observation as in the single-user source coding. Since the obser-
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vations are dependent, the quantisation codewords produced by this at the different

encoders are also dependent. Then, instead of communicating the indices of the

quantised codewords as in single-user source coding, they send only a “hash” of the

indices. The hashing is performed such that the decoder is able to recover the depen-

dent codewords produced by the encoders from the hashes it receives. This hashing

method is commonly referred to as binning and is due to Cover [13] who introduced

it for the Slepian and Wolf’s problem [44] discussed earlier. For an application to the

discrete-alphabet (lossy) source coding case, see [5, 28, 50]. For the continuous case,

which is of interest here, the technique appears in [22, 33, 56]. We will refer to this

natural achievable strategy as the Berger-Tung-Housewright achievable strategy.

The CEO problem was first studied by Berger, Zhang, and Viswanathan [8] in

the context of discrete memoryless sources and observations. They characterised the

relationship between the sum-rate at which the sensors communicate to the CEO and

the minimum error frequency at which the decoder can recover the hidden source, in

the limit of L → ∞ and high sum-rates. Ideas from hypothesis testing were used to

obtain the converse. Viswanathan and Berger [52] studied the memoryless Gaussian

version of this problem under a mean-squared error (MSE) distortion criterion. This

problem is commonly referred to as the quadratic Gaussian CEO problem. They

showed that in the limit of a large number of sensors (L → ∞) making observations

of the same quality, the Berger-Tung-Housewright achievable strategy is optimal for

high sum-rates. They computed upper and lower bounds for the sum-rate distortion
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product for this setting. The upper bound was derived based on the Berger-Tung-

Housewright region while the derivation of the lower bound was an extension of the

converse proof in [8] and used techniques from estimation theory. Oohama [34] studied

the same sum-rate problem in the limit of large L, and showed that the sum-rate of

the Berger-Tung-Housewright achievable region is tight (at all sum-rates). Multi-user

information theory methods (esp. entropy power inequality [14, pg. 496]) were used

to prove the converse.

The entire rate region of the quadratic Gaussian CEO problem for a finite number

of sensors (not all necessarily having the same quality of observations) was charac-

terised independently by Oohama [35, 36] and in the work which forms part of the

next chapter. The result is that the Berger-Tung-Housewright achievable region is

indeed tight. This result has proved instrumental in resolving the long standing

two-user Gaussian distributed source coding problem [55]. We also note here that

the quadratic Gaussian CEO result has been extended by Tavildar, Viswanath and

Wagner [46] to a more general setting where the observations are not necessarily in-

dependent conditioned on the quantity of interest, but obey a Markov relationship

which they call the “tree-structure” condition.

As mentioned earlier, the CEO problem can be thought of as an abstraction of

the networked sensing problem. However, in a sensor network setting the sensors

are prone to failures due to malfunction or temporary outages to conserve battery.

As part of the next chapter, we use a simple model proposed in [24] to study the
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robustness of the natural achievable strategy (quantisation followed by binning) to

sensor failures. Our result is that the natural achievable strategy is optimal for the

model considered in [24].

As pointed out earlier, in the CEO problem, the sensors are not allowed to co-

operate or communicate with each other when producing their encoded bits. However,

this may not be very realistic in a sensor network scenario where the sensors may be

in a position to send messages to each other. In chapter 4, we consider models where

sensors are allowed to communicate with each other. In one setup we consider, we

allow the sensors to broadcast their messages. All the other sensors and the CEO

receive this broadcast. Each broadcast is counted only once towards the sum-rate.

The communication may now happen over many rounds with each sensor sending out

one message in each round. The message is allowed to be a function of the observation

made by the sensor producing it and all the messages which were transmitted by the

other sensors up to that point. We will call this problem the CEO problem with

sensor broadcast.

We also consider a related problem where the sensors do not broadcast, but they

are allowed to interact with each other over rate constrained links. Here also the

quantity of interest will be the overall sum-rate which is the sum of the rates at

which the sensors communicate with each other and to the CEO. We will call this

the CEO problem with sensor interaction.

We first show using an example that compared to the CEO problem, both sensor
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broadcast and sensor interaction setups can lead to a reduction in the sum-rate re-

quired for producing the same quality of reproduction at the CEO. We then derive a

“single-letter” lower bound for the sum-rate of the CEO problem with sensor broad-

cast. We would like to point out that the form of our lower bound has similarities to

the lower bound for multi-terminal source coding problems in [54].

This lower bound is shown to be tight for the Gaussian version of the problem.

It turns out that the optimal coding scheme for the Gaussian CEO problem is also

optimal for this problem. In other words, the sensors do not have to make use of their

access to messages from some of the other sensors. This means that for the Gaussian

problem the additional flexibility of sensor broadcast does not lead to a reduction in

the sum-rate.

An interesting consequence of this is that the optimal scheme for the CEO problem

(which involves the sensors not communicating with each other) is also optimal for

the Gaussian CEO problem with sensor interaction. That is, interaction is not useful

to reduce the sum-rate for the Gaussian CEO problem with sensor interaction.
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Chapter 3

The Gaussian CEO Problem and a

Robustness Result
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Figure 3.1: The Quadratic Gaussian CEO Problem

We begin by formulating the quadratic Gaussian CEO problem. We will use the

following notation throughout this part of the thesis. Random variables and processes

will be denoted by uppercase letters and their realisations by lowercase letters. n-
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length sequences will be denoted by a superscript n [e.g. Xn = (X(1), . . . , X(n))

]. For a set A ⊆ {1, . . . , L}, we will denote (Yk, k ∈ A) by YA. Similarly, Yn
A =

(Y n
k , k ∈ A). When A = {1, . . . , L}, where L is the number of sources, we will drop

the subscript as in Yn = (Y n
1 , . . . , Y n

L ) and C = (C1, . . . , CL). Also, when A = {k},

we write Y n
l for Y n

{l}.

Let X(t), t = 1, 2, . . . be i.i.d Gaussian random variables with zero mean and

variance σ2
X . The decoder is interested in this sequence. But it cannot be observed

directly. Instead, there are L sensors (encoders which cannot cooperate) who observe

independently corrupted versions of this sequence. For k = 1, . . . , L, sensor k observes

Yk(t), a noisy version of the X(t) sequence corrupted by independent additive white

Gaussian noise.

Yk(t) = X(t) + Nk(t), k = 1, . . . , L,

where the noise sequence Nk(t), t = 1, 2, . . . are i.i.d Gaussian random variables

independent of the X process with mean zero and variance σ2
Nk

. Also, the random

processes Nk and Nj are independent for j 6= k.

For k = 1, . . . , L, sensor k encodes its observation Y n
k separately to Ck = f

(n)
k (Y n

k )

where f
(n)
k : R

n → C(n)
k is the encoding map. Ck is sent to the decoder at the rate

Rk
def
= |C(n)

k |/n. The decoder outputs an estimate X̂n = g(n)
(
f

(n)
1 (Y n

1 ), . . . , f
(n)
L (Y n

L )
)

of Xn. Here g(n) : C(n)
1 × . . .×C(n)

L → R
n is the decoding map. The average distortion

is

D(n) =
1

n

n∑

t=1

E

(
(X(t) − X̂(t))2

)
. (3.1)
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For a target distortion D, a rate L-tuple (R1, . . . , RL) is said to be achievable if

there are encoders (f
(n)
1 , . . . , f

(n)
L ) working at these rates and decoder g(n) such that

D(n) ≤ D for some n. The closure of the set of all achievable rate L-tuples is called

the rate-region and we denote it by R⋆(D) ⊆ R
L
+ .

Let RN(D) be the Berger-Tung-Housewright achievable region using Gaussian

auxiliary random variables. We show that

RN (D) =
⋃

(r1,...,rL)∈F(D)

RD(r1, . . . , rL), (3.2)

where

RD(r1, . . . , rL)
def
=





(R1, . . . , RL) :
∑

k∈A Rk ≥
∑

k∈A rk + 1
2
log 1

D

−1
2
log

(
1

σ2
X

+
∑

k∈Ac
1−exp(−2rk)

σ2
Nk

)
,

∀ non-empty A ⊆ {1, . . . , L}





,

and

F(D)
def
=

{
(r1, . . . , rL) ∈ R

L
+ :

1

σ2
X

+
L∑

k=1

1 − exp(−2rk)

σ2
Nk

=
1

D

}
.

As will become clear in the next section, rk can be interpreted as the rate the k-th

sensor spends in quantising its observation noise.

3.1 Main result

Our main result is
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Theorem 3.1.1

R⋆(D) = RN (D).

Since R⋆(D) must be a convex set, the theorem implies that convexification is not

required in (3.2), i.e., we do not need to time-share between points in different RD.

Proof

Achievability of theorem 3.1.1 Since Berger-Tung-Housewright achievable re-

gion has been discussed elsewhere in detail [22, 33, 34, 50], we will only provide a

sketch along the lines of [51]. For each sensor, we define the auxiliary random variable

Uk = Yk + Wk, k = 1, . . . , L, where Wk ∼ N (0, σ2
Wk

) are independently distributed

and independent of (Y, X). σ2
Wk

≥ 0 are parameters which will be specified in terms

of the target distortion D. To construct the random codebook for sensor k, draw

2nI(Uk;Yk)+nǫ n-length Uk vectors randomly according to the marginal of Uk and divide

them equally (or bin them) into 2nRk bins. Encoding at sensor k involves picking

a codeword Un
k which is jointly typical [14] with the observed Y n

k vector (with high

probability there will be at least one such codeword for large enough n) and send-

ing the bin index. It can be proved along the lines of the extended Markov lemma

of [34] [50] that Xn,Yn, and Un will be jointly typical with high probability because

Uj − Yj − X − Yk − Uk, k 6= j are Markov chains.

The decoder attempts to recover the codewords from the the specified bins. The
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codewords Un chosen by the encoders are jointly typical. No other set of codewords

in the specified bins will be jointly typical with high probability if

∑

k∈A

(I(Yk; Uk) − Rk)
+ <

∑

k∈A

h(Uk) − h(UA|UAc), ∀A ⊆ {1, . . . , L} (3.3)

where Ac is the complement of A in {1, . . . , L}, and (x)+ stands for 0 if x < 0 and x

otherwise. Viswanath [51] has shown that these conditions are the same as1

∑

k∈A

Rk > f(A)
def
= I(YA;UA|UAc),∀A ⊆ {1, . . . , L}. (3.4)

After recovering Un, the decoder reconstructs X̂n by applying the following function

component-wise

x̂ = g(u)
def
= E(X|U = u).

Joint typicality of Xn and the codewords Un implies that the mean squared distortion

in estimating X is E ((X − E(X|U))2). We set this equal to the target distortion D.

This implies that the valid choices of σ2
Wk

must satisfy

1

D
=

1

σ2
X

+
L∑

k=1

1

σ2
Nk

+ σ2
Wk

. (3.5)

Let us define (only for the achievability part of the proof)

rk
def
= I(Yk; Uk|X) =

1

2
log

σ2
Nk

+ σ2
Wk

σ2
Wk

.

We can interpret rk as the rate the k-th sensor spends in quantising its observation

noise. We will use rk’s as the parameters instead of σ2
Wk

. Note that for any choice

1For consistency, we define f(∅)
def
= 0.
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of (rk ≥ 0, k = 1, . . . , L), we can find a corresponding (σ2
Wk

≥ 0, k = 1, . . . , L) and

therefore, a set of auxiliary random variables. Then we can rewrite (3.5) in terms of

rk’s as

1

D
=

1

σ2
X

+
L∑

k=1

1 − exp(−2rk)

σ2
Nk

, (3.6)

and f(·) in (3.4) for all non-empty A ⊆ {1, . . . , L} as

f(A) = I(YA;UA|UAc)

= I(YA, X;UA|UAc), ∵ (X,UAc) − YA − UA is a Markov chain

= I(X;UA|UAc) + I(YA;UA|X), ∵ (YA,UA) − X − UAc is a Markov chain

= I(X;UA|UAc) +
∑

k∈A

rk,

∵ (Yk, Uk) − X − (YA−{k},UA−{k}) is a Markov chain

= h(X|UAc) − h(X|U) +
∑

k∈A

rk

= −
1

2
log

(
1

σ2
X

+
∑

k∈Ac

1 − exp(−2rk)

σ2
Nk

)
+

1

2
log

1

D
+
∑

k∈A

rk.

Now (3.4) can be rewritten as, for all non-empty A ⊆ {1, . . . , L}

∑

k∈A

Rk ≥ f(A) =
1

2
log

1

D
−

1

2
log

(
1

σ2
X

+
∑

k∈Ac

1 − exp(−2rk)

σ2
Nk

)
+
∑

k∈A

rk. (3.7)

Note that we have replaced the strict inequality with the weaker form since any rate

L-tuple which satisfies all the weaker inequalities is also in the closure of the set of

all achievable rates.

Equations (3.6) and (3.7) together give the achievability R⋆(D) ⊇ RN (D).
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Converse of theorem 3.1.1 Suppose (R1, . . . , RL) ∈ R⋆(D). Then, for every

ǫ > 0, there is a large enough n for which there are blocklength-n encoders working

at rates (R1 + ǫ, . . . , RL + ǫ) and a corresponding decoder such that their average

distortion is less than or equal to D. Let C = (C1, . . . , CL) denote all the messages

produced by these encoders after observing an n-block. Let us define

rk
def
=

1

n
I(Y n

k ; Ck|X
n). (3.8)

Note that this definition of rk is for the proof of the converse and it is different from

the definition of rk in the proof of achievability. We will use the above definition (3.8)

again in the next section.

For any A ⊆ {1, . . . , L},

∑

k∈A

(Rk + ǫ) ≥
∑

k∈A

1

n
H(Ck) ≥

1

n
H(CA)

≥
1

n
H(CA|CAc)

≥
1

n
I(Yn

A;CA|CAc)

(a)
=

1

n
I(Yn

A, Xn;CA|CAc)

(b)
=

1

n
I(Xn;CA|CAc) +

∑

k∈A

rk

=
1

n
I(Xn;C) −

1

n
I(Xn;CAc) +

∑

k∈A

rk, (3.9)

where we used the fact that Xn − (Yn
A,CAc) − CA and

(Y n
k , Ck) − Xn − (C1, . . . , Ck−1, Ck+1, . . . , CL) are Markov chains to get (a) and (b)

respectively.
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We have a simple lower bound for the first term I(Xn;C)/n. This is due to

Shannon and is referred to as Shannon lower bound [4,43].

1

n
I(Xn;C) ≥

1

n
I(Xn; X̂n), by data processing inequality

=
1

n
h(Xn) −

1

n
h
(
Xn − X̂n|X̂n

)

≥
1

n
h(Xn) −

1

n
h(Xn − X̂n)

≥
1

2
log 2πeσ2

X −
1

2
log 2πeD

=
1

2
log

σ2
X

D
, (3.10)

where we used the fact that the Gaussian distribution maximises the differential

entropy for fixed second moment to get the last inequality.

To bound the second term of (3.9) we will need the following lemma.

Lemma 3.1.2 Let A ⊆ {1, . . . , L}. Then

1

σ2
X

exp

(
2

n
I(Xn;CA)

)
≤

1

σ2
X

+
∑

k∈A

1 − exp(−2rk)

σ2
Nk

. (3.11)

We prove this lemma in appendix A. The lemma can be interpreted as follows: for

any quantisation strategy at the sensors, if we compute the rates rk’s which is in

effect being used to quantise the observation noises by any set A of sensors, then the

lemma gives an upper bound on the mutual information that can be derived about

the hidden source from the messages produced by the sensors in set A. The key

inequality used in proving the lemma is the entropy power inequality [14, pg. 496]

which becomes tight under the jointly Gaussian quantisation strategy we used in the
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achievability proof as we will see. Using the bounds from (3.10) and (3.11) in (3.9),

for all A ⊆ {1, . . . , L}

∑

k∈A

Rk + ǫ ≥
1

2
log

1

D
−

1

2
log

(
1

σ2
X

+
∑

k∈Ac

1 − exp(−2rk)

σ2
Nk

)
+
∑

k∈A

rk. (3.12)

When A = ϕ in (3.12) (or equivalently from (3.10) and (3.11) with A = {1, . . . , L}),

we have the condition

1

σ2
X

+
L∑

k=1

1 − exp(−2rk)

σ2
Nk

≥
1

D
. (3.13)

Since this is true for arbitrarily small positive values of ǫ, (3.12) with ǫ set to zero, and

(3.13) along with the non-negativity constraints on rk’s, define an outer bound for

R⋆(D). It is easy to observe that replacing the inequality in (3.13) with an equality

will not change this outer bound. Thus we have R⋆(D) ⊆ RN (D). 2

Remarks:

• Since R⋆(D) must be convex, we can conclude that RN (D) is also convex. This

can also be directly inferred by noting that the right hand side of (3.12) (with ǫ

set to zero) is convex in (r1, . . . , rL) and that the set of (r1, . . . , rL) ∈ R
L
+ which

satisfy (3.13) is a convex set.

