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What is segmentation?

• What does it mean to be a good segmentation?

“You will be presented a photographic image. Divide the 
image into some number of segments, where the 
segments represent “things” or “parts of things” in the 
scene. The number of segments is up to you, as it 
depends on the image. Something between 2 and 30 is 
likely to be appropriate. It is important that all segments 
have approximately equal importance.”      -Martin

• Divide the pixels in an image into clusters in 
some natural way...
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Berkeley Segmentation Dataset
• 300 images
• 5-7 ground truth (human) segmentations per image
• [Martin et al. ICCV’01]
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Abstract

This paper presents a database containing ‘ground

truth’ segmentations produced by humans for images of a

wide variety of natural scenes. We define an error measure

which quantifies the consistency between segmentations of

differing granularities and find that different human seg-

mentations of the same image are highly consistent. Use of

this dataset is demonstrated in two applications: (1) eval-

uating the performance of segmentation algorithms and (2)

measuring probability distributions associated with Gestalt

grouping factors as well as statistics of image region prop-

erties.

1. Introduction

Two central problems in vision are image segmentation

and recognition1. Both problems are hard, and we do not

yet have any general purpose solution approaching human

level competence for either one.

While it is unreasonable to expect quick solutions to ei-

ther problem, there is one dimension on which research in

recognition is on much more solid grounds–it is consider-

ably easier to quantify the performance of computer vision

algorithms at recognition than at segmentation. Recogni-

tion is classification, and one can empirically estimate the

probability of misclassification by simply counting classifi-

cation errors on a test set. The ready availability of test sets

– two of most significant ones are the MNIST handwrit-

ten digit dataset and the FERET face data set–has meant

that different algorithms can be compared directly using the

same quantitative error measures. It is well accepted that

one cannot evaluate a recognition algorithm by showing a

few images of correct classification. In contrast, image seg-

1It could be argued that they are aspects of the same problem. We do

not necessarily disagree!

Figure 1: Sample of 10 images from the segmentation database. Each
image has been segmented by 3 different people. A total of 10 people are

represented in this data.
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Gestalt Laws of Perceptual Organization

Images from :  http://graphicdesign.spokanefalls.edu/tutorials/process/gestaltprinciples/gestaltprinc.htm

Similarity Continuity

Proximity Closure

4
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Today

• Unsupervised 
segmentation

• No a priori knowledge 
about objects

• Mean Shift and 
Normalized Cuts

276 Computer Vision: Algorithms and Applications (June 19, 2009 draft)

(a) (b)

(c) (d)

(e) (f)

Figure 5.1: Some popular image segmentation techniques: (a) active contours (Isard and Blake
1998); (b) level sets (Cremers et al. 2007); (c) graph-based merging (Felzenszwalb and Hutten-
locher 2004b); (d) mean shift (Comaniciu and Meer 2002); (e) texture and intervening contour-
based normalized cuts (Malik et al. 2001); (f) binary MRF solved using graph cuts (Boykov and
Funka-Lea 2006).5
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Mean Shift

• Probabilistic technique.

• D. Comaniciu and P. Meer, “Mean Shift: A 
Robust Approach Toward Feature Space 
Analysis”. IEEE Trans. PAMI, Vol. 24, No. 5, 
2002.

6

Monday, November 23, 2009



Clustering in 1-D

10

Segmentation: The Mean-Shift 
Algorithm

A 1-D Example

• Consider a set of points in a boring, one-
dimensional feature space

Feature 
value

11

A 1-D Example

• Obviously, we would like to generate two groups, 
corresponding to the two parts of the feature space 
in which we have a high density of points

• How can we capture this notion of “high density” !
kernel density estimation

Feature 
value

A 1-D Example

• Let us define a kernel function: K (X), with the 
properties:

• K decays to zero far from 0

• K is maximum at 0

• K is symmetric

Feature 
Value X

K(X)

0

• Cluster around the high-density parts of the 
feature space.
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Kernel

• Parzen window K:

• is maximum at 0,

• decays to 0 far from 0,

• is symmetric,

• integrates to 1.

11
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Kernel Density Estimation

• f(x) approximates the probability of X given 
the data.

• Maxima of the pdf f = Modes of the density 
= Clusters in the data

12

A 1-D Example

• We can define the kernel at each data point and 
sum up the result into a single function:

Feature 
value

( ) ( )! −=
i

iXXK
N

Xf
1

A 1-D Example

• V is a normalization term

• f(X) approximates the probability that 
feature X is observed given the data points

• The maxima of f (the modes of the pdf) 
correspond to the clusters in the data

Feature 
value

( ) ( )! −=
i

iXXK
N

Xf
1

Xi

f(X) =
1
N

∑

i

K(X −Xi)
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13

A 1-D Example

• If we move each point in the direction of the 
gradient, we will converge to the closest 
mode

• How can we do this efficiently?

Feature 
value

( ) ( )! −=
i

iXXK
N

Xf
1

General Algorithm

• For i =1,..,N

– Repeat

– Until X does not change

iXX ←

( ) )(
1
! −∇+=∇+←

i

iii XXK
N

XXfXX

Finding the modes

For i=1 ... N

Do

 Until X converges
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Possible kernels
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Example kernels
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Kernel size
Too small:

Too big:

15

Bandwith
• Kernel is defined as:

• h is the bandwith of the kernel

• k(.) is:

– For Gaussian: 

– For Epanechnikov: 
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Bandwidth h controls the radius of influence of 
each data point.
• Too small: Overfits the data points
• Too large: Smoothes out the details of the data

Feature 
value

h too small: The pdf overfits
the noise in the data ! Too 
many modes !
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Feature 
value

h too large: The details of the 
initial data are smoothed out 
! Too few modes !

!
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Choice of kernel
• The kernel must satisfy a few technical 

conditions (aka Parzen windows).

