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Abstract

We study the feedbackarnytime reliability of a discrete-timechannelwith additive white Gaussiamoise
wherethe channeloutputis also subjectto iid erasureThe encoderhasnoiselessaccesgo the pastchannel
outputs,which includesperfectinformation regarding which transmissionsvere erased.Thereis an average
power constrainton the channelinput. We shav that the arytime reliability is constantat all ratesup to
the Shannoncapacityof the channeland that this constantis essentiallythe logarithm of the probability of
erasureln orderto shav achievability of this reliability, we give a constructioninvolving a hybrid control
systemconsistingof a FIFO queuewherethe sener can adjustits servicerate basedon the numberof bits
awaiting transmissionThe sener takesthe databits andusesthemto drive a scalarlinear control systemwith
continuousstatewherethe dynamicscan switch betweenfastand slow basedon the servicerate.

I. INTRODUCTION

Thediscrete-timgower constraineddditive white Gaussiamoisechanneis oneof the mostuseful
idealizationan communicationsheory It modelscommunicatiorover a bandlimitedwirelesschannel.
Realwirelesschannelsaarenot sosimple.They canbe subjectto fading,whereinthe transmittedsignal
is attenuatednore substantiallyat sometimes. One of the simplestmodelsof fadinghasindependent
fadesfrom time to time, wherethe fadeis eitherl or 0. To further simplify the model,we will assume
knowledgeof the fadeat the recever. This model can be thoughtof asthe AWGN+erasurechannel
in that we can considerthe outputto be “erased”wheneer the fadeis 0.

For this simpli ed model, ratherthan consideringthe fade as side information known at recever,
we canfurther simplify the modelby viewing the fadeasoccurringafter the additive noise.Sincethe
channelnoisein the modelis continuousthe fadeis immediatelyapparentwheneer the outputis 0.

Fig. 1. The AWGN-+erasurehannelwith feedback



Fig. 2. Paclet erasurechannelwith feedbackfed by a queue

Figure 1 shavs the modelwe are studyingin this submissionWe assumenoiselesgeedback so that
we can study the feedbackarytime reliability.

In [6], we shaved thatthe feedbackanytime capacityis the relevant senseof capacitywhenwe are
usinga noisy channelin the feedbackoop for controlling an unstableplant. The anytime capacityof
a channelrelatesthe bit error with the delayin a communicationsystemwherewe requireevery bit
to getthrougheventually We review the de nition of arytime capacity:[3

De nition 1: Canyime(a@), the a-arytime capacity is the max rateat which the channelcanbe used
to communicatewith a bit error probability that dropswith delay exponentiallyat a rate of a.

Canyime(@) = sud ROER ;K > 0;8N; 9D ;Perror(ER ;DY ) < K2 2Ng 1)

In above de nition ER is the anytime encoder D,ff is the decoderand N is the delay that a bit
experiencesin units of channeluses.The parametera is called the anytimereliability.? Since the
probability of error on every single bit goesto zerowith increasingdelay it is clearthatthe anytime
capacityis alwayslessthanor equalto the classicalShannoncapacity

Fundamentallywhat we have is a region of achievable (a;R) pairs— the region betweenthe a
axis andthe arytime capacitycurve. Whetherwe chooseto look at maximizingR asa function of a
or asmaximizinga asa function of R is a matterof corveniencefor the problemat hand.Oncewe
know the anytime capacitywe know the anytime achievable region, andvice versa.

Essentiallyto hold the h-momentof the stateof anunstableplant nite, it is necessarandsufcient
for the feedbackchannels arytime capacitycorrespondingo arytime-reliability a = hlog,/ to be
greaterthanlog,/ wherel is theunstableesigervalueof the plant.[ RecallKailath and Schalkwijk's
famouspaper[9] shaving thatthe double-&ponentialconvergenceof probability of errorto zerowith
delaywas possiblefor the AWGN channelwith feedback.This was extendedin [5] to the streaming
contet (similar in spirit, thoughnot detailsto Horsteins sequentiatransmissiori3]) with no explicit
block-length— so that every bit will eventually be decodedcorrectly

