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Abstract 
This paper develops theoretical foundations and presents a 

practical algorithm for optimizing multi-output Boolean 

function M(x) whose outputs are combined using Boolean 

OR operator into a single-output Boolean function S(x). 

The proposed algorithm simplifies the logic structure of 

function M(x) and may change or remove some of its 

outputs, while preserving the functionality of function S(x). 

Applications of the proposed algorithm are (1) optimization 

of Boolean networks containing multi-input AND/OR gates, 

(2) minimization of sets of interpolants in interpolation-

based model checking, (3) minimization of the structural 

representations of sets of states in circuit-based 

reachability analysis, to mention just a few. 

Experiments will be conducted to show the practicality of 

the proposed approach.  

1. Introduction 
Many practical applications deal with multi-output 

Boolean functions whose outputs are combined using the 

disjunction operator (Boolean OR). The representation of 

such functions can be optimized because the disjunction 

produces a don’t-care set for individual functions. Indeed, if 

one output has value 1 for some input combinations, other 

outputs can produce any value for these combinations and 

the output value of the disjunction will remain the same. 

A well-known and well-studied example of this is a Sum 

of Products (SOP) expression. An SOP is a disjunction 

(sum) of Boolean functions, each of which is a conjunction 

(product) of literals of its input variables. Efficient methods 

for minimizing SOPs have been developed [7][14][8] and 

found numerous practical applications. 

In a more general sense, disjunctions of Boolean 

functions, represented as multi-level circuits, often arise in 

the domain of logic synthesis and formal verification. For 

example, in interpolation-based model checking [9], the 

over-approximation of reachable states is computed as a 

disjunction of interpolants. Each interpolant is a highly 

redundant logic function in itself, but the disjunction of 

them brings even more redundancy due to the don’t-cares 

projected by individual interpolants onto each other. 

A similar situation arises in the exact reachability analysis 

when multi-level circuits rather than BDDs are used to 

represent sets (or subsets) of states reachable in a given 

number of transitions from the initial state [6][13]. In this 

case, the union of all states reached so far is a disjunction of 

multi-level circuits. Optimization of this representation is 

key for the scalability of these methods. 

These practical applications motivate logic synthesis 

methods which can efficiently represent and optimize 

disjunctions of multi-output Boolean functions. 

Boolean functions can be represented as truth tables, 

BDDs, SOPs, etc.  Of practical interest is the handling of 

Boolean functions represented as multi-level circuits, in 

particular, And-Inverter-Graphs (AIGs). Many applications 

relying on AIGs to represent Boolean functions suffer from 

the lack of efficient methods to reduce intermediate AIGs. 

This is true about the two practical applications mentioned 

above (interpolation-based model checking and circuit-

based reachability) as well as several others. 

The contribution of this paper is a methodology for 

optimizing disjunctions of multi-level AIGs and a SAT-

based algorithm for performing the optimization.  

We note that the same methodology can be applied to 

conjunctions of Boolean functions, which can be, for 

example, sets of constraints imposed on a SAT instance in 

some applications. Minimization of a conjunction can be 

reduced to that of a disjunction using DeMorgan’s rule. 

The paper is organized as follows. Section 2 describes the 

background. Section 3 outlines the algorithms. Section 4 

reports experimental results. Section 5 concludes and 

outlines future work. 

2. Background 

2.1 Boolean network 

A Boolean network (or netlist, or circuit) is a directed 

acyclic graph (DAG) with nodes corresponding to logic 

gates and edges corresponding to wires connecting the 

gates. In this paper, we consider only combinational 

Boolean networks. Sequential networks are handled as 

combinational networks by cutting at the register boundary. 

A combinational And-Inverter Graph (AIG) is a Boolean 

network composed of two-input ANDs and inverters. The 

size (area) of an AIG is the number of its nodes; the depth 

(delay) is the number of nodes on the longest path from the 

primary inputs (PIs) to the primary outputs (POs). 

2.2 Interpolation 

Given Boolean functions, ( ( , ), ( , ))A x y B y z , such that 

A(x, y) ∧ B(y, z) = 0, and (x,y,z) is a partition of the 

variables, an interpolant is a Boolean function, I(y), such 



that ( , ) ( ) ( , )A x y I y B y z⊆ ⊆ . If ( , )A x y  and ( , )B y z  are sets 

of CNF clauses, then their conjunction is an unsatisfiable 

SAT instance, and an interpolant can be computed using the 

algorithm presented in [9] (Definition 2).  

Function A(x,y) can be interpreted as the onset of an 

incompletely-specified Boolean function, B(y,z) as the 

offset, and ( , ) ( , )A x y B y z∧  as the don’t-care set. Thus, I(y) 

can be seen as an optimized version of A(x,y) under the 

don’t-cares. The result of this optimization is a completely-

specified function I, which depends on variables y. 