• We can explicitly compute the rate-region by solving the following optimisation

problem

min
(R1,...,RL)∈R⋆(D)

L∑

k=1

αkRk

for all choices of (α1, . . . , αL) ∈ R
L
+. Without loss of generality assume that
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α1 ≥ α2 ≥ . . . ≥ αL. Recall that

RN (D) =
⋃

(r1,...,rL)∈F(D)

RD(r1, . . . , rL).

Therefore,

min
(R1,...,RL)∈R⋆(D)

L∑

k=1

αkRk = min
(r1,...,rL)∈F(D)

min
(R1,...,RL)∈RD(r1,...,rL)

L∑

k=1

αkRk.

The inner minimisation is easy to perform by noting that

RD(r1, . . . , rL)
def
=





(R1, . . . , RL) :
∑

k∈A Rk ≥ I(YA;UA|UAc),

∀ non-empty A ⊆ {1, . . . , L}





,

where the Uk’s are defined as in section 3.1. The optimal choice of (R1, . . . , RL)

for the inner minimisation is

Rk = I(Yk; Uk|Uk+1, . . . , UL)

= I(X; Uk|Uk+1, . . . , UL) + I(Yk; Uk|X)

= I(X; Uk, Uk+1, . . . , UL) − I(X; Uk+1, . . . , UL) + I(Yk; Uk|X)

=
1

2
log

(
1

σ2
X

+
L∑

i=k

1 − exp(−2ri)

σ2
Ni

)

−
1

2
log

(
1

σ2
X

+
L∑

i=k+1

1 − exp(−2ri)

σ2
Ni

)
+ rk.
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We can now rewrite the optimisation as

min
(R1,...,RL)∈R⋆(D)

L∑

k=1

αkRk

= min
(r1,...,rL)∈F(D)

α1

2
log

(
1

σ2
X

+
L∑

k=1

1 − exp(−2rk)

σ2
Nk

)

−
L−1∑

m=1

αm − αm+1

2
log

(
1

σ2
X

+
L∑

k=m+1

1 − exp(−2rk)

σ2
Nk

)

−
αL

2
log

1

σ2
X

+
L∑

k=1

αkrk. (3.14)

If we rewrite this in terms of parameters pk
def
= 1−exp(−2rk)

σ2
Nk

, k = 1, . . . , L, and

note that the first term is α1 log(1/D)/2, we get a convex optimisation problem

which is in a form that can be readily solved using Lagrange multipliers.

min
p1,...,pL

−
L−1∑

m=1

αm − αm+1

2
log

(
1

σ2
X

+
L∑

k=m+1

pk

)
−

L∑

k=1

αk

2
log(1 − pkσ

2
Nk

)

−
α1

2
log D +

αL

2
log σ2

X

subject to
1

σ2
X

+
L∑

k=1

pk =
1

D
,

pk ≥ 0, k = 1, 2, . . . , L.

The explicit expression for the solution is cumbersome and is omitted.

An interesting case is the symmetric setting where all the sensors observe the

source with the same signal-to-noise ratio (σ2
Nk

= σ2
N , k = 1, . . . , L) and they all

operate at the same rate, say R. For this case the optimal distortion DoptL
(R) that

can be achieved is defined as

DoptL
(R) = inf{D : (R,R, . . . , R) ∈ R⋆(D)}. (3.15)
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A direct consequence of theorem 3.1.1 is the following corollary which we state

without proof.

Corollary 3.1.3

1

DoptL
(R)

=
1

σ2
X

+ L

(
1 − exp(−2r)

σ2
N

)
, (3.16)

where r is the unique solution of

R =
1

2L
log

(
1 + L

1 − exp(−2r)

σ2
N

)
+ r. (3.17)

3.2 A robustness result

In this section we examine the robustness of the achievability scheme used in

the last section to failure of the sensors. Let us consider the symmetric case of

σ2
N1

= σ2
N2

= . . . = σ2
NL

= σ2
N , with all sensors allowed to work at the same maximum

rate, say R. Suppose that the sensors are prone to failures (also see [24]). In particular,

assume that we are given that at least K out of the L sensors will not fail. But we do

not know beforehand how many sensors will fail (except that the number of failures is

less than or equal to L−K) or which sensors will fail. Suppose we further insist that

when exactly K sensors are active, the resulting distortion DK be DoptK
(R) which is

defined as the lowest achievable distortion for the symmetric K-sensor CEO problem

when all K sensors work at the same rate R [cf. (3.15)]. Corollary 3.1.3 gives us
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DoptK
(R).

1

DoptK
(R)

=
1

σ2
X

+ K

(
1 − exp(−2r)

σ2
N

)
, (3.18)

where r is the unique solution of

R =
1

2K
log

(
1 + K

1 − exp(−2r)

σ2
N

)
+ r. (3.19)

At this point it is not clear that it would be possible to achieve this. But as we will

see this is indeed possible.

Under these constraints, we want to characterise the distortions achievable when

more than K sensors are active. If Dm denotes the average distortion when m sensors

are active, where m = K+1, . . . , L, then we want to characterise the set of distortions

(DK+1, DK+2, . . . , DL) achievable under the restriction that each sensor operates at

rate R and DK = DoptK
(R). The result is that there is no trade-off between these

distortions and the optimal distortions are given by

1

Dm(R)
=

1

σ2
X

+ m

(
1 − exp(−2r)

σ2
N

)
, m = K + 1, K + 2, . . . , L, (3.20)

where r is given by (3.19). Moreover, the optimal encoding strategy from last section

(where now each sensor encodes as if for a symmetric K-user CEO problem) will

achieve this optimal performance.

Formally, the rates of the encoders are defined as in the previous section. For each

set of m sensors, we define a sequence of decoder maps (which will be used by the

CEO when that set of sensors is active) indexed by the blocklength n. Let Dn
m be the
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smallest of the distortions obtained among all the decoders with a given blocklength n

[cf. (3.1)]. This is done for each m = K,K+1, . . . , L, and a set of distortions Dm, m =

K,K+1, . . . , L is said to be achievable if for any ǫ > 0, there is some n such that Dn
m ≤

Dm + ǫ, m = K,K +1, . . . , L. The closure of the set of all these achievable L−K +1-

tuples of distortions is a distortion region which is obviously of interest. However,

a description of this region still remains open. Our result is a characterisation of

the projection of this closure on the hyperplane DK = DoptK
(R), and the result

is that this projection is a point (DoptK
(R), DK+1(R), DK+2(R), . . . .DL(R)), where

Dm(R), m = K + 1, . . . , L are given by (3.20).

The achievability of this point is already the subject of a paper [24]. It also readily

follows from the discussion of the achievability result in the last section. Following

the development there, each sensor k generates a codebook for the auxiliary random

variable Uk = Yk + Wk and bins it into 2nRk = 2nR bins. Since the problem is

symmetric, we will choose σ2
Wk

= σ2
W for all k. The main difference is that unlike

there, now the decoder should be able to decode the codewords upon receiving from

at least K sensors. This means that the analogue of (3.3) is that for all cardinality-K

subsets B of {1, . . . , L},

∑

k∈A

(I(Yk; Uk) − Rk)
+ <

∑

k∈A

h(Uk) − h(UA|UA−B), ∀A ⊆ B,

But since Rk = R and σ2
Wk

= σ2
W , the condition for A = B subsumes all others. Thus

we need

KR > I(YB; UB).
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Note that if the decoder can decode the codewords of the active sensors when exactly

K sensors are active, then it can clearly decode the codewords of the active sensors

when more than K are active. The distortion D achieved when m ≥ K sensors are

active is given by [cf. (3.5)]

1

Dm

=
1

σ2
X

+
m

σ2
N + σ2

W

.

Defining r in terms of σ2
W as in the achievability proof from last section and manip-

ulating the two previous equations we get [cf. (3.6) and (3.7)]

1

Dm

=
1

σ2
X

+ K

(
1 − exp(−2r)

σ2
N

)
,

is achievable for m = K,K + 1, . . . ,M , for r ≥ 0 satisfying

R =
1

2K
log

(
1 + K

1 − exp(−2r)

σ2
N

)
+ r.

Since by corollary 3.1.3, DK = DoptK
, we can conclude the achievability.

The converse argument can be roughly summarised as follows. The requirement

that DK = DoptK
(R) should translate into tightness for all the inequalities we had in

the converse arguments in the previous section (applied to the symmetric K-sensor

CEO problem). In particular, we should find rk
def
= 1

n
I(Y n

k ; Ck|X
n) to be the same

for all k and equal to the optimal choice for the K-sensor problem, namely the r

from (3.19). This fixes the rate spent on quantising the noise at the encoders. Now

invoking lemma 3.1.2 should give us upper bounds on the mutual information (and
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in turn lower bounds on the distortion) for the case when m > K sensors are ac-

tive. Since the achievable strategy uses Gaussian quantisation at the encoders, these

bounds given by lemma 3.1.2 are in fact attained.

The converse argument in some more detail is as follows. Let A be an arbitrary

subset of {1, 2, . . . , L} of cardinality K. If only the sensors in A are active, the CEO

is required to achieve a distortion of DoptK
(R). This means that for any ǫ > 0,

we have an n and blocklength-n encoders and decoders whose average distortion is

DoptK
(R) + ǫ upon receiving from sensors in any arbitrary set A of cardinality K.

Then,

KR ≥
1

n
H(CA)

≥
1

n
I(Y n

A ; CA)

=
1

n
I(Xn; CA) +

∑

k∈A

rk

≥
1

2
log

σ2
X

DoptK
(R) + ǫ

+
∑

k∈A

rk,

where the equality is analogous to (3.9), and the last inequality follows from an

analogue of (3.10). Let us define gk = (1 − exp(−2rk))/σ
2
N . Then

KR ≥
1

2
log

σ2
X

DoptK
(R) + ǫ

−
∑

k∈A

1

2
log
(
1 − σ2

Ngk

)

≥
1

2
log

σ2
X

DoptK
(R) + ǫ

−
K

2
log

(
1 − σ2

N

1

K

∑

k∈A

gk

)
, (3.21)
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by concavity of log(1−σ2
Nx) and Jensen’s inequality. But from lemma 3.1.2, we have

1

σ2
X

+
∑

k∈A

gk ≥
1

σ2
X

exp

(
2

n
I(Xn; CA)

)

≥
1

DoptK
+ ǫ

≥
1

σ2
X

+ K

(
1 − exp(−2r)

σ2
N

)
+ δ1(ǫ),

where δ1(ǫ) → 0 as ǫ → 0. We used the analogue of (3.10) in the second step, and

(3.18) in the last step. Repeating the chain of inequalities which led up to (3.21) and

substituting from the above for
∑

k∈A gk, we get

KR ≥
1

2
log

σ2
X

DoptK
(R) + ǫ

+
∑

k∈A

rk

≥
1

2
log

σ2
X

DoptK
(R) + ǫ

−
K

2
log

(
1 − σ2

N

1

K

∑

k∈A

gk

)

≥
1

2
log

σ2
X

DoptK
(R) + ǫ

+ Kr + δ2(ǫ)

= KR + δ3(ǫ),

where δ2(ǫ) → 0 and δ3(ǫ) → 0 as ǫ → 0. In the last step above we used (3.18) and

(3.19). This implies that

∑

k∈A

rk = Kr + δ4(ǫ), (3.22)

where δ4(ǫ) → 0 as ǫ → 0.

Using lemma 3.1.2, for any B ⊆ {1, 2, . . . , L} of cardinality m ∈ {K,K+1, . . . , L},
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we have

1

σ2
X

exp

(
2

n
I(Xn;CB)

)
≤

1

σ2
X

+
∑

k∈B

1 − exp(−2rk)

σ2
Nk

≤
1

σ2
X

+ m
1 − exp

(
− 2

m

∑
k∈B rk

)

σ2
Nk

≤
1

σ2
X

+ m
1 − exp (−2r)

σ2
Nk

+ δ5(ǫ), (3.23)

where δ5(ǫ) → 0 as ǫ → 0. In the last step we used (3.22) and

∑

k∈B

rk =
m/k


m

k




∑

A: A⊆B and |A|=K

∑

k∈A

rk.

Now by using the inequality [cf. (3.10)]

I(Xn;CB) ≥
n

2

σ2
X

Dm + ǫ
,

in (3.23), we get

1

Dm

≤
1

σ2
X

+ m
1 − exp (−2r)

σ2
Nk

+ δ6(ǫ),

where δ6(ǫ) → 0 as ǫ → 0. This completes the converse argument.
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Appendix A

Proof of Lemma 3.1.2

The proof is based on an idea of Ozarow [37] which he used for solving the two-

user multiple description coding problem. Oohama later adapted it for the converse

proof in [34].

Let the minimum mean-squared error (MMSE) estimate of X(t) from YA(t) be

denoted by S(t). Then S(t) =
∑

k∈A

σ2
eN

σ2
Nk

Yk(t), where 1/σ2
eN = 1/σ2

X +
∑

k∈A 1/σ2
Nk

.

i.e.,

X(t) = S(t) + Ñ(t),

where Ñ(t) is i.i.d Gaussian with mean zero, variance σ2
eN and the processes Ñ and

Y are independent. It is easy to show that conditioned on (Xn = xn,CA = cA),
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Y n
k , k ∈ A are independent. Thus, by entropy power inequality (EPI) [14, pg. 496],

1

n
h(Sn|Xn = xn,CA = cA) ≥

1

2
log

(
∑

k∈A

exp

(
2

n
h

(
σ2
eN

σ2
Nk

Y n
k

∣∣∣∣∣X
n = xn,CA = cA

)))

=
1

2
log

(
∑

k∈A

exp

(
2

n
h

(
σ2
eN

σ2
Nk

Y n
k

∣∣∣∣∣X
n = xn, Ck = ck

)))
.

We now take expectation over (Xn,CA). Since log-sum-exp function is convex, we

may apply Jensen’s inequality to the right-hand side. This gives

1

n
h(Sn|Xn,CA) ≥

1

2
log

(
∑

k∈A

exp

(
2

n
h

(
σ2
eN

σ2
Nk

Y n
k

∣∣∣∣∣X
n, Ck

)))

=
1

2
log

(
σ4
eN

∑

k∈A

1

σ4
Nk

exp

(
2

n
h(Y n

k |Xn) −
2

n
I(Y n

k ; Ck|X
n)

))

=
1

2
log

(
σ4
eN

∑

k∈A

2πeσ2
Nk

σ4
Nk

exp

(
−

2

n
I(Y n

k ; Ck|X
n)

))
.

⇒ exp

(
2

n
h(Sn|Xn,CA)

)
≥ 2πeσ4

eN

(
∑

k∈A

exp(−2rk)

σ2
Nk

)
, (A.1)

where we used the definition (3.8). Now recall that Xn = Sn + Ñn, where Sn and

Ñn are independent. It is easy to see that conditioned on the messages CA = cA, Sn

and Ñn are still independent and the marginal distribution of Ñn remains the same.

Applying EPI,

exp

(
2

n
h(Xn|CA = cA)

)
≥ exp

(
2

n
h(Sn|CA = cA)

)
+ exp

(
2

n
h(Ñn)

)

⇒
1

n
h(Xn|CA = cA) ≥

1

2
log

(
exp

(
2

n
h(Sn|CA = cA)

)
+ 2πeσ2

eN

)

(a)
⇒

1

n
h(Xn|CA) ≥

1

2
log

(
exp

(
2

n
h(Sn|CA)

)
+ 2πeσ2

eN

)

⇒ exp

(
2

n
h(Xn|CA)

)
≥ exp

(
2

n
h(Sn|CA)

)
+ 2πeσ2

eN ,
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where (a) follows from Jensen’s inequality and convexity of 1/2 log (e2x + k) in x for

k ≥ 0. We can rewrite the above as

exp

(
−

2

n
I(Xn;CA)

)
= exp

(
−

2

n
h(Xn)

)
exp

(
2

n
h(Xn|CA)

)

≥
1

2πeσ2
X

exp

(
2

n
h(Sn|CA)

)
+

σ2
eN

σ2
X

. (A.2)

Also

h(Sn|CA) = h(Sn|Xn,CA) + I(Xn; Sn|CA),

and

I(Xn; Sn|CA) = I(Xn; Sn,CA) − I(Xn;CA) = I(Xn; Sn) − I(Xn;CA),

since Xn − Sn − Yn
A − CA is a Markov chain.