In thecompaniorsubmissiorj8] to this one,we studythefeedbackarytime reliability of thevariable
sizedpaclet erasurechannelas depictedin Figure 2. There,we showv that despitehaving a moment
constrainton the paclet size, we could substantiallyimprove arnytime reliability by transmitting
larger paclets in the rare events when the queueof bits awaiting transmissionwas long. In this
submission,we extend that basic stratgy to the AWGN+erasurechannel.Intuitively, the double-
exponentialcorvergenceof the probability of bit errorto zeropossiblewith feedbackover the AWGN
channelallows us to treatthe channelas a virtual paclet erasurechannel.Furthermorethe average
natureof the power constraintallows usto treatthe outgoingdatarate asvariablewith an appropriate

1The feedbackis delayedby one unit of discretetime to avoid ary causalityissues.
2The anytime reliability with noiselesseedbackis fundamentallydifferentfrom both the classicalerror exponentsof Gallagerand
the exponentsfor variabledelay decodinggiven by Burnashe[1]. See[7] for more discussioron this.



constraint.lt is this stratgy that is sketchedout in this submissionwith the detailedproofs being
availablein [10]. Theresultsherearerelatedin spirit to a specializedcaseof [2], thoughby going to
the arnytime framework, we areableto cover mary moresense®f stability thanjust secondmoment.

[l. THE MAIN RESULT AND HOW TO ACHIEVE IT

Theoem1: The feedbackarytime capacityof the AWGN + erasurechannelwith averagepower
constraintP, erasureprobability e, and noisevariances ? is

d9jg, 1+ 2 if0 a< log,e
Carytime(@) = 2 02 TS ’ @
arytime ( 0 otherwise
. (1 e P
a(R = log,e if R< 2 log, 1+ 5 3)
0 otherwise

This resultis illustratedin Figure 3. Sincethereis an e = 241992€ probability that the last d time
stepswere completelyfaded,we cando no betterthanguessingon ary bit thatwas rst receved by
theencoderd time stepsago.So a log, e. The arytime capacityis alwayslessthanthe Shannon
capacityand so by the independencef the additive noise and multiplicative fade, we know that
Carytime(a) @Iog2 1+ S—Pz . The intersectionof thesetwo gives us the entire shadedregion.

To achieve arbitrary points within this region, we use the approachillustratedin Figure 4. Bits
arrive into a FIFO queue.If the queueis short (i.e. no bits have beenwaiting for too long), thena
certainnumberof bits correspondingo a rate R; aretentatvely taken out of the queue.If the queue
is very long (i.e. mary old bits are still awaiting a shotat transmission)thena larger numberof bits
R> = nRy aretentatvely taken out of the queue.The bits that aretentatvely taken out of the queueare
usedto drive a specialsimulatedsourceconnectedo a joint source-channetncoderlf the feedback
comesback and shaws that the transmissionwvas erased the bits tentatvely taken out are put back
into the headof the queueandthe evolution of the simulatedsourceis backed out asthoughdiscrete
time hadnot adwvancedat all. ThereasonthatR, = nR; is so we canthink of the long-queuebehaior
asattemptingto make the simulatedtime run n timesfaster

The stateof the encodingsystemconsistsof two parts:the discretevaluedstateof the queueand
the continuousvaluedstatewithin the simulatedsource.The goal of the continuousvaluedstateis to
provide appropriatecontinuousvaluedinputs into the channeland taken togethey to try andrealize
the paclet-level abstractionrshaovn in Figure 5. The analysisof that abstractioraloneis givenin [8].

Fig. 3. The Anytime Capacityof The AWGN+ErasureChannel



Fig. 4. Encodingand DecodingSystemOverview

Figure 6 shaws the inside of the part that dealswith the continuousvaluedstateand gures 7 and
8 shawv the open-loopdynamicsand actionsof the controllersrespectrely. The open-loopdynamics
are unstablewith a, = af to effectively let it take n time-stepsall at once.The controllersapply the
controldesignedo stabilizethe systemover the noisy feedbacKink whentime shouldadvance When
thereis an erasurethe stateis left unchanged.

The decoder(illustrated in Figure 9) doesnot have accessto the exact input bits nor the exact
continuousstateof the encoder The discretestate (queuelength) dependsonly on the sequenceof
erasureso far and so the decoderdoeshave accesdo that. In responsdo a queryaboutthe value of
ary particularbit, the decoderchecksto seeif thatbit is still waiting in the queue.If not, it givesits
bestestimateof that bit's value.

To extract an estimateof the bit from the receved channeloutputsso far, the decodermaintains
an internal statecorrespondingo how the encoders statewould have evolved if therehad beenno

Fig. 5. Queuelevel Abstraction:Bits are removed from the queuewhen a non-erasurdnappensand n-times larger paclets are used
whenthe queueis long.



