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1 The Witsenhausen counterexample
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Encoder ++ Decoder

The scalar Witsenhausen counterexample

x0 ∼ N (0, σ2
0) w ∼ N (0, 1)

u1 x1 x̂1

The Witsenhausen counterexample [Witsenhausen
’68] is a distributed Linear-Quadratic-Gaussian
(LQG) control problem with total cost C = k2u1

2 +
x2

2. There are two natural parameters σ2
0 – the ini-

tial state variance – and k2 – the relative importance
of the two cost terms. Calculating the optimal linear
control law is simple, but Witsenhausen gave a non-
linear control law that performed even better.

It is clear that the second controller should compute
E[X1|Y ] as the MMSE estimate to minimize E[X2

2 ]
and thus the problem can be viewed as one of estima-
tion. However, the first controller is from an infinite-
dimensional space and the cost turns out to be non-
convex over it. The optimization is hard and it is an
open problem to find the optimal controller.

Mathematically, [Bansal and Basar ’87] showed that the problem is hard in part because the second stage cost
x2

2 = x2
0 + u2

1 + u2
2 + 2x0u1 − 2x0u2 − 2u1u2 contains a nonzero cross-term u1u2. Without it, linear strategies are

optimal. Similarly, [Rotkowitz ’06] showed that a deterministic variant of the problem with no stochastic model for
X0 also has linear optimal strategies. [Papadimitriou and Tsitsiklis ’86] showed natural discretized versions of the
counterexample were NP-complete.
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Intuitively, it is the possibility of “signaling” or implicit com-
munication – using control signals to talk to other controllers
through changing the system state – that makes the Witsen-
hausen counterexample hard; but this is also a ubiquitous
feature in distributed control. [Rotkowitz and Lall ’06] made
this intuition precise for larger distributed systems by intro-
ducing the concept of quadratic invariance and using it to
show that if controllers can talk to each other before their
outputs effect each other’s inputs, then the problem is con-
vex. [Mitter and Sahai ’99] instead used this intuition to
design an explicit communication-inspired control strategy
where the first controller quantizes the state x0 using a regu-
lar lattice. This established that nonlinear control can result
in a cost that can be an arbitrarily-high factor better than
the optimal linear strategy — so the possibility of implicit
communication cannot be safely ignored.

http://www.eecs.berkeley.edu/~sahai/Presentations/UIUC09.pdf
http://www.eecs.berkeley.edu/~sahai/Presentations/UIUC09.H.pdf


2 Towards the “simplest” unsolved IT problem

Encoder ++ Decoder
x1u1

x0 ∼ N (0, σ2
0I) w ∼ N (0, I)

M M̂

Dirty paper coding

Even in the 70’s, Witsenhausen’s counterexample and
information theory were considered related. In the
80’s, the new framework of dirty-paper coding (DPC)
[Costa ’83] emerged as strategically important in IT as
a particularly idealized kind of interference. [Devroye,
Mitran, Tarokh ’06] crucially used it in the analysis of
the “cognitive radio channel.” Inspired by this, some
recent extensions to DPC, state amplification (com-
municating x0) [Kim, Sutivong, Cover ’08] and state
masking (hiding x0) [Merhav, Shamai ’06] have been
successful.4450 IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 54, NO. 10, OCTOBER 2008

Fig. 1. Asymmetric state-dependent MAC with a common message.

A subclass of GGP channels that will be of special interest
is the following. A memoryless parallel channel with non-
causal asymmetric side information is a GGP channel with

and

(1)

In words, this is a GGP channel with two outputs
and that are both observed by the receiver. If, in
addition, one has

(2)

we shall say that the parallel channel is degenerate.
The common message , and the private message , are

independent random variables uniformly distributed over the
sets and , respectively, where

and . An -code for the GGP
channel consists of two encoders and a decoder :
the first encoder, unaware of the CSI is defined by a mapping

(3)

The second encoder, observes the CSI noncausally, and is de-
fined by a mapping

(4)

The decoder is a mapping

(5)

An -code for the asymmetric causal state-depen-
dent channel is defined similarly to that of the GGP channel,
with the exception that the second encoder is defined by a se-
quence of mappings

(6)
and at time index , the channel input is given by

.
An -code for the GGP channel is a code

having average probability of error not ex-
ceeding , i.e.,

(7)

A rate-pair is said to be achievable if there exists a
sequence of -codes with . The
capacity region of the GGP channel is defined as the closure of

the set of achievable rate-pairs. The definitions of an
-code, an achievable rate-pair, and the capacity re-

gion of the asymmetric causal state-dependent channel are sim-
ilar.