⇒ exp

(
2

n
h(Sn|CA)

)
≥ exp

(
2

n
(h(Sn|Xn,CA) + I(Xn; Sn) − I(Xn;CA))

)

=
σ2

X

σ2
eN

exp

(
2

n
(h(Sn|Xn,CA) − I(Xn;CA))

)
. (A.3)

Substituting this in (A.2), we get

exp

(
−

2

n
I(Xn;CA)

)
≥

1

2πeσ2
eN

exp

(
2

n
(h(Sn|Xn,CA) − I(Xn;CA))

)
+

σ2
eN

σ2
X

. (A.4)

Using the lower bound for h(Sn|Xn,CA) from (A.1)

exp

(
−

2

n
I(Xn;CA)

)
≥ σ2

eN

(
∑

k∈A

exp(−2rk)

σ2
Nk

)
exp

(
−

2

n
I(Xn;CA)

)
+

σ2
eN

σ2
X

.

which can be rewritten as

1

σ2
X

exp

(
2

n
I(Xn;CA)

)
≤

1

σ2
X

+
∑

k∈A

1 − exp(−2rk)

σ2
Nk

. (A.5)
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Chapter 4

The Interactive CEO Problem

The problem setting is the same as in the previous chapter. However, we will

not restrict our attention to the quadratic Gaussian as we did there. The setup is as

follows: Let X(t), t = 1, 2, . . . be a sequence of i.i.d. random variables over X which

the decoder (CEO) is interested in. But it cannot be observed directly. Instead, there

are L sensors (encoders which cannot directly co-operate) who observe independently

corrupted versions of this sequence. For k = 1, . . . , L, sensor k observes Yk(t), a noisy

version of the X(t) sequence corrupted by an independent memoryless channel pYk|X .

The channels are independent in the sense that conditioned on X(t), the observations

Yk(t) and Yj(t) are independent for j 6= k.

In the CEO problem with sensor broadcast, sensors take turns and communicate

over many rounds. Without loss of generality, we will assume that in each round the

sensors communicate in order, i.e., sensor 1, sensor 2, . . ., sensor L. The k-th sensor’s
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message Cs
k in round s may depend on Y n

k and all the messages produced by all the

sensors up till then.

Cs
k = f

s,(n)
k

(
Y n

k , C1
1 , C

1
2 , . . . , C

1
L, C2

1 , C
2
2 , . . . , C

2
L, . . . , Cs−1

1 , . . . , Cs−1
L , Cs

1 , . . . , C
s
k−1

)
,

where f
s,(n)
k is the corresponding encoding map. The rate of this message is defined

as |Cs,(n)
k |/n where Cs,(n)

k is the range space of f
s,(n)
k . The decoder forms the estimate

X̂n = g(n) (C), where C stands for the collection of all messages and g(n) is a decoder

map from the space of all messages to the reconstruction alphabet X̂ . The average

distortion is

D(n) =
1

n

n∑

t=1

E

(
d(X(t), X̂(t))

)
,

where d is the distortion function. A sum-rate and target distortion pair (R,D) is

said to be achievable for the CEO problem with sensor broadcast if for any ǫ > 0 there

are encoders which work at this sum-rate and a decoder such that D(n) ≤ D + ǫ for

sufficiently large n. We will denote by Rbroadcast(D) the minimum sum-rate required

to achieve a target distortion D, i.e., Rbroadcast(D) is the infimum of all R such that

(R,D) is achievable for the CEO problem with sensor broadcast.

Similarly, we can define the achievable sum-rate and distortion pairs for the CEO

problem, where the messages produced by sensors will depend only on their block of

observations. Then there is no need for considering multiple rounds of communication.

The achievable pairs for the CEO problem with sensor interaction can also be defined

similarly. Here, unlike in the sensor broadcast setup, the messages are received by

only one recipient (either another sensor or the CEO). A sensor can produce messages
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dependent only on its observations and the messages it has received. Here we need to

consider multiple rounds of communication. Let RCEO(D) and Rinteraction(D) be the

minimum sum-rate required to attain a target distortion of D in the CEO problem

and the CEO problem with sensor interaction respectively. It is easy to observe the

following fact from the definitions

RCEO(D) ≥ Rinteraction(D) ≥ Rbroadcast(D). (4.1)

We consider an example which shows that the inequalities above can be strict.

Let T (t) be a sequence of i.i.d. random variables uniformly distributed over {1, 2},

and W1(t),W2(t) be two independent sequences of i.i.d. random variables inde-

pendent of T (t) and uniformly distributed over {1, 2, 3, 4}. Let the hidden source

be X(t) = (T (t),WT (t)). Sensor 1 observes Y1(t) = T (t), and sensor 2 observes

Y2(t) = (W1(t),W2(t)). Clearly, conditioned on X, Y1 and Y2 are independent. Let

us suppose that the CEO wants to recover the hidden source losslessly. It is easy to

observe that in the CEO problem this is possible only if both sensors send essentially

all of their observations to the CEO. This means RCEO = 5 bits. However, in the

CEO problem with interaction, sensor 1 can send its observation (at a rate of 1 bit)

to the second sensor which can then use this to send WT at a rate of 2 bits. Either

sensor can send the observation of sensor 1 to the CEO at a rate of 1 bit. Therefore,

Rinteraction ≤ 4 bits. Also, a rate of 3 bits cannot be achieved in this setup since the

entropy rate of X itself is 3 bits and if the sum-rate is equal to 3 bits, the rate at

which sensors send messages to each other is 0. It is easy to argue that when the
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sensors do not communicate at a non-zero rate, the sum-rate must equal the sum-rate

of the CEO problem which is 5 bits. But, a sum-rate of 3 is achievable under sensor

broadcast. The first sensor broadcasts its observation at a rate of 1 bit and using

this information the second sensor broadcasts WT at a rate of 2 bits. Thus we have

Rbroadcast = 3 < Rinteraction.

4.1 A general lower bound

Let us define the function R(D) for D ∈ R+ as

R(D) = min
U,W

I(X; U) +
L∑

k=1

I(Yk; U |X,W ), (4.2)

where W is an auxiliary random variable independent of (X,Y) and U is an auxiliary

random variable which satisfies the following Markov chains: X − (Y,W ) − U and

Yi − (X,U,W ) − (Yj, j 6= i), ∀i. Moreover, we require that there exist a function

f : U → X̂ such that E[d(X, f(U))] ≤ D.

Theorem 4.1.1

Rbroadcast(D) ≥ R(D).
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Proof: If (R,D) is achievable for the CEO problem with sensor broadcast, we have

nR ≥ H(C)

≥ I(Xn,Yn;C)

= I(Xn;C) + I(Yn;C|Xn)

(a)
= I(Xn;C) +

L∑

k=1

I(Y n
k ;C|Xn)

=
n∑

t=1

(
I(X(t);C|X t−1) +

L∑

k=1

I(Yk(t);C|Y t−1
k , Xn)

)

≥
n∑

t=1

(
I(X(t);CX t−1) +

L∑

k=1

I(Yk(t);CX t−1|X(t)W (t))

)

=
n∑

t=1

(
I(X(t); U(t)) +

L∑

k=1

I(Yk(t); U(t)|X(t)W (t))

)

where W (t) = (X(t + 1), . . . , X(n)) and U(t) = (C, X t−1). (a) follows from the fact

that given (Xn,C), the sensor observations Y n
k , k = 1, . . . , L are independent. This

is easy to verify along the lines of footnote 1 below. Note that W (t) is independent

of (X(t),Y(t)). U(t) satisfies the Markov conditions:1 X(t) − (Y(t),W (t)) − U(t)

and Yi(t)− (X(t), U(t),W (t))− (Yj(t), j 6= i), ∀i. We take ft(U(t)) = ft(C, X t−1)
def
=

1To see that the Markov chains hold, let us restrict ourselves to m rounds of transmissions. We
have the joint distribution of (Xn, Y n, Un,Wn), or equivalently the joint distribution of (Xn, Y n,C)
given by

p(xn,yn, c) = p(xt−1)p(x(t))p(xn
t+1)

×
LY

k=1

  
nY

r=1

p(yk(r)|x(r))

! 
mY

s=1

p(cs
k|y

n
k , c11, c12, . . . , c1L, c21, c22, . . . , c2L, . . . , cs−1

1 , . . . , cs−1
L , cs

1, . . . , cs
k−1)

!!
. (4.3)

Let ỹk(t) = (yk(1), yk(2), . . . , yk(t − 1), yk(t + 1), . . . , yk(n)). The right hand side of (4.3) is of the
form f1(x(t),y(t))f2(u(t),y(t), ỹ(t), w(t)). This implies that conditioned on (Y(t),W (t)), X(t) and
U(t) are independent. In other words, X(t) − (Y(t),W (t)) − U(t) is a Markov chain. We can also
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g
(n)
t (C). The theorem now follows from the following lemma which is proved in

appendix A.

Lemma 4.1.2 R(D) is a convex function of D.

2

It is interesting to observe that this lower bound subsumes the sensor co-operation

lower bound which is obtained by allowing all the sensors to pool their observations

and act as one encoder. It is easy to show that the co-operation lower bound is given

by

Rco-op(D) = min
X̂

I(Y; X̂),

where the minimisation is over all X̂ such that X − Y − X̂ is a Markov chain and

E[d(X, X̂)] ≤ D. For any (U,W, f) satisfying the constraints following (4.2), let

X̂ = f(U). We can verify that X − Y − U is a Markov chain. Clearly, X − Y − X̂

write the right hand side of (4.3) in the form:

h(x(t), u(t), w(t))

(
L∏

k=1

p(yk(t)|x(t))p(ỹk(t)|u(t), w(t))gk(yk(t), ỹk(t), u(t))

)

This implies that Yi(t) − (X(t), U(t),W (t)) − (Yj(t), j 6= i) is a Markov chain.
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is a Markov chain and E[d(X, X̂)] ≤ D. Also,

I(Y; X̂) ≤ I(Y; U), by data processing inequality

= I(X; U) + I(Y; U |X), since X − Y − U is a Markov chain

≤ I(X; U) + I(Y; U |X,W ), since W is indep. of (X,Y)

= I(X; U) +
L∑

k=1

I(Yk; U |X,W ), since Yi − (X,U,W ) − Yj and

Yi − X − Yj are Markov chains if i 6= j.

Thus the general lower bound subsumes the co-operation lower bound. Therefore, we

can interpret this lower bound as a stronger form of the co-operation lower bound

where the forms of co-operation allowed is restricted by the Markov condition Yi −

(X,U,W ) − (Yj, j 6= i).

The intuition behind this lower bound is the observation that the conditional

independence of Y n
i and Y n

j for i 6= j is preserved even if we condition on (Xn,C)

instead of Xn. This might suggest that a single letter lower bound of the form given

in (4.2) with an empty W holds. However, this cannot be shown. To translate our

observation into a single letter bound we have to introduce the auxiliary random

variable W . Note that this is similar to the lower bound to rate-distortion functions

for multi-terminal source coding derived by Wagner and Anantharam [54].
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This lower bound is not tight in general2. However, it is tight for the important

Gaussian model discussed below.

4.2 The quadratic Gaussian case

In the Gaussian case, X(t) is a sequence of i.i.d. Gaussian random variables with

mean 0 and variance σ2
X . The k-th sensor observes Yk(t) = X(t) + Nk(t), where

Nk(t) is an i.i.d. sequence of additive Gaussian noise random variables with mean

0 and variance σ2
Nk

. Additive noise processes are independent across sensors. The

distortion function is squared error, d(x, x̂) = (x− x̂)2. From the previous chapter, we

can deduce that the sum-rate distortion trade-off for the CEO problem is [cf. (3.12)]

RCEO(D) =
1

2
log

σ2
X

D
+

L∑

k=1

rk, (4.4)

where rk ≥ 0, k = 1, . . . , L, satisfy

1

σ2
X

+
L∑

k=1

1 − exp(−2rk)

σ2
Nk

=
1

D
.

2It is easy to construct an example where the lower bound is not tight. As noted above, the
intuition behind our lower bound is that by restricting the forms of co-operation between sensors we
can try to tighten the co-operation lower bound. The restriction we introduced is that conditioned
on (Xn,C), Y n

i and Y n
j are independent for i 6= j. We can defeat this restriction by redefining the

problem so that the hidden source is made up of both X and the observations Y, and the distortion
function on the new composite source can be defined to take into account only the distortion on X.
Clearly, this is a valid problem which is in effect no different from the original problem, but now the
restriction that Y n

i and Y n
j be conditionally independent conditioned on (Xn,C) becomes trivially

true. Thus we have rendered the new lower bound equivalent to the co-operation lower bound which
we know is too weak in general. This pathology notwithstanding, we believe that the lower bound
is useful for appropriately defined problems.
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To show that our lower bound is tight, we note that

I(X; U) ≥ I(X; f(U)) ≥ h(X) − h(X − f(U))

≥
1

2
log 2πeσ2

X −
1

2
log 2πeD =

1

2
log

σ2
X

D
. (4.5)

Consider the following lemma which is proved in appendix B

Lemma 4.2.1 For auxiliary random variables satisfying the Markov conditions spec-

ified in the definition of R(D),

1

σ2
X

exp (2I(X; U)) ≤
1

σ2
X

+
L∑

k=1

1 − exp(−2rk)

σ2
Nk

,

where rk
def

= I(Yk; U |X,W ).

From (4.5) and lemma 4.2.1 we observe that our lower bound R(D) satisfies R(D) ≥

RCEO(D). Since (RCEO(D), D) is achievable for the CEO problem (and therefore, for

the CEO problem with sensor interaction) we have the following theorem

Theorem 4.2.2 For the Gaussian case

Rbroadcast(D) = RCEO(D).

Thus the bound is tight for the Gaussian case. Moreover, the optimal strategy

is for the sensors to encode their observations independent of the messages from the

other sensors. That is, the optimal strategy for the CEO problem (without sensor

broadcast) is also optimal for the CEO problem with sensor broadcast. This implies

that for the Gaussian case, no reduction in sum-rate can be obtained by allowing the

sensors to broadcast messages.
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An interesting consequence of this theorem which follows from (4.1) is that for

the Gaussian case

Corollary 4.2.3

Rbroadcast(D) = Rinteraction(D) = RCEO(D).

Thus, for the Gaussian case, the availability of inter-sensor communication does not

lead to a reduction over the CEO setup in the sum-rate required for achieving a target

mean squared error distortion at the CEO. The optimal strategy of communication

remains unchanged from the Gaussian quantisation and binning strategy which is

known to be optimal for the Gaussian CEO problem.

4.3 Discussion

It is easy to show that for the Gaussian problem with sensor communication (in-

teraction or broadcast), if we restrict ourselves to the class of Gaussian quantisation

(i.e., Gaussian auxiliary random variables) based Berger-Tung-Housewright strate-

gies, no gain can be expected over the CEO setup. This is a consequence of the

no-rate loss property [56] of Gaussian source coding with a jointly Gaussian side in-

formation at the decoder and squared error distortion function. The property is that

the rate-distortion behaviour does not change even if the side information is made

available to the encoder. Under Gaussian quantisation strategies, whether or not the

sensors have access to messages from the other sensors does not affect the sum-rate



47

at which the sensors have to send their messages (though it could affect their coding

strategy) for producing the same fidelity at the decoder. However, this argument

is not enough to prove the result in the previous section. We cannot rule out the

possibility that by deviating from the Gaussian quantisation strategy we might gain

from taking advantage of the inter-sensor communication and there is some trade-

off between this advantage and the loss from using non-Gaussian quantisation. The

converse proof asserts that no such trade-off exists and no achievable scheme for the

Gaussian problem with sensor communication can out do an optimal coding scheme

for the CEO setup.

The results hold even when we allow the CEO to have an observation Z(t) governed

by a memoryless channel pZ|X,Y such that conditioned on (Z,X), the observations at

the sensors Y1, . . . , YL are independent. In the Gaussian version, this would include

the case where Z(t) = X(t) +N(t), where N(t) is independent of X(t) and all Nk(t).

Now we need to allow the CEO also to broadcast messages to all the sensors since

this may, in general, lead to a reduction in the sum-rate. Under this setup a modified

form of the lower bound can be derived along the same lines as Theorem 4.1.1. It

can be shown that

Rbroadcast(D) ≥ min
U,W

I(X; U |Z) +
L∑

k=1

I(Yk; U |X,Z,W ),

where W is now independent of (X,Y, Z), and U satisfies the Markov chains: (X,Z)−

(Y,W )− U and Yi − (X,U,W )− Yj for all i 6= j. There should also exist a function

f : U ×Z → X̂ such that E [d(X, f(U,Z))] ≤ D. For the Gaussian case it can also be
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shown as in section 4.2 that an optimal strategy will not exploit either the availability

of inter-sensor communication or communication from the CEO. In this sense, we can

view our result as a non-trivial generalisation of the no-rate loss property of Gaussian

source coding with jointly Gaussian side information at the decoder and squared error

distortion function.

