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Abstract

We study the feedbackanytime reliability of a discrete-timechannelwith additive white Gaussiannoise
wherethe channeloutput is also subjectto iid erasure.The encoderhasnoiselessaccessto the pastchannel
outputs,which includesperfect information regarding which transmissionswere erased.Thereis an average
power constrainton the channelinput. We show that the anytime reliability is constantat all ratesup to
the Shannoncapacityof the channeland that this constantis essentiallythe logarithm of the probability of
erasure.In order to show achievability of this reliability, we give a constructioninvolving a hybrid control
systemconsistingof a FIFO queuewherethe server can adjust its servicerate basedon the numberof bits
awaiting transmission.Theserver takesthedatabits andusesthemto drive a scalarlinearcontrol systemwith
continuousstatewherethe dynamicscanswitch betweenfastandslow basedon the servicerate.

I . INTRODUCTION

Thediscrete-timepower constrainedadditive white Gaussiannoisechannelis oneof themostuseful
idealizationsin communicationstheory. It modelscommunicationover a bandlimitedwirelesschannel.
Realwirelesschannelsarenot sosimple.They canbesubjectto fading,whereinthetransmittedsignal
is attenuatedmoresubstantiallyat sometimes.Oneof the simplestmodelsof fadinghasindependent
fadesfrom time to time, wherethefadeis either1 or 0. To furthersimplify themodel,we will assume
knowledgeof the fadeat the receiver. This model can be thoughtof as the AWGN+erasurechannel
in that we canconsiderthe output to be “erased”whenever the fadeis 0.

For this simpli�ed model, ratherthan consideringthe fadeas side information known at receiver,
we canfurthersimplify the modelby viewing the fadeasoccurringafter the additive noise.Sincethe
channelnoisein the model is continuous,the fadeis immediatelyapparentwhenever the output is 0.

Fig. 1. The AWGN+erasurechannelwith feedback



Fig. 2. Packet erasurechannelwith feedback,fed by a queue

Figure1 shows the modelwe arestudyingin this submission.We assumenoiselessfeedback1 so that
we canstudy the feedbackanytime reliability.

In [6], we showed that the feedbackanytime capacityis the relevantsenseof capacitywhenwe are
usinga noisy channelin the feedbackloop for controlling an unstableplant.The anytime capacityof
a channelrelatesthe bit error with the delay in a communicationsystemwherewe requireevery bit
to get througheventually. We review the de�nition of anytime capacity:[5]

De�nition 1: Canytime(a ), thea -anytime capacity, is themaxrateat which thechannelcanbeused
to communicatewith a bit error probability that dropswith delayexponentiallyat a rateof a .

Canytime(a ) = supf Rj9ER ;K > 0;8N;9D R
N ;Perror(ER ;D R

N ) < K2� a Ng (1)
In above de�nition ER is the anytime encoder, D R

N is the decoder, and N is the delay that a bit
experiencesin units of channeluses.The parametera is called the anytimereliability.2 Since the
probability of error on every singlebit goesto zerowith increasingdelay, it is clear that the anytime
capacityis always lessthanor equalto the classicalShannoncapacity.

Fundamentally, what we have is a region of achievable (a ;R) pairs — the region betweenthe a
axis andthe anytime capacitycurve. Whetherwe chooseto look at maximizingR asa function of a
or asmaximizinga asa function of R is a matterof conveniencefor the problemat hand.Oncewe
know the anytime capacitywe know the anytime achievable region, andvice versa.

Essentially, to hold theh -momentof thestateof anunstableplant�nite, it is necessaryandsuf�cient
for the feedbackchannel's anytime capacitycorrespondingto anytime-reliability a = h log2 l to be
greaterthanlog2 l wherel is theunstableeigenvalueof theplant.[6] RecallKailath andSchalkwijk's
famouspaper[9] showing that thedouble-exponentialconvergenceof probabilityof error to zerowith
delaywaspossiblefor the AWGN channelwith feedback.This wasextendedin [5] to the streaming
context (similar in spirit, thoughnot detailsto Horstein's sequentialtransmission[3]) with no explicit
block-length— so that every bit will eventuallybe decodedcorrectly.