• Integrates to 1 so that f(.) is a pdf:

• Symmetric

• Decays quickly (exponentially) as |x| 
increases:

• The extent of the kernel is the same along 
all the dimensions:

lim ( ) 0
d

K
→∞

=
x

x x

( )
d

T

R

K d c=( xx x x I

( ) 1
dR

K d =( x x

Control the size with the “bandwidth” h.
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Kernels

• By definition: 

• Gaussian kernel:

• Epanechnikov kernel:

14

Example kernels

1
( )

 0   otherwise
U

c
K

! ≤
= "
#

x
x

21
( ) exp  

2
NK c

$ %
= ⋅ −& '

( )
x x

( )2
1 1

( )
     0     otherwise

E

c
K

! − ≤*
= "
*#

x x
x

Uniform:

Gaussian:

Epanechnikov:

Bandwith
• Kernel is defined as:

• h is the bandwith of the kernel

• k(.) is:

– For Gaussian: 

– For Epanechnikov: 

'
'

)

%

&
&

(

$
=

2

)(
h

X
ckXK

( ) 2/tetk −=

( )
( )

#
"
! <−

=
0

1t if1 t
tk

14

Example kernels

1
( )

 0   otherwise
U

c
K

! ≤
= "
#

x
x

21
( ) exp  

2
NK c

$ %
= ⋅ −& '

( )
x x

( )2
1 1

( )
     0     otherwise

E

c
K

! − ≤*
= "
*#

x x
x

Uniform:

Gaussian:

Epanechnikov:

Bandwith
• Kernel is defined as:

• h is the bandwith of the kernel

• k(.) is:

– For Gaussian: 

– For Epanechnikov: 

'
'

)

%

&
&

(

$
=

2

)(
h

X
ckXK

( ) 2/tetk −=

( )
( )

#
"
! <−

=
0

1t if1 t
tk

14

Example kernels

1
( )

 0   otherwise
U

c
K

! ≤
= "
#

x
x

21
( ) exp  

2
NK c

$ %
= ⋅ −& '

( )
x x

( )2
1 1

( )
     0     otherwise

E

c
K

! − ≤*
= "
*#

x x
x

Uniform:

Gaussian:

Epanechnikov:

Bandwith
• Kernel is defined as:

• h is the bandwith of the kernel

• k(.) is:

– For Gaussian: 

– For Epanechnikov: 

'
'

)

%

&
&

(

$
=

2

)(
h

X
ckXK

( ) 2/tetk −=

( )
( )

#
"
! <−

=
0

1t if1 t
tk

13

Monday, November 23, 2009



Back to the gradient

13

A 1-D Example

• If we move each point in the direction of the 
gradient, we will converge to the closest 
mode

• How can we do this efficiently?

Feature 
value

( ) ( )! −=
i

iXXK
N

Xf
1

General Algorithm

• For i =1,..,N

– Repeat

– Until X does not change

iXX ←

( ) )(
1
! −∇+=∇+←

i

iii XXK
N

XXfXX

Define: g(t) = −k′(t)
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• If we move each point in the direction of the 
gradient, we will converge to the closest 
mode

• How can we do this efficiently?

Feature 
value
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General Algorithm

• For i =1,..,N

– Repeat

– Until X does not change
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XXfXXClimbing:
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Computing the Gradient

• Now we have a representation of the pdf
from which, in principle, we can find the 
modes by following the gradient.

• How can we do this efficiently?

• Notations:

g(t) = -k’(t)

• Gradient of each individual entry in the 
sum defining f(.):
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Computing the Gradient
• Gradient of the entire pdf:
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Almost there...
The whole gradient:
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Computing the Gradient
• Gradient of the entire pdf:
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The Mean Shift Vector! 
Key: it points in the same direction as the gradient. 
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• Key result: The mean shift vector points in the same 
direction as the gradient

• Solution: Iteratively move in the direction of the mean 
shift vector
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Mean shift vector, M(X) = Difference 
between X and the mean of the data points 
weighted by g(.) (points further from X
count less) 

The Mean-Shift Algorithm
• Initialize: Set X to the value of the point to 

classify

• Repeat:

– Move X by the corresponding mean shift 
vector: 

• Until X converges
• Note: Convergence is guaranteed.
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The Full Algorithm

For i=1 ... N

Do

 Until X converges
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A 1-D Example
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gradient, we will converge to the closest 
mode

• How can we do this efficiently?
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This is easy!
Epanechnikov:

k(t) = (1− t) if |t| < 1, 0 otherwise
g(t) = k′(t) = 1 if |t| < 1, 0 otherwise
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The Reality
• This is all much simpler than it looks!!

• For Epanechnikov:

– k(t) = (1-t) if |t| < 1, 0 otherwise

– g(t) = 1if |t| < 1, 0 otherwise

• So, the “mean” part of M(X) is:

( ) 1

2

2

2

2

XN

XX

h

XX
g

h

XX
gX

h

hXX

i

hXX

hXX

i

i

i

i

i

i

i

i

i

!

!

!

!

!
<−

<−

<−
==

"
"

#

$

%
%

&

' −

"
"

#

$

%
%

&

' −

Mean shift vector:

Mean of the points 
within radius h!
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Mean Shift

For i=1 ... N

Do

 Until X converges
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A 1-D Example

• If we move each point in the direction of the 
gradient, we will converge to the closest 
mode

• How can we do this efficiently?
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General Algorithm
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X ← X + M(X) =
P

||X−Xi||<h Xi

Nh(X)
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• This is all much simpler than it looks!!