-bX(t)-R2-R1

66 6

CEO

Z(t)

Sensor 1

X(t)

Sensor 2

Y (t)

//

Figure 4.1: An Open Problem

It would be interesting to find the rate region of the problems where interaction

is possible. This problem remains open. Perhaps one of the simpler problems in

this class which is open even in the quadratic Gaussian setting is the one shown in

Fig. 4.1. Here the CEO is interested in recovering the source X(t) under a distortion

function d(., .). Sensor 1 observes X(t) noiselessly, but has no direct link to the CEO.

Sensor 1 can communicate at rate R1 to the intermediate sensor 2 who makes a noisy

observation Y (t) of source. Sensor 2 can communicate to the CEO at a rate R2. The

CEO itself has a noisy observation Z(t) of the source. We also impose conditional

independence of Y (t) and Z(t) conditioned on X(t). This is in fact a special case of a

problem in [15] which the authors call the “serial network.” The achievable solution

suggested by the authors is of the following form: Any (R1, R2, D) satisfying the
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following constraints is achievable

R1 ≥ I(X; U) − I(Y ; U),

R2 ≥ I(Y, U ; V ) − I(Z; V )

D = E [d(X, f(Z, V ))] , (4.6)

where U, V are random variables satisfying the Markov chains U − X − (Y, Z) and

V − (Y, U)− (X,Z), and f is some function whose range is the reproduction alphabet

of the decoder. Intuitively, the solution above works as follows: Sensor 1 quantises the

source to U -codeword and sends a bin index at rate R1 so that sensor 2 can decode

the U -codeword using its observation Y . Now, sensor 2 quantises all the information

it has (namely U and Y ) to a V -codeword and sends its bin index at rate R2 so

that the CEO can decode making use of its observation Z. Now the CEO forms

an estimate X̂ of the source using all the information it has, namely V and Z by

computing X̂ = f(Z, V ).

In fact, an improved achievable solution is possible. We first note that when

R1 ≥ R2, the problem can be completely solved. The best possible distortion that is

achievable under this condition is given by the optimal distortion of a Wyner-Ziv [57]

problem of compressing the source X(t) at a rate R2 when the receiver has has side

information Z(t). This is given by (cf. (2.1))

DX|Z(R2)
def
= inf E [d(X, f(Z,U))] ,

where the infimisation is over all random variables U satisfying the conditions stated
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after (2.1) and such that I(X; U |Z) ≤ R2. The optimal scheme involves sensor 1

performing the above Wyner-Ziv compression and sending the compressed bits, and

the intermediate node simply forwarding them on to the CEO. The optimality be-

comes clear by noting that in the original problem, by giving sensor 1’s observation

to sensor 2 we can only decrease the value of the smallest achievable distortion and it

is a simple matter to argue from Wyner and Ziv’s converse that DX|Z(R2) is indeed

the smallest achievable distortion for this modified problem. However, the solution

in (4.6) does not include this in general. This is because of the requantisation step at

the intermediate sensor. In general, the intermediate sensor fails to take advantage of

the fact that U -codeword is already quantised and treats it like an observation. This

suggests that the following achievable solution.

R1 ≥ I(X; U) − I(Y ; U),

R2 ≥ (I(X; U) − I(Z; U)) + (I(Y ; V |U) − I(Z; V |U)),

D = E [d(X, f(Z,U, V ))] , (4.7)

where U and V satisfy the same Markov chains as earlier, and f is now a function

of U as well. Here the intermediate sensor, upon decoding the U -codeword proceeds

to send a bin index to the CEO so that the CEO may also decode the U -codeword

making use of its observation Z. The rate at which the intermediate sensor needs to

send this bin index for successful decoding by the CEO is I(X; U)−I(Z; U)+ǫ. This is

the first term in the expression for the lower bound for R2 in the achievable solution.
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Then the intermediate sensor quantise its observation Y to a V -codeword using a

conditional codebook conditioned on the U -codeword which is now available at both

the CEO and the intermediate sensor. A bin index of this codeword is sent at rate

I(Y ; V |U)− I(Z; V |U) so that the CEO may use its knowledge of Z and U -codeword

to decode the V -codeword. This strategy covers the R1 ≥ R2 case mentioned above

when it is optimal. But, in general, this may not subsume the region given by (4.6).

However, for the quadratic Gaussian version of the problem, with jointly Gaussian

choices for U, V , it is a simple computation to show that the strategy in (4.7) indeed

subsumes the one in (4.6). However, whether or not the resulting achievable region

for (R1, R2, D) is optimal remains open.
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Appendix A

Proof of Lemma 4.1.2

To prove that R(D) is a convex function of D, let (pW1(w1)pU1|Y,W1(u1|y, w1), f1)

and (pW2(w2)pU2|Y,W2(u2|y, w2), f2) be the minimisers for target distortions D1 and D2

respectively. In order to satisfy the second Markov condition, the joint distributions

should be of the form

p(x,y, wi, ui) = p(x)p(y|x)pWi
(wi)pUi|Y,Wi

(ui|y, wi) =
L∏

k=1

g
(k)
i (x, yk, wi, ui).

Also Ei[d(X, fi(Ui)] ≤ Di.

We can take (W1, U1) and (W2, U2) to be conditionally independent given (X,Y).

Let us define W = (S,W ′), where S is a random variable independent of

(X,Y,W1, U1,W2, U2) which takes on value 1 with probability α and 2 with prob-

ability 1 − α and W ′ = WS. Let U be defined as U = (S, U ′) where U ′ = US.

Then

pW ((s, w′))pU |Y,W ((s, u)|y, (s, w)) = pS(s)pWs(w
′)pUs|Y,Ws(u

′|y, w′).
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To ensure that (W,U) defined above is a valid choice, we should show that condi-

tioned on (X,U,W ), Yk’s are independent.

pX,Y,W,U(x,y, (s, w′), (s, u′)) = p(x)p(y|x)pS(s)pWs(w
′)pUs|Y,Ws(u

′|y, w′)

= pS(s)
L∏

k=1

g(k)
s (x, yk, w

′, u′)

We define f((s, u′)) = fs(u
′). The resulting distortion is

E[d(X, f(U))] = αD1 + (1 − α)D2.

It is easy to verify that

I(X; U) +
L∑

k=1

I(Yk; U |X,W ) = αR(D1) + (1 − α)R(D2).

This completes the proof of the lemma. 2
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Appendix B

Proof of Lemma 4.2.1

The proof is substantially similar to the proof of lemma 3.1.2. The main obser-

vation is that conditioned on the hidden source and all the messages produced by

the sensors under the sensor broadcast setting, the observations of the sensors are

conditionally independent. This allows us to continue to have the first application

of entropy power inequality in the proof of lemma 3.1.2. The lemma here is in a

single-letter form. The proof is given below for completeness.

Let the MMSE estimate of X from Y be denoted by S. Then S =
∑L

k=1

σ2
eN

σ2
Nk

Yk(t),

where 1/σ2
eN = 1/σ2

X +
∑L

k=1 1/σ2
Nk

. i.e.,

X = S + Ñ ,

where Ñ is i.i.d Gaussian with mean zero, variance σ2
eN , and Ñ is independent of Y.

Recall that, given (X,U,W ), Y1, . . . , YL are independent, Then, by entropy power
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inequality (EPI),

h(S|X = x, U = u,W = w) ≥

1

2
log

(
L∑

k=1

exp

(
2h

(
σ2
eN

σ2
Nk

Yk

∣∣∣∣∣X = x, U = u,W = w

)))

We now take expectation over (X,U,W ). Since log-sum-exp function is convex, we

may apply Jensen’s inequality to the right-hand side. This gives

h(S|X,U,W ) ≥
1

2
log

(
L∑

k=1

exp

(
2h

(
σ2
eN

σ2
Nk

Yk

∣∣∣∣∣X,U,W

)))

=
1

2
log

(
σ4
eN

L∑

k=1

1

σ4
Nk

exp (2h(Yk|X,W ) − 2I(Yk; U |X,W ))

)

=
1

2
log

(
σ4
eN

L∑

k=1

2πeσ2
Nk

σ4
Nk

exp (−2I(Yk; U |X,W ))

)
,

where we used the fact that W is independent of (X,Y).

⇒ exp (2h(S|X,U,W )) ≥ 2πeσ4
eN

(
L∑

k=1

exp(−2rk)

σ2
Nk

)
, (B.1)

where we used the definition of rk from lemma 4.2.1, rk = I(Yk; U |X,W ). Now recall

that X = S + Ñ , where S and Ñ are independent. From the Markov conditions it is

easy to see that conditioned on (U = u,W = w), S and Ñ are still independent and

the marginal distribution of Ñ remains the same. Applying EPI,

exp (2h(X|U = u,W = w)) ≥ exp (2h(S|U = u,W = w)) + exp
(
2h(Ñ)

)

⇒ h(X|U = u,W = w) ≥
1

2
log
(
exp (2h(S|U = u,W = w)) + 2πeσ2

eN

)

(a)
⇒ h(X|U,W ) ≥

1

2
log
(
exp (2h(S|U,W )) + 2πeσ2

eN

)

⇒ exp (2h(X|U,W )) ≥ exp (2h(S|U,W )) + 2πeσ2
eN ,
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where (a) follows from Jensen’s inequality and convexity of 1/2 log (e2x + k) in x for

k ≥ 0. We can rewrite the above as

exp (−2I(X; U,W )) = exp (−2h(X)) exp (2h(X|U,W ))

≥
1

2πeσ2
X

exp (2h(S|U,W )) +
σ2
eN

σ2
X

. (B.2)

Also

h(S|U,W ) = h(S|X,U,W ) + I(X; S|U,W ),

and

I(X; S|U,W ) = I(X; S, U,W ) − I(X; U,W ) = I(X; S) − I(X; U,W ),

since X − S − Y − (U,W ) is a Markov chain.

⇒ exp (2h(S|U,W )) ≥ exp (2(h(S|X,U,W ) + I(X; S) − I(X; U,W )))

=
σ2

X

σ2
eN

exp (2(h(S|X,U,W ) − I(X; U,W ))) . (B.3)

Substituting this in (B.2), we get

exp (−2I(X; U,W )) ≥
1

2πeσ2
eN

exp (2(h(S|X,U,W ) − I(X; U,W ))) +
σ2
eN

σ2
X

. (B.4)

Using the lower-bound for h(S|X,U,W ) from (B.1)

exp (−2I(X; U,W )) ≥ σ2
eN

(
L∑

k=1

exp(−2rk)

σ2
Nk

)
exp (−2I(X; U,W )) +

σ2
eN

σ2
X

.

which can be rewritten as

1

σ2
X

exp (2I(X; U,W )) ≤
1

σ2
X

+
L∑

k=1

1 − exp(−2rk)

σ2
Nk

. (B.5)
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Now we use I(X; U) ≤ I(X; U,W ) to write

1

σ2
X

exp (2I(X; U)) ≤
1

σ2
X

+
L∑

k=1

1 − exp(−2rk)

σ2
Nk

. (B.6)

2
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Part II

Source-Channel Coding: Gaussian

Sources over Gaussian Channels
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Chapter 5

Introduction

Practical analog audio-visual transmission systems (e.g., AM/FM radio and NTSC

TV) are highly spectrum-inefficient. This inefficiency is primarily due to the fact

that typical audio-visual data samples are redundant in the sense that they have

high memory (spatial and temporal), but there are no efficient analog compression

techniques. Further, digital transmission techniques are significantly more spectrum-

efficient than their analog counterparts. This has spurred the interest in digital com-

pression and transmission including the popularity of digital formats like MPEG-2 [25]

and MP3 [26] for video and audio and perhaps the Federal Communications Commis-

sion (FCC) mandate to migrate television to all-digital transmission by year 2009. In

this part, we address two questions arising from the broadcast of a common source

to multiple receivers.

Our first question relates to the migration from an analog transmission system to
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an all-digital transmission system. One complication arises in this context is that of

backward compatibility with the existing wide base of legacy analog systems. The

current FCC solution is to have simulcast of identical broadcast content on separate

analog and digital channels, which is however spectrally wasteful due to the duplica-

tion of identical signal content without exploiting the fact that the analog version can

constitute valuable side-information for the digital stream. In the next chapter, we

ask the question, what is the optimal way to seamlessly broadcast sources with mem-

ory? We would like seamlessness in two regards: (i) no extra digital spectrum; and (ii)

the best possible simultaneously delivered qualities of reproduction of the source at a

legacy analog receiver and a digital receiver. Motivated by their numerous modelling

successes for multimedia data [3, 20, 23] as well as for various transmission channels

of interest, we consider a parallel Gaussian model for the source and a non-degraded

Gaussian broadcast model for the channel respectively, along with a linear model (in

a sense to be described) for the legacy analog receiver.

For the case of a white Gaussian source and white Gaussian point-to-point channel,

Goblick [18] recognised that the uncoded transmission strategy of merely scaling

individual source samples so as to meet the average encoder power constraint, followed

by optimal linear minimum mean-squared error (MMSE) estimation of the source

samples from the channel observations at the receiver, results in the optimal delivered

quality (in a mean-squared error sense). Since this receiver is also an analog receiver

as we define later, and the encoding strategy does not depend on the channel noise
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variance, this analog (uncoded) transmission is optimal for our problem in the context

of white source and white channel. However, when the source has memory, it can be

shown that the optimal analog strategy is sub-optimal compared to the best digital

(coded) strategy in general. Berger and Tufts [6] considered the problem of uncoded

transmission of a source using pulse-amplitude modulation (PAM) with the receiver

constrained to be a linear-time invariant (LTI) filter. They derived the optimal PAM

pulse-shape and the optimal LTI filter. Through examples they demonstrate the gap

between the optimal uncoded and coded schemes. In fact, in a point-to-point set-up,

for a parallel Gaussian source with m source components and an AWGN channel

model with an equal number of sub-channels, the loss in performance of the analog

approach with respect to the digital approach for sufficiently large transmit powers

can be shown to be

Analog MSE Distortion

Digital MSE Distortion
=

(
(σ1 + σ2 + . . . + σm)/m

(σ1σ2 . . . σm)1/m

)2

(5.1)

where σ2
j denotes the variance of the j-th source component. We will show this simple

fact in the next chapter. This gap can therefore be arbitrarily large.

Shamai, Verdú, and Zamir [40] also considered the problem of digital upgrade of

analog transmission. In contrast to our setup, extra bandwidth is made available for

the exclusive use by a digital receiver, but the analog transmission on the existing band

is not allowed to be altered. They proposed systematic source-channel codes based

on Wyner-Ziv coding and show that it is optimal for the case of a white Gaussian

source and channel under the above stated restriction.
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The main result in the next chapter is a complete characterisation of the trade-offs

between the achievable distortion pairs (at the the analog and digital receivers) given a

power constraint at the transmitter which is otherwise unconstrained. An interesting

consequence of this result is the existence of an operating point where the digital

receiver obtains the classical point-to-point optimal quality (i.e., the best quality

achieved when it is the only intended receiver) and the analog receiver seamlessly co-

exists with the digital receiver attaining the best possible simultaneously achievable

quality.

Further, we show that a constructive scheme consisting of the cascade of source

coding with side information (based on Wyner-Ziv (WZ) coding [57]) and channel

coding with side information (based on Gel’fand-Pinsker (GP) coding [17]) systems

can be used to come up with a hybrid coded-uncoded strategy that can achieve the

entire quality of reproduction trade-off region associated with the problem.

In chapter 7, we address our second question which relates to another form of

heterogeneity of receivers, namely, the quality of the channel experienced by the

receivers. The objective is to devise an encoding strategy which utilises a common

power and channel resource to simultaneously satisfy a heterogeneous set of receivers

who are experiencing different channels from the transmitter.

For the case of an i.i.d. Gaussian source communicated over a scalar additive white

Gaussian noise broadcast channel operating at the same symbol rate (in other words,

when the memoryless source and channel have the same bandwidth), the observation
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of Goblick mentioned above gives a rather simple all-analog solution. The solution

composed of merely transmitting individual source samples scaled so as to meet the

average encoder power constraint, followed by optimal linear minimum mean-squared

estimation of the source samples from the channel observations at individual receivers,

results in the best delivered quality (in a mean squared sense) at both the receivers.

This illustrates an interesting feature of analog methods – their ability to enable

simultaneous enjoyment of the power and bandwidth resource by each of the broadcast

receivers.

On the other hand, the obvious digital approach to the above problem is to use

the classical separation method of scalable source coding [16] followed by broadcast

channel coding [12]. In this approach, the coarse source layer is communicated as

a common message intended for all users and the refinement layer is communicated

only to some of the users. Assuming a scalar Gaussian broadcast channel [14, pg. 427]

with two receivers, the one with the lower noise variance called strong and other weak,

while the common portion of the information, being limited by the weak receiver, is

sub-optimal for the strong receiver, the refinement portion is completely unusable

by the weak receiver and in fact acts as interference to it. Thus unlike the analog

methods, the digital approach necessarily involves a “splitting” of the total system

resource.

