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goal

connectionbetweenclassi cation and LP, convexQP hasa long
histary (Vapnik, Mangasaian, Bennett, etc)

recentprogressesn convex optimization: conic and semide nite
programming;geometricprogramming;robust optimization

we'll outline someconnectionsbetweenconvexoptimization and
classi cation problems

joint work with: M. Jordan, N. Cristianini, G. Lanckriet,
C. Bhattacharya



outline

convexoptimization
SVMs and robust linea programming
minimax probability machine

learning the kernelmatrix



convex optimization

standad form:

mXinfo(x) Chi(x) 01 =1;::0m

arisesin many applications
convexiy not always recognizedn practice

can solvelarge classef convexproblemsin polynomial-time
(Nesterov,Nemirovski,1990)



conic optimization

special classof convexproblems:
min c'x : Ax = b; x2 K
X

whereK is a cone,direct product of the following "building blocks":

K =R linea programming
K=f(y;t)2 R"™ :t kykag second-oder coneprogramming,
guadratic programming

K=fx2R" " : x=x" 0g semide nite programming

fact. cansolveconic problemsin polynomial-time
(Nesterov,Nemirovski,1990)



conic dualit y

dual of conic problem
min c'x : Ax = b; x2 K
X

maxb'y : ¢ ATy2K
y

where
K =fz : hxi 08x2Kg

IS the conedual to K

for the conesmentionedbefae, and direct products of them, K = K



robust optimization

conic problemin dual form: max, b’y : ¢ ATy2K

' what if A is unknowvn-but-bounded,say A 2 A, whereA is given?

robust coun terpart: max, b'y : 8A2A; ¢ ATy2K

still convex,but tractability dependson A
systematicways to approximate (get lower bounds)

for large classe®f A, approximation is exact



example: robust LP

linear program: miny c'x : a'x b;i=1;:::

assumeg;'s are unknovn-but-boundedin ellipsoids
E=a:(a &) .Y(a &) 1

whered;: center, ; 0: "shape matrix"

robust LP: miny c'x : 83 2E; a'x b;i=1:::



robust LP: SOCP representation

robust LP equivalentto

min c'x : & x+k i °xk, b;i=1:::;m
X

| a second-oder coneprogram!

Interpretation: smaoothesbounday of feasibleset
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LP with Gaussian coe cien ts

assumea N (4; ) , thenfor givenx,
Probfa'x by 1

IS equiv alent to:
a'x+ k ™xk, b

where = (1 )and isthec.d.f. of N(0O;1)

hence,

can solveLP with Gaussiarcoe cients usingsecond-order
cone programming

resulting SOCPIs simila to one obtainedwith ellipsoidal
uncertainy
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LP with random coe cien ts

assumea (4; ) , I.e. distribution of a hasmeané and covaiance
matrix , but is otherwiseunkno wn

Cheb ychev inequalit v:
Probfa'x by 1

IS equiv alent to:
a'x+ k xk, Db

where r

leadsto SOCPsimilar to onesobtainedpreviously
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SVMs: setup

givendata points x; with labelsy; = 1,1 = 1;:::;N

two-classlinea classi cationwith support vecta:

min kak, : yi(@'x; b 1; i=1;::::N

problemis feasiblei there existsa sepaating hyperplanebetween
the two classes

If S0, amountsto selectone sepaating hyperplaneamongthe
many possible
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SVMs: robust optimization Iinterpretation

Interpretation: SVMsare a way to handlenoisein data points

assumeeachdata point is unknowvn-but-boundedin a sphereof
radius and centerx;

nd the largest suchthat sepaation is still possiblebetweenthe
two classesf perturbed points
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variations

can useother data noisemodels:

hypercube uncertainly (givesriseto LP)
ellipsoidaluncertainty (! QP)

probabilisticuncertaint,, Gaussiaror Chelychev(! QP)
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separation with hypercub e uncertain ty

assumeeachdata point is unknovn-but-boundedin an hypercule G
Xi 2 G =12+ Pu : kukg 1g

wherecenters®; and"shape matrix" P are given

robust separation:

leadsto linear program

minkPak; : yvi(a'® b L i=1;:::;N
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separation with ellipsoidal uncertain ty

assumeeachdata point is unknowvn-but-boundedin an ellipsoidE; :
Xj 25 =12+ Pu : kuk, 1g

wherecenter®; and "shape matrix" P are given

robust sepaation leadsto QP

minkPak, : yvi(a'® b L i=1;:::;N
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minimax probabilit y machine

goal:
make assumptionsabout the data generatingprocess
do not assumeGaussiardistributions

usesecond-momenanalysisof the two classes

let® ;  bethe meanand covaiancematrix of classy =

MPM: maximize suchthat there exists(a;b) suchthat

inf Probfa'x bg 1
X (Res +)

inf Probfa'x by 1
x (X5 )
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MPMs: optimization problem

I two-sided,multivariable Chelychevinequality:

. T _ (b a'®):
) |(r}£) Prob fa'x bg= b aT R +a a

MPM problemleadsto second-order cone program :

min kK 1 2ak, + k Pak, : a’ (R, R )=1
a

complexiy is the sameas standad SVMs
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dual problem

expessproblemas unconstrainedmin-max problem:

