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Abstract

We present an achievable rate for general Gaussian relapret We show that the achievable rate is within
a constant number of bits from the information-theoretitsgt upper bound on the capacity of these networks.
This constant depends on the topology of the network, buttimtvalues of the channel gains. Therefore, we
uniformly characterize the capacity of Gaussian relay oets within a constant number of bits, for all channel
parameters.

I. INTRODUCTION

Characterizing the capacity of wireless relay networks lesn a challenging problem over the past
couple of decades. Although, many communication schemesiteen developed [6]-[10], the capacity of
even the simplest Gaussian relay network: single sournglestdestination, single relay, is still unknown.
In general, the only known upper bound on the capacity of Gaunsrelay networks is the information
theoretic cut-set upper bound which is not achieved by atlyade schemes, not even for a xed realization
of the channel gains. Furthermore, in a general network sit¥ide range of channel parameters, the gap
between those achievable rates and the cut-set upper bswmttlear. As a result, we do not even have
a good approximation of the capacity with an explicit guéean

In this paper we introduce a simple coding strategy for gar@aussian relay networks. In this scheme
each relay rst quantizes the received signal at the noiselleéhen randomly maps it to a Gaussian
codeword and transmits it. We show that we can achieve amateg guranteed to be within a constant
gap from the cutset bound. This constant depends on thedgipal parameters of the network (number
of nodes in the network), but not on the values of the chanaélsg Therefore, we get a uniformly
good approximation of the capacity of Gaussian relay neisyonniform over all values of the channel
gains, thus particularly good approx at high SNR. The preskscheme has close connections to the
random coding scheme introduced in [2] to achieve the capatiwireline networks. It has also some
connections with the compress, hash, and forward protoestribed in [8], except here the destination
is not required to decode the quantized signals at the relays

The ideas for the main approximation result were inspiredtly insight obtained by analyzing
deterministic relay networks (see [5]). The determinigtpproach was motivated by the development
of the linear deterministic model (see [3], [4]), which wases to capture the key features of wireless
channels. We developed some of the connections betweeim#es beterministic relay network and the
Gaussian relay network in [4].

[I. PROBLEM STATEMENT AND MAIN RESULTS

Consider a network represented by a directed relay network(V, E) whereV is the set of vertices
representing the communication nodes in the relay netva@E is the set of edges between nodes. The
communication problem considered is unicast. Thereforpegial nodeS [Vlis considered the source


http://arXiv.org/abs/0802.3535v2

of the message and a special ndde[M is the intended destination. All other nodes in the network
facilitate communication betwee® and D. The received signal; at nodej [Vland timet is given by

t t t
y="" hyxT+z (1)
i2N j
where eacth; is a complex number representing the channel gain from madenodej, andN; is the
set of nodes that are neighbors jofn G. Furthermore, we assume there is an average power comstrain
equal to 1 at each transmitter. Algp, representing the channel noise, is modeled as as comptexaho

(Gaussian) random variable
z; CTIN(O,1) 2)

For any relay network, there is a natural information-tle¢iorcut-set bound [11], which upperbounds

the reliable transmission rate:
R < C= max min (Y ¢;X |X <) (3)
p(fxjginv) 2 D

where/N\p = {Q :S [ D CQF} is all source-destination cuts (partitions).

The following is our main result B

Theorem 2.1:Given a Gaussian relay networ®,= (V,E), we can achieve all rateR up toC — K.
Therefore the capacity of this network satis es

C—-k=sC<sC (4)

WhereC is the cut-set upper bound on the capacityads described in equationl (3), ards a constant
and is upper bounded B}V |, where|V | is the total number of nodes &.

The gap k) holds for all values of the channel gains and is relevantiqdarly when the SNR is
high and the capacity is large. While it is possible to imgrevfurther, in this paper we focus to prove
such a constant, depending only on the topolog¥ dfut not the channel parameters, exists in general.
This constant gap result is a far stronger result than theegegf freedom result, not only because it is
non-asymptotic but also because it is uniform in the manynobBASNR's. This is also the rst constant
gap approximation of the capacity of Gaussian relay nets:ofls we will discuss in the next section,
the gap between the achievable rate of other well known irgjagchemes and the cut-set upper bound
in general depends on the channel parameters and can becoitnarity large.