In thecompanionsubmission[8] to thisone,westudythefeedbackanytimereliability of thevariable
sizedpacket erasurechannelas depictedin Figure2. There,we show that despitehaving a moment
constrainton the packet size, we could substantiallyimprove anytime reliability by transmitting
larger packets in the rare events when the queueof bits awaiting transmissionwas long. In this
submission,we extend that basic strategy to the AWGN+erasurechannel.Intuitively, the double-
exponentialconvergenceof theprobabilityof bit error to zeropossiblewith feedbackover theAWGN
channelallows us to treat the channelas a virtual packet erasurechannel.Furthermore,the average
natureof thepower constraintallows us to treattheoutgoingdatarateasvariablewith anappropriate

1The feedbackis delayedby oneunit of discretetime to avoid any causalityissues.
2The anytime reliability with noiselessfeedbackis fundamentallydifferent from both the classicalerror exponentsof Gallagerand

the exponentsfor variabledelaydecodinggiven by Burnashev[1]. See[7] for morediscussionon this.



constraint.It is this strategy that is sketchedout in this submission,with the detailedproofs being
availablein [10]. The resultsherearerelatedin spirit to a specializedcaseof [2], thoughby going to
the anytime framework, we areableto cover many moresensesof stability thanjust secondmoment.

I I . THE MAIN RESULT AND HOW TO ACHIEVE IT

Theorem1: The feedbackanytime capacityof the AWGN + erasurechannelwith averagepower
constraintP, erasureprobability e, andnoisevariances 2 is

Canytime(a ) =

(
(1� e)

2 log2

�
1+ P

s 2

�
if 0 � a < � log2e

0 otherwise
(2)

a � (R) =

(
� log2e if R< (1� e)

2 log2

�
1+ P

s 2

�

0 otherwise
(3)

This result is illustrated in Figure 3. Since there is an ed = 2dlog2 e probability that the last d time
stepswerecompletelyfaded,we cando no betterthanguessingon any bit that was�rst received by
theencoderd time stepsago.Soa � � � log2e. Theanytime capacityis alwayslessthantheShannon
capacityand so by the independenceof the additive noise and multiplicative fade, we know that
Canytime(a ) � (1� e)

2 log2

�
1+ P

s 2

�
. The intersectionof thesetwo givesus the entireshadedregion.

To achieve arbitrary points within this region, we use the approachillustrated in Figure 4. Bits
arrive into a FIFO queue.If the queueis short (i.e. no bits have beenwaiting for too long), then a
certainnumberof bits correspondingto a rateR1 aretentatively taken out of the queue.If the queue
is very long (i.e. many old bits arestill awaiting a shotat transmission),thena larger numberof bits
R2 = nR1 aretentatively takenout of thequeue.Thebits thataretentatively takenout of thequeueare
usedto drive a specialsimulatedsourceconnectedto a joint source-channelencoder. If the feedback
comesback and shows that the transmissionwas erased,the bits tentatively taken out are put back
into the headof the queueandthe evolution of the simulatedsourceis backed out asthoughdiscrete
time hadnot advancedat all. The reasonthat R2 = nR1 is so we canthink of the long-queuebehavior
asattemptingto make the simulatedtime run n times faster.

The stateof the encodingsystemconsistsof two parts:the discretevaluedstateof the queueand
the continuousvaluedstatewithin the simulatedsource.The goal of the continuousvaluedstateis to
provide appropriatecontinuousvaluedinputs into the channeland taken together, to try and realize
the packet-level abstractionshown in Figure5. The analysisof that abstractionaloneis given in [8].