• For Epanechnikov:

– k(t) = (1-t) if |t| < 1, 0 otherwise

– g(t) = 1if |t| < 1, 0 otherwise

• So, the “mean” part of M(X) is:
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2-D Example
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2D Example

!"# $%&'(%()*+*,-) $../(.
!" #$$%&%#"' &()*+','%(" ($ '-# )#," .-%$' */(&#0+/# $%/.'
/#1+%/#. '-# /#.,)*2%"3 ($ '-# %"*+' 0,', 4%'- , /#3+2,/ 3/%05
6-%. %. , .',"0,/0 '#&-"%1+# %" '-# &("'#7' ($ 0#".%'8
#.'%),'%(" 4-%&- 2#,0. '( , !"##$% $&'"()'*+ 9:;< !**#"0%7
=>5 6-# */(&#0+/# %. .%)%2,/ '( 0#$%"%"3 , -%.'(3/,) 4-#/#
2%"#,/ %"'#/*(2,'%(" %. +.#0 '( &()*+'# '-#4#%3-'. ,..(&%,'#0
4%'- '-# 3/%0 *(%"'.5 ?+/'-#/ /#0+&'%(" %" '-# &()*+','%("
'%)# %. ,&-%#@#0 A8 #)*2(8%"3 ,23(/%'-). $(/ )+2'%0%)#"B
.%(",2 /,"3# .#,/&-%"3 9C;< *5 DED> +.#0 '( $%"0 '-# 0,', *(%"'.
$,22%"3 %" '-# "#%3-A(/-((0 ($ , 3%@#" F#/"#25 ?(/ '-# #$$%&%#"'
G+&2%0#," 0%.',"&# &()*+','%("< 4# +.#0 '-# %)*/(@#0
,A.(2+'# #//(/ %"#1+,2%'8 &/%'#/%("< 0#/%@#0 %" 9DH>5

0 1223$415$678

6-# $#,'+/# .*,&# ,",28.%. '#&-"%1+# %"'/(0+&#0 %" '-#
*/#@%(+. .#&'%(" %. ,**2%&,'%(" %"0#*#"0#"' ,"0< '-+.< &,"
A# +.#0 '( 0#@#2(* @%.%(" ,23(/%'-). $(/ , 4%0# @,/%#'8 ($
',.F.5 64( .()#4-,' /#2,'#0 ,**2%&,'%(". ,/# 0%.&+..#0 %"
'-# .#1+#2I 0%.&("'%"+%'8 */#.#/@%"3 .)(('-%"3 ,"0 %),3#
.#3)#"','%("5 6-# @#/.,'%2%'8 ($ '-# $#,'+/# .*,&# ,",28.%.
#",A2#. '-# 0#.%3" ($ ,23(/%'-). %" 4-%&- '-# +.#/ &("'/(2.

*#/$(/),"&# '-/(+3- , .%"32# *,/,)#'#/< '-# /#.(2+'%(" ($
'-# ,",28.%. J%5#5< A,"04%0'- ($ '-# F#/"#2K5 L%"&# '-# &("'/(2
*,/,)#'#/ -,. &2#,/ *-8.%&,2 )#,"%"3< '-# "#4 ,23(/%'-).
&," A# #,.%28 %"'#3/,'#0 %"'( .8.'#). *#/$(/)%"3 )(/#
&()*2#7 ',.F.5 ?+/'-#/)(/#< A('- 3/,8 2#@#2 ,"0 &(2(/
%),3#. ,/# */(&#..#0 4%'- '-# .,)# ,23(/%'-)< %" '-#
$(/)#/ &,.#< '-# $#,'+/# .*,&# &("',%"%"3 '4( 0#3#"#/,'#
0%)#".%(". '-,' -,@# "( #$$#&' (" '-# )#," .-%$' */(&#0+/#5

M#$(/# */(&##0%"3 '( 0#@#2(* '-# "#4 ,23(/%'-).< '-#
%..+# ($ '-# #)*2(8#0 &(2(/ .*,&# -,. '( A# .#''2#05 6( (A',%"
, )#,"%"3$+2 .#3)#"','%("< ,$+-$".$% &(2(/ 0%$$#/#"&#.
.-(+20 &(//#.*("0 '( G+&2%0#," 0%.',"&#. %" '-# &(2(/ .*,&#
&-(.#" '( /#*/#.#"' '-# $#,'+/#. J*%7#2.K5 !" G+&2%0#,"
)#'/%&< -(4#@#/< %. "(' 3+,/,"'##0 $(/ , &(2(/ .*,&# 9:C<
L#&'%(". :5C5;< N5O>5 6-# .*,&#. PQ+Q@Q ,"0 PQ,QAQ 4#/#
#.*#&%,228 0#.%3"#0 '( A#.' ,**/(7%),'# *#/&#*'+,228 +"%B
$(/) &(2(/ .*,&#.5 R" A('- &,.#.< !!< '-# /"01'#$&& J/#2,'%@#
A/%3-'"#..K &((/0%",'#< %. 0#$%"#0 '-# .,)# 4,8< '-# '4(
.*,&#. 0%$$#/ ("28 '-/(+3- '-# &-/(),'%&%'8 &((/0%",'#.5 6-#
0#*#"0#"&# ($ ,22 '-/## &((/0%",'#. (" '-# '/,0%'%(",2
"#$ &(2(/ @,2+#. %. "("2%"#,/5 L## 9O:< L#&'%(" D5C> $(/ ,
/#,0%28 ,&&#..%A2# .(+/&# $(/ '-# &("@#/.%(" $(/)+2,#5 6-#
)#'/%& ($ *#/&#*'+,228 +"%$(/) &(2(/ .*,&#. %. 0%.&+..#0 %"

!"#$%&!&' $%( #))*+ #)$% ,-&./+ $ *"0',/ $11*"$!- /"2$*( .)$/'*) ,1$!) $%$34,&, 567

.89: ;: )<=>?@A BC = ;( CA=DEFA G?=HA =I=@JG8G: K=L /MBNO8>AIG8BI=@ O=D= GAD BC !!"% #"" ?B8IDG FA?FAGAID8I9 DPA C8FGD DMB HB>?BIAIDG BC DPA 3QEQRQ
G?=HA GPBMI 8I .89: ST: KTL (AHB>?BG8D8BI BTD=8IAO TJ FEII8I9 !$% >A=I GP8CD ?FBHAOEFAG M8DP O8CCAFAID 8I8D8=@8U=D8BIG: KHL /F=VAHDBF8AG BC DPA >A=I
GP8CD ?FBHAOEFAG OF=MI BRAF DPA )?=IAHPI8WBR OAIG8DJ AGD8>=DA HB>?EDAO CBF DPA G=>A O=D= GAD: /PA ?A=WG FAD=8IAO CBF DPA C8I=@ H@=GG8C8H=D8BI =FA
>=FWAO M8DP FAO OBDG:
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Still need to cluster!