A. Examples

In this section we use a few examples to show that the gap battie achievable rate of other relaying
schemes and the cut-set upper bound depends on the charamaekpers and can become arbitrarily large.
In particular we focus on three well known strategies: afpgbrward, decode-forward, and compress-
forward.

1) Amplify-forward strategy:Consider the diamond network with real channel gains showmgure
d(a). Assumen is a large real number. The cut-set upper bound is approgigmat

C =5loga (5)

Now consider an amplify-forward strategy in which nod®s and A, amplify the received signal by
a; anda, and forward them to the destination. Then assumingxhaas transmitted at the source, the
received signal at the destination will be

yp =a%a; a’x+za, +a’a, a’Xx+1zx, +17p (6)



whereza,, za, andzp are Gaussian noises with variance 1 antg the transmitted signal with average
power constraint equal to 1. To satisfy the average tranpoter constraint alA; and A,, for large
values ofa we should have 1

Oy =

=2 (7)

Now since [(6) is just like a point to point channel frd@nto D, the achievable rate of amplify-forward
strategy will approximately be

G]_Sg,

a'®a? + al*a3

1
Rae = 3 aba? + al%aZ + 1 ®
1 2 ma 162 [l4~2
< 1 x{a 20(1, a 20(2} )
2~ max{aba$,alfas, 1}
1
< 5 (1 +6loga) (20)

Now by comparing [(ZI0) and_{5) we note that asncreases the gap between the achievable rate of
amplify-forward strategy and the cut-set upper bound iases. Now by theorein 3.7 in section 1lI-C,
which is a special case of our main theorem] 2.1 for multiestagtworks, the achievable rate of the
relaying strategy proposed in this paper is Witléilriz = 6 bits of the cut-set upper bound of this network
for all channel parameters
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Fig. 1. Diamond network is shown in (a). A two layer networkstsown in (b). The effective network for compress-forwanhtggy is
shown in (c).

2) Decode-forward strategyConsider the same example as shown in gule 1(a). Now it iy ¢as
show that the achievable rate of the decode-forward strategpper bounded by
Rpr =< 3loga (11)

Therefore, as gets larger, the gap between the achievable rate of decodesd strategy and the cut-set
upper bound[({5) increases.

! factor of% comes from the fact that here we are dealing with channels rg#l valued gains



3) Compress-forward strategyConsider the example shown in guré 1(b). For large values, @ut-set
upper bound on the capacity of this relay network is apprexaty

C =5loga (12)

Now consider the compress-forward strategy as describgdOhsection V. The achievable rate of
this scheme is characterized in Theorem 3 ([10] page 9),wisian the form of a mutual information
maximization over auxiliary random variablél and Y;. Even though this is written in single-letter
form, since there is no cardinality bounds, the rate op@tnin is still an in nite dimensional optimization
problem. However, to simplify this problem further, assutinat auxiliary random variabldd; are set to
zero, andYt are restricted to have a Gaussian distribution, which leads nite dimensional problem.

The scheme is such that the Wyn€iiv source-coding region of each layer must intersect trennobkl-
coding region of the next layer. As a result by looking at layB,, B>} we note that nodd; should
compress its received signal to a Gaussian random variatilevariancea?. In another words, just quantize
the received signal with distortiom Therefore the effective network will look like the one shoim gure
[ (c). Note that now the cut-set upper bound of this networﬂxﬁproximately,@oz 4loga.

As a result, with this compress-forward scheme, it is notsfmds to get a rate more thahlog a.
As a increases the gap between the achievable rate of commessrfl strategy and the cut-set upper
bound increases. Now by Theorém]3.7 in secfion ]1I-C, whitaispecial case of our main Theorem
2.1 for multi-stage networks, the achievable rate of thayiely strategy proposed in this paper is within
% x 18 = 9 bits of the cut-set upper bound of this network for all chdrpaameters.