Fig. 3. The Anytime Capacityof The AWGN+ErasureChannel



Fig. 4. EncodingandDecodingSystemOverview

Figure6 shows the insideof the part that dealswith the continuousvaluedstateand�gures 7 and
8 show the open-loopdynamicsandactionsof the controllersrespectively. The open-loopdynamics
areunstablewith a2 = an

1 to effectively let it take n time-stepsall at once.The controllersapply the
controldesignedto stabilizethesystemover thenoisyfeedbacklink whentime shouldadvance.When
thereis an erasure,the stateis left unchanged.

The decoder(illustrated in Figure 9) doesnot have accessto the exact input bits nor the exact
continuousstateof the encoder. The discretestate(queuelength) dependsonly on the sequenceof
erasuresso far andso the decoderdoeshave accessto that. In responseto a queryaboutthe valueof
any particularbit, the decoderchecksto seeif that bit is still waiting in the queue.If not, it gives its
bestestimateof that bit's value.

To extract an estimateof the bit from the received channeloutputsso far, the decodermaintains
an internal statecorrespondingto how the encoder's statewould have evolved if therehad beenno

Fig. 5. QueueLevel Abstraction:Bits are removed from the queuewhena non-erasurehappensandn-times larger packetsareused
whenthe queueis long.



Fig. 6. SourceSimulatorandJoint Source/ChannelEncoder

inputs.By linearity, thesumof theresponseof thesystemto only thecontrolsandtheresponseof the
systemto only the inputsis the actualstateof the encoder. Although both of thosetermsindividually
representthe outputsof unstableprocesses,their sum is stable.Thus, the responseto the controls
alonehasto track closely the responseto the inputs alone.As describedmore fully in [5] and [6],
the unstablestatecanbe thoughtto consistof an integer whosebinary expansionis the desireddata
bits.3

This systemworksbecauseoncea bit is out of thequeue,thedecoder's estimateof it will converge
doublyexponentiallyin thenumberof subsequentnon-erasedchanneloutputs.As such,thedominant
sourceof errors is the erasures.The averagepower constraintis met by making the “long queue”
behavior rareenoughby choosinga suitably large thresholdL betweenthe two behaviors.

I I I . SIMULATION ILLUSTRATING BEHAVIOR

In our system,thereare threedifferentnotionsof internal time:
� Real time: tr which advancesby one tick with every channeluse.Bits are arriving in real time

andso is the discreteencoderstate.
� Simulationtime: t which only advancesby one tick with every non-erasedchanneloutput.The

continuousstateevolvesonly in simulationtime.

3To seethis, considera1 = 2 anda2 = 8 = 23. Thenthe unstablestatecanhold a singlebit per unit time whena1 is usedandthree
bits per unit time whena2 is used.

Fig. 7. Tentative Evolution: UnstableOpen-LoopDynamics



Fig. 8. StateUpdate:AdvancingTime andApplying Controls

Fig. 9. Decoder

� Virtual time: tv which indicatesthe last bit to have becomeincorporatedinto the continuous
state.Virtual time canonly advancewith thesimulationtime, but it sometimesmovesfasterthan
simulationtime if the queueis long.

ThedifferencebetweenRintr andtv representsthenumberof bits still waiting in thequeue.Thereason
we have the speedupin the encoderis to help keepthis differencesmall sinceit is the queuingdelay
that causesthe dominantterm in the probability of bit error.

Figure10 shows the lag betweenvirtual time and real time for a simulatedrun andcomparesthe
casewith speedupto the casewithout it. We canseethat beforethe �rst non-erasureafter the system
entersthe long queuemode for the �rst time, the lag in the two casesare the same.But when a
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successfultransmissionoccurs,the two-modesystemtransmitsmorebits than the one-modesystem,
andreducesthe lag faster.

