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Abstract—In this paper we introduce a special notion of From the perspective of formal verification of such mod-
Invariance Set for certain classes of dynamical systems: the els, a box invariant set can be used to verify safety properties.
concept has been inspired by our experience with models ag an added advantage, box invariance is computationally

drawn from Biology. We claim that Box Invariance that is, the to check f | | f ¢ dh it i
existence of “boxed” invariant regions, is a characteristic of easy 1o check lor a large class or systems, and hence it 1S

many biologically-inspired dynamical models, especially those an ideal concept for proving strong safety properties of such
derived from stoichiometric reactions. Moreover, box invariance  systems.

is quite useful for the verification of safety properties of such We compare in some detail the notion with other related

systems. This paper presents effective characterization of this .,ncents in the literature and try to establish connections
notion for linear and affine systems, the study of the dynamical between them

properties it subsumes, computational aspects of checking for g ) . )
box invariance, and a comparison with related concepts in the  In this manuscript we shall formally introduce and define

literature. The concept is illustrated using two models from the notion of Box Invariance, starting with the simplest
biology. instance of linear and affine dynamical systems; we will
also stress how to practically compute an actual box. The

l. INTRODUCTION strong connection of the notion with the theory of Metzler

Stability analysis of dynamical models is of utmost impor_matrices will highlight a procedure to study the dynamical

tance in understanding the behavior of systems. The literatJpEoPerties of these invariant systems. The focus will then
on System Theory has offered many notions of stabilit)z?w'tCh to a robustness study, through the use of the theory of

depending on the structure and characteristics of the modeldetzler matrices from Linear Algebra. Furthermore, possible
Focusing on a particular notion of “convergent behavior.extensions to more general vector fields will be sketched.
of trajectories needs therefore to be justified. The mail\/é Shall discuss some applicative example drawn from the

motivation for this work comes from the many biologicalPi0logy world to illustrate the results.

case studies that have been investigated by the authors. The II. THE CONCEPT OF BOX | NVARIANCE
structure of the models under study has naturally raised . .
the following question: is the concept of Lyapunov stabil- In this work, we S.ha" consider general,’ autonomous and
ity always rightful and descriptive in the biological realm,uncontrolled dynamical sy;tems pf t-he fonm:.f(:c),.m <
which is often characterized by complicated models endowé%n_' Wwe assume the basic conpnuny anq Lipschitz prop-
with imprecisely known parameters? As a viable alternativ drtles for the eX|ster_1ce .Of. a unique solution of the vector
would it not make sense to look for “bounded behavior in th eld, given any possible initial CF’T‘d'“O”: A rectangular box
closeness of an equilibrium”? Intuitively, it may be IegitimatearounqI a p(?'mmo can be specified using two diagonally
to consider a notion of stability defined “within certain®PPOSIte pointszy, and mup, Where z, < xp < u
limits”, or “bounds”, rather than abstractly on neighborhoodé'm]frpret?d component-wise). SUCQ a box Bassurfaces

of equilibria. In other words, we may be interested in thegj’ (1 S? < _n’k € {l’u}.)’ where5»* = {y : Libsi S s
existence of a region, around the equilibrium, within whichbi fori# j,y; = 2wy it k=1y; =zu,; if k=u}.

a trajectory would indefinitely dwell once it intersects it. D‘?f'“'“_o"‘ 1A dynamlcal_gystenm :,f(w_) is said tq be
Hence, the notion of Invariant Set comes handy. We shaﬁlo?( .|nvar|antaround an equilibrium pp!rrto if there exists
focus on the simplest possible shape for this region, thAyinite rectangular box arouneh, specified byx;, anda.;,

. "k .
of a box. Empirically, we have found that models of man)?u‘:h that for any poing on any surfac&”"(1 < j < n,k €
biological systems have box shaped regions as invariant sets,*}) Of this rectangular box, it is the case thély); < 0
f=u and f(y); > 0if k = 1. The system will be said to

This seems natural in retrospect since state variables oft ictlv box | antif the | lities hold strictl
correspond to physical quantities that are naturally boundela(.a strictly box invariantif the last equa |t|_es 0 Sm_Ct Y-
Remark1l: The concept of box invariance requires the

Research supported by the grants CCR-0225610 and DAADlQ-OIB-f-)('Ste”_Ce of arinvariant setfor a dynamlcql system with
0373, and in part by NSF CCR-0311348 and DARPA DE-AC03-765F00098& special polyhedral shape. In the case of linear systems, we



shall see that this invariant set is also @afimit set (or a In the following statement we suggest box invariance can be
domain of attractioly thus, the existence of a box invariantequivalently checked on a new matrix that is obtained from
set will be shown to imply the stability of the trajectories ofthe system matrix.

the system towards the equilibrium: hence, a notiorbaf Theoreml: An n-dimensional linear systent = Ax is
stability. In the case of multiple equilibria, either finite or symmetrical box invariant iff there exists a positive vector
infinite in cardinality, we require the existence of (possiblye € R*" such thatA™c < 0, wherea? = a;;(< 0) and
different) boxes for each of them. aji = |a;;| for i # j. This is equivalent to checking if the
linear system defined byl™ is symmetrical box invariant.