B. Proof Strategy

Theoreni 211 is the main result of the paper and the rest ofdpergs devoted to sketch its proof. For
details of the proof, the reader is referred to [1]. First weus on networks that have a layered structure,
i.e. all paths from the source to the destination have eqrajths. With this special structure we get a
major simpli cation: a sequence of messages can each bededdato a block of symbols and the blocks
do not interact with each other as they pass through the redales in the network. The proof of the
result for layered network is done in sectiod Ill. Second,extend the result to an arbitrary network by
considering its time-expanded representation. This idorsectio I¥. The time-expanded network is
layered and we can apply our result in the rst step to it. Tonptete the proof of the result, we need
to establish a connection between the cut values of the éxpanded network and those of the original
network. We do this using sub-modularity properties of epyrfunction.

IIl. L AYERED NETWORKS

In this section we prove main theoréml2.1 for a special casayefed networks, where all paths from
the source to the destination & have equal length. In a layered network, for each npdee have a
lengthl; from the source and all the incoming signals to ngdare from nodes whose distance from
the source aré = |; — 1. Therefore, as in the example network of Figuke 2, we seethiese is message
synchronizationij.e., all signals arriving at nod¢ are encoding the same sub-message.

Suppose message, is sent by the source in blodk then since each relay operates only on block
of lengthsT, the signals received at blodkat any relay pertain to only messagg |; wherel; is the

path length from source to relgy To explicitly indicate this we denote byj(k)(wk ;) as the received
signal at blockk at nodej. We also denote the transmitted signal at blkcksxj(k) Wk 1 15) -

>The concept of time-expanded representation is also usgd, ibut the use there is to handle cycles. Our main use is tdlkanteraction
between messages transmitted at different times, an ibsti@nly arises when there is interference at nodes.



A. Encoding

We have a single sourc® with messag&Vv [{1,2,...,2RT} which is encoded by the sour&into
a signal overT transmission times (symbols), giving an overall transioissate ofR.
Each relay operates over blocks of tinie symbols. In particular block of T received symbols

at nodei is denoted byy™ = Lyl VT yIKTh and the transmit symbols by™. Now the
which

| |
achievability strategy is the following: each receivedlmtpeyi(k) at nodei is quantized intoy;
is then randomly mapped into a Gaussian codewdft using a random (binning) functiofy(y™'). For
guantization, we use a Gaussian vector quantizer.

Since we have a layered network, without loss of generabtyser the message = w; transmitted
by the source at block = 1. At nodej the signals pertaining to this message are received by thgsre
at blockl; . Given the knowledge of all the encoding functions at thayeland signals received at block

Ip, the decodeD, attempts to decode the messdeby nding the message that is jointly typical with
its observations.

B. Proof illustration

Consider the encoding-decoding strategy as described dtiosélll-A] Our goal is to show that,
using this strategy, all rates described in the theorem enéeeable. The method we use is based on
a distinguishabilityargument. This argument was used in [2] in the case of wiefiatworks. In [5],
we used similar arguments to characterize the capacity cfreergl class of linear deterministic relay
networks with broadcast and multiple access. The main iedat this approach is the following: due to
the deterministic nature of these channels, each messaugpised to a deterministic sequence of transmit
codewords through the network. The destination can noindisish between two messages if and only
if its received signal under these two messages are idénificgo, there would be a partition of nodes
in the network such that the nodes on one side of the cut cdimglissh between these two messages
and the rest can not. This naturally corresponds to a cutratpg the source and the destination in the
network and the probability that this happens can be relaidtie cut-value. This is the main tool that
we used in [5] to show that thecut-set upper bound can agtballachieved.

However, in the noisy case, the difference from the prevanayses is that each message is potentially
mapped to asetof possible transmit sequences. The particular transmilesgce chosen depends on the
noise realization, which can be considered “typical”. &itlly it means that there is some fuzziness
around the sequence of transmit codewords associated agthraessage. Hence, two messages will still
be distinguishable at the destination if the fuzzy recesigthal associated with them are not overlapping.
This intuitively means that if we can somehow bound this candess, a communicate rate close to the
cut-set bound is achievable.