Fig. 6. SourceSimulatorand Joint Source/ChanndEncoder

inputs. By linearity, the sumof the responsef the systemto only the controlsandthe responsef the
systemto only the inputsis the actualstateof the encoderAlthough both of thosetermsindividually
representhe outputsof unstableprocessestheir sumis stable.Thus, the responseo the controls
alone hasto track closely the responséo the inputs alone.As describedmore fully in [5] and [6],

the gnstablestatecan be thoughtto consistof an integer whosebinary expansionis the desireddata
bits.

This systemworks becausencea bit is out of the queue the decoders estimateof it will corverge
doubly exponentiallyin the numberof subsequenmion-erasead¢hanneloutputs.As such,the dominant
sourceof errorsis the erasuresThe averagepower constraintis met by making the “long queue”
behaior rare enoughby choosinga suitably large thresholdL betweenthe two behaiors.

[Il. SIMULATION ILLUSTRATING BEHAVIOR
In our system,thereare threedifferentnotionsof internaltime:

Realtime: t; which advancesby onetick with every channeluse.Bits are arriving in real time
andso s the discreteencoderstate.

Simulationtime: t which only advancesby onetick with every non-erasec¢hanneloutput. The
continuousstateevolves only in simulationtime.

3To seethis, considera; = 2 anday, = 8= 23. Thenthe unstablestatecanhold a singlebit per unit time whena; is usedandthree
bits per unit time when a, is used.

Fig. 7. Tentatve Evolution: UnstableOpen-LoopDynamics



Fig. 8. StateUpdate:AdvancingTime and Applying Controls

Fig. 9. Decoder

Virtual time: t, which indicatesthe last bit to have becomeincorporatedinto the continuous
state.Virtual time canonly advancewith the simulationtime, but it sometimesnovesfasterthan
simulationtime if the queueis long.
The differencebetweerRit, andt, representshe numberof bits still waiting in the queue.Thereason
we have the speedupn the encoderis to help keepthis differencesmall sinceit is the queuingdelay
that causeghe dominanttermin the probability of bit error.
Figure 10 shaws the lag betweenvirtual time andreal time for a simulatedrun and compareshe
casewith speedupo the casewithout it. We canseethatbeforethe rst non-erasurefterthe system
entersthe long queuemode for the rst time, the lag in the two casesare the same.But when a
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Fig. 10. Lag betweenReal Time and Virtual Time with onemodeandtwo modes:e= 0.4, Rin = 1 bit, Rghot = 2 bits, Rong= 4 bits,
Lc=3

successfutransmissioroccurs,the two-modesystemtransmitsmore bits than the one-modesystem,
andreduceshe lag faster

Figure 11 shows the averagepower correspondingo the channelrealizationin Figure 10. We can
seethat when the systemstaysin the short queuemode, the averagé transmissiorpower increases
gradually and corverges to P;, and when the systemstaysin the long queuemode, the average
transmissiorpower is P> > P; dueto the higherdatarate. At the instantthe systemtransitsfrom the
long queueto shortqueuemodethe averagepower is P}ra”5< P, by design.As the systemstaysin
the short queuemode, the power increasesrom Pi"@"S and corverges back up to Pi. Similarly the

4Theaveragein this ®gureis taken over the realizationsof the Gaussiarchannehoise.The erasurenoisecorrespondso oneparticular
realization.
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Fig. 11. AveragePawer: e= 0.4, Rp = 1 bit, Rghot = 2 bits, Rigng= 4 bits, Lc = 3



averagepower changedo Pi'@" at the instantthe systemtransitsto the long queuemode. Thenthe
averagepower goesto P in the long queuemode until the systemtransitsbackto the shortqueue
mode.As such,it is P, which dominateghe overall averagetransmissiompower of the systemasthe
Pi'ans or B, spikes canbe madeasrare aswe would like by increasingL.