!"#$%&'('& )*#!'+ ,#-' # .)/'& 01 23' &)1'+ ,3' 41)50"*
-'"1'& 6'5)1'7 # .#"#&&'&'.).'6 8'12'"'6 01 23)7 .)/'& #16
23' 80*.42#2)01 05 23' *'#1 73)52 ('820" 2#-'7 )120 #880412
01&$ 2307' .)/'&7 93)83 3#(' !"#$ 23')" 7.#2)#& 800"6)1#2'7
%&' !"#$%&'('& (#&4'7 )17)6' 23' .#"#&&'&'.).'6+ ,347: )5 23'
.#"#&&'&'.).'6 )7 102 200 &#"!': 01&$ .)/'&7 01 23' &)1' #"'
#('"#!'6 #16 23' 1'9 &08#2)01 05 23' 9)1609 )7
!4#"#12''6 20 "'*#)1 01 )2+

; 7'8016 5)&2'")1! '/#*.&' )7 73091 )1 <)!+ =+ ,3'
!"#!!"# 80&0" )*#!' !%!""& 9#7 ."08'77'6 9)23 *'#1 73)52
5)&2'"7 '*.&0$)1! 10"*#& -'"1'&7 6'5)1'6 47)1! (#")047
7.#2)#& #16 "#1!' "'70&42)017: "!"# !$# $ "$% %## &% "'#+
>3)&' 23' 2'/24"' 05 23' 54" 3#7 ?''1 "'*0('6: 23' 6'2#)&7 05
23' '$'7 #16 23' 93)7-'"7 "'*#)1'6 8")7. @4. 20 # 8'"2#)1
"'70&42)01A+ B1' 8#1 7'' 23#2 23' 7.#2)#& ?#169)623 3#7 #
6)72)182 '55'82 01 23' 042.42 93'1 80*.#"'6 20 23' "#1!'

@80&0"A ?#169)623+ B1&$ 5'#24"'7 9)23 &#"!' 7.#2)#& 74..0"2
#"'"'."'7'12'6 )1 23' 5)&2'"'6 )*#!'93'1!" )18"'#7'7+B123'
023'" 3#16: 01&$ 5'#24"'7 9)23 3)!3 80&0" 8012"#72 74"()('
93'1 !$ )7 &#"!'+ C)*)&#" ?'3#()0" 9#7 #&70 "'.0"2'6 50" 23'
?)&#2'"#& 5)&2'" D=E: <)!+ FG+

!"# $%&'( )('%(*+&+,-*
H*#!' 7'!*'12#2)01: 6'80*.07)2)01 05 # !"#$ &'('& 0" 80&0"
)*#!' )12030*0!'1'047 2)&'7: )7 #"!4#?&$ 23'*072 )*.0"2#12
&09%&'('& ()7)01 2#7-+ I0*0!'1')2$ )7 474#&&$ 6'5)1'6 #7
7)*)&#")2$ )1 .)/'& (#&4'7: )+'+: # .)'8'9)7' 80172#12 *06'& )7
'150"8'6 0('" 23' )*#!'+ <"0* 23' 6)('"7)2$ 05 )*#!'
7'!*'12#2)01 *'23067 ."0.07'6 )1 23' &)2'"#24"': 9' 9)&&
*'12)01 01&$ 70*'9307' ?#7)8 ."08'77)1! "'&)'7 01 23' J0)12
60*#)1+ H1 '#83 8#7': # ('820" 5)'&6 )7 6'5)1'6 0('" 23'
7#*.&)1! &#22)8' 05 23' )*#!'+

!"#$%&!&' $%( #))*+ #)$% ,-&./+ $ *"0',/ $11*"$!- /"2$*( .)$/'*) ,1$!) $%$34,&, 566

.789 :9 !"#$%"#"& 7;<8=9 ><? "@787A<B9 >C? #=<A DE7FG F7BG=@=H "!"# !$# $ "$# &#9

.789 I9 J7DK<B7L<G7MA MF ;=<A DE7FGNC<D=H F7BG=@7A8 <AH D=8;=AG<G7MA FM@ 8@<ONB=P=B H<G<9 ><? &AQKG9 >C? #=<A DE7FG Q<GED FM@ GE= Q7R=BD MA GE= QB<G=<K <AH

MA GE= B7A=9 /E= CB<ST HMGD <@= GE= QM7AGD MF SMAP=@8=AS=9 >S? .7BG=@7A8 @=DKBG "!"# !$# $ "$# &#9 >H? ,=8;=AG<G7MA @=DKBG9

Original data Mean shift iterations

Filtered data Clustered data
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Example: Color Segmentation
• Features: (x,y) position, (L,u,v) color

• Mean shift in 5D

• For each pixel, find the corresponding mode.

• Group all of the pixels corresponding to the 
same mode together.

• Don’t need to specify the number of 
clusters, do need to specify the bandwidths.