In order to illustrate the proof ideas of Theorelm [2.1) weneixe the network shown in Figufé 2.

Can distinguish Can distingiish
A; [CSI By LSl

S Sl D CSf

Cannot distingurs Cannot distinguish

i i ]
Transmits same signal undetv, w B, 'SP

Fig. 2. An example of a layered Gaussian relay netowrk.

Assume a message is transmitted by the source. Once the destination recgiyesquantizes it to
gety,. Then, it will decode the message by nding the unique mesdhgt is jointly typical withy



(the precise de nition of typicality will be given later). error occurs if eithew is not jointly typical
with ¥, or there is another messagé such thaty, is jointly typical with bothw, w°

Now for the relay network, a natural way to de ne whether a saggew is typical with a received
sequence is whether we have a “plausible” transmit squ&m:Erw which is jointly typical with the
received sequence. More formally, we have the followingnigons.

Definition 3.1: For a messag&, we de ne the set of received sequences that are typical thigh
message as,

Yiw) ={y; : (¥;,w) [T}, (13)

where we still need to de ne what we mean by, w) [T1.
Definition 3.2: For a message/, we de ne the set of transmitted sequences that are typidal the
message as,

Xi(w) = {x; 1 xi = fi(¥;),y; XXI(W)}, (14)

which de nes the “typical” transmit set associated with assegew.
Note here that sincg; = f;(y,), then naturally(x;,y;) [TI. This leads us to the following de nition,
Definition 3.3: We de ne (y;,w) 11 if

Vi, {X}2m@) O for somex; X} (w), GACTh(i) (15)

whereln(i) is de ned as the set of nodes with signals incident on node
Therefore by this de nition, if a message is typical with a received sequence, we have a sequence
of typical transmit sequences in the network that are jpitybical with thew and the received sequence
at the destination.
Now note the following important observation,
Observation: Note that if nodei cannot distinguish between two messagesv’, this means that
the signal received at nodey, is such thai(y;,w) [Tl and(y;,w% LT1. Therefore we see that

g, CYI(w) nY;(W9). (16)

Due to the mapping; = f(¥;), we therefore see that, X, (w) n X;(w9. Therefore, there exists a
sequence undev®which is the same as that transmitted unaleand could therefore have been potentially
transmitted undew®

Now, assuming a messageis transmitted by the source, an error occurs at the destindteither
w is not jointly typical with§, or there is another messag€ such thaty, is jointly typical with
both w, w. By the law of large numbers, the probability of the rst evdrecomes arbitrarily small as
communication block lengthl;, goes to in nity. So we just need to analyze the probabilityle second
event. To do so, we evaluate the probability tfigt is jointly typical with bothw andw® wherew?® is
another message independentofThen we use union bound over &iPs to bound the probability of
the second event.

Based on our earlier observationyif is jointly typical withw, w’, then there must be a typical transmit
sequencexy = (x2,xR,,x3,,x3,,x3,) underw® such that,(Y p,x3 ,x3,) 1. This means that the
destination thinks this is a plausible sequence. Now forsrgh sequence there is a natural €utjn G
such that the nodes on the right hand side of the icetit Q) can tellx{ is not a plausible sequence,
and those on the left hand side of the cug.(in Q°) can not. Clearly this cut is a source-destination
partition.

®Plausibility essentially means that the transmit sequén@member of the typical set of possible transmit sequennésrw.



For now, assume that the cut@= {S, A;, B;}, as shown in gurdR. Sincé\,, B, and D think xJ
is a plausible sequence, we have

(?Azy XCS)) LT (17)
(Yoo X2, X0,) T (18)
(Yo.Xx3,,x3,) T (19)
For any such sequencs), sincew is independent o’ we have
n 0
P (Ya,x)) [T <2 T'Xsiva) (20)