Note that the existence of a box is unaffected by reordering Proof: Consider the following2"~! constraints:

of state variables and rotations by multiplesrg®; we shall
also display its invariance under independent stretches of the  a11u1 + aiaca + a1zcz + -+ + apcn <0,
coordinates. Nevertheless, it is not invariant under gene

’ - r\?Ilhere ¢i € {u;, —u;}. We know thata;; < 0 andu; >
linear transformations.

0. Hence, thes@"~! constraints are subsumed by the one

 Definition 2: A systema = f(x) is said to besymmet- ¢ yhem which is the strongest inequality constraint, and is
rical box invariantaround the equilibrium if there exists given by,

a pointu > xq (interpreted component-wise) such that the
systemz = f(x) is box invariant with respect to the box  aiiu1 + [aiz|us + |aisfus + - - + |a1,|u, < 0.

defined byu and (2z — u). This way then2”~! constraints are equivalent to satisfiability
of n constraints, which can be succinctly written 4% v <
0, where A™ is as defined in the statement of the Theorem

In this section we investigate the problem of charactefandw is a positive vector. ]
izing the notion of box invariance for two simple classessurprisingly, the notion of box invariance and symmetrical
of systems. Moreover, we propose efficient computation@ox invariance are equivalent for linear systems:
ways to find such a box. This is followed by a study of Theorem2: A linear system: = Ax, where A ¢ R"*",
robustness properties and comparison to related conceptsigrbox invariant iff it is symmetrical box invariant.
the literature. The important extension to more general vector Proof: The proof follows the same argument used in
fields (in particular, multi-affine [1], which are fundamentalthe proof of Thm. 1. If the linear system is symmetrical box
for reaction networks) will be presented in future works. invariant, then it is clearly also box invariant. To prove the

] converse, assume that the linear system is box invariant. Let
A. Linear Systems. the box be defined by the diagonally opposite polrgsR "

Given a linear system and a box around its equilibriunandu € R™". We will show that the linear system is also
point, the problem of checking if the system is box invarianbox invariant with respect to the (symmetrical) box defined
with respect to the given box can be solved by checking thHey (u —1) and—(u —1). By Thm. 1, box invariance of =
condition only at the2” vertices of the box (instead of on Az is equivalent to the satisfiability of the2" inequality
all points of all the faces of the box). constraints. Consider the followirg)’~! constraints:

Proposition1: A linear systemi = Ax,x € R" is box
invariant if there exist two pointse € R*" andl € R~"
such that for each point, with ¢; € {u;,l;},Vi, we have Wwherec; € {u;,l;}. We know thata;; < 0 andu; > 0.

Ac ~ 0, where~; is < if ¢; = u; and~; is > if ¢; = ;. Hence, thes@”~! constraints are subsumed by the one of
Proof: The pointsu andl are the two vertices in the them which is the strongest inequality constraint, and is given

positive and negative quadrants of thelimensional space by,

the box lies on. The inequalities just state that the vector o\ + ay5ds + ajsds + -+ + arpdn < 0, 1)

field points inwards on these@™ vertices. Moreover, the ] ) o

value of the vector field on other points of the surface ofvhered; =1l; if a1; <0 andd; = u; if ay; > 0. Similarly,

the box is bounded by the expressions at the vertices, thth® 2"~* constraints given by

the inequalities on the surface points haldortiori. | aiily 4 a12¢s + aizcs + -+ aincn > 0,

Remark?2: Proposition 1 shows that box invariance of
linear systems can be checked by testing satisfiability &YN€rec
2" linear inequality constraints (oveln unknowns given a1l + arody + arzdy + - - - + arpd, >0, 2)
by I andu). In two steps (Thms. 1, 2), we will show that
these2™ constraints are subsumed by juslinear inequality
constraints (over. unknowns).