: 1=2 1=2
min max u' ;T fa v Tfa+ (1 a'(xs X))
a kuk, 1;kvky: 1
exchanganin and max, andset = 1= :
min X, + =h0=x + v kuk, ; kvks

geometricinterpretation: de ne the two ellipsoids
n ) 0
E()= R + =20 kuks

and nd largest for which ellipsoidsintersect
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robust optimization interpretation

assumedata with label + generatedarbitrarily in ellipsoid
n 0
Xe 2E ()= R+ + [ 7u : kuk

and similaly for data with label

MPM nds largest for whichrobust sepaation is possible

a'x b=0
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exp erimen tal results

Linea kernel Gaussiarkernel BPB
TSA TSA
Twonam 80.2% 95.2% 86.2% 95.8% 96.3%
Breastcancer 84.4% 97.2% 92.7% 97.3% 96.8%
lonosphere 63.3% 84.7% 949% 93.4% 93.7%
Pimadiabetes 31.2% 73.8% 33.0% 746% 76.1%
Heat 412.8% 81.4% 505% 83.6% unknown
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variations

minimize weightedsum of misclassi cationprobabilities

guadraticsepaation: nd a quadraticset suchthat

inf  Prob fx 2 1
oy o Tx Qo

Inf Prob fx 6209 1
x (R ;)
I |leadsto a semide nite programmingproblem

nonlinea classi cation via kernels
(using plug-in estimatesof meanand covaiance matrix)
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transduction

the data containsboth
labeled points (training set)

unlabeledpoints (test set)

transduction:  givenlabeledtraining set and unlabeledtest set,
predict the labelson the test set
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kernel metho ds

main goal: sepaate usinga nonlinea classi er
al (x)=b

where is a nonlinea operata

de ne the kernel matrix
Ki = )" ()

(involvesboth labeledand unlabeleddata)

fact: for transduction,all we needto know to predictsthe labelsis
the kernelmatrix (and not () itself!)
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kernel metho ds: idea of pro of

at the optimum, a is in the rangeof the labeleddata:

=) solution of classi cation problemdependsonly on the valuesof
kernelmatrix Ky for labeledpoints x;; X;

In a transductivesetting, the prediction of labels alsoinvolvesK j;

only, sincefor an unlabeleddata point X ,

T . :X . AT .
a  (xj) i (Xi) (X))

iInvolvesonly K 's

fact: all previousalgaithms can be "kernelized"
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partition training/test

In a transductivesetting, we can partition the kernelmatrix as follows:

2 3
— 4 K'[I’ 'tr K'[I’ 't 5
Ket K

wheresubscriptstr andt standfor "training” and "test", respectively
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kernel optimization

what is a "good" kernel?

margin: kernel"behavesnell" on the training data,
I condition on the matrix K .

test errar: kernelyieldslow predictederra
I conditionon the full matrix K

also,to preventover tting, the blocksin K shouldbe "entangled"
I will restrict the seach spacewith a ne constraint
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kernel optimization and semide nite programming

main idea: kernelcan be descriled via the Grammatrix of data points,
henceis a positive semide nite matrix

I semide nite programmingplays a role in kerneloptimization
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margin of SVM classi er

kernel-basedsVM problemfor labeleddata points:

(classi er dependsonly on training set block of kernelmatrix Ky )

margin of optimal classieris = 1=ka ky

geometrically:

1 = distancebetweenthe convexhulls of the two classes

(can work with "soft" margin whendata is not linealy sepaable)

32



generalization error

how well the SVM classi er will work on the test set?

from leaning theay (Bartlett, Rademacher)generalizatiorerra is
boundedabove by

e

(Kir)
where (Ky ) isthe margin of the SVM classi er with training set
block kernelmatrix Ky

hence,the constraints
TrKk =c; (Ky) ! w

ensurean upper bound on the generalizatiorerrar
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margin constrain t

usinga dual expressionfor the SVM problem, margin constraint

(Kir)
writes as LMI (linear matrix inequality) in K
2 3
4 G(Ktr) e+ + y 5 0
(e+ + y)T .

where
G(Ky ) islinea in Ky
e = vecta of ones

: are newvaliables
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avoiding over tting

the trace constraint Tr K = c is not enoughto "entangle" the matrix
K

we imposean a ne constrainton K of the form

X
K = iKi

i
whereK's carespndto givendi erent, known kernelsand ;'s will
be our new variables
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optimizing kernels: example problem

goal: nd a kernelmatrix that

IS positive semide nite and hasa giventrace
K 0 TrK =¢c¢

belongsto an a ne space(hereK;'s are knowvn)

X
K = iKi

satis esa lower bound onthe margin on the training set, (Ky )

the problemreducesto a semide nite programmingfeasibility problem
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exp erimen tal results

K1 K> Ks K

Breastcancer| d = 2 = 05

margin 0.010 0.136 - 0.300
TSE 19.7 28.8 11.4
Sona d= = 0:1

margin 0.035 0.198 0.006 0.352
TSE 15.5 194 21.9 13.8
Heat d= 2 = 05

margin - 0.159 - 0.285
TSE 49.2 36.6
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wrap-up

convexoptimization hasmuchto o er and gainfrom interaction
with classi cation

descriled variations on linea classi cation
many robust optimization interpretations
all thesemethods can be kernelized

kerneloptimization has high potential
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see also

Leaning the kernelmatrix with semide nite programming

(Lanckiert, Cristianini, Bartlett, EI Ghaoui,Jordan, submittedto
ICML 2002)

Minimax probability machine
(Lanckiert, Bhattacharya, El Ghaoui,Jordan) (NIPS 2001)
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