Now, for the layer(A;, A;), we condition on a particular sequencg, to have been transmitted 1#y,.
If X2, = Xa,, sincexy is chosen independent &f, we have,

n 0
P (Y, X3,,Xa,) [ <2 T1 (P, X agiX Ag). (21)
and similarly Ifx3, & xa,, sincex3_,x3, are chosen independent xf,, xa, we have,
n 0
P (YBzixgllXRZ) LTI < 2 TI(QBz;XAl;XAZ) (22)
< 2 T1(%8,XA0XAy) (23)
Therefore in any case, n o
P (Ve x3,x3,) [T <2 TeXaixay), (24)
Similarly we can show that,
n o]
P (Yp.,x3,x3) [T <2 T'FoXeiXe,), (25)

Therefore for any typical sequengd, the probability that[(17):(19) are satis ed is upper boeddy
2 TI(XsiYay) 5 2 T1(¥e,iXA10XAy) 5 2 TH(¥DiXB,XB,)

— 9 TI(XaifaciXae) (26)

Now, by using the union bound over all possitig's and cuts, the probability of confusing with w°
can be bounded by

X |
P{w -~ W% < |Xy(w9| 2 T'(Xaifacixac) (27)

In the next section, we make these arguments precise, andirydimg |Xy(w%| we prove our main
theorenT 211 for networks with a layered structure.

C. Proof for layered networks

In this section we extend the idea from section 1lI-B and yrelals -layer network,G.

Based on the proof strategy illustrated in secfion 1ll-B, prveceed with the error probability analysis
of our scheme that was described in section 1lI-A. Assumesagew is being transmitted. To bound the
probability of error, we just need to analyze the prob@biﬂitatVD is jointly typical with bothw, w® for
a messag&® independent ofv. We denote this event by — w°

If ¥ is jointly typical with w®, then there must be a typical transmit sequexigel Xl,(w°) underw®
such that(Y D, xO ) 11, wherey,, ; is the set of nodes at layés — 1 of the network. This means
that the destlnatlon thlnks this is a plausible sequenceréfbre, there is a natural source-destinationcut,



Q, in G such that the nodes on the right hand side of the catif Q) can tellx? is not a plausible
sequence, and those on the left hand side of theiaitif Q°) can not. Note that due to the layered
structure of the network, for any such c@, we can creatal = Ip disjoint sub-networks of nodes
corresponding to each layer of the network, wgh,(Q) nodes at distanck— 1 from S that are inQ,
on one side an@,(Q°) nodes at distanckfrom S that are inQ°, on the other, fol =1,...,lp. Hence,
by de nition we have R

(Y Nt C)’Xol—l() ,Xol_l( c)) LTI, | = 1,..., ID (28)

Therefore, similar to the pairwise error analysis done ictisa[Il-B] we can show
X .
P{w - wh < [Xyw9| 2 T'(Xeifacixor) (29)

As the last ingredient of the proof, we state the followingniea which is proved in the appendix.
Lemma 3.4:Consider a layered Gaussian relay netwd@kthen,

Xy(W) = 2" 2 (30)
wherek; = |V] is a constant depending on the total number of nodé. in
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Fig. 3. An example of a general Gaussian network with un epgatiis from S to D is shown i(a). The corresponding unfolded network
is shown in(b). An example of steady cuts and wiggling cuts are respegtisikbwn in(b) by solid and dotted lines.

Therefore, by[(29) and lemnia 8.4, we have the following,
Lemma 3.5:Given a Gaussian relay netwofk with a layered structure, all rateR satisfying the
following condition are achievable,

R < min 1Y ;X |X ¢) =Ky (31)
D

whereX;, i [V1 are iid with complex normal (Gaussian) distribution, aqd= |V| is a constant depending
on the total number of nodes B



To prove our main theorein 2.1 for layered networks, we stagefdllowing lemma which is proved
in the appendix,
Lemma 3.6:Given a Gaussian relay netwo then

C— min I(Y ;X |[X <) <K (32)
D

where X;, i [V, are iid with complex normal (Gaussian) distributidd,is the cut-set upper bound on
the capacity ofc as described in equatiohl (3), ard = 2|V|.
Now by lemmd 356 and lemnia_3.6, we have the following mainltesu
Theorem 3.7:Given a Gaussian relay netwofk with a layered structure, all ratd® satisfying the
following condition are achievable,
R < 6 — KLay (33)

whereC is the cut-set upper bound on the capacityais described in equationl (3), arghy = K;+Kp =
3|V] is a constant depending on the total number of node3 (denoted byV|).