While the above discussion illustrates the power of analog methods, as pointed

out earlier, real-world sources are characterised by a high degree of memory, and thus
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they are far from the i.i.d. model. As we mentioned earlier, parallel source models

describe these sources more effectively than an i.i.d. model. For this case, as we saw

in (5.1), analog transmission is sub-optimal, with the sub-optimality growing with

increased source memory.

This motivates the main question posed in chapter 7: what is an efficient way

to broadcast Gaussian sources with memory over memoryless Gaussian broadcast

channels? Our solution is driven by aiming to extract the best of both the analog

and the digital worlds. We do this by invoking a hybrid uncoded-coded strategy,

where the coded system uses a combination of the tools of successive refinement

source coding [16], source coding with side-information (SCSI) or Wyner-Ziv (WZ)

coding [57], super-position broadcast channel coding [12], and channel coding with

side-information (CCSI) or Gel’fand-Pinsker (GP) [17] coding. Our hybrid approach

is driven by the intuition that in a source-channel broadcast to a heterogeneous set

of receivers, like in our setting, analog methods have the inherent ability to enable

simultaneous enjoyment of the total encoder power resource by each of the broadcast

receivers. In contrast, digital methods necessarily involve a splitting of the total

system power resource. We would like to point out that this is an open problem

in general and we present an achievable strategy which constitutes the best known

solution in the literature.

A special case of our problem is the question of communicating a memoryless

Gaussian source over a memoryless Gaussian broadcast channel when the source
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and channel bandwidths are mismatched. When the channel bandwidth is less than

the source bandwidth, it is called a bandwidth contraction problem, and when the

reverse is true, we call it a bandwidth expansion problem. Note that in the television

broadcast application we mentioned earlier, typically the bandwidth contracts rather

than expands. These problems have been addressed by a few researchers [32, 38,

40]. Our achievable solution when specialised to these settings improve the methods

proposed in the first two. We would also like to point out that for the special case of

the bandwidth expansion, the same achievable solution was independently arrived at

in [38].
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Chapter 6

The Digital Upgrade Problem

6.1 Problem formulation

6.1.1 Notation

Upper case letters (e.g., X) denote random variables/sets while bold-face letters

(e.g., x) denote vectors. For l > 0, let Il = {1, 2, . . . l}. The l-fold Cartesian product

of a set E with itself is denoted as El. An l-sequence (a vector of size l) is denoted

in relation to its elements as

x(l) = (x1, x2, . . . xl) = xIl

Further, x(m)(l) jointly denotes the block of m l-sequences {x(l)
1 ,x

(l)
2 , . . . ,x

(l)
m }.
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6.1.2 Problem Set-up

As shown in Figure 6.1, we are given a zero mean parallel Gaussian source SIm

with m (independent) components. KS = diag(σ2
1, σ

2
2, . . . , σ

2
m) denotes the correla-

tion matrix for the source. The coloured Gaussian broadcast channel comprises m

sub-channels, with the digital receiver associated with a zero mean additive paral-

lel Gaussian noise ZdIm
, and the analog receiver with noise ZaIm

. Further, let the

covariance matrices KZi
of the noises be diagonal matrices with diagonal elements

Ni1, Ni2, . . . , Nim for i ∈ {d, a}. The source and channels are independent over realisa-

tions. Let δ : R × R → R
+ denote the mean-squared error distortion measure. Thus,

δ(a, b) = (a− b)2. The distortion measure on a pair of l-sequences (a(l),bl) ∈ R
l ×R

l

is defined by the average per-symbol distortion

δ(a(l),b(l))
def
=

1

l

l∑

j=1

δ(aj, bj) =
1

l
||a(l) − b(l)||2. (6.1)

The distortion measure on a pair of blocks of m l-sequences (c(m)(l),d(m)(l) ∈ R
ml×R

ml

is defined by the sum of the distortions on l-sequences

δ(c(m)(l),d(m)(l))
def
=

m∑

j=1

δ(c
(l)
j ,d

(l)
j ). (6.2)

A broadcast source-channel code of block-length l, parametrised by (P, ∆d, ∆a),

is defined by a triple (F,Gd, Ga) where F : R
ml → R

ml denotes the encoding function

which maps a block of l realisations of the source into a channel input block of

length l, i.e., X
(l)
Im

= F (S
(l)
Im

)). Two decoding functions are denoted by Gi : R
ml →

R
ml, i ∈ {d, a}. The analog decoding function Ga is restricted to be a block-size-m



68

memoryless mapping. In other words, the reconstruction ŜaIm
of the analog receiver

for a realisation of the source is the corresponding channel output YaIm
pre-multiplied

by an m × m diagonal matrix H.

ŜaIm
= HYaIm

.

This definition is motivated by the case of a stationary source and channel setting.

In the limit of large m, the analog receiver as defined here, corresponds to an LTI

(linear, time-invariant) filter with the diagonal elements of H representing the Fourier

coefficients of the filter. Gd, on the other hand, has no such restrictions and can be

any function of the block-length l channel output at the digital receiver.

The average system power available per symbol is P , i.e.,

E

[
1

l
||F (S(m)(l))||2

]
≤ P, (6.3)

where E denotes the expectation operator. We define

∆ij = E

[
δ
(
S

(l)
j , Ŝ

(l)
ij

)]
, i ∈ {d, a}, j = 1, 2, . . . ,m,

where Ŝ
(l)
ij

denotes the reconstruction of the jth source component at the ith receiver.

For a given power P , a distortion tuple (Dd Im ,Da Im) is said to be achievable if for any

ǫ > 0, there is a large enough l(ǫ) such that there exists a broadcast source-channel

code of block-length l(ǫ) for which ∆ij ≤ Dij + ǫ, i ∈ {d, a}, j = 1, 2, . . . ,m. A pair

of distortions (Dd, Da) is said to be achievable if there is an achievable (Dd Im ,Da Im)

such that Di =
∑m

j=1 Dij, i ∈ {d, a}. In this chapter, we characterise the optimal

trade-off between Dd and Da, for a given power constraint P .
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Figure 6.1: Problem set-up. Source SIm is communicated over a coloured Gaussian
broadcast channel with noises ZdIm

and ZaIm
(digital and analog receiver respectively)

using block-length l encoding/decoding functions.

6.2 An illustrative example: a 2-colour Gaussian

source

Before we present the optimal trade-off, we present an insightful example of a

parallel Gaussian source with m = 2 components transmitted over a non-degraded

Gaussian broadcast channel (with noise variances (Ni1, Ni2) for i ∈ {d, a} respec-

tively), in order to highlight the key features underlying our achievable strategy. We

target a single operating point where we are interested in determining the highest

quality deliverable to the analog receiver under the constraint that we provide the

point-to-point optimal quality to the digital receiver.

We first provide a quick review of the separation principle [14] based optimal point-

to-point solution for the digital receiver. It is well-known that the optimal solution for

the point-to-point source-channel problem can be obtained by the separation principle

of first optimally source coding and then transmitting the resulting bit stream using

an optimal channel code. The lowest distortion Dd attainable by the digital receiver
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is given by “reverse water-filling” over the source components [14, pg. 348]. We have,

Dd =
m∑

k=1

Ddk (6.4)

where Ddk =





µ, if µ < σ2
k,

σ2
k, if µ ≥ σ2

k,

(6.5)

and µ is chosen such that the total rate

m∑

k=1

1

2
log(σ2

k/Ddk) = Cd. (6.6)

Cd equals the capacity of the digital receiver channel. Cd is in turn given by “water-

filling” over the sub-channels [14, pg. 250]

Cd =
m∑

k=1

1

2
log(1 + Pk/Ndk), (6.7)

where Pk =





(λ − Ndk), if λ > Ndk,

0, if λ ≤ Ndk,

(6.8)

and we choose λ so that
m∑

k=1

Pk = P. (6.9)

If the point-to-point separation based digital coding approach is used for provid-

ing optimal fidelity to the digital receiver, the analog receiver might not be able to

get much useful information. In this section we show that one can provide useful

information to the analog receiver without compromising the digital receiver perfor-

mance and achieve a distortion Da at the analog receiver smaller than σ2
1 + σ2

2.We

will later show that Da is indeed the smallest analog distortion possible when the
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digital receiver achieves its optimal fidelity. We use the following sequence of steps

to illustrate our proposed construction.

(a): Let the point-to-point optimal reverse water-filling solution for the digital re-

ceiver produce a total distortion Dd from a distortion allocation Ddk, k = 1, 2 ac-

cording to (6.5). We have

1

2
log

(
σ2

1

Dd1

σ2
2

Dd2

)
=

1

2
log

(
P1 + Nd1

Nd1

P2 + Nd2

Nd2

)
.

Without loss of generality, assume that
σ2
1

Dd1
≥
(

P1+Nd1

Nd1

)
. In this situation, we can

source code S1 using successive refinement [16]. Successive refinement source coding

produces a coarse description bit stream which can be decoded to produce an average

distortion D′
d1 > Dd1, and a refinement bit stream which can be used to refine the

results of decoding the coarse description to a higher quality reproduction with an

average distortion D1. The result of Equitz and Cover [16] is that for memoryless

Gaussian sources, this can be done without any loss in performance in the sense that

the rate of the coarse description bit stream is 1/2 log(σ2
1/D

′
d1) and the rate of the

refinement bitstream is 1/2 log(σ2
1/Dd1) − 1/2 log(σ2

1/D
′
d1) = 1/2 log(D′

d1/Dd1). We

will choose D′
d1 such that the bit-rate of the coarse description is equal to the rate at

which the first sub-channel operates so that the coarse description may be sent over

the first sub-channel, i.e.,

1

2
log

(
σ2

1

D′
d1

)
=

1

2
log

(
1 +

P1

Nd1

)
.
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Then,

1

2
log

(
D′

d1

Dd1

σ2
2

Dd2

)
=

1

2
log

(
1 +

P2

Nd2

)
.

Hence, the second sub-channel may carry refinement bits for S1 as well as a description

of S2 at distortion Dd2. Further, these two bit streams may be transmitted using

superposition channel coding [12] on the second sub-channel. The refinement bit

stream for S1 can be sent using power P ′
2, and the rest of the power P2−P ′

2 may be used

to send the bit stream for S2. At the receiver, the channel codeword corresponding

to the transmission of the refinement bit stream will be treated as interference while

channel decoding the bit stream for S2. The decoded bit stream for S2 can then be

used to cancel the interference caused by its transmission while channel decoding the

refinement bit stream for S1. Thus P ′
2 is chosen to satisfy

1

2
log

(
D′

d1

Dd1

)
=

1

2
log

(
1 +

P ′
2

Nd2

)
,

which gives

1

2
log

(
σ2

2

Dd2

)
=

1

2
log

(
1 +

P2 − P ′
2

P ′
2 + Nd2

)
.

Figure 6.2 (a) illustrates this situation.

(b): Alternatively, we can treat the coarse description of S1 from the first sub-channel

as side information available at the decoder. In this case, we have the classical Wyner-

Ziv set-up [57] where a source is encoded in the presence of side-information known

only at the decoder. Thus, instead of sending the refinement bit stream, we can send

a Wyner-Ziv bit-stream (of rate equal to that of the refinement bit stream) for S1 on
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the second sub-channel. This can be done without losing optimality for the digital

receiver [57]. This is illustrated in Figure 6.2 (b).

(c): Further, instead of sending the coarse description bit-stream for S1 over the

first sub-channel, we can also send S1 uncoded (scaled by
√

P1/σ2
1) over the first sub-

channel. The Wyner-Ziv bit-stream for S1 on the second sub-channel does not depend

on the exact realisation of the coarse description of S1 and can use the corrupted

version of S1 from the first sub-channel as side information at the decoder. The

optimality of this scheme follows from the no-rate-loss property of jointly Gaussian

sources under Wyner-Ziv coding [57]. Thus the analog receiver can now form an

estimate of S1 from its output Y1 of the first sub-channel. Figure 6.2 (c) depicts this

setting.

(d): It is also possible to provide the analog receiver with an estimate of the second

component without losing optimality for the digital receiver. To see this, note that

we may use channel coding with side information as in Gel’fand-Pinsker (GP) [17] or

dirty paper coding (DPC) [11] instead of superposition coding to achieve the same

rates. Here the channel codeword for the bit stream of S2 can be treated as non-causal

side information available at the encoder when channel encoding the Wyner-Ziv bit

stream. Then the digital receiver does not need to decode the bit stream for S2 in

order to decode the Wyner-Ziv bit stream for S1. This is illustrated in Figure 6.2 (d).

(e): This further allows us to send S2 uncoded (scaled by
√

(P2 − P ′
2)/σ

2
2) as op-

posed to using the channel codeword for the bit stream of S2 without impacting the
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Figure 6.2: Illustration of hybrid analog-digital coding scheme for the case of digital
receiver with point-to-point optimal quality: (a) Separation scheme showing succes-
sive refinement (SR) on source component S1 and super-position coding on second
sub-channel. (b) Separation scheme with a coarse description bit-stream on first sub-
channel and Wyner-Ziv (W-Z) bit-stream on second sub-channel for S1. (continued)

optimality for the digital receiver. The analog receiver can now form an estimate of

S2 from Y2. This is shown in Figure 6.2 (e).
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Figure 6.2: Illustration of hybrid analog-digital coding scheme for the case of digital
receiver with point-to-point optimal quality (continued): (c) Hybrid scheme with an
uncoded coarse description for S1 on first sub-channel. (d) Hybrid scheme with dirty-
paper coding (DPC) on second sub-channel for source bits for S2 and W-Z bits for
S1. (continued)

To summarise, the total distortion observed at the analog receiver is given by

Da =
σ2

1

1 + P1

Na1

+
σ2

2

1 +
P2−P ′

2

P ′
2+Na2

which is strictly less than (σ2
1 + σ2

2), the distortion for the analog receiver in the
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Ŝ1

Ŝ2
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Figure 6.2: Illustration of hybrid analog-digital coding scheme for the case of digital
receiver with point-to-point optimal quality (continued): (e) Maximally analog hybrid
scheme with uncoded description for S2 on second sub-channel.

separation approach. Figure 6.2 summarises our proposed approach.

6.3 Main result and discussion

6.3.1 Main result

Theorem: Given an average system power P per symbol and a target analog receiver

distortion Da, the smallest distortion Dd achievable by the digital receiver is given

by:

Dd = min
m∑

j=1

Ddj,
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where the minimisation is over variables Ddj, Daj, and Pj which are non-negative for

j ∈ Im, and are subject to the following additional constraints:

P ≥
m∑

j=1

Pj; (6.10)

m∑

j=1

log
σ2

j

Ddj

≤
m∑

j=1

log

(
1 +

Pj

Ndj

)
; (6.11)

Da ≥
m∑

j=1

Daj; (6.12)

and ∀j ∈ Im, Pj ≥ Naj

(
σ2

j

Daj

− 1

)
. (6.13)

Interpretation: We note that the optimisation problem for Dd subject only to the

constraints (6.10) and (6.11) corresponds to the well-known point-to-point problem

with only the digital receiver. The presence of the analog receiver is enforced by

constraints (6.12) and (6.13). (6.13) imposes extra constraints on the allowable range

of values that can be taken by Pj. In particular, a solution for Dd for which (6.13)

are inactive, has the interpretation of offering the point-to-point optimal quality for

the digital receiver while resulting in an analog distortion Da that is better than the

source variance.

It is also useful to note that the minimum feasible analog distortion Da is given

by

Da = min
m∑

j=1

Daj, (6.14)

where now the minimisation is only over non-negative variables Daj and Pj for j ∈ Im

subject to the constraints (6.10) and (6.13). For sufficiently large values of P , the
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optimal solution is given by

Da =
1

P +
∑m

j=1 Naj

(
m∑

j=1

√
σ2

j Naj

)2

(6.15)

which is analogous to (58) in Berger and Tufts [6]1.

It is useful to note that the theorem also covers the case of bandwidth expansion if

we allow some of the source components to have zero variances. We need to interpret 0
0

as 1 when solving the optimisation problem, or equivalently, not impose the constraint

(6.13) on those source components with zero variance and set the Daj = 0 for those

components.

1Here we explain how (5.1) was obtained. The analog distortion for large values of P is given
above by (6.15). The digital distortion is obtained by the “inverse water-filling solution,” where the
total bit rate available is given by the capacity of the channel which can be obtained by the “water-
filling solution” for the channel [14]. For large values of P , these solutions will allocate non-zero
bitrates to all the source components and non-zero powers to all the sub-channels. Then, the overall
distortion Dd is given by

∑

j

log
σ2

j

Dd/m
=
∑

j

log
µ

Ndj

such that
∑

j µ − Ndj
= P . That is,

Dd =
m2

P +
∑m

j=1 Ndj




m∏

j=1

σ2
j Ndj




1/m

.