III. CAPACITY REGION: FINITE-INPUT ALPHABET

GGP CHANNEL

The following theorem provides a single-letter expression for
the capacity region of the finite-input alphabet GGP channel,
that is, when the alphabets , , are finite.

Theorem 1: The capacity region of the finite input alphabet
GGP channel is the closure of the union of all rate-pairs

, satisfying

(8)

for some joint measure on
having the form

(9)

where

(10)

Theorem 1 continues to hold if in (9) we replace
by with slightly larger . The proof of Theorem 1,
which appears in Appendix A, is an immediate extension of
Theorem 1 in [26]. In particular, the achievability part analyzes
the error probability of a coding scheme describe below (after
Corollary 2).

It is noted that Theorem 1 remains intact if we allow for feed-
back to the informed encoder, i.e., if, before producing the th
channel input symbol, the informed encoder observes the pre-
vious channel outputs , that is, while the uninformed en-
coder is a mapping of the form (3), the informed encoder is ac-
tually a sequence of mappings with

(11)

It is easily verified that for the case of a channel which does
not depend on the states, i.e., , the
expression for the capacity region reduces to the closure of the
union of rate-pairs satisfying

(12)

for some
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Distributed DPC is more interesting. If the informed
encoder knows all the messages, [Somekh-Baruch,
Shamai, Verdú ’08] solve the problem.2 EURASIP Journal on Wireless Communications and Networking
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Figure 1: State-dependent multiaccess channel with channel state noncausally known to one encoder.

limits of such models in which random parameters capture
fading in a wireless environment, interference from other
users [6], or the host sequence in IE and date hiding
applications [1–4, 7].

The state-dependent models with channel state available
at the encoders can also be used to model communication
systems with cognitive radios. Because of growing demand
for bandwidth in wireless systems, some secondary users
with cognitive capabilities are introduced into an existing pri-
mary communication system to use the frequency spectrum
more e!ciently [8]. These cognitive devices are supposed
to be capable of obtaining knowledge about the primary
communication that takes place in the channel and adapt
their coding schemes to remove the e"ect of interference
caused by the primary communication systems to increase
spectral e!ciency. The state in such models can be viewed as
the signal of the primary communication that takes place in
the same channel, and the informed encoders can be viewed
as cognitive users. The model considered in the paper can
be viewed as a secondary multiaccess communication system
with some cognitive and noncognitive users introduced into
the existing primary communication system. The cognitive
users are capable of noncausally obtaining the channel state
or the signal of the primary communication system. In this
paper, we are interested in studying the achievable rates
of the secondary multiaccess communication system with
some cognitive users. Joint design of the primary and the
secondary networks is studied in [9, 10].

1.2. Background

The study of state-dependent models or channels with
random parameters, primarily for single-user channels, is
initiated with Shannon himself. Shannon studies the single-
user discrete memoryless (DM) channels p(y|x, s) with
causal channel state at the encoder [11]. Here, X , Y , and S
are the channel input, output, and state, respectively. Salehi
studies the capacity of these models when di"erent noisy
observations of the channel state are causally known to the
encoder and the decoder [12]. Caire and Shamai extend the
results of [12] to channels with memory [13].

Single-user DM state-dependent channels with memo-
ryless state noncausally known to the encoder are studied in
[14, 15] in the context of computer memories with defects.