V. PROOF FOR GENERAL NETWORKS

Given the proof for layered networks with equal path lengthe are ready to tackle the proof of
Theorem 2.1l for general Gaussian relay networks.

The ingredients are developed below. First is that any Gamssetwork can be unfolded over time to
create a layered Gaussian network (this idea was introdiacegtaphs in [2] to handle cycles in a graph).
The idea is to unfold the network t& stages such that i-th stage is representing what happet in t
network during(i—1)T to iT —1 symbol times. For example in guld 3(a) a network with undoaths
from S to D is shown. Figurél3(b) shows the unfolded form of this netwdkk we notice each node
V [Vlis appearing at stage< i < K asV [i]. Now we state the following lemma which is a corollary
of Theoren{ 37

Lemma 4.1:Given a Gaussian relay network, all ratesR satisfying the following condition are
achievable,

1 :

R < "3 ur:f12|nD I(Y ¢ ;X X e ) =K (34)
whererl';f) is the time expanded graph associated vathrandom variable§X;[t]}1 ¢ «,i [V are iid
with complex normal (Gaussian) distribution, ard= 3|V/|.

Proof: By unfolding G we get an acyclic network such that all the paths from the oto the
destination have equal length. Therefore, by thedrein 8.7atas R, satisfying the following condition
are achievable in the time-expanded graph

Runf < urpinD T(Y ¢ i Xl X e ) — Kunt (35)
where{X[t]}1 : «,1 XM are iid with complex normal (Gaussian) distribution, aagi = K|V|log 4n.
Since it takesK steps to translate and achievable scheme in the time-egdagyéph to an achievable
scheme in the original graph, amg = KiKunf = |V|log 4n, then the Lemma is proved. [ ]

Note that the general achievability scheme that we use Isesenilar to the one described in section
MI-Alfor layered networks, except now the messalye ({1, 2,...,2“RT } is encoded by the sourc®
into a signal overKT transmission times (symbols). Still, each relay operate= dlocks of timeT
symbols. In particular each received sequey1§('fé at nodei is quantized intq“/i(k) which is then randomly
mapped into a Gaussian codewmf(ﬁ) using a random (binning) functioﬁ(yi(k)). Given the knowledge
of all the encoding functions at the relays and signals veckoverK + |V | — 2 blocks, the decoder D,
attempts to decode the message W sent by the source.



If we look at different cuts in the time-expanded graph weigeothat there are two types of cuts.
One type separates the nodes at different stages identiéallexample of such a steady cut is drawn
with solid line in gure[3 (b). However there is another typeaut which does not behave identically at
different stages. An example of such a wiggling cut is drawth wotted line in gure[3 (b). There is no
correspondence between these cuts and the cuts in theabnigatwork.

Now comparing Lemma 4.1 to the main Theorem 2.1 we want tograwe notice that in this lemma
the achievable rate is found by taking the minimum of cutsgal over all cuts in the time-expanded
graph (steady and wiggling ones as shown in glte 3). Howeéneaheoren 2.l we want to prove that
we can achieve a rate by taking the minimum of cut-values owdy the cuts in the original graph or
similarly over the steady cuts in the time-expanded netwiirkhe following lemma, which is proved in
the appendix, we show that asymptoticallykis— oo this difference (normalized b$/K) vanishes.

Lemma 4.2:Consider a Gaussian relay netwofk, Then for any cutQ,s on the unfolded graph we
have,

(K—=L+1) rgurluD I(Y ;X [ X )= I(Y e ;X [X ) (36)

whereL = 2VI 2 X, are iid with complex normal (Gaussian) distribution, g [t]}. « «,i [(Mlare
also iid with complex normal (Gaussian) distribution.
Hence, by lemma.1 and lemrhal4.2 we have the following lemma,
Lemma 4.3:Given a Gaussian relay netwofk, all ratesR satisfying the following condition are
achievable,
R< nz1in (Y ¢; X |X ¢)—K;g (37)
D

whereX;, i [V are i.i.d. with complex normal (Gaussian) distributionda; = 3|V|.
Now by lemm& 3.6 we know that,