Figure11 shows the averagepower correspondingto the channelrealizationin Figure10. We can
seethat when the systemstaysin the short queuemode,the average4 transmissionpower increases
gradually and converges to P1, and when the systemstays in the long queuemode, the average
transmissionpower is P2 > P1 dueto the higherdatarate.At the instantthe systemtransitsfrom the
long queueto short queuemodethe averagepower is Ptrans

1 < P1 by design.As the systemstaysin
the short queuemode,the power increasesfrom Ptrans

1 and convergesback up to P1. Similarly the

4Theaveragein this ®gureis takenover therealizationsof theGaussianchannelnoise.Theerasurenoisecorrespondsto oneparticular
realization.
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averagepower changesto Ptrans
2 at the instantthe systemtransitsto the long queuemode.Then the

averagepower goesto P2 in the long queuemodeuntil the systemtransitsback to the short queue
mode.As such,it is P1 which dominatesthe overall averagetransmissionpower of the systemasthe
Ptrans

2 or P2 spikescanbe madeasrareaswe would like by increasingLc.

IV. PROOF SKETCH

Lemma1: Let the input ratebe Rin andthe systemhave this queuingrule:
� Shortqueuemode: Whenthequeuelengthis smallerthanLc, in unitsof Rin, thesystemremoves

R1 > Rin
(1� e) bits per non-erasurefrom the queue.

� Long queuemode: Whenthe queuelength is larger thanLc, in units of Rin, the systemremoves
R2 > R1 bits per non-erasurefrom the queue.

Thenthe tail probability the queuelength is bounded:

P(L > dRin) � T12� a �
1d

wherea �
1 is the feedbackanytime reliability of the R1-sizedpacket erasurechannelcorrespondingto

a rateof Rin from [8] andT1 is somepositive constantthat doesnot dependon Lc.
Furthermore,whenthe queuelengthL > LcRin bits, the tail probability hasa tighter bound:

P(L > dRin) � T0
22� a �

2d

wherea �
2 is the feedbackanytime reliability correspondingto a rateof Rin usinga R2-sizepacket

erasurechannelandT0
2 is somepositive constantthat dependson Lc.

Proof: While the full proof can be found in [10] and [8], the key insight behindthe �rst part
is that this queuemustwork at leastaswell asone that only usesthe slower servicerate.Sincethe
queueis stableeven at the �rst servicerate, the tail probability is boundedby an exponential.For
the secondpart, the probability of very large queuelengthsdies at a rate determinedby the higher
servicerateusedin that regime. As a result, the anytime reliability will be dominatedby the higher
servicerate,while the averagepower usedwill be dominatedby the lower servicerate.At the cost
of a constantdelay, we get the bestof both worlds!
The next key insight hasto do with the role of virtual time. By suitably choosingthe two unstable
modesto have a2 = (a1)n and using R2 = nR1 bits, we can make eachstepof the fastermodefeel
like n stepsof the slower mode,excepttaken all at onceandtherebyusingsubstantiallymorepower.
Sincewe arealreadyburning substantialpower in the fastmode,we feel free to burn even moreand
usea control strategy designedto drive the controlledstateto zero in one stepratherthan trying to
minimize the channelinput power.

By doing this, we seethat:
1) Without noisent , the un-controlledstateof the systemdependsonly on the virtual time.
2) The controlledstatedependson the virtual time, the data to be transmitted,and the channel

noisesincethe last queuemodetransition.
The last point is true becausein the fastmode,the only channelnoisethat mattersis the oneat the
immediatepasttime. With these,we get:

Lemma2: The probability of bit error at the i-th bit with delay d and queuelength l , denotedas
Perror(d; l ; i), is boundedby

Perror(d; l ; i) � f
�

e1

2+ 2e1
2(log2a1)d� l

�

where f (�) , max( f1(�); f2(�)) where f1 is thedistribution thatboundsthetail of thecontrolledsystem
statewhenonly the slow dynamicsareused,and f2 is the counterpartfor the fastdynamics.



Fig. 12. Finding a1 in the anytime capacitycurve of binary erasurechannel

Proof: This is a consequenceof Theorem3.3 in [6] or equivalently, Corollary 7.1.2 in [5],
togetherwith the realization that the lag betweenthe virtual time and the real time is the queue
length.See[10] for moredetails.
Now, f1 and f2 arenot just anything. Both representthe probability of large deviations for a control
systemdriven by a boundeddisturbancewith Gaussiannoise in the observation equation.The tail
probability is dominatedby the Gaussianand is thereforeat leastexponential.The maximumof two
exponentialsis boundedby the larger exponential.So the above tells us that the probability of error
is dying at least doubly exponentially in (log2a1)d � L where d is the delay and L is the random
variabledenotingthe queuelength.

