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OUTLINE

• Cosmic rays and Fermi accelera-

tion

• Capacitive discharge heating

• Inductive discharge heating

Enrico Fermi (1901–1954)

Nobel Prize 1938
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COSMIC RAYS
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DISCOVERY MISSED

1895: W.C. Roentgen, x-rays (1927)
1902: C.T.R. Wilson, cloud chamber (1927)
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DISCOVERY

1912: V. Hess (1936)
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POSING IN HIS BALLOON

Victor Hess, discov-
erer of cosmic rays,
after his 1912 bal-
loon flight reached
an altitude of 17,500
feet
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FERMI ACCELERATION

• Enrico Fermi proposed an extra-solar origin of cosmic rays in 1949
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FERMI MAPS

• Repeated collisions lead to heating and to interesting
dynamics described by a Fermi mapping

• Simplified Fermi mapping
vn+1 = vn + 2 ωx0 sin ωtn

tn+1 = tn +
2 l

vn+1

• Kick ∆v at nth collision is a
periodic function of time

• Time between collisions ∆t is
inversely proportional to the
velocity
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CAPACITIVE DISCHARGES
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CAPACITIVE DISCHARGE HEATING

(V.A. Godyak, Sov. Phys. Tech. Phys. 16, No. 7, Jan. 1972)
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STOCHASTIC HEATING

vs(t) ve

v′
e

v′
e = ve + 2vs(t)

• vs > 0, energy gain
vs < 0, energy loss

• Let vs = vs0 cos ωt

〈v′2
e 〉 = v2

e + 2v2
s0

A net energy gain
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HOMOGENEOUS MODEL OF STOCHASTIC HEATING

e

• Time-average stochastic heating power/area for one sheath

Sstoc =
〈

n

∫ ∞

vs

(v − vs)
1
2
m(v′2 − v2)fe(v) dv

〉
=

1
4
nv̄e · 2mv2

s0

with v̄e = (8eTe/πm)1/2 the mean thermal speed
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EXPERIMENTAL EVIDENCE

• Including the ohmic heating
in the bulk plasma and the
stochastic heating for the two
sheaths

Stot =
1
2
mnv2

s0νeffd

νeff = νm︸︷︷︸ + 2v̄e/d︸ ︷︷ ︸
Ohmic Stochastic

νm (∝ gas pressure)=electron-
neutral collision frequency

(V.A. Godyak, R.B. Piejak, and B.M. Alexandrovich, Plasma Sources:

Sci. Technol. 1, 36, 1992)
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DUAL FREQUENCY HEATING

• Dual frequency capacitive discharges used extensively to fabricate
integrated circuits
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Dual frequency
sheath

Bulk plasma

High frequency
sheath motion

Ions

Electrons

Stochastic
heating

Wall

Electron

Low frequency
sheath motion

High frequency voltage controls ion flux
Low frequency voltage controls ion energy
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STOCHASTIC HEATING POWER

• Fermi acceleration theory in dual frequency regime:

Sstoc =
1
2
mv̄e

J2
h

e2ns︸ ︷︷ ︸×
(
1 +

π

4
Hl

) (
Hl

Hl + 2.2

)
︸ ︷︷ ︸

High freq part Low freq part F (Hl)

Sstoc = stochastic heating power per unit electrode area
m = electron mass
v̄e = (8eTe/πm)1/2 = mean thermal electron speed
Jh = high frequency current density
ns = plasma density at bulk plasma–sheath edge

Hl = 0.55(Vl/Te)1/2 =low frequency enhancement factor
(E. Kawamura, M.A. Lieberman, and A.J. Lichtenberg, Phys. Plasmas

13, 053506/1–14, 2006)
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PARTICLE-IN-CELL SIMULATIONS
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Fermi acceleration theory
Kawamura et al (2006)

Fluid theory
Turner and Chabert (2006)

PIC (mobile ions)

PIC (fixed ions)

(M.M. Turner and P. Chabert, Phys. Rev. Lett. 96, 205001/1–4, 2006)
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INDUCTIVE DISCHARGES
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PLANAR INDUCTIVE DISCHARGE HEATING

e
Eθ

x

• Let Eθ(z) =
E0e−z/δ cos(ωt + φ)

• z(t) =
{
−vzt, t < 0
vzt, t > 0

• ∆vθ(φ) = −
∫ ∞
−∞ dt eEθ

(
z(t), t

)
/m

Sstoc = n

∫ ∞

0

dvz
1
2
m〈(∆vθ)2〉φ vzfe(vz)

(V. Vahedi, M.A. Lieberman, G. DiPeso, T.D. Rognlien, and D. Hewett,

J. Appl. Phys. 78, 1446, 1995)
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SKIN DEPTHS

Vacuum Plasma

zE

H
k.

δ κp = 1 −
ω2

p

ω(ω − jνm)
with ωp the plasma frequency
and νm the electron-neutral
collision frequency

• Local theory (E-field decays exponentially)

(a) Collisionless (νm � ω) ⇒ δ =
c

ωp

(b) Collisional (νm � ω) ⇒ δ =
c

ωp

(
2νm

ω

)1/2

• Non-local theory (non-exponential decay of E-field)

(c) Anomalous (v̄e/δ � ω, νm) ⇒ δ =
c

ωp

(
2v̄eωp

ωc

)1/2

with v̄e the mean electron speed

Anomalous regime corresponds to Fermi acceleration
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DISCOVERIES OF ANOMALOUS HEATING

• Measurements in inductive discharges (Godyak et al, 1994)
• Collisionless theory and PIC simulations (Turner, 1993)
• Theory of rf magnetic field effects (Cohen and Rognlien, 1994)
• Negative power absorption (Godyak and Kolobov, 1997)
• Measurements of RF magnetic field effects (Godyak et al, 1999)

• First plasma experiment (Demirkhanov et al, 1964)
• First plasma kinetic theory (Weibel, 1967)
• Theory of RF magnetic field effects (Blevin and Thonemann, 1962)
• RF magnetic fields (Rotomaks) (Jones, 1980)

• First experiment on anomalous skin effect in metals (Pippard, 1949)
• First kinetic theory of anomalous skin effect (Reuther and Sond-

heimer, 1949)

LiebermanDPP06 20



University of California, Berkeley PLASMA

PIPPARD’S WORK

← Collisionality

Power
absorbed

↓
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COMPARISON OF KINETIC AND FERMI MODELS

νm/ω = 0.008
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CONCLUDING REMARKS

• Collisionless electron heating, which is usu-
ally associated with high temperature space
and fusion plasmas, is a fundamental pro-
cess in the warm, low pressure plasmas used
in today’s industrial plasma technology

• The Fermi acceleration model of a ball bounc-
ing between a fixed and an oscillating wall is
a useful model to describe such heating

Review article: M.A. Lieberman and V.A. Godyak,
IEEE Trans. Plasma Sci. 26, 955, 1998

I am greatly indebted to A.J. Lichtenberg, C.K.
Birdsall, V.A. Godyak, Emi Kawamura,
and V. Vahedi
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W.P.Allis (1901–1999)
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