C—min I(Y ;X [X &) < C—min 1Y ;X |X <)
D D
< 2|V| (38)

whereX;, i [V} are iid with complex normal (Gaussian) distribution. B
Therefore, by lemm&a 4.3 and inequalify 38) all rates uiCte- |V|(3 +2) = C — 5|V| are achieved
and the proof of our main theorem R.1 is complete.
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APPENDIX |
PROOF OF BEAMFORMING LEMMA
We know that the capacity of ex t MIMO channelH, with water lling is

X
Cuwi = log(1+ Qi A) (39)
i=1

wheren = min(r,t), andA;'s are the singular values ¢l and@j; is given by water lling solution satisfying

X
Qi = nP (40)
i=1
With equal power allocation 0
Cep = log(1+ PA)) (41)
i=1
Now note that |
Cut —C lo RS- 0] 42)
— = gzl T <A
wf ep g in:1 (1+ P)\i)
Qn ’
L (+ Qi N)
- o) |_1( i /N
= 109 Qv @ Pa) (43)
I
Yoole QN
= log _, max(L,PN) (44)
- I
_ 1 Qi A
= log _, max(1,PX) " max(1, P\;) (45)
- I
< log 14 QN (46)
__ PA
1= I
= log 14 S (47)
P
i=1
Now note that
X Qi
+ =)=2n
1 b 2 (48)
i=1
and therefore by arithmetic mean-geometric mean ineguakt have
I I
! P !
Y . n Qii_
149 o _i=m@rE) o, (49)
i=1 n
and hence
Cep —Cuwt =n (50)
Hence,

C<min I(Y ¢;X |X <)+ |V 51
nin 1( IX )+ VI (51)
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whereX;, i [V] are restricted to be iid with complex normal (Gaussianrithigtion.
Next note thatf is obtained by quantiziny at the noise level. The effect of quantization noise can bepemsated by
adding a factor of two more power at each transmitter. Tloeegffor each cut we have

1Y ;X [X )< I(¥ ;X |X ¢)+ |V|log2 (52)

whereX;, i [V, are restricted to be iid with complex normal (Gaussianjrithistion. Now by [51) and[{32), the lemma is
proved.

APPENDIX I
PROOF OF LEMMAR.4

Assume messageUis transmitted. Consider a relaR, at the rst layer. Then, the total number of quantized otgpat R
would be N
MH(YrIXs) = oTH(Yri¥rIXs) (53)

Since we are using an optimal Gaussian vector quantizeratdise level (i.e. with distortion 1), we can write
Yk = aYg + N, (54)
whereN [CIN(0,0?) is a complex Gaussian noise independenYgfand

2 _
oy —1 2

a= ‘=, of =(1 —a)o§ —1 (55)
Oy
Hence
GZ
I(Yr;¥rIXs) = log 1+ o7 (56)
N
= log(l+ a)<1 (57)

Hence the list size oR would be smaller tha". Now the list of typical transmit sequences can be viewed asesuch
that at each node, due to the noise, each path will be brartchadmost2™ other typical possibilities. Therefore, the total
number of typical transmit sequences would be smaller tharptoduct of the expansion coef cieritd. 27) over all nodes
in the graph. Or, more precisely

log (|Xv (W) = log ( [Yv (W) (58)
Xo
= H®vwWY = H 19 ) (59)
=1
Xo
= HY X ) (60)
=1
Yo
<  Tlul=TWV| (61)

I=1
Wherey, is the set of nodes at theth layer of the network. Hence,

Xv(w] < 2"V (62)

and the proof is complete.