Assumptionl: In the following, we shall focus on system  aqq(u; — 1) + ajses + ajzes + -+ + ajpen, <0, €)
matriceswith non positive diagonal elementsnless other-
wise stated. This condition often holds in models obtaine
from stoichiometric reactions; in fact, the diagonals represenrt'
degradation rates of the various species. ar1(uy — ) + arz€h + arzey + - -+ aypel, <0,

1. CHARACTERIZATION OF BOX INVARIANCE .

aii1uy + ajace +aizcy + - +ajpcy, <0,

€ {u;,1;}, can be replaced by just one constraint

whered], = I; if a;; > 0 andd] = u; if a;; < 0. Using
Inequality (1) and Inequality (2), we get

heree; = u; — I; if ay; > 0 ande; = I; — u; if ay; < O.
equality (3) subsumes thz*—! other constraints,



wheree! € {l;—u;,u; —1;}. We can thus conclude that on all which is the determinant of the submatrix df formed by

vertices of the box defined by —1) and (I —u), the vector removing certain rows and the same columns frdm(cf.

field points inwards. Hence, the linear system is symmetric§]). In particular, the diagonal elements éfare its principal

box invariant with respect to box defined iy — 1) (and minors and the determinant of is also a principal minor.

—(u —1)). B As we shall see later, a matrit is said to be positive, or a
Putting together Theorem 1 and 2, we conclude that iR-matrix if all of its principal minors are positive.

order to check whether a linear systetn= Ax is box Theorem4: Let A be an x n matrix such that; < 0

invariant, we only need to test if the setwofinear inequality anda;; > 0 for all i # j. Then, the following statements are

constraints for the corresponding matrit™, succinctly equivalent:

written as A™e¢ < 0 (over then unknowns embedded in

c) has feasible solution. This can be donepalynomial 1) The linear systent = Az is strictly symmetrical box

time. In fact, we can even find a box by generating solutions 5 |n\fri|antl.3 matrix
for the above linear constraint satisfaction problem. Indeed, ) —Aisa -ma :
3) For everyi = 1,2,...,n, the determinant of the top

it is possible to associate with a linear dynamical system,
characteriz}?d by a system mattk € R"*™, a conein the

- t .
positive 2™ -ant described by the set

left + x ¢+ submatrix of—A is positive.

Proof: 1) = 2): Using Theorem 1 we know that 1)
, implies that there exists a poirt ¢ RT in the positive

C={zcR": 4™z <0}. quadrant such that Ac > 0. Let I = {1,...,n} be the

Any choice of a single vertex i€, or a couple of different set of indices. Let” C I be any nonempty subset of the

. : )
points in€ and its origin-symmetric, determine respectively 41dex set. We need to show that the determinant Al

e , X
symmetric and a non-symmetric box for the system describéj the submatrix(4;;)i jer of A (A" contains /on_Iy those
by A (see Fig. 1). rows and columns ofd whose indices are id’) is non-

negative. To show this, we apply the well-known Fourier-
, Motzkin elimination procedure to the systerd’c > 0. We
3 / observe that Fourier-Motzkin elimination procedures reduces
\ mt to Guassian reduction/elimination procedure for converting
@(3,) —A’ to upper triangular form. (To see this note that all
n . non-diagonal elements remain non-positive because of the
7(75,_) g assumptions on the signs of;’s, and the diagonal entries
Ami are forced to be positive by the existencecdf The deter-
(1,) minant of the triangular matrix, which is a product of its
diagonal entries, therefore, is forced to be positive. But the
determinant of the original-A’ is a positive multiple of
the determinant of the triangular matrix (since the Gaussian
elimination steps use only positive multiplication factors on
rows). This shows that the chosen principal minor is positive.
2) = 3): Since—A is a P-matrix, it follows that all prin-
) cipal minors are positive. In particular, the the determinant

of the top lefti x ¢ submatrix of—A will be positive (for
Fig. 1. A three-dimensional conic regidh containing possible vertices everyi =1,2,...,n).
for the box. R

Tl

3) = 1): To show that there is a positive vectersuch
Box Invariance is a sharp and characterizing notion; foihat —Ac > 0, we apply Fourier-Motzkin procedure and
instance, the following can be of interest: eliminate variables in the ordér 2, ..., n. It is now easy to
Theorem3: If a linear dynamical system is box invariant, se€e that condition 3) guarantees that this procedure would
then it is stable. not lead to an inconsistent state, and that the final saturated
Proof: If a symmetric box determined by the diagoral Set of constraints (defined by the upper triangular matrix)
exists, then any other symmetric box determinedvoya >  Will be satisfiable. ]
0 is also an invariant set for the system. Thus, given any Remark3: Theorem 4 shows that box invariance of linear
neighborhood of the equilibrium poiri, there exists am*  systems can also be tested by checking if the modified matrix

that defines a box small enough to be containe@iand, —A™ is aP-matrix. Itis known that the problem of deciding
by its invariant property, all the trajectories starting withinif a given matrix is aP-matrix is co-NP-hard (see [3], [4]).
this box will stay in it, and thus also ifs. B Our case is special though, since we know that only the