2.3 Resubstitution 

Resubstitution ([2], Section IVB) is a circuit restructuring 

technique, which expresses one logic function in terms of 

others.  When the functions are represented as multi-level 

circuits (in particular, combinational AIGs), the goal is to 

reduce the circuit size by removing some circuit nodes and 

instead reusing some other nodes. Resubstitution for large 

circuits can be efficiently implemented using a SAT solver 

and an interpolation package.  

Additional information can be found in the following 

publications: AIGs [3], AIG-based synthesis [10][11], SAT 

solving [4], SAT-based resubstitution [12]. 

3. Algorithm  
A Sum of AIGs (SOAIG) is a disjunction of the outputs of 

a circuit represented as a multi-output combinational AIG. 

A SOAIG A can be optimized as shown in Figure 1. 

During optimization, AIGs of the primary output functions 

are considered in some order. First, a given AIG is checked 

whether it is redundant, that is, fully contained in the 

disjunction of other AIGs. If it is indeed redundant, it is 

removed and the computation moves on to the next AIG. 

Otherwise, the AIG structure is optimized by replacing it 

with a new structure, which is functionally equivalent to the 

original one on the care-set imposed by other AIGs. This 

optimization flow is performed as long as there are 

improvements or until a resource limit is reached. 

 
aig optimizeAllOutputs ( 

aig A,           // A is a multi-output combinational AIG  

params P )   // P is a set of parameters   

{ 

     do { 

             for each primary output aig f in A in some order { 

                   if ( f implies the disjunction of other AIGs of A ) 

                         remove f from A; 

                   else {  

                         f’ = optimizeOneOutput( A, f, P ); 

                         replace f by f’ in A; 

                   }  

            } 

     } 

     while ( A has changed and resource limits are not reached ); 

     return A; 

}   

Figure 1: Iterative SOAIG optimization. 

  

The computation of a new logic structure for an AIG with 

a care set is performed by procedure optimizeOneOutput() 

shown in Figure 2 and illustrated in Figure 3.  

aig optimizeOneOutput ( 

aig A,           // A is a multi-output combinational AIG  

aig fi,            // f  is a single-output AIG contained in A  

params P )   // P is a set of parameters   

{ 

     create two copies of A dependent on variable sets, x1 and x2; 
     compute the initial set D of divisors of fi in A; 

     do { 

           constrain outputs of all other AIGs fk(x), k ≠ i, in A 

                      to have value 0 in both copies; 

           constrain the output of fi(x)  

                      to have different values (0 and 1) in the two copies; 

           constrain the candidate divisors  

                      to have equal values in the two copies; 

           solve the resulting SAT problem; 

      if ( the problem is ‘unsat’ )  { 

           derive interpolant fi’ of fi in terms of divisor variables gj; 

           return fi’(g); 

      } 

      else if ( the SAT problem is ‘undecided’ ) 

            return “ran out of resources”; 

      else if ( the SAT problem is ‘sat’ ) 

            add new divisors to D; 

} 

while ( problem is ‘sat’ and new divisors can be added ); 

return “there is no solution”; 

}   

Figure 2: AIG restructuring with a care set. 

 

 

 
Figure 3: Illustration of AIG restructuring with a care set. 

 

This procedure is applied to an SOAIG A and its 

individual AIG, fi(x), which is to be optimized. First, the 

SOAIG is duplicated in such a way that each copy depends 

on a separate set of primary input variables, x1 and x2. An 

initial set of divisors is computed. Next, the SAT problem 

is repeatedly constructed and solved, as shown in the loop. 

If the problem is ‘unsat’, an interpolant derived from the 

proof gives the expression of fi in terms of divisors gj(x). 

This expression becomes a new representation fi(g), which 

is returned to the caller. If the problem is ‘undecided’, the 

procedure reports that a resource limit is reached and quits. 

If the problem is ‘sat’, the given set of divisors, gj(x), lacks 

the expressive power to produce fi(x).  New divisors are 

added to the set and the SAT problem is tried again, as long 

as new divisors can be added. If no new divisors can be 

added, the procedure turns “no solution”.   
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The implementation of procedure optimizeOneOutput() 

uses a SAT solver and an interpolation package, which can 

derive an interpolant of the proof of unsatisfiability, as in 

the implementation of SAT-based resubstitution [12]. 

4. Experimental results 
To be added.  

 

5. Conclusions  
Logic restructuring under don’t-cares is an important 

practical problem. An efficient solution to this problem can 

improve scalability of several applications in logic synthesis 

and formal verification. 

This paper addresses the above problem by proposing an 

algorithm for deriving a new circuit structure for a multi-

output combinational circuit whose outputs are combined 

using Boolean OR. The proposed solution is based Boolean 

resubstitution with don’t-cares and is implemented using 

SAT-based interpolation. 

Future experiments will show whether the implemented 

solution is advantageous for practical applications, such as 

interpolation-based model checking. 

A traditional SOP can be mapped into an SOAIG, by 

representing each product as a tree of two-input AND-gates 

whose leaves are literals of the product. It would be 

interesting to investigate whether SOP minimization can be 

done by optimizing the corresponding SOAIG. 
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