Thus, when Ndj
= Naj

= Nj , say,

Da

Dd
=




∑m
j=1 σj

√
Nj/m

(∏m
j=1 σj

√
Nj

)1/m




2

,

which when specialised to the white channel where all Nj ’s are equal gives (5.1).
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6.3.2 Comments on computing the distortion trade-off

The optimisation problem in the theorem can be easily verified to be a convex

problem in Ddj, Daj, Pj. When the channels have identical noise distributions, i.e.,

Ndj = Naj = Nj, j ∈ Im, the optimisation problem can be written as a geometric

program [10] by re-parameterising the problem using the variables pj
def
=Pj+Nj, j ∈ Im

in place of Pj, j ∈ Im.

Dd = min
m∑

k=1

Ddk

subj.

(
m∏

k=1

σ2
kNk

)(
m∏

k=1

p−1
k Ddk

−1

)
≤ 1,

σ2
kNkp

−1
k Dak

−1 ≤ 1, k = 1, 2, . . . ,m,

m∑

k=1

D−1
a Dak

≤ 1,

m∑

k=1

(
P +

m∑

j=1

Nj

)−1

pk ≤ 1,

σ−2
k Dak

≤ 1, k = 1, 2, . . . ,m,

σ−2
k Ddk

≤ 1, k = 1, 2, . . . ,m,

and Nkp
−1
k ≤ 1, k = 1, 2, . . . ,m.

Fast optimisation routines (e.g. MOSEK [1]) can be used to solve this problem

efficiently. As an illustration, the (Dd, Da) distortion trade-off region for the source

with component variances (0.8, 0.9, 0.2, 0.5, 0.3), sent over channels with identical
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noise variances (0.1, 0.2, 0.4, 0.6, 0.2), respectively, under a total power constraint

P = 1 is shown in Fig. 6.3. The point A is obtained by using the separation approach

for the digital receiver. At this point the analog receiver gets no useful information

and its distortion is the sum of the variances of the source components. Without

compromising the digital receiver’s performance, we can improve the analog receiver’s

distortion to point B. The optimal performance for analog receiver is obtained at point

C where both the digital and analog receivers have the same distortion.

6.4 A Wyner-Ziv Gel’fand-Pinsker system

We now present the main achievability result of this work along the lines of the

hybrid strategy discussed in Section 6.2. Since the achievability proof involves rela-

tively well-known arguments from [57] and [17], we only present a sketch of the main

steps. In the rest of this section we will sketch a proof of the fact that given any choice

of non-negative numbers Ddj, Daj, Pj, j ∈ Im satisfying the conditions (6.10)-(6.13),

the digital and analog receivers can simultaneously achieve distortions
∑m

j=1 Ddj and

∑m
j=1 Daj respectively. This will prove the achievability of our main result.

As mentioned in Section 6.1.1, we are given a zero mean parallel Gaussian source

SIm with m components. The covariance matrix of the source is

KS = diag(σ2
1, σ

2
2, . . . , σ

2
m). The coloured Gaussian broadcast channel consists of m

sub-channels, with the digital receiver associated with a zero mean additive parallel

Gaussian noise ZdIm
and the analog receiver with ZaIm

. Further, we have, KZi
=
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Figure 6.3: The optimal trade-off between analog receiver distortion Da and the
digital receiver distortion Dd for vector source with component variances (0.8, 0.9,
0.2, 0.5, 0.3), sent over channels with identical noise variances (0.1, 0.2, 0.4, 0.6,
0.2), respectively, under a total power constraint P = 1. The point A is obtained
by using the separation approach for the digital receiver. At this point the analog
receiver gets no useful information and its distortion is the sum of the variances of
the source components. Without compromising the digital receiver’s performance,
we can improve the analog receiver’s distortion to point B. The optimal performance
for analog receiver is obtained at point C where both the digital and analog receivers
have the same distortion at this point.

diag(Ni1, Ni2, . . . , Nim) denote the noise covariance matrices for i ∈ {d, a}.

The block-length l output of the encoder to the j-th sub-channel, X
(l)
j is the sum

of two parts: a digital (coded) part Xc
(l)
j which is useful only for the digital receiver

and an analog (uncoded) part Xu
(l)
j =

√
αjPj/σ2

jS
(l)
j , where αj is defined by

αj =

(
1 −

Daj

σ2
j

)(
1 +

Naj

Pj

)
. (6.16)
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It is easy to show that 0 ≤ αj ≤ 1 for valid choices of Daj and Pj. The average power

of the coded part Xc
(l)
j will be chosen to be (1 − αj)Pj so that the average power of

X
(l)
j is Pj. Then, by (6.10), the encoder output satisfies the average power constraint.

The analog receiver treats the coded part as noise and outputs the linear least-

squared error (LLSE) estimate

Ŝ(l)
aj

=
αjPj

Pj + Naj

Y(l)
aj

.

This defines the analog receiver’s input-output map Ga. It is easy to show that the

resulting distortion on the j-th source component at the analog receiver is Daj by

re-writing (6.16) as

1 +
αjPj

(1 − αj)Pj + Naj

=
σ2

j

Daj

. (6.17)

Thus the total distortion at the analog receiver is
∑m

j=1 Daj. Similarly, the digital

receiver forms an intermediate estimate Ŝ
a(l)
dj of the j-th source component by treating

the coded part as noise

Ŝ
a(l)
dj

=
αjPj

Pj + Ndj

Y
(l)
dj

resulting in an intermediate distortion

Da
dj =

σ2
j ((1 − αj)Pj + Ndj)

(Pj + Ndj)
. (6.18)

To generate the coded-part, the encoder treats the intermediate estimates Ŝ
a(l)
dIm

as side-information on S
(l)
Im

which will be available at the digital receiver. Also, it

treats the uncoded-parts Xu
(l)
Im

as additive channel-side information (“dirt” in the
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sense of [11]) which affects its transmission. This channel-side information is avail-

able at the encoder. This sets up a point-to-point source-channel coding problem

from the encoder to the digital receiver with source side-information only at the de-

coder and channel side-information only at the encoder. The coded-part is realised

by a separation-based strategy consisting of a Wyner-Ziv source code followed by

a Gel’fand-Pinsker/Costa channel code for this source-channel coding problem. We

note that this separation strategy was proved to be optimal in a point-to-point setting

in [31]. However, we do not make use of this fact here.

The Gel’fand-Pinsker/Costa channel is a parallel additive Gaussian noise channel

with noises ZdIm
and additive side-information (“dirt”)

√
αjPj/σ2

jS
(l)
j , j ∈ Im which

is available at the encoder. There are average power constraints on each sub-channel:

(1−αj)Pj for the j-th sub-channel. The j-th sub-channel can support a rate of Cj =

1
2
log
(
1 +

(1−αj)Pj

Ndj

)
, the same as the capacity of an AWGN with noise variance Ndj. In

other words, for sufficiently large l, there is an encoder mapping Fcj : {0, 1}lCj ×R
l →

R
l satisfying the power constraint such that there is a decoder map Gcj : R

l →

{0, 1}lCj and the probability that Gcj

(
Fcj

(
m,
√

αjPj/σ2
jS

(l)
j

)
+ Zdj

+
√

αjPj/σ2
jS

(l)
j

)

6= m is less than ǫ, for any m ∈ {0, 1}lCj , for a given ǫ > 0. This fact was shown by

Costa in [11]. The reader is referred to section II of [11] for a proof2. Hence the total

2Note, however, that unlike in Costa’s setting, the input to the Costa channel encoder here is
dependent on the channel-side information. This can be easily handled by a dithering argument.
The encoder adds (modulo-2) a random binary dither sequence to the output bits from the Wyner-
Ziv encoder before sending it to the Costa encoder and the digital decoder removes the dither by
adding (modulo-2) the same sequence after performing the Costa decoding. If the dither process is
independent of the source and is i.i.d. with 1 and 0 occurring with equal probabilities, the input to
the Costa encoder is independent of the channel-side information. This also ensures that the output
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rate supported by the channel code is

C =
m∑

j=1

Cj =
m∑

j=1

1

2
log

(
1 +

(1 − αj)Pj

Ndj

)
. (6.19)

The Wyner-Ziv source coding problem has a parallel Gaussian source S
(l)
Im

with

side-information at the decoder S
a(l)
dIm

which are within MSE distortions Da
d1, D

a
d2, . . . ,

Da
dm respectively. The rate at which the j-th source component may be encoded to

achieve a distortion of Ddj is given by Rj = 1
2
log

Da
dj

Ddj
. More formally, for sufficiently

large l, there is an encoder mapping Fsj : R
l → {0, 1}lRj and a decoder mapping

Gsj : {0, 1}lRj × R
l → R

l such that

E

[
δ
(
S

(l)
j , Gsj

(
Fsj

(
S

(l)
j

)
,S

a(l)
dj

))]
≤ Ddj + ǫ,

for a given ǫ > 0. This fact can be directly inferred from an extension to the contin-

uous alphabet case of the proof of Wyner and Ziv [57, Sec. IV]. A rigorous way of

doing this extension can be found in [33] (also see [22, 56])3. Hence, the total rate of

the source code is

R =
m∑

j=1

Rj =
m∑

j=1

1

2
log

(
Da

dj

Ddj

)
. (6.20)

The separation approach taken for the coded part is feasible if the Wyner-Ziv

source code rate is less than or equal to the Gel’fand-Pinsker/Costa channel code

of the Costa encoder is independent of the uncoded part of the transmission and thus the power
constraint is satisfied. We can even avoid the need for the encoder and the digital decoder to share
any common randomness by a joint-design which is not pursued here.

3The results in the literature assume that the side information at the decoder is corrupted by
Gaussian noise whereas in our problem we assumed that the side information is within a given MSE
distortion from the source. However, this difference is not difficult to handle. See [38, Appendix IV]
for a proof.
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rate, i.e., R ≤ C. It is easy to see that the condition (6.13) in fact implies R = C

from (6.18), (6.19), and (6.20). Thus the digital receiver will be able to reconstruct

the j-th source components within a distortion Ddj and thereby achieve a distortion

of
∑m

j=1 Ddj.

6.5 Converse

Having presented the achievable strategy in Section 6.4, we now prove the optimal-

ity of the proposed scheme. The structural constraint on the analog receiver implies

that in estimating any source component, it makes use of information received only

over the corresponding sub-channel. To formalise this, for j = 1, 2, . . . ,m, let Daj ≥ 0

be the distortion achieved by the analog receiver on the j-th component. We have,

l

2
log

σ2
j

Daj

≤ I(S
(l)
j ; Ŝ

(l)
aj )

≤ I(Y
(l)
aj ;X

(l)
Im

)

= h(Y
(l)
aj ) − h(Z

(l)
aj )

≤
l

2
log

Pj + Naj

Naj

,

where Pj
def
= (Var(X

(l)
j ))/l. The first inequality is Shannon’s lower bound [14] for

Gaussian sources and squared-error distortion. The second inequality is the data

processing inequality, and the last follows from the fact that Gaussian distribution

maximises the differential entropy for a given variance.
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Again we have the following Shannon’s lower bound

I(S
(l)
Im

; Ŝ
(l)
dIm

) = h(S
(l)
Im

) − h(S
(l)
Im
|Ŝ(l)

dIm
)

≥ h(S
(l)
Im

) − h(S
(l)
Im

− Ŝ
(l)
dIm

)

≥
m∑

j=1

l

2
log 2πeσ2

j −
m∑

j=1

l

2
log 2πeDdj

=
m∑

j=1

l

2
log

σ2
j

Ddj

.

The second inequality follows from the fact that given the diagonal elements of the

covariance matrix of a random vector, independent Gaussian random variables max-

imise the differential entropy. Further, using the data processing inequality,

m∑

j=1

l

2
log

σ2
j

Ddj

≤ I(S
(l)
Im

; Ŝ
(l)
dIm

)

≤ I(X
(l)
Im

;Y
(l)
dIm

)

≤
m∑

j=1

l

2
log

Pj + Ndj

Ndj

.

Thus, for a given power P and target analog distortion profile (Da1 , Da2 , . . . , Dam),
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the smallest sum distortion Dd achievable by the digital receiver is lower bounded by

min
m∑

j=1

Ddj

s.t.
m∑

j=1

log
σ2

j

Ddj

≤
m∑

j=1

log
Pj + Ndj

Ndj

,

σ2
j

Daj

≤
Pj + Naj

Naj

, ∀j ∈ Im;

m∑

j=1

Pj ≤ P,

and Ddj, Pj ≥ 0, ∀j ∈ Im.

Now, for a given target analog distortion Da, we can further minimise the above

over all (Da1 , Da2 , . . . , Dam) s.t. ∀j ∈ Im, Daj ≥ 0 and Da ≥
∑m

j=1 Daj, to get the

lower bound on the digital distortion Dd which proves the converse statement in the

main theorem.
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Chapter 7

Source-Channel Broadcast

7.1 Problem statement

The setup is similar to the one in the previous chapter, see Fig. 6.1. The key

difference here is that neither of the decoders is constrained to be linear (or analog).

For the most part we will consider only a scalar broadcast channel in the sense that

all the sub-channels to a particular user will have the same statistics. In the notation

of the last chapter, this means Ni1 = Ni2 = . . ., for each i. The upshot of this

assumption is a simplification which results from recognising that there is an ordering

of the users according to the noise variance of their channel. We will call the user with

the smaller noise variance the strong user, and the user with the larger noise variance
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the weak user1. Besides the ease of exposition resulting from this assumption2, it can

be justified by recognising that in practice for many broadcast applications, the SNR

gap between groups of users to whom different qualities of service are targeted will

be large enough that there is an ordering between the groups of users. And at large

SNRs the coloured channel (or inter-symbol interference channel) to the users can be

approximated by a white channel.

We will explicitly model the fact that the source and channel bandwidths do not

necessarily match. We let our source have K components: Sk(i) is a vector Gaussian

source which is independent over its components indexed by k = 1, 2, . . . , K with

statistics Sk(i) ∼ N (0, σ2
k) and i.i.d. over time index i = 1, 2, . . .. Without loss of

generality, we will assume that σ2
1 ≥ σ2

2 ≥ . . . ≥ σ2
K . We will assume that there

are M parallel broadcast sub-channels of the same statistics. When M = K, the

bandwidth of the source matches the bandwidth of the channel. The weak user

observes Ywm(i) = Xm(i) + Zwm(i), m = 1, 2, . . . ,M, i = 1, 2, . . ., and the strong

user observes Ysm(i) = Xm(i) + Zsm(i), where Xm(i) is the input to the m-th sub-

channel. The noise processes are Zwm(i) and Zsm(i) i.i.d. (over m and i) Gaussian

1It is known that the performance of such a broadcast channel is identical to that of a degraded

broadcast channel where the weak user receives the signal received by the strong user but further
corrupted by an additive Gaussian noise independent of the additive noise corrupting the strong
user’s channel and which has a variance equal to the difference between the variances of the additive
noises of the weak user and the strong user in the original channel. This fact is often expressed by
saying that the original broadcast channel is stochastically degraded. A proof of the above stated
equivalence for the case of channel coding appears in [14, pg. 422]. The same idea can be used to
show an equivalence for the problem of interest here, see e.g. [38, Appendix 1]. However, we do not
need to make use of this equivalence in our discussion here.

2Note that the ideas presented in this chapter also apply to the case of parallel vector broadcast
channels, but we do not explore them here.
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with variances Nw and Ns respectively, where Ns < Nw. The source-channel encoder

fn : R
Kn → R

Mn maps an n-length block of the source to an n-length block of

the channel input. There is an average power constraint on the encoder so that

(∑n
i=1

∑M
m=1 X2

m(i)
)

/(nM) ≤ P . The source-channel decoders gn
s : R

Mn → R
Kn

and gn
w : R

Mn → R
Kn at the strong and weak user, respectively, reconstruct n-length

blocks,

{
Ŝsk(i), i = 1, . . . , n, k = 1, . . . , K

}

= gn
s ({Ysm(i), i = 1, 2, . . . , n, m = 1, 2, . . . ,M}) , and

{
Ŝwk(i), i = 1, . . . , n, k = 1, . . . , K

}

= gn
w ({Ywm(i), i = 1, 2, . . . , n, m = 1, 2, . . . ,M})

of the source from n-length blocks of the channel outputs. Distortions are measured

as the average of the mean-squared error distortion over all source components3

Dn
j =

1

nK

n∑

i=1

K∑

k=1

(
Sk(i) − Ŝjk(i)

)2

, j ∈ {s, w}.

A pair of distortions (Ds, Dw) will be said to be achievable if for any ǫ > 0, for

sufficiently large n, there is (fn, gn
s , gn

w) such that Dn
j ≤ Dj + ǫ, j ∈ {s, w}. The

problem is to characterise the region of all the achievable distortions (Ds, Dw) for a

given transmit power P . This remains open. We present below an inner bound to it

(or an achievable region).