In the following we propose another computationallydiagonal entries in-A™ are positive. As a result, we can
tractable methodology to check for the box invariance progdetermine if—A™ is a P-matrix using a simplgolynomial
erty of a linear dynamical system endowed with a statdme algorithm. For example, Fourier-Motzkin elimination
matrix of the special form that we introduced in Assumptiommethod will run in polynomial time here and it can determine
1. We exploit the notion of principal minor of a matri®, satisfiability and even generate the solution c@ne



Matrices with the shape of those in Theorem 4 (or, equiva-5) 7 < 0 iff d¢ > 0, such thatA™e < 0; 7 < 0 iff
lently, of A™ in Theorem 1) are known under the appella- Je > 0, such thatd™e < 0.
tive of Metzler matrice$. Metzler matrices are in fact, by Proof: The first part of the statement is shown by point
definition, matrices with non-negative off-diagonal ternhis  5) above. For the second part, observe that if all the diagonal
particular, the knowpositive matriceorm a subset of them. terms are negative, thed = max;c(1,. ny [mii| > 0.
Stochastic matriceor rates matrices, which can be obtainedefining the positive matrixP = A™ + dI, the condition
from probability transition matrices) are another instance ofi”™c < 0 on a vectorc > 0 can be expressed & < dc,
Metzler matrices, with an additional constraint on the rowvhich, by the Subinvariance theorem (see, for instance, [7],
sum; similarly fordoubly stochastic matrices Ch. 1), is tantamount te” < d, wherer” is the positive
The properties of Metzler matrices can be reconducted féerron-Frobenius eigenvalue &f. From this follows that
those of positive matrices, or at least to those of non-negative < 0. Conversely, ifr < 0, consider the corresponding
matrices; in fact, for everyl™ ¢ R"*" that is Metzler, there strictly positive left Perron eigenvectar”, and we have that
exists a positive numbersuch thatd” +cI is non-negative. (z7)7 A™c = 7(x™)Tc < 0, by the strict positivity ofc. m
For instance, pick: > max;c(1.... n} |@iil- The following are two interesting results which will be
Perron and Frobenius (see refs. [5], [6]) were the firstseful in the sequel:
to study positive matrices; many results can be extended Theorem6: If A and B are two Metzler matrices and
to the Metzler case provided a structural property, that ofijiz; < bijiz;, While a; = b, Vi € {1,...,n}; then
irreducibility, holdg. This property is also used in the theoryTa < 7B, Where 74,75 are the two Perron-Frobenius
of Markov Chains, and assumes that there’s a connectivigigenvalues of, respectivelyt and B.
chain between each pair of elements of the matrix, i.e. a Proof: Consider the corresponding non-negative matri-
sequence of links that brings from the first term of the couplgéesSA +cl and B +cI, where again = max;c(i1,....n} Gii =
to the second one, along the underlying connection graphaXie1,....n} bii- Then A + cI < B + cI. Furthermore, it
that is associated with the matrix. In practical instances, thgan be shown by hand thatl + cI)* < (B +cI)*,Vk > 0,
assumption is not restrictive, as its lack of validity wouldand thatl|(A + cI)*||['/* < (B + cI)*|*/*,Vk > 0. Taking
imply a certain level of decoupling between parts of théhe limit, we obtain thats.; < 7p4.r, and the conclusion
dynamical system; this would then advocate a separate stugydirect. ]
of these different parts in the first place, therefore solving the Theorem7: Given a Metzler matrixA™, with Perron-
issue at its root. Example 3 will show this explicitly. Similar, Frobenius eigenvalue, the following holds:

slightly slacker results, can in any case be derived for the n n
general case. miinZa?} <7< mfxea?}, ie{l,...,n}. (4
The following holds, (cf. [7]): j=1 j=1
Proposition2: Supposed™ € R"*™ is Metzler; then it If the equality holds, then it happens so in both directions.
has an eigenvalue which verifies the following statements: Proof: It can be shown that a similar result
1) 7 is real; holds for the corresponding non-negative matfit™ -+
2) > Re()\), where \ is any other eigenvalue o™  MaXie(1,..n} a5 1) (see, for instance, [2]). A trivial sim-
different from 7 plification extends the inequality to the one in the statement.