Gelfand-Pinsker derive the capacity of these models, which is
given by [16]

C = max
p(u|s),X= f (U ,S)

"
I(U ;Y)! I(U ; S)

#
, (1)

where U is an auxiliary random variable, and X is a
deterministic function of (U , S). Single-user DM channels
with two state components, one component noncausally
known to the encoder and another component known to the
decoder, are studied in [17].

Costa studies the memoryless additive white Gaussian
state-dependent channel of the form Yn = Xn + Sn +
Zn, where Xn is the channel input with power constraint
(1/n)

$n
i=1X

2
i " P, Sn is the memoryless state vector whose

elements are noncausally known to the encoder and are zero-
mean Gaussian random variables with variance Q, and Zn

is the memoryless additive noise vector whose elements are
zero-mean Gaussian random variables with variance N and
are independent of the channel input and the state. The
capacity of this model is given by [18]

C = 1
2

log
%

1 +
P
N

&
. (2)

In terms of the capacity, the result (2) indicates that
noncausal state at the encoder is equivalent to state at the
decoder or no state in the channel. The so-called dirty paper
coding (DPC) scheme used to achieve capacity (2) suggests
that allocating power for explicit state cancellation is not
optimal, that is, the channel input X is uncorrelated with the
channel state S in the random coding distribution [18].

For state-dependent models with noncausal state at the
encoder, although much is known about the single user case,
the theory is less well developed for multiuser cases. Several
groups of researchers [19, 20] study the memoryless additive
Gaussian state-dependent MAC of the form Yn = Xn

1 + Xn
2 +

Sn+Zn, where Xn
1 and Xn

2 are the channel inputs with average
power constraints (1/n)

$n
i=1X

2
1,i " P1 and (1/n)

$n
i=1X

2
2,i "

P2, respectively, Sn is the memoryless channel state vector
whose elements are noncausally known at both the encoders
and are zero-mean Gaussian random variables with variance
Q, and Zn is the memoryless additive noise vector whose
elements are zero-mean Gaussian random variables with
variance N and are independent of the channel inputs and

But if the informed encoder does not know the other
message [Kotagiri, Laneman ’08], the problem is
unsolved even if the informed encoder has no message
of its own. This suggests a further simplification:

Encoder ++ Decoder x̂1
x1u1

x0 ∼ N (0, σ2
0I) w ∼ N (0, I)

min
1
m

E
[‖x1 − x̂1‖2

]
x1 − x̂1E[C] = k2P+

The vector Witsenhausen counterexample

All messages are now eliminated and we have a point-
to-point problem where the encoder just attempts to
“clean” the “noisy channel” so the net interference x1

better estimateable. Amazingly, this is the Witsen-
hausen problem viewed as “assisted interference sup-
pression.”

The left figure is taken from [Ho, Kastner, Wong ’78].
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III. CONNECTIONS WITH INFORMATION THEORY

Observe that in (1) there is an implicit channel defined by

xm
1 = um

1 + xm
0 and ym

2 . We denote the average input power

at time 1 by P = 1
mE[||um

1 ||2]. By increasing P , one can
reduce the mean-square error in estimating xm

1 at the second

controller. We now argue that finding the optimal cost for

the vector Witsenhausen problem for each k is equivalent to
finding the optimal tradeoff between P and C2, the squared-

error cost at time 2.

Lemma 1: For given k in the problem described in Sec-

tion ??, the total minimum cost can be obtained from the

optimal tradeoff between P and C2. Conversely, given the

minimum cost for all k, we can obtain the optimal tradeoff
between P and C2.

Proof: Notice that because the cost C2 is the squared

distance between xm
1 and m, the control input um

2 should be

chosen as the minimum mean-square estimate (MMSE) of xm
1

on observing ym
2 . This minimizes the expected cost at time 2.

We first observe that the region of achievable (P, C2) pairs
is convex. The argument is along the lines of what is called

time-sharing in information theory. Given two strategies A and

B that attain two points (Pa, C2a) and (Pb, C2b), any of their
convex combination (λPa +(1!λ)Pb, λC2a +(1!λ)C2b) can
be achieved using a randomized strategy that chooses strategy

A with probability λ and strategy B with probability 1 ! λ.
Therefore, the achievable tradeoff region is convex.