3Note that the power constraint and the distortions are defined slightly differently from the
previous chapter. Here we average over the number of sub-channels and components respectively.
This is to allow easier comparison with previous works.
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7.2 An achievable solution: the extreme points

In this section we present all the key ideas involved in our achievable strategy.

We consider two extreme cases – when the weak user achieves its point-to-point

optimal quality, and when the strong user achieves its point-to-point optimal quality

– to illustrate two complimentary strategies which together constitute the general

achievable solution.

7.2.1 Weak-user-optimal case

From Shannon’s separation theorem [14, pg. 216] we know that the optimal so-

lution for the point-to-point source-channel problem can be obtained by the sepa-

ration principle of first optimally source coding and then transmitting the resulting

bit stream using an optimal channel code. Thus the lowest distortion D∗
w attainable

by the weak user is given by “reverse water-filling” over the source components [14,

pg. 348]

D∗
w =

1

K

K∑

k=1

Dk, where Dk =





µ, if µ < σ2
k,

σ2
k, if µ ≥ σ2

k,

(7.1)

where µ is chosen such that the total rate (1/2)
∑K

k=1 log(σ2
k/Dk) equals the capacity

Cw of the weak user’s channel. Cw is in turn given by
∑M

m=1 log(1 + Pm/Nw) where

we choose P1 = P2 = . . . = PM = P .

If this separation strategy is followed for the broadcast case as well, the strong
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user also recovers the source at a distortion D∗
w. However, without compromising

the quality of reproduction for the weak user, better quality can be delivered to the

strong user. Before presenting our solution in full generality, it is useful to consider

the special case of K = M = 2 and σ2
1 > σ2

2. Let us suppose that the optimal point-

to-point reverse water-filling solution for the weak user allocates distortions D1 and

D2 for the source components S1 and S2, respectively. Also, let us denote the powers

allocated to the sub-channels X1 and X2 by P1 and P2 respectively. P1 = P2 = P .

Then

1

2
log

(
σ2

1

D1

σ2
2

D2

)
=

1

2
log

(
P1 + Nw

Nw

P2 + Nw

Nw

)
.

We can source code S1 using a successive refinement strategy thereby producing two

bit streams: a coarse description at distortion D′
1 and a refinement stream which

refines from D′
1 to D1. Since Gaussian sources are successively refinable [16], this can

be done without loss of optimality for the weak user. We choose D′
1 such that the

bitrate of the refinement stream is equal to the rate at which the first sub-channel

operates. i.e.,

1

2
log

(
D′

1

D1

)
=

1

2
log

(
1 +

P1

Nw

)
.

Combining the two equations above gives

1

2
log

(
σ2

1

D′
1

σ2
2

D2

)
=

1

2
log

(
1 +

P2

Nw

)
.

In other words, without loss of optimality, we may send the coarse description

for S1 and the bit stream for S2 over the second sub-channel and the refinement
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bitstream for S1 over the the first sub-channel. This further suggests that instead

of sending the refinement bitstream over the first sub-channel, we may send un-

coded the quantisation error resulting from the coarse quantisation of S1 appropri-

ately scaled to satisfy the power constraint. The input to the first sub-channel will be

√
(P1/D′

1)
(
S1(i) − Ŝ ′

1(i)
)
, where Ŝ ′

1(i) is the i-th sample of the coarsely quantised

version of S1. It is easy to see that this satisfies the power constraint on the first

sub-channel and also results in no loss of optimality for the weak user. The second

fact is analogous to the optimality of uncoded transmission for the point-to-point

Gaussian source-channel problem. The strong user can achieve a lower distortion

on S1 because of the uncoded transmission of the quantisation error. The strong

user estimates the refinement component as (P1/(P1 + Ns))
√

D′
1/P1Y1 and adds it

to the coarse description to form its reproduction of S1. We note that the resulting

distortion for the strong user on S1 is D′
1/(1 + P1/Ns).

The performance of the strong user can be further improved. Without losing

optimality for the weak user, we may send the coarse description of S1 and the bit

stream for S2 using superposition coding over the second sub-channel. In particular,

we send the coarse quantisation bit stream of S1 using power P2 −P ′
2 (defined below)

and the bit stream for S2 using power P ′
2 such that the decoder can first decode the

former bit stream assuming the latter as interference. The decoder then cancels the

interference from the bit stream for S1 and decodes the bit stream for S2. Thus P ′
2 is
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given by

1

2
log

(
σ2

1

D′
1

)
=

1

2
log

(
1 +

P2 − P ′
2

P ′
2 + Nw

)
.

This also gives the relation

1

2
log

(
σ2

2

D2

)
=

1

2
log

(
1 +

P ′
2

Nw

)

which indicates why decoding of the bit stream for S2 after interference cancellation

succeeds. This scheme suggests that we may send S2 uncoded using power P ′
2 instead

of sending its quantised bits. Since, after cancelling the interference from the S1

bit stream, the channel to the weak user is an AWGN channel, the optimality of

this scheme follows from the optimality of uncoded transmission for point-to-point

Gaussian source-channel coding. The strong user can now reconstruct S2 at a lower

distortion, D2(1 + P ′
2/Nw)/(1 + P ′

2/Ns). The scheme is summarised in Fig. 7.1. The

overall distortion achieved by the strong user is

Ds =
1

2

(
1 + P1

Nw

1 + P1

Ns

D1 +
1 +

P ′
2

Nw

1 +
P ′

2

Ns

D2

)
.

The extension to K = M > 2 is straightforward. Let us assume without loss of

generality that under the point-to-point optimal inverse water-filling solution for the

weak user, the first L source components satisfy (1/2) log(σ2
k/Dk) ≥ (1/2) log(1 +

Pk/Nw). For these L components we define D′
k such that (1/2) log(D′

k/Dk) = (1/2)

log(1 + Pk/Nw). The k-th such component (k ≤ L) is source coded to a distortion

of D′
k and the resulting error is sent uncoded (scaled by

√
Pk/Dk) over the k-th sub-

channel. For sub-channels m > L, we define P ′
m as (1/2) log(σ2

m/Dm) = (1/2) log(1+
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Figure 7.1: Weak-user-optimal case: (a) separation scheme showing successive refine-
ment (SR) and superposition coding, and (b) the hybrid digital-analog scheme.

P ′
m/Nw). The m-th such component is sent uncoded over the m-th sub-channel scaled

by
√

P ′
m/σ2

m. The rest of the power (Pm−P ′
m) for these sub-channels m > L are used

to send the source coded bits from the first L components. On these sub-channels,

the decoders first decode these bits, cancel the interference caused by them, and then

estimate the source components. The first L source components are estimated directly

from the corresponding sub-channel outputs. Thus, without compromising the quality
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of reproduction for the weak user, the strong user achieves a lower distortion.

Ds =
1

K

(
L∑

k=1

1 + Pk

Nw

1 + Pk

Ns

Dk +
K∑

k=L+1

1 +
P ′

k

Nw

1 +
P ′

k

Ns

Dk

)
<

1

K

K∑

k=1

Dk.

This scheme directly extends to the K 6= M case. When K < M (bandwidth

expansion), the extra sub-channels will be used to send additional coded bits. For

the case of K > M (bandwidth contraction), only at most M source components can

be sent (wholly or partially) uncoded. In summary, we have the following

Theorem 7.2.1 For the source-channel problem in Section 7.1 (Ds, D
∗
w) is achiev-

able, where D∗
w is given by (7.1) and Ds is as defined below.

Ds =
1

K

(
L∑

k=1

1 + Pk

Nw

1 + Pk

Ns

Dk +
K′∑

k=L+1

1 +
P ′

k

Nw

1 +
P ′

k

Ns

Dk +
K∑

k=K′+1

Dk

)
,

where Dk’s are given by (7.1), Pk = P ,

L = min

{∣∣∣∣
{

k :
σ2

k

Dk

≥ 1 +
Pk

Nw

}∣∣∣∣ ,M
}

,

K ′ = min
{∣∣{k : µ ≤ σ2

k

}∣∣ , K
}

,

and the P ′
k’s are defined by

σ2
k

Dk

= 1 +
P ′

k

Nw

, k = L + 1, . . . , K ′.

7.2.2 Strong-user-optimal case

If the point-to-point separation approach is used for providing optimal fidelity to

the strong user, since the rate of transmission is greater than the channel capacity of
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the weak user, the weak user will not be able to get any useful information. However,

in this section we show that one can provide useful information to the weak user

without compromising the strong user’s performance. The scheme is the same as the

one described in section 6.2. We repeat the arguments in brief here. Let the point-

to-point optimal reverse water-filling solution for the strong user produce a total

distortion D∗
s from a distortion allocation Dk, k = 1, 2, . . . , K according to (7.1),

where µ is now chosen so that the total rate equals the capacity Cs =
∑M

m=1 log(1 +

Pm/Ns), Pm = P of the strong user’s channel. It is again helpful to consider the

special case of K = M = 2 and σ2
1 > σ2

2 before the general case. With P1 = P2 = P ,

we have

1

2
log

(
σ2

1

D1

σ2
2

D2

)
=

1

2
log

(
P1 + Ns

Ns

P2 + Ns

Ns

)
.

We source code S1 using successive refinement such that now the bitrate of the coarse

description at distortion D′′
1 is equal to the rate at which the first sub-channel operates.

1

2
log

(
σ2

1

D′′
1

)
=

1

2
log

(
1 +

P1

Ns

)
.

Note that this is different from the previous section where we set the bitrate of the

refinement bit stream equal to the rate of the first sub-channel. Thus

1

2
log

(
D′′

1

D1

σ2
2

D2

)
=

1

2
log

(
1 +

P2

Ns

)
.

Instead of sending the coarse description over the first sub-channel and the re-

finement bit stream on the second, without losing optimality for the strong user, we
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may send S1 uncoded (scaled by
√

P1/σ2
1) over the first sub-channel and on the sec-

ond sub-channel a Wyner-Ziv bit stream (of rate equal to that of the refinement bit

stream) which assumes that the corrupted version of S1 from the first sub-channel

will be available as side information at the decoder. The optimality of this scheme

follows from the no rate-loss property of jointly Gaussian sources under Wyner-Ziv

coding.

Thus the weak user can now form an estimate of S1 from its output Y1 of the

first sub-channel. It is also possible to provide the weak user with an estimate of

the second component without losing optimality for the strong user. Let us define P ′′
2

such that the Wyner-Ziv bit stream can be sent using this power, superposition coded

with the bit stream for S2 which uses the rest of the power P2 − P ′′
2 . The decoding

order is first the bit stream for S2, followed by the Wyner-Ziv bit stream. Thus

1

2
log

(
D′′

1

D1

)
=

1

2
log

(
1 +

P ′′
2

Ns

)
,

and

1

2
log

(
σ2

2

D2

)
=

1

2
log

(
1 +

P2 − P ′′
2

P ′′
2 + Ns

)
.

We can use dirty-paper coding of Gel’fand and Pinsker [17] and Costa [11] instead

of superposition coding to achieve the same rates. Here the channel codeword for

the bit stream of S2 is treated as non-causal side information available at the encoder

when channel encoding the Wyner-Ziv bit stream. Then the decoder does not need to

decode the bit stream for S2 in order to decode the Wyner-Ziv bit stream. This allows
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Figure 7.2: Strong-user-optimal case: (a) separation scheme showing successive refine-
ment (SR) and superposition coding, (b) separation scheme with Wyner-Ziv (W-Z)
code and dirty-paper coding (DPC). (continued)

us to send S2 uncoded (scaled by
√

(P2 − P ′′
2 )/σ2

2) without impacting the optimality

for the strong user. The weak user can now form an estimate of S2 from Y2.

Again, we can easily extend the above intuition to K = M > 2. Let L be

the number of source components and sub-channels such that (1/2) log(σ2
k/Dk) >

(1/2) log(1 + Pk/Ns). Since σ2
k are monotonically decreasing, these will be the first
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Figure 7.2: Strong-user-optimal case: (c) the hybrid digital-analog scheme.

L components. For these components, we define D′′
k such that (1/2) log(σ2

k/D
′′
k) =

(1/2) log(1 + Pk/Ns). For the rest of the sub-channels (m > L) we define P ′′
k by

(1/2) log(σ2
m/Dm) = (1/2) log(1 + (Pm −P ′′

m)/(P ′′
m + Ns)). The first L source compo-

nents are sent uncoded scaled by
√

Pk/σ2
k on their corresponding sub-channels, and

rest of the source components are sent uncoded scaled by
√

(Pk − P ′′
k )/σ2

k on their

corresponding sub-channels. The first L source components are Wyner-Ziv source

coded at rates of (1/2) log(D′′
k/Dk) assuming the availability at the decoder (strong

user) of the noise corrupted versions sent over the corresponding sub-channels. These

source coded bits are sent using dirty-paper coding over the rest of the sub-channels

m > L. The resulting distortion for the weak user is

Dw =
1

K

(
L∑

k=1

σ2
k

1 + Pk

Nw

+
K∑

k=L+1

σ2
k

1 +
Pk−P ′′

k

Nw

)
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which is strictly less than 1
K

∑L
k=1 σ2

k, the distortion for the weak user in the separation

approach under which no information is decodable by this user.

This scheme also directly extends to the bandwidth expansion (K < M) and

bandwidth contraction (K > M) scenarios. To summarise, we can state the following

Theorem 7.2.2 The distortion pair (D∗
s , Dw) is achievable for the source-channel

coding problem in section 7.1, where the point-to-point optimal distortion D∗
s for the

strong-user and Dw are as follows.

D∗
s =

1

K

K∑

k=1

Dk, where Dk =





µ, if µ < σ2
k,

σ2
k, if µ ≥ σ2

k,

(7.2)

where µ is chosen such that the total rate (1/2)
∑K

k=1 log(σ2
k/Dk) equals the capacity

Cs of the weak user’s channel. Cs =
∑M

m=1 log(1 + Pm/Ns) where P1 = P2 = . . . =

PM = P .

Let

L = min

{∣∣∣∣
{

k :
σ2

k

Dk

≥ 1 +
Pk

Ns

}∣∣∣∣ ,M
}

,

K ′ = min
{∣∣{k : µ ≤ σ2

k

}∣∣ , K
}

,

and the P ′′
k ’s be defined by

σ2
m

Dm

= 1 +
Pm − P ′′

m

P ′′
m + Ns

.

Then,

Dw =
1

K

(
L∑

k=1

σ2
k

1 + Pk

Nw

+
K′∑

k=L+1

σ2
k

1 +
Pk−P ′′

k

Nw

+
K∑

k=K′

σ2
k.

)
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7.3 An achievable trade-off

We may also trade-off the quality of reproductions at the two users without being

optimal for either. Clearly, time sharing between the two achievable extreme points

is a possibility. It is often possible to do better. A natural strategy suggested by

the above discussion is to combine the schemes for the weak- and strong-user-optimal

cases. For the K = M = 2 case with σ2
1 > σ2

2, we can quantise S1 to a distortion level

D′
1, say. The corresponding bits are sent to the weaker user at a power level P2 − P ′

2

assuming that the rest of the power P ′
2 in this sub-channel will interfere. i.e.,

1

2
log

(
σ2

1

D′
1

)
=

1

2
log

(
1 +

P2 − P ′
2

P ′
2 + Nw

)
.

Both decoders first decode this bitstream and cancel the interference caused by it.

The quantisation error on S1 is sent over the first sub-channel at a power level P1

uncoded. The weak user estimates the quantisation error on S1 from its output of

the first sub-channel. S2 is sent uncoded over the second sub-channel at a power level

of P ′
2 − P ′′

2 . This is treated as side information known at the transmitter for sending

Wyner-Ziv bits at the rate (1/2) log(1+P ′′
2 /Ns) on the quantisation error of S1 to the

strong user using dirty-paper coding. Both users estimate S2 from their outputs of the

second sub-channel after cancelling the interference from the quantisation bitstream

of S1. The strong user decodes the dirty-paper coded bitstream from the second sub-

channel. These Wyner-Ziv bits are decoded to produce Ŝ1 using as side-information

the output of the first sub-channel which is a noise corrupted version of S1. By
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choosing different values for the power allocations P1, P2, P
′
2, P

′′
2 such that P1 + P2 =

2P and P2 ≥ P ′
2 ≥ P ′′

2 , we will get different achievable points. Further flexibility in

the form of allowing uncoded transmission of S1 over the second sub-channel with

potentially S2 being sent source coded and Wyner-Ziv coded might, in some cases,

lead to operating points which are better.