3) 7 has single algebraic and geometric multiplicity; o ) u
4) 7 is associated with a unique (up to multiplicative con- Remark4: A S|m|I.ar nzesult holds calculating along the
stant) positive (right) eigenvector (equivalently, consig€olumns of the matrixA™.

ering the transpose afi™, also with a positive left The previous results are interesting because they allow us

eigenvector); to reinterpret the conditions we found beforehand (Thm. 1)
5) 7 <0iff 3¢ >0, such thatd™c < 0; 7 < 0 iff there  within a new perspective. In particular, this sheds some light
is at least one strict inequality i c < 0; on Theorem 4, and proves it. If our original state matrix
6) 7 < 0 iff all the principal minors of—A™ are positive; A™ is already Metzler, then we can infer some dynamical
7) T <Oiff —(A™) > 0. properties of the linear system associated to it. For instance,
Such a specialr is generally known as thePerron- Corollary 1: Strict box invariance for a linear systein=
Frobenius eigenvaluef the matrix. We can prove the fol- 4™z, with A™ Metzler, implies asymptotic stability. The
lowing theorem: converse is not true.
Theorem5: SupposeA™ is Metzler and has negative Proof: The implication follows from points 2) of Prop.
diagonal terms; then all the points of the previous fact hol@ and 5) of Thm. 5. Conversely, consider:
but 5), which needs to be modified as: . 1 10
r = Z.
IMetzler matrices are also known assentially non-negativmatrices. ( —10 -1 >

2For the sake of completeness, it has to be reported that another |
stronger assumption, that @rimitivity, is also introduced to strengthen Remark5: This point can also be proven by arguments

the results obtained for the irreducibility case; we shall skip the detailB d he id fd icall . he si fthe b
given the sufficient generality and practical applicability of the irreducibility ased on the idea of dynamically varying the size of the box

assumption. with the trajectory.



The following result, anticipated in the introduction, isFrobenius eigenvalue that are independent of the computation
interesting from a robustness study perspective. of any vector. Without getting in lengthy details, the reader is

Corollary 2: Given a Metzler matrixA™, its box in- referred to the results for positive matrices in [8] for simple
variance is not affected by pre- or post-multiplications byadaptation to the Metzler case.

positive diagonal matrices. To begin with the study, let us single out two notable cases:
Proof: If A™ is box invariant, then alscd!* = the first deals with uncertainty on the diagonal terms, while

E'A™E? shall be, whereE" = diag{ei},i € {1,2},j = the second with uncertainty on the off diagonal terms. It is

1,...,n, e; > 0. m clear that, for a matrix with Metzler form, the effect of these

Although the connection with the theory of Metzler matricegswo sets towards box invariance is dichotomic: while the first
appears quite promising, the reader should notice that @ontributes to it, the second can be disruptive.

general it is not possible to directly translate results obtained 1) Diagonal Perturbations:For the first instance, let us
for a Metzler matrix A™ to its ancestor4, which may refer to a matrix of the formA®, wherea?’;; = aj},i #
not be Metzler. In fact, the system associated with matrix, while ;;; = aj}(1 + €); in other words,A7* = A™ +
A™ is not always an upper bound for the original systenadiag(al?). If € > 0, then the perturbed system remains box
associated with4; in particular, this setback happens forinvariant. If e < 0, then the Perron-Frobenius eigenvalue
some combinations of the signs of the elements of the matrigf A may still be negative for some. The eigenvalues
and, correspondingly, in some of the quadrants of the staté A are known to be a convex function of the entries of
space. Of course, if we pose restrictions on the signs of tliee diagonal matrixdiag(al}). In particular, from Corollary
variables (which may derive from the particular instance8 and by the convexity of the max function, it follows that
we may be considering), we may be allowed to exploit these < 7+ emax; al}. Hence, a lower bound to the minimum
bounds. The results outlined for the Metzler correspondent aflowed (negative) perturbation that maintains box invariance

a system matrix can be instead fully exploited for robustness given by the inequality > — —*—.
analysis, as in the next section. 2) Off-diagonal Perturbationsin the second case, more

complex in general than the first, we can again exploit the
_ _ o ) upper bounds described in either Thm. 7 or Cor. 3 to make
The issue ofobustnessarises in biological models when gyre the box invariance condition is retained if some of the

some of the parameters of the system are not known exacy diagonal terms vary. Introducing a new perturbed matrix
and thus may be thought to vary within specified boundsym wherea™ . = a™(1 + ¢,;),Vi,j # i anda™; = ol

. . . . . . €’ €,1) 1] L3/ ’ €,11 117
This fact is particularly urgent in the case of biologicalye are interested in finding how much we can perturb, in
systems, where the coefficients of the model are ofteghme sense, the off diagonal elements of the matrix,
roughly measured, or they are known to be subject to noisghile preserving box invariance. For directionintroducing

The interpretation of the concept of box invariance througkhe vectore! — l€i]j=1....n and a vector® = [6;;];-1....n,
results on the spectral properties of this class of matriceg)gws:

