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max4xq +2xo
2x1 <40

3xo <75

3x1 +2x <100
X1,Xo >0

Optimal point?

Try every point if we only had time!
How many points?

Real numbers?

Infinite. Uncountably infinite!
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Optimal at pointy part of feasible region!

Vertex of region.

Intersection of two of the constraints (lines in two dimensions)!
Try every vertex! Choose best.

O(m?) if m constraints and 2 variables.

For n variables, m constraints, how many?

nm? ("™)? n+m?
m

Exponential in the number of variables.
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Simplex: Start at vertex. Move to better neighboring vertex.
Until no better neighbor. This example.

(0,0) objective 0. — (0,25) objective 50.

— (163,25) objective 1153
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Duality:
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Get 4x¢ +2x2 < 120. Every solution must satisfy this inequality!
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Can we do better? No!

Dual problem: add equations to get best upper bound.
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The upper bound is same as solution!
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The dual, the dual, the dual.

Find best y;’s to minimize upper bound?

Again: If you find y1,y2,y3 >0
and y1 +ys > 1 and y»+2y3 > 8 then..
X1 +8x2 <4y1 +3yo+7y3
min 4y, +3y2 +7y3
Yitys>1
Yo+2y3>8

Yi,¥2,¥3>0

A linear program.
The Dual linear program.

Primal: (x1,x2) = (1,3); Dual: (y1,y2,¥3) =(0,6,1).
Value of both is 25!

Primal is optimal ... and dual is optimal!
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The dual.

In general.

Primal LP Dual LP
max c- x min y"b
Ax<b yTA>c
x>0 y>0

Theorem: If a linear program has a bounded value, then its dual is
bounded and has the same value.

Weak Duality: primal (P) < dual (D)

Feasible (x, )
P(x)=c-x<yTAx<yTb-x=D(y).

Strong Duality: next lecture.
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Complementary Slackness

Primal LP Dual LP
max c- X min yb
Ax<b yTA>c
x>0 y>0

Given A, b, c, and feasible solutions x and y.
Solutions x and y are both optimal if and only if
xi(ci—(yTA);) =0, and y;(b; — (Ax);).
(i —(yTA);) =0 —
Yi(ci—(yTA))xi=cx—yTAx — cx = yT Ax.
Yj(bj = (Ax);) =0 —
Yiyi(bj— (Ax);)) =yb—yTAx — by = y T Ax.
cx = by.
If both are feasible, cx < by, so must be optimal.
In words: nonzero dual variables only for tight constraints!
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Again: simplex

30+
20+ max4xy + 2x»
3x1 <60
107 3xp <75
| | | 3x14+2x <100
10 20 30 X1,X0 >0

Simplex: Start at vertex. Move to better neighboring vertex.
Until no better neighbor. Duality:
Add blue equations to get objective function?
1/3 times first plus second.
Get 4x¢ +2x2 < 120. Every solution must satisfy this inequality!
Geometrically and Complementary slackness:

Add tight constraints to “dominate objective function.”

Don’t add this equation! Shifts.



Example: review.

max xq + 8x»
Xy <4
Xo <3
X1 +2x2 <7
Y1,¥2,¥3>0

“Matrix form”

max[1,8] - [x1,Xa]

3 <f]

[X1 7X2] 2 0

min 4y, +3yo +7y3

yi+ys>1
Yo+2y3>8
X1,X2 >0

min[4,3,7] - [v1, Y2, ¥3]

1, Y2, ¥3] (% i) 2 [;]

v1,y2,y3] >0



Matrix equations.

max[1,8] - [x1, xg] min[4,3,7] - [y1, Y2, y3]
10 4 10
Xq 1
0 1 |:X:|§ 3 [y17.y27y3] 0 1 Z|:8:|
1 2/ 72 7 1 2
[x1,X%] >0 v1,y2,y3] >0

We can rewrite the above in matrix form.

10
A=[0 1 c=[1,8]b=[4,3,7]
1 2

The primal is Ax < b,maxc- x,x > 0.
The dualis y"A> ¢,minb-y,y > 0.
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Rules for School...

or...”Rules for taking duals”

Standard:

Ax < b,maxcx,x >0+« yTA>c,minby,y > 0.
min < max

>

“‘inequalities” <> “nonnegative variables”
“nonnegative variables” < “inequalities”

One more useful trick: Equality constraints.

“equalities” «» “unrestricted variables.”
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Bipartite Graph G=(V,E), w: E — Z.
Find maximum weight perfect matching.
Solution: xe indicates whether edge e is in matching.
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Weak duality? Price function upper bounds matching.
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Strong Duality? Same value solutions. Hungarian algorithm !!!
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Xe >0
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minY., pv

Ve=(u,v): pu+py>We

Complementary slackness:
Only match on tight edges.
Nonzero p, on matched u.
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Exponential size.

Multicommaodity flow. min u
Ve:uce— ) £,>0
p>e
VI Z fp == di
PEP;
fo>0
Dual is.
maxZD,-d,-
i

VpePi:di< Y d(e)
ecp
Exponential sized programs?
Answer 1: We solved anyway!

Answer 2: Ellipsoid algorithm.
Find violated constraint — poly time algorithm.

Answer 3: there is polynomial sized formulation.
Question: what is it?
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See you on Thursday.