Khposhcolor = ck
(

||Xpos||2
h2

pos

)
k

(
||Xcolor||2

h2
color

)
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Filtering with different bandwidths

!"# $%%&$'%()* +)&'# +(#,- -#+(*#- (* ./01 (2 ')345%#- $%
#$'" 4(6#, $2 $ 7#'%)& 253 )+ 4$(&8(2# $++(*(%(#2 9#%8##* %"#
'5&&#*% 4(6#, $*- $,, )%"#& 4(6#,2: 8(%" 2(3(,$&(%; 3#$25&#-
(* 9)%" 24$%($, $*- &$*<# -)3$(*2= !"# &#<()* 9)5*-$&(#2
$&# %"#* (-#*%(+(#- $2 ,)'( 8"#&# %"# +)&'# 7#'%)&2 -(7#&<#= >%
(2 (*%#&#2%(*< %) *)%# %"$%: +)& $ <(7#* 4(6#,: %"# 3$<*(%5-#
$*- )&(#*%$%()* )+ %"# +)&'# +(#,- $&# 2(3(,$& %) %")2# )+ %"#
?)(*% -)3$(* 3#$* 2"(+% 7#'%)& ')345%#- $% %"$% 4(6#, $*-
4&)?#'%#- (*%) %"# 24$%($, -)3$(*= @)8#7#&: (* ')*%&$2% %)
./01: %"# 3#$* 2"(+% 4&)'#-5&# 3)7#2 (* %"# -(&#'%()* )+ %"(2
7#'%)&: $8$; +&)3 %"# 9)5*-$&(#2=

!"# #-<# +,)8 (* .AB1 (2 )9%$(*#- $% #$'" ,)'$%()* +)& $
<(7#* 2#% )+ -(&#'%()*2 $2 %"# 3$<*(%5-# )+ %"# <&$-(#*% )+ $
23))%"#- (3$<#= !"# 9)5*-$&(#2 $&# -#%#'%#- $% (3$<#
,)'$%()*2 8"('" #*')5*%#& %8) )44)2(%# -(&#'%()*2 )+ +,)8=
!"# C5$*%(D$%()* )+ %"# #-<# +,)8 -(&#'%()*: ")8#7#&: 3$;
(*%&)-5'# $&%(+$'%2= E#'$,, %"$% %"# -(&#'%()* )+ %"# 3#$*
2"(+% (2 -('%$%#- 2),#,; 9; %"# -$%$=

!"# 3#$* 2"(+% 4&)'#-5&#F9$2#- (3$<# 2#<3#*%$%()* (2 $
2%&$(<"%+)&8$&- #6%#*2()* )+ %"# -(2')*%(*5(%; 4&#2#&7(*<
23))%"(*< $,<)&(%"3= G$'" 4(6#, (2 $22)'($%#- 8(%" $
!"#$"%"&'$( 3)-# )+ %"# ?)(*% -)3$(* -#*2(%; ,)'$%#- (* (%2
*#(<"9)&"))-: $+%#& *#$&9; 3)-#2 8#&# 4&5*#- $2 (* %"#
<#*#&(' +#$%5&# 24$'# $*$,;2(2 %#'"*(C5# HI#'%()* AJ=

!"#"$ %&'( )*+,- )&./&(-'-+0(

K#% !! $*- "!" ! ! !" " " " " #: 9# %"# $#$%&'()%*(+, (*45% $*-
+(,%#&#- (3$<# 4(6#,2 (* %"# ?)(*% 24$%($,F&$*<# -)3$(* $*-
%! %"# ,$9#, )+ %"# !-. 4(6#, (* %"# 2#<3#*%#- (3$<#=

!" E5* %"# 3#$* 2"(+% +(,%#&(*< 4&)'#-5&# +)& %"# (3$<#
$*- 2%)&# ')) %"# (*+)&3$%()* $9)5% %"# $#$%&'()%*(+,
')*7#&<#*'# 4)(*% (* "!: (=#=: "! ! #!"&=

#" L#,(*#$%# (* %"# ?)(*% -)3$(* %"# ',52%#&2 $'

! "

'!!"""(
9; <&)54(*< %)<#%"#& ')) "! 8"('" $&# ',)2#& %"$* )*

(* %"# 24$%($, -)3$(* $*- )+ (* %"# &$*<# -)3$(*:
(=#=: ')*'$%#*$%# %"# 9$2(*2 )+ $%%&$'%()* )+ %"#
')&&#24)*-(*< ')*7#&<#*'# 4)(*%2=

$" M)& #$'" ! ! !" " " " " #: $22(<* %! ! "' # "! $ $'%=
%" N4%()*$,O G,(3(*$%# 24$%($, &#<()*2 ')*%$(*(*< ,#22

%"$* , 4(6#,2=

!"# ',52%#& -#,(*#$%()* 2%#4 '$* 9# &#+(*#- $'')&-(*< %)
$ 4&()&( (*+)&3$%()* $*-: %"52: 4";2('2F9$2#- 2#<3#*%$%()*
$,<)&(%"32: #=<=: .P1: .A/1: '$* 9# (*')&4)&$%#-= I(*'# %"(2
4&)'#22 (2 4#&+)&3#- )* &#<()* $-?$'#*'; <&$4"2: "(#&$&'"F
('$, %#'"*(C5#2 ,(Q# .AR1 '$* 4&)7(-# 2(<*(+('$*% 24##-F54=
!"# #++#'% )+ %"# ',52%#& -#,(*#$%()* 2%#4 (2 2")8* (* M(<= B-=
S)%# %"# +52()* (*%) ,$&<#& ")3)<#*#)52 &#<()*2 )+ %"#

!"# $%%% &'()*(+&$,)* ,) -(&&%') ()(./*$* ()0 1(+2$)% $)&%..$3%)+%4 5,.6 #74 ),6 84 1(/ #99#

:;<6 86 1'200( ;=><?6 ,@;<;A>B >AC D;BE?@?C6
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Results