The intercept on the C2 axis of the tangent of slope k2 on the

P ! C2 tradeoff gives the minimum cost for the given value

of k. On the other hand, given minimum attainable average

total costs for all k, whether a point lies in P ! C2 achievable

region can be found be checking if k2P + C2 is larger than

the minimum attainable cost for all k. The lemma follows.
In this paper, we use both of the equivalent formulations of

Lemma 1.

A. Assisted Interference Suppression

Interestingly, vector Witsenhausen problem of Section ??

can be viewed as an information theory problem. This corre-

spondence is explained through Fig. 1. The problem illustrated

in Fig. 1 (a) is the vector version for Witsenhausen’s coun-

terexample drawn in traditional form with the state evolution

forming the backbone of the figure. This is transformed

in Fig. 1 (b) by redrawing the blocks so that the implicit

communication channel is conspicuous. The first controller

is replaced by the “encoder”, which modifies the state to

communicate it to the second controller. The encoder has

non-causal knowledge of the “interference” xm
0 , and has an

average power constraint of P . The objective is to minimize
the average distortion E||xm

1 ! x̂m
1 ||2 in estimating xm

1 . The

second controller is replaced by a “decoder” that estimates

xm
1 . The final state xm

2 is suppressed and the control um
2 is

viewed as a reconstruction of the input to the channel, xm
1 .

The resulting problem turns out to be an unstudied problem

in information theory.

There is a close interpretation of this problem in the wire-

less communication scenario. Fig. 2 illustrates the problem,

which we refer to as “Assisted Interference Suppression.” The

transmitter Tx has to communicate its message to receiver

Rx in presence of a huge interference from I . The interferer
generates an iid Gaussian signal xm

0 that is known non-

causally at the ‘helper’ H . The helper attempts to suppress
the interference at the receiver Rx. The signal received at Rx
is given by

ym = xm
0 + um

1 + w!m + zm (2)

where w!m is the signal transmitted by Tx, and zm is the

AWGN. In order to suppress the effect of xm
0 , the helper

H could transmit !xm
0 . However, for P < σ2

0 , this is not

possible. Thus better techniques can be used to decode or

estimate xm
0 + um

1 .

An information theoretic problem is to characterize the

region of achievable rates for the transmitter-receiver system.

This problem has been addressed in [9], where the authors

obtain upper and lower bounds to the achievable rate region.

The similarity of this problem with the vector Witsenhausen

problem lies in the fact that the receiver needs to estimate

xm
1 = xm

0 + um
1 as accurately as possible. Once the estimate

is subtracted out of (2), the signal w!m faces an additive noise

of variance MMSE + σ2
z . Thus, per se, the objective of both

problems is to minimize the MMSE in estimating xm
1 .
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Fig. 2. The figure shows the Assisted Interference Suppression problem, a
model for which is given in Fig. 3. The special case of R = 0 is closely
related to the vector Witsenhausen problem. The helper H has non-causal
knowledge of the interference xm

0
. It attempts to suppress the interference at

receiver Rx (by modifying it using um
1
) so that the receiver Rx can get a

clean channel from the transmitter Tx.

IV. RELATED INFORMATION THEORY PROBLEMS

he twist that distinguishes the problem here from previously

considered information-theoretic problems is that the system

is allowed to make changes to the state xm
0 and the distortion

is calculated between the new state xm
1 and the reconstruction

of xm
1 . However, t

slope = !

1

k2

C̄

k
2

(a) (b)

C̄min(k2)

(k2, C̄min(k2))

1

m

E
[
|x1 − x̂1|

2
]

In addition to the progress inspired by DPC and
the “cognitive radio channel,” the community’s ap-
proaches to understanding communication problems
have also changed. [Gupta and Kumar ’00] introduced
the idea of “scaling laws” instead of exact capacities to
the communication community, and since then we’ve
also thought about other sorts of scaling like what
happens in high-SNR limits. Recently, [Etkin, Tse,
Wang ’07] in the context of the interference channel
introduced the idea of understanding a problem by
approximating capacity to within a constant number
of bits regardless of the problem parameters. [Aves-
timehr, Diggavi, Tse ’07] further introduced the idea
of using simple deterministic models to guide our in-
tuitions about interference: noise is suppressed and
real addition is replaced by binary XOR at the bit-
wise level.