APPENDIX |11
PROOF OF LEMMAZ.2

First, we prove a lemma which is a slight generalization ofriea 6.4 in [5],
Lemma 3.1:Let Vq,...,V, bel non identical subsets of — {S} such thatD [\4 for all 1 < i < I. Also assume a
product distribution on continuous random variab¥s i [Vl Then
XI
h(YvoiXvi) + + h(Yv Xy ) + h(Yv,jXv) H(Yg1Xg,) (63)
i=1

where fork =1,...,1,

Ve = [ (Vilﬂ"'ﬂVik) (64)

or in another words eac¥j is the union of J' sets such that each set is intersecj aff V;'s.
Proof: First note that

h(Mv,iXv)+ + h(Yy Xy )+ h(Yv,iXy,) =

X!
h(YVZ;XV1)+ + h(YV|;XV|71)+ h(YV;L;XV|) h(XV|)
i=1
and
X X
h(Yy, IXy,) = h(Yy,, Xy,) — h(Xy,) (65)
i=1 i=1 i=1
Now de ne the set
Wi = {Yy,, Xy, .} i=1,...,1 (66)
whereVg = V.
It is easy to show that,
| XI
h(Xvi)=  h(Xy,) (67)
i=1 i=1
Therefore, we just need to prove that
X X
h(Wi) = h(Yy,, Xy,) (68)
i=1 i=1
Now, since the differential entropy function is a submoddilaction we have,
X
h(Wi) = h(wWj) (69)
i=1 i=1
where [
W, = Wi, n---nW;,), r=1,...,1 (70)
Liosi o FED
Now for anyr (1 <r <) we have
[
W, = (Wip n---nWi,)
{il;'[':'i [ I I S
= ({YVi1 ’ XVil—l} N+ N {YVi, XVi, —1})
Lo r[} L1 3
= ({YVilﬁ“'ﬁVir 1XV(i171)ﬁ---mXV(ir_l)})
Hl;:::;l s Y o

S
- iy r}(Vilﬂ"'ﬂVir)lX G r}(v(il—l)r""'ﬂv(ir—l))

= {Yy, . Xy, }



Therefore by equatio (69) we have,

X X
h(wi) = h(Ww;) (71)
i=1 i=1
X
= h(Yy,, Xy.) (72)
i=1
Hence the Lemma is proved.
[ ]
Now we are ready to prove lemralt.2. First note that any cuterunfolded graph, uns, partitions the nodes at each stage
1=<i=< K toU; (on the left of the cut) and¥; (on the right of the cut). If at one stagqi] ["V] or D[i] [CU] then the cut
passes through one of the in nite capacity edges (capad€ity and hence the lemma is obviously proved. Therefore without
loss of generality assume thgfi] (U] and D[i] [V] for all 1 < i < K. Now since for each [V, {X;[t]}1<t=k are i.i.d
distributed we can write

|§(—l
X unflx M ) = I(YVi +1;in |xVi) (73)

unf
i=1

1Y

o
unf’

Consider the sequence ¥f's. Note that there are total df = 2!VI=2 possible subsets dof that containD but notS.
Assume thal/s is the rst set that is revisited. Assume that it is revisit@dstepVs. . We have,

s)i—1 ski—1
I(YVi+1; Xy, iji )= h(YVi+1iji ) h(YVi+1iji » Xy, ) (74)

i=s i=s

Now by Lemmd 3.1l we have
sxi—1 X
h(Yvi..IXv) = h(Yg [Xy,) (75)

i=s i=1

whereV;'s are as described in lemrfiaB.1. Next, note #h@ty, , ,|Xv, , Xy, ) is just the entropy of channel noises, and since
for anyv [V1we have

ilv 3 = {ilv 3 3 (76)
, we get
sxi—1 X
h(YviaIXv Xu) = h(Yy, Xy, XG) (77)
i=s i=1
Now by putting [75) and[{47) together, we get
sx—1 X
TV Xu X)) = 1Yy, s XyelXy,) (78)
i=s i=1
= 1min I(Y ;X X ¢) (79)

Now since in anyLL — 1 time frame there is at least one loop, therefore except at mpsth of lengthL — 1 everything in
K TM1(Yy, .. Xu [Xv,). can be replaced with the value of the min-cut. Therefore,
IX—l
LYy Xy [ Xv,)) = (K—=L+1) mli% (Y ¢; X |X ¢) (80)
i=1

and hence the proof is complete.
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