!"! !" !"#$%#& '%()*'+',%&- #&& #!$! #!$ %.#/-! 0!-) !" "
!% 1*22-!"*()%(/ $* # &!! &! '%()*'3 4,- 2#(/-
"#2#.-$-2 !# #() $,- !.#&&-!$ !%/(%5%1#($ 5-#$02- !%6-
$ 1*($2*& $,- (0.7-2 *5 2-/%*(! %( $,- !-/.-($-) %.#/-3
4,- .*2- #( %.#/- )-8%#$-! 52*. $,- #!!0.-) "%-1-'%!-
1*(!$#($ .*)-&+ &#2/-2 8#&0-! ,#8- $* 7- 0!-) 5*2 !# #()$ $*
)%!1#2) $,- -55-1$ *5 !.#&& &*1#& 8#2%#$%*(! %( $,- 5-#$02- !"#1-3
9*2 -:#."&-+ $,- ,-#8%&; $-:$02-) 7#1</2*0() %( $,- !"#$
%.#/- %! 1*."-(!#$-) 7; 0!%(/ !# " !' #() $ " ()+ 8#&0-!
',%1, #2- .01, &#2/-2 $,#( $,*!- 0!-) 5*2 $,- %&&' %.#/-
#!# " #%$ " $)$ !%(1- $,- &#$$-2 7-$$-2 *7-;! $,- .*)-&3 =!
'%$, #(; &*'>&-8-& 8%!%*( #&/*2%$,.+ $,- ?0#&%$; *5 $,-
!-/.-($#$%*( *0$"0$ 1#( 7- #!!-!!-) *(&; %( $,- 1*($-:$ *5
$,- ',*&- 8%!%*( $#!< #()+ $,0!+ $,- 2-!*&0$%*( "#2#.-$-2!
!,*0&) 7- 1,*!-( #11*2)%(/ $* $,#$ 12%$-2%*(3 =( %."*2$#($
#)8#($#/-*5.-#(!,%5$>7#!-) !-/.-($#$%*( %! %$!.*)0&#2%$;
',%1,.#<-! $,- 1*($2*& *5 !-/.-($#$%*( *0$"0$ 8-2; !%."&-3

@$,-2 !-/.-($#$%*( -:#."&-! %( ',%1, $,- *2%/%(#&
%.#/- ,#! $,- 2-/%*( 7*0()#2%-! !0"-2"*!-) #2- !,*'( %(
9%/3 AB #() %( ',%1, $,- *2%/%(#& #() &#7-&-) %.#/-! #2-
1*."#2-) %( 9%/3 AA3

=!#"*$-($%#& #""&%1#$%*(*5 $,-!-/.-($#$%*(+'-2-$02( $*
$,- ("')%"'"# %.#/-3 9%/3 AC# !,*'! $,- 2-1*(!$201$-) %.#/-
#5$-2 $,- 2-/%*(! 1*22-!"*()%(/ $* $,- !<; #() /2#!! '-2-
.#(0#&&; 2-"&#1-) '%$, ',%$-3 4,- .-#( !,%5$ !-/.-($#$%*(
,#! 7--( #""&%-) '%$, #!"% !#%$$ " #*% (% !)$3 @7!-28- $,-
"2-!-28#$%*( *5 $,- )-$#%&! ',%1, !0//-!$! $,#$ $,- #&/*2%$,.
1#( #&!* 7- 0!-) 5*2 %.#/- -)%$%(/+ #! !,*'( %( 9%/3 AC73

4,- 1*)- 5*2 $,- )%!1*($%(0%$; "2-!-28%(/ !.**$,%(/ #()
%.#/- !-/.-($#$%*( #&/*2%$,.! %($-/2#$-) %($* # !%(/&-
!;!$-. '%$, /2#",%1#& %($-25#1- %! #8#%&#7&- #$ ,$$"DEE
'''31#%"320$/-2!3-)0E2%0&E2-!-#21,E1*)-3,$.&3

! "#$%&$$#'(

4,- .-#( !,%5$>7#!-) 5-#$02- !"#1- #(#&;!%! $-1,(%?0-
%($2*)01-) %( $,%! "#"-2 %! # /-(-2#& $**& ',%1, %! (*$
2-!$2%1$-) $* $,- $'* #""&%1#$%*(! )%!10!!-) ,-2-3 F%(1- $,-
?0#&%$; *5 $,- *0$"0$ %! 1*($2*&&-) *(&; 7; $,- <-2(-&
7#()'%)$,+ %3-3+ $,- 2-!*&0$%*( *5 $,- #(#&;!%!+ $,- $-1,(%?0-
!,*0&) 7- #&!* -#!%&; %($-/2#7&- %($* 1*."&-: 8%!%*( !;!$-.!
',-2- $,- 1*($2*& %! 2-&%(?0%!,-) $* # 1&*!-) &**" "2*1-!!3
=))%$%*(#& %(!%/,$! *( $,- 7#()'%)$, !-&-1$%*( 1#( 7-
*7$#%(-) 7; $-!$%(/ $,- !$#7%&%$; *5 $,- .-#( !,%5$ )%2-1$%*(
#12*!! $,- )%55-2-($ 7#()'%)$,!+ #! %(8-!$%/#$-) %( GHIJ %(
$,- 1#!- *5 $,- 5*21- 5%-&)3 4,- (*("#2#.-$2%1 $**&7*:
)-8-&*"-) %( $,%! "#"-2 %! !0%$#7&- 5*2 # &#2/- 8#2%-$; *5
1*."0$-2 8%!%*( $#!<! ',-2- "#2#.-$2%1 .*)-&! #2- &-!!
#)-?0#$-+ 5*2 -:#."&-+ .*)-&%(/ $,- 7#1</2*0() %( 8%!0#&
!028-%&&#(1- GAKJ3

4,- 1*."&-$- !*&0$%*( $*'#2) #0$*(*.*0! %.#/- !-/>
.-($#$%*( %! $* 1*.7%(- # 7#()'%)$, !-&-1$%*( $-1,(%?0-
L&%<- $,- *(-! )%!10!!-) %( F-1$%*( M3AN '%$, $*">)*'( $#!<>
2-&#$-) ,%/,>&-8-& %(5*2.#$%*(3 O( $,%! 1#!-+ -#1, .-#( !,%5$
"2*1-!! %! #!!*1%#$-) '%$, # <-2(-& 7-!$ !0%$-) $* $,- &*1#&
!$201$02- *5 $,- P*%($ )*.#%(3 F-8-2#& %($-2-!$%(/ $,-*2-$%1#&

!"# $%%% &'()*(+&$,)* ,) -(&&%') ()(./*$* ()0 1(+2$)% $)&%..$3%)+%4 5,.6 7#4 ),6 84 1(/ 7997
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Normalized Cuts

• Spectral graph technique.
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image segmentation”. IEEE Trans. on PAMI, 
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A Graph Problem
G = (V,E)
V
E

xi

mij

is a set of vertices with features 
is a set of edges with weights (affinities) 
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Segmentation as a Graph Problem
Find the connected components

• separated by low-cost edges (min cut)
• with high in-cluster affinity (high association)

Ci
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What is the “affinity”?
(Usually) an exponentially decaying function of 
the “distance” between the features.