Let us look back to Theorems 6 and 7. As discussed above,

B. Robust Properties of Box Invariance — Linear Systems

the knowledge of the positive Perron eigenveatérencom- max €3
passes that of the actual box; this knowledge can be exploited - "
for defining stricter bounds for the Perron eigenveetpas st ZAZLRM) <0,

the following result presents:

j=1
Corollary 3: Given a Metzler matrixA™, with Perron- T
Frobenius eigenvalue and a positive vectat, the following voe=
holds: We arbitrarily chose a particular norm, due to its intuitive
1 X 1 X meaning. Moreover, we focus on positive perturbations for
m_mfzxjaij <7< maxlejaijﬂ e{l,....n}.  the off-diagonal terms, because only those can actually
v Xy £ A N . i .
j=1 J=1 affect box invariance. The reader should notice that, while

. ©) negative perturbations do not affect box invariance, they
Proof: The eigenvalues afi™ are those of{ ~'A™X, : . A
; ) . : may interfere with the Metzler structure of the matrix (in
where X is a full rank diagonal matrix formed with the : o oo . .
particular, its irreducibility). The first constraint above comes

components ofc. Direct calculations lead to the resultm from Thm 7. In general, as discussed, it can be substituted
Remark6: The substitution ofc™ in place ofz turns the by (XT)*1A.7"X7| < 0Vi = 1 ' n where X is
€’ (77J) — ? - g e ey lly

inequality into equality, in both directions. Thus, due to the diagonal matrix formed with the elements of the Perron

continuous dependence of the eigenvalues of a matrix on '?r?ght) eigenvectorz™ of A™. The second constraint forces

elements, Lhe use Qf T f_or bounding the value of of the diagonal terms afi™ to stay unperturbed, and bound the

a matrix A™ will definitely yield better results than the use . N

of ¢ — 1. as in Thm. 7 solution of the problem. The optimization problem can be
=5 o restated introducing two Lagrange multipliers (respectively
If the Perron-Frobenius eigenvector is unknown, an alA > 0 andv), one for each constraint. Let us denote the

ternative is to exploit improved bounds for the Perroni’" row of A™ as A7'(1 + €*). Calculations show that the



solution has the following form:

€ = Q(AA’”T + '),

1 a™
where A= + & ;
i @y 2y (@)
am (am)Q
V=— n & m n “ m\2 = _/\G‘ZL'
D, O e, (aEf)

This can be rewritten as follows:
¢ = 0

m m ,m
g 1 agj n QO
7 - o n m n m\2 .
2 Zj:l,j;ﬁi Qg Zj:Lj;éi(a’ij)

D. Box Invariance and Lyapunov Functions.

The concept of box invariance, which is closely related to
that of classical stability in the linear case, can also be studied
via Lyapunov arguments. In our particular instance, to prove
box invariance we want to find a Lyapunov functional which
is defined (at least) inside a certain boxed region of the
state space. Clearly, this function will not be smooth. We
can obtain it by intersecting proper ellipsoidal functions that
have been adequately stretched to the limit. The following
calculations deal with the two dimensional case; the gener-
alization to higher dimensions is only a matter of algebraic
manipulations. Although the Lyapunov argument seems more
awkward than the geometrical ones outlined above, it is quite

3) General caseAt the cost of not obtaining closed form inspiring in the case of hybrid and switched systems; we shall
solutions, we can tackle the problem more generally. Leeport some results on this topic in a future publication.
A™ be a Metzler matrix that describes a box invariant linear Example1: Consider the linear systemt = Ax =

system. Consider the perturbed matd{* = A™ + FE =
A™ £ 30 €A )], where A ;) is ann x n matrix
that has al in position (¢, j), and0 elsewhere, and;; >

0,Vi,j € 1,...,n. Itis clear that adding positive terms to a

@12 ) o 2 € R?; the possible Lyapunov function
a21 A22
T 1/a*> 0 .
V(x) = ' Dz, whereD = 0 1/ describes a

Metzler Matrix may disrupt its box invariance; it then makegiuadratic ellipsoidal expression (the ellipsis has rédlib)).
sense, in order to understand what is the worst (in somie time derivative of the functional is

sense) perturbation that does not affect the box invarian@e(a:)

property, to set up the following problem:

max f(E)
st. (AM1<0)v(1TA™ <o),
E >0.