As such,thedominanttermis goingto betheprobabilityof having a very long queueandLemma1
tells us that is dominatedby a2 comingfrom the rarehigh-power modeof operation.All that remains
is to give theorderof settingtheparametersR1;a1;a1;R2;a2;P1;P2 andLc to achieve a target (Rin;a )
pair within the achievableregion. Without lossof generality, changeunits so that s 2 = 1 so P is the
averageSNR constraint.

1) P1 Selectan arbitrary P1 suchthat 2
2Rin
1� e � 1 < P1 < P. This is always possiblesincethe given

Rin is in the achievable region.
2) R1 anda1: R1 = Rin

1� e + d1, whered1 is an arbitrarily small positive number. Selectan a1 which

satis�es 2
Rin
1� e+ d1 < a1 �

p
P1 + 1. This will enableour channelinput power to always be less

thanP1 on averagewhenever we are in the shortqueuemode.
The resultinga1 is obtainedby looking up the anytime capacitycurve of the R1-size packet
erasurechannelwith noiselessfeedbackat rateRin. You canalsodo this by usingFigure12.

3) a2: Choosea2 suchthat a < a2 < � log2e.
4) n andR2: Choosen suchthat R2 = nR1;n 2 Z+ ;n > 1 with the feedbackanytime reliability of

the R2-size erasurechannelevaluatedat Rin being a2 or larger. This can be donegraphically
by looking up R= Rin

nR1
on the binary erasureanytime capacitygiven by Figure12.

a2 = an
1 andsetP2 = a2

2(1+ C2
2) whereC2 is the gain insidethe secondobserver andis sethigh



enoughso that the channelnoiselooks quite small in comparison.Detailsare in [10].
5) Lc: Let P2;max , max(P2;Ptrans

2 ) wherePtrans
2 is the transientpower whenmakinga shortqueue

to long queuetransition.P2;max doesnot dependon Lc. We require

Ef y2
t g = Prob(l � Lc)P1 + Prob(l > Lc)P2;max

� P1 + Prob(l > Lc)P2;max

� P1 + T12� a1LcP2;max

� P

SinceP1 is selectedto be smallerthanP, therearealwaysLc's to hit the last inequality.

V. CONCLUSION AND FUTURE WORK

By usingmoretransmitpower whenwe have many bits awaiting transmission,we canachieve any
desiredpoint in theanytime reliability region correspondingto having thefeedbackanytime reliability
ascloseto � log2e aswe would like for all ratesup to the Shannoncapacityof the AWGN+erasure
channel.This is becausethe doubly-exponentialvanishingof the probabilitiesof error with delay
lets us effectively conceptualizethe channelas a noiselesspacket erasurechannel,thoughthereare
many technicalstepsalong the way with the full detailsavailable in [10]. The correspondingresult
for variablesize packet erasurechannelsis given in the companionsubmission[8], wherewe also
imposeda peak-packet sizeconstraint.

We believe that this style of analysiscanbe extendedto give us the anytime reliabilities of many
Gaussianchannelswith noiselessfeedbackand channelstateside information available at both the
transmitterand receiver. In particular, we believe it can be extendedto cover the caseof �nite state
Markov-fadingchannels5 with sideinformationandtherebygive a variationof Kailath-Schalkwijk[9]
styleerror-convergencefor somesuchchannels.In addition,for controlproblemsover noisychannels,
it shouldbepossibleto take thehybrid data-communicationstrategy we have developedhereandturn
it into a hybrid-control strategy that works with the systemstatedirectly. This may betterallow the
stabilization,though not necessarilyin the second-momentsense,of unstablesystemsover fading
Gaussianchannels.
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