The deterministic model of distributed dirty-paper
coding suggests that it should be possible to distribute
the tasks of “cleaning the dirt” and communicating
the message. This suggests that an approximate opti-
mality result should be possible for the Witsenhausen
counterexample in its assisted interference suppression
manifestation. A simple convexity argument shows
that the Witsenhausen perspective (b) of k vs total
cost is equivalent to understanding the (a) tradeoff
between first-stage input power and estimation error.

3 Circumstantial evidence for dirty-paper-coding

x0

x1 k2
= 0.5, !2

0 = 25

Numerical search results in [Baglietto, Parisini, Zop-
poli ’97][Lee, Lau, Ho ’01] strongly suggest that in
an interesting regime of small k and large σ2

0, soft-
quantization based strategies might be optimal for the
original Witsenhausen counterexample. The strategy
can be interpreted as quantizing a scaled down x0,
and adding the resulting input u1. This is precisely
the DPC-technique applied to scalars!
Left figure from [Baglietto, Parisini, Zoppoli ’97].
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Witsenhausen derived the following lower bound
to the total cost for the scalar problem.

C̄scalar
min ≥ 1

σ0

∫ +∞

−∞
φ

(
ξ

σ0

)
Vk(ξ)dξ,

where φ(t) = 1√
2π

exp(− t2

2 ), Vk(ξ) :=
mina[k2(a − ξ)2 + h(a)], and h(a) :=√

2πa2φ(a)
∫ +∞
−∞

φ(y)
cosh(ay)dy.

His bound holds only for the scalar case and
furthermore, there is a substantial and growing
gap from the performance of quantization-based
strategies. (plot keeps σ0k = 1)

4 A new bound and approximately optimal solution in asymptopia
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Witsenhausen's scalar
lower bound

An information-theoretic bound can be derived by using
rate-distortion theory and treating the second-stage input
noise as a Gaussian channel. For maximum capacity across
the channel, x1 should be Gaussian and large. For easy re-
construction, x1 should be non-Gaussian and small. Our
lower bound ignores this tension but is valid for all vector
lengths m ≥ 1,

C̄min ≥ inf
P≥0

k2P +
(

(
√
κ(P )−

√
P )+

)2
,

where κ(P ) = σ2
0

σ2
0+2σ0

√
P+P+1

.

Vector quantization
points

shell of
typical initial 

states

m(s - P)2
0

initial 
state

ms2
0

x0

x1

u1 A vector quantization based strategy has the en-
coder drive the state x0 to the nearest quanti-
zation point . These quantization points have
power smaller than σ2

0. Provided the number
of quantization points is sufficiently small, they
can be decoded correctly at the second con-
troller. The asymptotic cost is k2σ2

w and 0 for
the first and the second stage respectively.
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scalar nonlinear
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Ratio of costs achieved by (vector 
quantization and two trivial linear 

schemes) and the lower bound

The quantization strategy can
be combined with simple linear
strategies depending on which
performs best. This results in
a cost that is provably within a
constant factor of the new lower
bound, regardless of the problem
parameters. Numerically, the
constant is something less than
5 for this strategy.
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αx0

√

m(P + α
2
σ

2
0
)

α < 1

A DPC-based strategy where the shadow state
αx0 is driven to the nearest quantization point
is a natural generalization of strategies in [Bagli-
etto et al ’97][Lee, Lau, Ho ’01]. The first stage
cost can be lowered at the expense of nonzero
second stage costs. A combination strategy can
divide its power between a linear strategy and
the DPC strategy . It performs at least as well
as, and in some cases strictly better than the
DPC strategy alone.
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0

The ratio of the cost attained
by the combination strategy and
our lower bound is uniformly
bounded by 2 for all values of
k and σ2

0. However, a look
in the tradeoff between first-
stage power and estimation er-
ror shows that there is still sig-
nificant room for improvement in
these bounds.