Here f(E) is a measure of the “perturbation level”; fo

instance, we may choosf(E) = 377", _ e ; = >0, €ij,

or f(E) = |E|lp,p > 1. The first constraint codifies the

condition of Thm. 7. For the 2-nornp(= 2), interpreting

E as a function of its elements;, introducing an epigraph
and resorting to the Schur complement, we can reformula?e

the problem as the following LMI:

max S
€;;>0,5>0
—sI  —E(e)
.
s.t. |: E(G) sI :| - 07

min {A7'1,17 A7} <0,

= Z—ZA:B =z"(DA+ ATD)x
= 7 ( 2a11/a? ai2/a® + az1 /b? > .
aia/a? + agy /b 2092 /b?
The condition of negative definiteness can be stated with
regards to the negativity of the eigenvalues of this last matrix;
in order to define it on a box of positive vertéx, b), let us
consider the intersection of the two limit functiobigx) |1
andV (z)|,100- Calculations yield the following condition on
the Coef'ficients:(an < O0OA |a12\ < anagg) N (a22 < O0OA
las1| < airasge); itis equivalent to the conditiofu1, ass) <
A laiz]]az1] < a11a22 that comes from Theorem 4.
Throughout the manuscript we shall stick with the ge-
ometrical interpretation for box invariance, rather than the
dynamical one which is based on Lyapunov arguments, since
it is easier to handle and generalize.

E. Affine Systems.

Consider the affine systeri; = Ax + b. We can relate
the box invariance of such a system to the condition that the

where the last inequality ought to be interpreted Compone'%'quilibrium point lies in the positive quadrant, > 0. The

twise.
C. Sensitivity Properties

Given the Perron eigenvalueof the matrix A™ knowing
both left and right Perron eigenvectars andy™, it would

idea is to exploit the corresponding Metzler matdX* to
deduce possible box properties of the system aratpnd he
assumption ofey being in the positive quadrant is justified
both from a technical standpoint and from our applications.

be interesting to calculate what is its sensitivity with respect Theorem8: If the affine systemi: = Az + b has Metzler
to the elements o™ = A™ +¢D. HereD is a fixed matrix matrix andb > 0, then its equilibrium pointz, > 0 iff the
of disturbances that are parameterizedebit can be stated System is box invariant.

that (cf. [2])

dr yTTD:cT
dele=o ~ yTaT
It also holds that
dr  yizj
dam)y; — y T

Proof: “=": Consider the Perron-Frobenius eigenvalue
74 of A and the corresponding positive left eigenvector
Multiplying by this eigenvector on the left, we have
0=z Azo+z" b==z" (o + b),

which, given the positivity of the known terms involved
puts the following condition on the sign of = < 0. But,



remembering the fact that the matrix is Metzler, we camontrolled models; it is not defined on neighborhoods of an
resort to the sixth point of Theorem 2, which ensures thaquilibrium point, but for specific sets in the state space. The
the conditions for box invariance are verified. notion of ultimate boundednes$10], introduced for con-
“«<" The fact that the Metzler matri4 is box invariant trolled dynamical systems, looks at conditions for ensuring
enables us to use the last point of Proposition 2. Thihat the trajectories enter a specified invariant set (usually, a
equilibrium zy : Azo + b = 0 will be o = —A~'b > 0. polyhedron) in a finite time (stabilizability problem). It will
B Dbe interesting in perspective to look at the application of such
Remark7: The assumptions of the previous theorem catechniques, mostly based on computational methods to derive
be relaxed to having a non-negatite> 0,b # 0. a polynomial Lyapunov function, and relate them to the Box
Theorem9: If the affine systemz = Az +b has Metzler Invariant set, especially in the nonlinear case. The strongly
matrix and its equilibrium pointy > 0, then the positivity related notion olLagrange stability [9], looks at executions
of its drift term & > 0 implies that the system is box that stay bounded within a specific set; it is defined a-la-
invariant. The converse is not true. Lyapunov, without referring to neighborhoods of the equi-
Proof: The proof of the sufficiency comes from thelibrium point but rather at specific sets. It is related to the
previous Theorem. The converse does not hold, as tlwencept of Box Invariance (usually, the set does not have a

following counter-example shows: particular structure or shape). Conditions to obtain Lagrange

115 1 05 stability are derivgd through the existence of Lyapunov or

A= ( 1 _'2 ) ;o = [ 1 ] b= { 1' ] ) La Salle-like functionals, hence they may be computationally
unattractive Positive systemare (controlled) dynamical sys-

B tems that, starting in the positive quadrant, evolve within its

The following result is an attempt to get condition for boxbounds. In the linear case and in the absence of control, they
invariance for an affine system looking at a properly modifiedre described by Metzler matrices (in continuous time), and
correspondent, as we did in the linear case: positive ones (in discrete time). Literature on this topic, [11],

Theorem10: Assumeb # 0. Given an affine dynamical focuses on the controllability and stabilizability problems,
systemx = Ax + b, consider the correspondent modifiedand analyzes the dynamical properties of these systems,
systemi = A™x + b”, where we substituted the Metzler mostly via frequency arguments. From our perspective, we
correspondent ofd and, additionally, we introduced”, see possibilities, through the extension of the Box Invariance
composed of the absolute values of the components. of idea to non linear systems, to give some insight on the
The original system is Box-invariant iff the modified systenpositivity notion for systems that are multi-affine (and which,
has a positive equilibrium. as discussed, are important for biological models).