• intensity, color, position, edge position, edge 
length, edge orientation

mij = exp
(
− ||xi−xj ||2

σ2

)
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Affinity Matrix

M =





0 2 5 0 0 0 0 0 0
2 0 2 2 0 0 0 0.1 0
5 2 0 2 0 0 0 0 0
0 2 2 0 0.1 0 0 0 0
0 0 0 0.1 0 1 0 0 3
0 0 0 0 1 0 2 0 4
0 0 0 0 0 2 0 1 7
0 0.1 0 0 0 0 1 0 1
0 0 0 0 3 4 7 1 0
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The Eigenvector Approach

• Weight (indicator) vector    for connected 
component (cluster)    :

• Association of    :

• Want to maximize the association.

w
C

wi = { 1 if i ∈ C
0 if i "∈ C

C

wtMw =
∑

i,j∈C mij
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The Eigenvector Approach
• Problem:    is binary

• Solution: let    be continuous and threshold.

• Problem: the scale of    isn’t important.

• Solution: normalization

• Rayleigh’s ratio theorem:

For symmetric    ,                      occurs 
when         is the eigenvector corresponding 
to the max eigenvalue         of    .

w

maxw
wtMw
wtw

w

w

M maxw
wtMw
wtw

wmax

λmax M
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Example

w1 =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

0.0050
0.0101
0.0058
0.0057
0.2437
0.4097
0.5673
0.1252
0.6596

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

w2 =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

0.5741
0.4326
0.6250
0.3043
0.0020
−0.0030
−0.0040

0.0052
−0.0037

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

λ1 = 9.8 λ2 = 6.9
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The Eigenvector Approach

• Problem: M can be very large!

• Reality: M is usually very sparse.

• N pixels → 4N entries

• Lanczos’ algorithm

11

• Multiple clusters correspond to eigenvalues in decreasing order.
• Intuitively: Each eigenvalue corresponds to a separate “block” of M.
• Computational issue:

• Potentially very large matrix (could be N2 where N is 
number of pixels!) BUT, matrix very sparse typically.

• For example: 4N non-zero entries out of N2

•Typical algorithm: Lanczos’ algorithm for sparse matrices. Still 
reasonably tractable.

Example: Segmentation by grouping edges. Affinity defined as
sum of all the possible paths between segments (from 
Thornber & Williams, NEC)

35
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The Minimum Cut

cut(A, B) =
∑

i∈A,j∈B

mij
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The Problem with Min Cut

The min cut is not the “natural” solution.

Need to consider the association!

assoc(A, V ) =
∑

i∈A,j∈V

mij
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Normalized Cut

Ncut(A, B) =
cut(A, B)

assoc(A, V )
+

cut(A, B)
assoc(B, V )

2-way segmentation: find A, B that minimize Ncut
NP-hard

assoc(A, V ) = assoc(A, A) + cut(A, B)
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Exact (intractable) solution
M

D
y

b =
assoc(A, V )
assoc(B, V )

yi = { 1 (i ∈ A)
−b (i ∈ B)

yt(D −M)y
ytDy

is the affinity matrix
is the diagonal degree matrix
is the indicator vector

The min cut (A,B) minimizes:
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Approximate (tractable) solution

• Solve for the indicator variable:

• Generalized eigenvalues. Find the min         and 
corresponding         such that:

• Threshold

• Vertices (nodes)   such that          is large are 
in the cluster.

• Note: the min eigenvalue corresponds 
to                         , so use the second smallest 

λmin

ymin

(D −M)y = λDy

i yi
min

(A, B) = (∅, V )
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Example
5.4. Normalized cuts 305

(a) (b)

Figure 5.22: Sample weight table and its 2nd smallest eigenvector (Shi and Malik 2000): (a)
sample 32×32 weight matrix W ; (b) eigenvector corresponding to the second smallest eigenvalue
of the generalized eigenvalue problem (D −W )y = λDy.

The cut between two groups A and B is defined as the sum of all the weights being cut,

cut(A, B) =
∑

i∈A,j∈B

wij, (5.43)

where the weights between two pixels (or regions) i and j measure their similarity. Using a min-
imum cut as a segmentation criterion, however, does not result in reasonable clusters, since the
smallest cuts usually involve isolating a single pixel.

A better measure of segmentation is the normalized cut, which is defined as

Ncut(A, B) =
cut(A, B)

assoc(A, V )
+

cut(A, B)

assoc(B, V )
, (5.44)

where assoc(A, V ) = assoc(A, A) + cut(A, B) is the sum of all the weights associated with
nodes in A. Figure 5.21b shows how the cuts and associations can be thought of as area sums
in the weight matrix W = [wij], where the entries of the matrix have been permuted to that the
nodes in A come first and the nodes in B come second. Figure 5.22 shows an actual weight matrix
for which these area sums can be computed. Dividing each of these areas by the corresponding
row sum (right hand column of Figure 5.21b) results in the normalized cut and association values.
These normalized values better reflect the fitness of a particular segmentation, since they look for
collections of edges that are weak relative to all of the edges both inside and emanating from a
particular region.

Unfortunately, computing the optimal normalized cut is NP-complete. Instead, Shi and Malik
(2000) suggest computing a real-valued assignment of nodes to groups. Let x be the indicator
vector where xi = +1 iff i ∈ A and xi = −1 iff i ∈ B. Let d = W1 be the row sums of the

M Second eigenvector
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Practicalities

• Need to engineer fast-decaying affinities

• Could be expensive, O(n^3). Sparse 
connectivity, sparse matrix functions.