In general, we have the following

Theorem 7.3.1 For any choice of non-negative P1, P2, . . . , PM , D′
1, D

′
2, . . . , D

′
K,

D′′
1 , D

′′
2 , . . . , D

′′
M , integers L,K ′, and reals λL+1, λL+2, . . . , λM , γL+1, γL+2, . . . , γK′ in

[0, 1] satisfying the conditions (7.3)-(7.8), the following (Ds, Dw) is achievable

Ds =
1

K

(
L∑

k=1

D′′
k +

K′∑

k=L+1

σ2
k

(1−λk)Pk+Ns

(1−λk)(1−γk)Pk+Ns

+
K∑

k=K′+1

D′′
k

)
,

Dw =
1

K

(
L∑

k=1

D′
k

Pk+Nw

Nw

+
K′∑

k=L+1

σ2
k

(1−λk)Pk+Nw

(1−λk)(1−γk)Pk+Nw

+
K∑

k=K′+1

D′
k

)
.

The conditions are

M∑

m=1

Pm ≤ P, (7.3)

D′′
k ≤ D′

k ≤ σ2
k, k = 1, 2, . . . , K, (7.4)

L ∈ {0, 1, . . . , min(K,M)}, (7.5)

K ′ ∈ {L,L + 1, . . . , min(K,M)}, (7.6)



104

L∑

k=1

log
σ2

k

D′
k

+
K∑

k=K′+1

log
σ2

k

D′
k

≤
M∑

m=L+1

log
Pm + Nw

(1 − λm)Pm + Nw

, and (7.7)

L∑

k=1

log

D′
k

1+
Pk
Ns

D′′
k

+
K∑

k=K′+1

log
D′

k

D′′
k

≤
K′∑

m=L+1

log
(1 − λm)(1 − γm)Pm + Ns

Ns

+
M∑

m=K′+1

log
(1 − λm)Pm + Ns

Ns

. (7.8)

The proof is relegated to appendix B.

7.4 Specialisation to memoryless sources and chan-

nels with bandwidth mismatch

A special case of the problem is when the source is also white, but has a bandwidth

different from the channel. If we define the degree of mismatch by α = M/K, we

have

Theorem 7.4.1 For the special case of the problem in section 7.1 with σ2
1 = σ2

2 =

. . . = σ2
M = σ2

S, the following (Ds, Dw) trade-off is achievable:

• For α < 1 (bandwidth contraction)

{(
DBC

s (λ, γ), DBC

w (λ, γ)
)

: 0 ≤ λ ≤ 1, 0 ≤ γ ≤ 1
}

,
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where

DBC

w (λ, γ) =
ασ2

S
(1−λ)P+Nw

(1−λ)(1−γ)P+Nw

+
(1 − α)σ2

S(
P+Nw

(1−λ)P+Nw

) α
1−α

, and

DBC

s (λ, γ) =
ασ2

S
(1−λ)P+Ns

(1−λ)(1−γ)P+Ns

+
(1 − α)σ2

S(
P+Nw

(1−λ)P+Nw

(1−λ)(1−γ)P+Ns

Ns

) α
1−α

.

• For α > 1 (bandwidth expansion)

{(
DBE

s (λ), DBE

w (λ)
)

: 0 ≤ λ ≤ 1
}

,

where

DBE

w (λ) =
σ2

S(
P+Nw

(1−λ)P+Nw

)α−1 (
P+Nw

Nw

) , and

DBE

s (λ) =
σ2

S(
P+Nw

(1−λ)P+Nw

)α−1 (
P+Ns

Ns

)(
(1−λ)P+Ns

Ns

)α−1 .

We prove this as a special case of Theorem 7.3.1 in appendix A.

As pointed out earlier, many researchers have investigated this special case. The

trade-off for the bandwidth expansion case above also appears in [38], but the band-

width contraction case is new. The following remarks on the extreme points of these

trade-offs are in order.

• At the weak-user-optimal points, our achievable schemes under bandwidth con-

traction and bandwidth extraction reduce to the schemes proposed by Mittal

and Phamdo [32].



106

• At the strong-user-optimal point under bandwidth expansion, our scheme re-

duces to the systematic lossy source-channel codes of Shamai, Verdù, and Za-

mir [40].

• At the strong-user-optimal points, the achievable scheme is strictly better than

the solution offered by Mittal and Phamdo in [32]. The gap can be computed

explicitly to be

(bandwidth contraction)
ασ2

SNs

Nw + P


1 −

1(
1 + P

Ns

)α


 , and

(bandwidth expansion)
σ2

S(
1 + P

Ns

)α (
1 + Nw

P

) .

As pointed out above at the weak-user-optimal point, the schemes coincide. For

the boundary points in between, an explicit computation is cumbersome, but

numerical computation over a wide range of settings suggest that the achievable

scheme strictly out performs the schemes of Mittal and Phamdo. Fig. 7.3 shows

a comparison of the trade-offs achieved by our scheme with those of Mittal and

Phamdo [32] for a few examples.

Outer bounds Only one non-trivial outer bound is available in the literature for

this problem. It is due to Reznic, Feder, and Zamir [38] who developed it for the

case of memoryless source and channel under bandwidth expansion. This bound,

however, does not match the best available inner bound described above. The same

bounding technique can be used to derive outer bounds for the coloured source-
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Figure 7.3: Comparison of distortion trade-offs achieved by our scheme with that of
Mittal and Phamdo: (a) Bandwidth contraction. σ2

S = 1, P/Ns = 20dB, P/Nw =
0dB, α = 0.5. The best scheme suggested by Mittal and Phamdo was chosen for
comparison [32, Fig. 14]. The dashed lines are drawn at the weak and strong user
optimal distortions and thus give the trivial outer bound to the trade-off region. The
strong-user-optimal points appear to coincide, but there is a small gap which is not
visible at the scale of this plot. The weak user optimal points indeed coincide where
both schemes reduce to the same scheme.

channel problem considered here. However, it does not always lead to a non-trivial

bound. For instance, for memoryless source and channel with bandwidth contraction,

the technique yields the trivial bound (resulting from considering the point-to-point

source-channel problems involving either the weak user or the strong users alone).
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Figure 7.3: Comparison of distortion trade-offs achieved by our scheme with that of
Mittal and Phamdo: (b) Bandwidth expansion. σ2

S = 1, P/Ns = 20dB, P/Nw =
0dB, α = 2.0. Again the best scheme of Mittal and Phamdo for this setting was
chosen for comparison [32, Fig. 12]. The dashed lines are drawn at the weak and
strong-user-optimal distortions and thus give the trivial outer bound to the trade-off
region. The strong-user-optimal points appear to coincide, but there is a small gap
which is not visible at the scale of this plot. The weak-user-optimal points indeed
coincide where both schemes reduce to the same scheme.
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Figure 7.3: Comparison of distortion trade-offs achieved by our scheme with those
of Mittal and Phamdo: (b) Bandwidth expansion. σ2

S = 1, P/Ns = 4dB, P/Nw =
0dB, α = 1.5. Two schemes of Mittal and Phamdo (systems 2 and 3) together give
the best performance of all the new schemes proposed in [32, Fig. 13]. The dashed
lines are drawn at the weak and strong user optimal distortions and thus give the
trivial outer bound to the trade-off region. The gap between the strong-user-optimal
points is visible in this plot. The weak-user-optimal points coincide.
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Appendix A

Proof of Theorem 7.4.1

The proof for the bandwidth expansion case (α = M/K > 1) follows from the

following choice of parameters in theorem 7.3.1 : L = K ′ = K. Thus only the

first term in the expressions for Ds and Dw in theorem 7.3.1 is present. We also

choose D′
k = D′, D′′

k = D′′, k = 1, . . . , K and Pm = P, m = 1, . . . ,M . And

λm = λ, γm = 0 m = K + 1, . . . ,M . The primed quantities are chosen to satisfy the

conditions (7.7) and (7.8). i.e.,

K log
σ2

S

D′
= (M − K) log

P + Nw

(1 − λ)P + Nw

,

K log

D′

1+ P
Ns

D′′
= (M − K) log

(1 − λ)P + Ns

Ns

.

Substituting these in the expression for the achievable (Ds, Dw) gives the result.

The choice of parameters for the bandwidth contraction case is: L = 0, K ′ = M ,

and thus the first term in the expressions for Ds and Dw in theorem 7.3.1 is absent
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here. We let D′
k = D′, D′′

k = D′′, k = M + 1, . . . , K, and Pm = P, m = 1, . . . ,M .

Also, λm = λ, γm = γ, m = 1, . . . ,M , and

(K − M) log
σ2

S

D′
= M log

P + Nw

(1 − λ)P + Nw

,

(K − M) log
D′

D′′
= M log

(1 − λ)(1 − γ)P + Ns

Ns

.

These choices give the achievability result for bandwidth contraction.
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Appendix B

Proof of Theorem 7.3.1

The main ideas involved have already been described in section 7.2. We sketch

the main steps of the proof which use the following results: successive refinement

source coding [16], source coding with side-information or Wyner-Ziv (WZ) cod-

ing [57], super-position broadcast channel coding [12], and channel coding with side-

information or Gel’fand-Pinsker (GP) coding [17].

The m-th sub-channel is allocated a power of Pm such that it satisfies the power

constraint by (7.3). The coding will be performed as usual on block-length n sequences

of sufficient length that the source codes invoked below have distortions close to

optimal and the channel codes have low probabilities of errors. The sketch below

does not attempt to make this formal.

Source components 1 through L An n-length block of the k-th such source

component is source-coded (quantised) using an optimal source-code at distortion
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D′
k. This codeword will be made available to both the strong and the weak receivers.

The rate required to do this is
L∑

k=1

1

2
log

σ2
k

D′
k

.

Let the decoder reconstruction of the i-th sample be Ŝ ′
k(i).

The quantisation error of the k-th source component is transmitted over the k-th

sub-channel using power Pk. In other words, the input to the k-th sub-channel is

Xk(i) =

√
Pk

D′
k

(Sk(i) − Ŝ ′
k(i)), i = 1, 2, . . . , n.

To produce its reconstruction, the weak-user adds to Ŝ ′
k(i) the LLSE estimate

of Sk(i) − Ŝ ′
k(i) from Ywk(i) at an MSE estimation error of

D′
k

1+
Pk
Nw

. This gives the

first term in the expression for Dw in the theorem. The strong user also performs

the same to get an intermediate reconstruction of the source component at MSE

distortion of
D′

k

1+
Pk
Ns

. We would like to enhance this to a distortion of D′′
k in the first

term for the expression for Ds in the theorem. Using an extension of Wyner and Ziv’s

result [57, Sec. IV] to the continuous alphabet case [33], this can be done even if the

encoder does not have access to the strong user’s reconstruction (which is the case

here). The encoder sends codewords to the strong user at a rate

L∑

k=1

1

2
log

D′
k

1+
Pk
Ns

D′′
k

.

Source components L + 1 through K ′ The k-th such source component is sent

uncoded on the k-th sub-channel using power γk(1 − λk)Pk. The rest of the power
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spent on this sub-channel is utilised to send the coded parts as will be discussed

below. However, we need to note the fact that both decoders will be able to decode a

coded part sent using power (1− γk)Pk on this sub-channel and subtract it off before

estimating Sk. The rest of the coded part which is sent at power (1 − γk)(1 − λk)Pk

will act as interference. Hence the MSE distortion for the k-th source component will

be

Djk =
σ2

k
(1−λk)Pk+Nk

(1−λk)(1−γk)Pk+Nj

, j ∈ {s, w}.

This gives the second term in the expressions for Ds and Dw in the theorem.

Source components K ′ + 1 through K These source components will have no

uncoded component unlike the above two cases. Thus they are source coded using an

optimal successive refinement code [16] which works at a coarse description distortion

D′
k, and fine description distortion of D′′

k . These give the last term in the expressions

for Dw and Ds respectively in the theorem. The bitrate for the coarse description

which will be made available to both the users is

K∑

k=K′+1

1

2
log

σ2
k

D′
k

,

and the refinement layer which will be made available only to the strong user has a

bitrate of
K∑

k=K′+1

1

2
log

D′
k

D′′
k

.
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Thus over all we need to send codewords at a rate of

L∑

k=1

1

2
log

σ2
k

D′
k

+
K∑

k=K′+1

1

2
log

σ2
k

D′
k

(B.1)

to both the users, and in addition enhancement codewords at the rate of

L∑

k=1

1

2
log

D′
k

1+
Pk
Ns

D′′
k

+
K∑

k=K′+1

1

2
log

D′
k

D′′
k

(B.2)

to the strong user. In the next two steps we show how this is accomplished.

Sub-channels L + 1 through K ′ As discussed above, on the m-th sub-channel a

power of γm(1 − λm)Pm is used for uncoded transmission. The rest of the power is

allocated as follows: λmPm is used for sending bits to both the receivers. The rest of

the power (1− γm)(1−λm)Pk is used to send bits which will be decoded only the the

strong receiver. When decoding the common bits, both receivers treat the rest of the

power as interference. Hence the bitrate of the common part is limited by the weaker

user resulting in a rate of

K′∑

m=L+1

1

2
log

Pm + Nw

(1 − λm)Pm + Nw

.

As mentioned earlier, upon decoding, both users will subtract the codeword corre-

sponding to the decoded common bits from their received signal. To send additional

bits to the strong user, we use the concept of dirty-paper coding [11] [17]. The un-

coded transmission can be thought of as Gaussian side-information (or “dirt”) which

is known at the encoder. From Costa [11, Sec. II], we know that a power allocation
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of (1 − λm)(1 − γm)Pm can support a rate of

K′∑

m=L+1

1

2
log

(1 − λm)(1 − γm)Pm + Ns

Ns

to the strong user.

Sub-channels K ′ + 1 through M In these sub-channels no uncoded transmission

is performed. We use the idea of superposition coding [12] to deliver a common

bitstream to both the users and in addition a refinement bitstream to only the stronger

user. With a power allocation of λmPm to the common bitstream and the rest (1 −

λm)Pm to the refinement bitstream, we get the following bitrates for the common and

refinement bit streams respectively

M∑

m=K′+1

1

2
log

Pm + Nw

(1 − λm)Pm + Nw

M∑

m=K′+1

1

2
log

(1 − λm)Pm + Ns

Ns

.

.

Thus the total rate available for sending a common bitstream to both the users is

M∑

m=L+1

1

2
log

Pm + Nw

(1 − λm)Pm + Nw

.

Condition (7.8) ensures that this is sufficient to handle the rate of the common bit

stream in (B.1). Similarly, the total rate available for sending an enhancement bit-
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stream to the stronger user is

K′∑

m=L+1

1

2
log

(1 − λm)(1 − γm)Pm + Ns

Ns

+

M∑

m=K′+1

1

2
log

(1 − λm)Pm + Ns

Ns

which is larger than the rate of the enhancement bitstream in (B.2) by condition

(7.8). This completes the sketch of the proof. 2
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Chapter 8

Conclusions and Future Work

In Part I we characterised the optimal performance of the quadratic Gaussian

CEO problem. The primary limitation of the CEO model is that conditioned on the

quantity of interest to the decoder, the observations of the sensors were modelled to be

conditionally independent. In practice, this may not always be true. As we discussed

earlier, the optimality of Berger-Tung-Housewright strategies for the the quadratic

Gaussian CEO problem has been extended to a slightly more general Gaussian model

where the sensor observations satisfy a certain Markov condition. However, this

extension does not cover all the possibilities, and it is suspected that Berger-Tung-

Housewright strategies may not be sufficient to achieve the optimal performance even

for the quadratic Gaussian case under all settings. Other strategies along the lines of

Körner and Marton [30] may be needed. The CEO problem itself remains open for

non-Gaussian distributions.
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We also presented extensions to scenarios where the sensors are prone to failures

and also when the sensors may communicate with each other. The results we pre-

sented were of a limited nature. While we were able to characterise a corner point

of the distortion trade-off region under different sensor failure scenarios, a complete

characterisation of this region remains open. Also, we showed that the sum rate per-

formance of the Gaussian CEO problem cannot be improved by allowing the sensors

to co-operate by communicating over rate constrained links. However, a character-

isation of the rate region remains open even in the quadratic Gaussian setting. In

section 4.3, we presented a simple three-user Gaussian problem which is still open

and is perhaps one of the simpler examples which needs to be resolved before the

question of the rate region under an interactive model can be solved.

We discussed source-channel broadcast of Gaussian sources over Gaussian broad-

cast channels in Part II. While we could find the optimal trade-offs in quality when

serving an analog receiver and a digital receiver (with potentially different channels

from the source) simultaneously, only an achievable trade-off is available for two dig-

ital receivers with different channels. We believe that the limitation is primarily due

to the lack of good outer bounds on the region of distortions that can be supported

simultaneously. Even in simple cases like when the source and channel are memory-

less, but with mismatching bandwidths, a tight result is not available. In fact, the

best available outer bound for the case where the source bandwidth is larger than the

channel bandwidth is the trivial outer bound which considers the receivers separately.
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It is also not clear if codes with more structure can be used to obtain better trade-offs.

These could be subjects of further investigation.
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