IV. PROOF SKETCH

Lemmal: Let theinput rate be Rj, andthe systemhave this queuingrule:

Shortqueuemode Whenthe queuelengthis smallerthanL, in units of Ry, the systemremoves
Ry > a '”e) bits per non-erasurdrom the queue.
Long queuemode Whenthe queuelengthis largerthanLc, in units of R, the systemremoves

R> > Ry bits per non-erasurdrom the queue.
Thenthe tail probability the queuelengthis bounded:

P(L>dRn) Ti2 %

wherea, is the feedbackarytime reliability of the R;-sizedpaclet erasurechannelcorrespondindo
arateof Ry, from [8] and T; is somepositive constantthat doesnot dependon L.
Furthermorewhenthe queuelengthL > L:R, bits, the tail probability hasa tighter bound:

P(L>dRy) T2 2

wherea, is the feedbackarytime reliability correspondingo a rate of Rj5 usinga Ry-size paclet
erasurechanneland T20 is somepositive constantthat dependon L.

Proof: While the full proof canbe found in [10] and[8], the key insight behindthe rst part
is that this queuemustwork at leastaswell asonethat only usesthe slower servicerate. Sincethe
gueueis stableeven at the rst servicerate, the tail probability is boundedby an exponential.For
the secondpart, the probability of very large queuelengthsdies at a rate determinedby the higher
servicerate usedin that regime. As a result, the anytime reliability will be dominatedby the higher
servicerate, while the averagepower usedwill be dominatedby the lower servicerate. At the cost
of a constantdelay we getthe bestof both worlds! [ |
The next key insight hasto do with the role of virtual time. By suitably choosingthe two unstable
modesto have ap = (a;)" and using R, = nR; bits, we can make eachstepof the fastermodefeel
like n stepsof the slower mode,excepttaken all at onceandtherebyusing substantiallymore power.
Sincewe are alreadyburning substantiapower in the fastmode,we feel free to burn even moreand
usea control stratgy designedo drive the controlledstateto zeroin one stepratherthantrying to
minimize the channelinput power.

By doing this, we seethat:

1) Without noisen, the un-controlledstateof the systemdependonly on the virtual time.

2) The controlled statedependson the virtual time, the datato be transmitted,and the channel

noisesincethe last queuemodetransition.

The last point is true becausen the fastmode,the only channelnoisethat mattersis the one at the
immediatepasttime. With these,we get:

Lemma2: The probability of bit error at the i-th bit with delayd and queuelengthl, denotedas
Perror(d; 151), is boundedby

e ! log,a,)d |
P | f ——2(oga
error (d; 151) 2+ 2e;

wheref(), maxfi(); f2()) wheref; is thedistribution thatboundsthe tail of the controlledsystem
statewhenonly the slowv dynamicsare used,and f; is the counterpartor the fastdynamics.



Fig. 12. Finding a; in the anytime capacitycurve of binary erasurechannel

Proof: This is a consequenc®f Theorem3.3 in [6] or equialently Corollary 7.1.2 in [5],
togetherwith the realizationthat the lag betweenthe virtual time and the real time is the queue
length. See[10] for more details. [ |
Now, f; and fo arenot just anything. Both representhe probability of large deviationsfor a control
systemdriven by a boundeddisturbancewith Gaussiamoisein the obsenration equation.The tail
probability is dominatedby the Gaussiarandis thereforeat leastexponential. The maximumof two
exponentialsis boundedby the larger exponential.So the above tells us that the probability of error
is dying at leastdoubly exponentiallyin (log,a;)d L whered is the delay and L is the random
variabledenotingthe queuelength.

As such,thedominanttermis goingto be the probability of having a very long queueandLemmal
tells usthatis dominatedoy a, comingfrom the rare high-paver modeof operation All thatremains
is to give the orderof settingthe parameterfRy;a;; ai; Ro;ap; Pi; P> andL. to achiere atamget(Rin; a)
pair within the achievable region. Without loss of generality changeunits sothats?= 1 soP is the
averageSNR constraint.

2Rin Lo ) ) ]
1) Py Selectan arbitrary P, suchthat2Te 1< P;< P. This is always possiblesincethe given
Rin is in the achievable region.