5 Approximate optimality in non-asymptopia

covering radius

xn
0

xn
1

packing radius

xn
1

x̂n
1

zn

zn

x̂n
1

There are natural finite-
dimensional generalizations
of the scalar quantization
strategy. The first-stage cost
is bounded by the square of
the covering-radius and the
estimation-error cost will be
zero as long as the noise stays
within the packing radius. The
key is to use a lattice with a
good covering-to-packing ratio.
Constructions are known so
that this ratio is no more than
4 for all dimensions. However,
the average estimation-error
cost will not truly be zero
unless the first-stage completely
subtracts the state. There is
always the probability of a large
observation noise.

In infinite-dimensional asymptopia, the probability of unusually large observation noise is zero. However, this will
happen in finite-dimensions with some small probability. The lower bound needs to account for this.

Eb(R) = min
Q:H(Q)≥R

D(Q||P )

= sup
ρ≥0

ρR− E0(ρ)

E0(ρ) = ln[
∑
x

P (x)
1

1+ρ ](1+ρ)

Here, the Stein’s Lemma approach of [Blahut ’72] to error-exponents needs to be adapted. The idea is that the sources
and channels can “behave like” other sources and channels with some probability with an exponent governed by the
KL divergence. We had built upon this approach earlier in our asymptotic study of delay and then non-asymptotically
as we explored fundamental bounds for iterative decoding to understand decoder power consumption.
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This “Platonic” approach treats the finite-
dimensional world as shadows of the infinite-
dimensional world. The earlier bound can be re-
done for different values of the observation noise
variance σ2

G and then pulled back to the scalar
case roughly by multiplying the lower bound by
the probability of that atypical channel behav-
ior. The upper-envelope of all such bounds then
provides a bound for the scalar case.
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The resulting bound turns out
to be good enough to say
that linear-strategies plus finite-
dimensional lattice-based con-
trol strategies get within a
constant-factor of the true opti-
mal cost. This works even with
a coarse covering/packing-ratio
based upper-bound, and numer-
ically seems to get better as we
increase from 1 to 2 dimensions
and beyond.
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A more careful evaluation of the quantization-
based strategy in the scalar case shows that
the approximation ratio is something less than
8. We were surprised that this large-deviations
based bound was so tight even when m = 1.
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This result suggests a new way forward for distributed con-
trol. We can restrict attention to tractable nonlinear control
strategies and still get provable results. However, at least for
quantization, the problem of choosing the optimal bin-size
appears nonconvex with a local minimum. There is probably
a principled way around this.



6 Summary

This talk intends to convey the following ideas:

• Witsenhausen’s counterexample brings out the core issue of implicit communication or signaling in distributed
control systems.
• Inspired by the “cognitive radio channel,” Witsenhausen’s counterexample can be viewed as an oversimplifi-

cation that might contain the essence of why distributed DPC is hard. It focuses on the problem of channel
cleaning or active interference suppression.
• Standard information-theoretic tools are able to provide an approximately optimal solution (within a factor

of two in cost) to the problem in the asymptotic limit of long block lengths. But the problem remains open
and is arguably the simplest open problem in information theory since it is just point-to-point.
• Returning to the control problem, a careful “Platonic perspective” on sphere-packing bounds gives a new

bound that reveals that a similar constant-factor result is true even for the scalar problem, giving us the
first provably positive result on the original Witsenhausen counterexample in 40+ years.
• This is important because it shows that we can get a handle on the most significant effects of implicit

communication in distributed control systems. As they say, “science is the art of the solvable” and these
issues just got moved onto the solvable side of things from where they firmly sat earlier on the intractable
side.
• Many incremental improvements are likely possible. This does not look like an impossible problem for

information theory.
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