• Continuous →Discrete can be tricky.
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Affinities: an example

wij = exp (− (Ii − Ij)2

σI
) exp (− ||Xi −Xj ||2

σX
)1||Xi−Xj ||<r
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Affinities: an example

M
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The Spectrum

24

47[Kleinberg 03, Meila 05]
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Example
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Example
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Examples

Figure 2 shows a sequence of snapshots taken from a

typical session with the segmentation tool. Each snapshot

shows two windows. The upper window is the main win-

dow of the application. It shows the image with all segments

outlined in white. The lower window in each snapshot is the

splitter window, which is used to split an existing segment

into two new segments.

Consider Figure 2(a). The main window shows two seg-

ments. The user has selected the larger one in order to split

it using the lower window. Between (a) and (b), the user

drew a contour around the leftmost two pups in the top pane

of the splitter window. This operation transfers the enclosed

pixels to the bottom pane, creating a new segment. Between

(c) and (d), the user split the two pups from each other. In

(d), there are 4 segments.

In addition to simply splitting segments, the user can

transfer pixels between any two existing segments. This

provides a tremendous amount of flexibility in the way in

which users create and define segments. The interface is

simple, yet accommodates a wide range of segmentation

styles. In less than 5 minutes, one can create a high-quality,

pixel-accurate segmentation with 10-20 segments using a

standard PC.

2.2. Experiment Setup and Protocol

It is imperative that variation among human segmenta-

tions of an image is due to different perceptual organiza-

tions of the scene, rather than aspects of the experimental

setup. In order to minimize variation due to different inter-

pretations of the task, the instructions were made intention-

ally vague in an effort to cause the subjects to break up the

scene in a “natural” manner: Divide each image into pieces,

where each piece represents a distinguished thing in the im-

age. It is important that all of the pieces have approximately

equal importance. The number of things in each image is up

to you. Something between 2 and 20 should be reasonable

for any of our images.

The initial subject group was a set of students in a

graduate-level computer vision class who were additionally

instructed to segment as naive observers. The subjects were

providedwith several example segmentations of simple, un-

ambiguous images as a visual description of the task.

Images were assigned to subjects dynamically. When a

subject requested a new image, an image was chosen ran-

domly with a bias towards images that had been segmented

by some other subject. In addition, the software ensured

that (1) no subject saw the same image twice, (2) no im-

age was segmented by more than 5 people, and (3) no two

images were segmented by exactly the same set of subjects.

Figure 7: Segmentations produced by the Normalized Cuts algorithm

using both contour and texture cues. Compare with Figure 1.
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Figure 8: Distributions of the GCE (left) and LCE (right) measures for
NCuts segmentations vs. human segmentations. The error measures were

applied to pairs of segmentations, where each pair contains one NCuts and

one human segmentations (see §4 for details). The upper graphs show the
error for segmentations of the same image. For reference, the lower graphs

show the error for segmentations of different images. Clockwise from the

top-left, the means are 0.28, 0.22, 0.38, 0.31. Compare with Figure 4.

2.3. Database Status and Plans

The results in this paper were generated using our first

version of the dataset that contains 150 grayscale segmen-

tations by 10 people of 50 images, with 30 images with 3 or

more segmentations. The data collection is ongoing, and at

this time, we have 3000 segmentations by 25 people of 800

images. We aim to ultimately collect at least 4 grayscale

and 4 color segmentations of 1000 images.

3. Segmentation Error Measures

There are two reasons to develop a measure that pro-

vides an empirical comparison between two segmentations

of an image. First, we can use it to validate the segmen-

tation database by showing that segmentations of the same

image by different people are consistent. Second, we can
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Comparison: 3 Methods

• Mean Shift [Comaniciu and Meer, PAMI’02]
• Normalized cuts with boundary estimates [Shi and Malik, PAMI’00; Fowlkes et al., CVPR’03]
• Graph-based segmentation [Felzenszwalb and Huttenlocher, IJCV’04]

49

Monday, November 23, 2009



Measures
• The results look good on 5 images. 

• Region overlap-based

• Martin, Fowlkes, Tal, Malik, ICCV’01

• Precision-recall on boundaries

• Martin, Fowlkes, Malik, PAMI’04

• Variation of Information

• Meila, ICML’05

• Normalized Probabilistic Rand (NPR) index

• Unnikrishnan, Pantofaru, Hebert, PAMI’07

X

50

Monday, November 23, 2009



Berkeley Segmentation Dataset
• 300 images
• 5-7 ground truth (human) segmentations per image
• [Martin et al. ICCV’01]
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Abstract

This paper presents a database containing ‘ground

truth’ segmentations produced by humans for images of a

wide variety of natural scenes. We define an error measure

which quantifies the consistency between segmentations of

differing granularities and find that different human seg-

mentations of the same image are highly consistent. Use of

this dataset is demonstrated in two applications: (1) eval-

uating the performance of segmentation algorithms and (2)

measuring probability distributions associated with Gestalt

grouping factors as well as statistics of image region prop-

erties.

1. Introduction

Two central problems in vision are image segmentation

and recognition1. Both problems are hard, and we do not

yet have any general purpose solution approaching human

level competence for either one.

While it is unreasonable to expect quick solutions to ei-

ther problem, there is one dimension on which research in

recognition is on much more solid grounds–it is consider-

ably easier to quantify the performance of computer vision

algorithms at recognition than at segmentation. Recogni-

tion is classification, and one can empirically estimate the

probability of misclassification by simply counting classifi-

cation errors on a test set. The ready availability of test sets

– two of most significant ones are the MNIST handwrit-

ten digit dataset and the FERET face data set–has meant

that different algorithms can be compared directly using the

same quantitative error measures. It is well accepted that

one cannot evaluate a recognition algorithm by showing a

few images of correct classification. In contrast, image seg-

1It could be argued that they are aspects of the same problem. We do

not necessarily disagree!

Figure 1: Sample of 10 images from the segmentation database. Each
image has been segmented by 3 different people. A total of 10 people are

represented in this data.
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