2) Ry anda;: Ry = ﬁ”e + dy, whered, is an arbitrarily small positve number Selectan a; which

satis es 25_'? %< gy P P+ 1. This will enableour channelinput power to always be less
than P, on averagewheneer we arein the shortqueuemode.
The resulting a; is obtainedby looking up the anytime capacitycurve of the Ri-size paclet
erasurechannelwith noiselesfeedbackat rate Ri,. You canalsodo this by using Figure 12.
3) az: Choosea; suchthata < a; < log,e.
4) n andRy: Choosen suchthatR, = nR;;n2 Z*;n> 1 with the feedbackarytime reliability of
the Ry-size erasurechannelevaluatedat R, being a, or larger. This can be done graphically
by looking up R= % on the binary erasurearnytime capacitygiven by Figure 12.
ay = af andsetP, = a3(1+ C2) whereC; is the gain inside the secondobserer andis sethigh



enoughso that the channelnoiselooks quite small in comparisonDetailsarein [10].
5) Lc: Let Pomax, max(Po; PranS) wherePirans is the transientpower when making a shortqueue
to long queuetransition.P>.max doesnot dependon L¢. We require

Efy?g = Prob(l Lo)Pr+ Prob(l > Lc)Pomax
Pr+ Prob(l > L¢)Po:max
I:’1"' T12 alLCPZ;max
P

SinceP; is selectedo be smallerthan P, thereare alwaysL's to hit the lastinequality

V. CONCLUSION AND FUTURE WORK

By usingmoretransmitpover whenwe have mary bits awaiting transmissionyve canachie/e ary
desiredpointin the anytime reliability region correspondingo having the feedbackanytime reliability
ascloseto log, e aswe would like for all ratesup to the Shannoncapacityof the AWGN+erasure
channel.This is becausethe doubly-exponentialvanishingof the probabilitiesof error with delay
lets us effectively conceptualizeéhe channelas a noiselesgaclet erasurechannel,thoughthereare
mary technicalstepsalongthe way with the full detailsavailablein [10]. The correspondingesult
for variable size paclet erasurechannelsis given in the companionsubmission[8], wherewe also
imposeda peak-packt size constraint.

We believe that this style of analysiscanbe extendedto give us the arytime reliabilities of mary
Gaussianchannelswith noiselesseedbackand channelstateside information available at both the
transmitterand recever. In particular we believe it canbe extendedto cover the caseof nite state
Markov-fading channel8 with sideinformationandtherebygive a variationof Kailath-Schalkwijk[9
style errorcornvergencefor somesuchchannelsin addition,for control problemsover noisy channels,
it shouldbe possibleto take the hybrid data-communicatiostratgy we have developedhereandturn
it into a hybrid-control stratgy that works with the systemstatedirectly. This may betterallow the
stabilization,though not necessarilyin the second-momensense,of unstablesystemsover fading
Gaussiarchannels.

REFERENCES

[1] M. V. Burnashe. Data transmissionover a discretechannelwith feedback,random transmissiontime. Problemy Perdachi
Informatsii 12(4):10-30,1976.

[2] N. Elia. Feedbackstabilizationin the presenceof fading channels. Proceedingsof the American Contwol Confeence pages
4438-4443June2003.

[3] M. Horstein. Sequentiatransmissiorusing noiselesfeedback.IEEE Trans.on Information Theory 12:448-4550ctober1966.

[4] J.Liu, N. Elia, and S.C. Tatikonda. Capacity-achieing feedbackschemefor markov channelswith channelstateinformation.
Proceedingsf the International Symposiunon Information Theory 2004.

[5] A. Sahai.Anytimelnformation Theory PhD thesis,Massachusettistitute of Technology February2001.

[6] A. Sahai.The necessityand suf®cieng/ of anytime capacityfor scalarcontrol over a noisy communicatiorlink. To appearat the
CDC, 2004.

[7]1 A. SahaiandT. Simgsek. On the reliability function of discretememorylesshannelswith feedbackand variable-delaydecoding.
To Appearin the Information TheoryWbrkshop 2004.

[8] A. SahaiandQ. Xu. The arytime reliability of constrainedpaclet erasurechannelswith feedback.Also appeaed in the Allerton
Confeence 2004.

[9] J.P. M. Schalkwijk and T. Kailath. A coding schemefor additive noise channelswith feedback- i: No bandwidthconstraint.
IEEE Trans.on Information Theory 12:172—-182 April 1966.

[10] Q. Xu. The anytime capacityof AWGN+erasurechannelwith feedback. Masters thesis,University of California at Berkeley,
August2004.

[11] S.Yang,A. Kavcic, and S.C. Tatikonda. Linear gaussianchannels:Feedbackcapacityunderpower constraints.Proceedingsof
the International Symposiunon Information Theory 2004.

50f the type studiedby [4] and perhapsaven thoseof [11]. The resultsgiven in thosewere capacityachiesing, but becauseof their
relianceon typicality, they did not achiese the kind of reliability exponentsthat we believe aretruly possiblein the limit.