Proof: Namingx, and z{* respectively the equilibria

of the two systems, we shall perform two shifts according
to the new variabley = x — xy andy = = — z{* and infer
the property for the fwst_system thr_o_ugh those of th? s_econd. Example2: A Model for Blood Glucose Concentration.
The necessary and sufficient condition on the equilibrium of

the modified system from Theorem 8 then ensure its Box- Th_e foII_owing model is taken frlom [12]. itis a mode.I ofa
invariance and, by extension, that of the the system- physiologic compartment, specifically the human brain, and
Az 1 b ’ ’ focuses on the dynamics of the blood glucose concentration.

In general, this compartment is part of a network of different

F. Robust Properties of Box Invariance — Affine Systems parts, which model the concentration in other organs of the
The results on box invariance for affine systems, in paPOdi']’ and Vr\:h'Ch foIrow som(ta) conserv(;a_?fon laws that account
ticular Thm. 10, show that this property is again intrinsicall)fOr the exchange of matter between different compartments.

dependent on the Metzler correspondent of the system m-E\he mass balance equations are the following:
trix. If we consider a perturbed version of the dynamical
systemxz = Ax + b, sayx = A.x + b, its box invariance VBC‘?O = @B(CBi —Cpo) + PA(Cr — Cpo) — TrBO
will be checked on the modified systein= A”x + b’ . As Vi€Cr = PA(Cpo—Cr)—rr,
long as A will remain box invariant the perturbed system
will be as well, regardless of the values assumed by vectarhereV describes the capillary volumé&; the interstitial
bf. fluid volume, @ the volumetric blood flow rateP A the
] ) ) permeability-area productC'p; the arterial blood solute

G. Box Invariance and Related Concepts in the Literature. concentration(', the capillary blood solute concentration,

It has already been stressed how the concept of BaX; the interstitial fluid solute concentrationggc the rate
Invariance ties itself with many results from special topics if red blood cell uptake of solute, andr models the
Linear Algebra, such as that of Positive Matrices for instancéissue cellular removal of solute through cell membrane. The
It is likewise important to highlight some connections withquantity PA can be expressed as the ratip/T, whereT is
other notions from Systems Theory. The concegtractical the transcapillary diffusion time. For this last value, which
stability, [9], is a Lyapunov-like concept introduced for may in general vary, we choose the vallie= 10 [min].

IV. APPLICATION INSTANCES IN BIOLOGY



Vs 0.04 ] V; 0.45 1]
Qs 0.7 [/min] Cri 0.15 [kg/
re | 2 x 1078 [kg/min] | rrec | 107° [kg/min]

By applications of the conditions described above, th

system is Box Invariant. Figure 2 plots a trajectory and som

boxes for this system.
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Fig. 2. Blood Glucose Concentration: simulation of a trajectory, an
computation of some boxes.

Example 3: The global trafficking model for EGFR
and HER2. The following model is taken from [13]. It
is affine in its variables, the six dimensional vector=

In fact, the third and the sixth coordinates are decoupled

from all the others; thus, the underlying graph associated

with the matrix is not strongly connected. Fortunately, as
iscussed in Sec. IlI-A, we can carry on single studies of

%ese two separate components of the system. Introducing

T = (RS,CS,Ri,Ci) S R* and x, = (Hg,Hl) S Rz, we

can set up the following reduced models:

—kyL — ker Ky kg for 0 Sr
o ksL —k, 0 kocfac 0 1.
&= ( Ker 0 —kar 0 ) @1+ ( 0 )
0 kec 0 _kmc 0
. _ —ken  konfzn SH
2= ( ken —kan ) z2 ( o )

The two new reduced-size system matrices are irreducible,
Metzler, and verify all the equivalent conditions for Box
Invariance of Prop. 2. This example should advise the reader
about the applicability of the conditions derived for Metzler
matrices. The instances where they do not completely hold
suggest ways to structurally simplify the analysis of the
problem.

V. CONCLUSIONS AND FUTURE WORK

4 This paper introduced the notion of Box Invariance for

single-domain linear and affine systems. The notion of box
invariance is rather intuitive, quite descriptive, and computa-
tionally attractive. We claim it is particularly distinguishing
when applied on models derived from biology. Extension
of the study to non linear vector fields ( in particular multi-

(Rs,Cs, Hy, R;, Cy, H;), and presents a positive constantaffine ones (see [1])) and to hybrid and switched models, has

drift. The parametel. assumes three possible values, thu
we shall just consider its possible different realization

separately. In this particular study, we refer to the instance

where the quantity oEGF is L = 10~'2 [ng/ml].

Aot been reported for space reasons, and will be discussed
# future publications.
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