Lower bounds on the rate-distortion function of LDGM codes
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Abstract—We analyze the performance of low-density gener- analysis has been made rigorous in a sequence of papers [5],
ator matrix (LDGM) codes for lossy source coding. We first [15], [4], [6]. Moreover, our own recent work [11], [10]
develop a generic technique for deriving lower bounds on the 4\ides rigorousipper bounden the effective rate-distortion

effective rate-distortion functions of binary linear codes. This functi f . | f LDGM d In t f
result provides a source coding analog of a classical resuttue to unction of various classes o codes. In terms o

Gallager for channel coding over the binary symmetric chanel. Practical algorithms for lossy binary compression, resears
We illustrate this method for the ensemble of check-regulatow- have explored variants of the sum-product algorithm [16] or

density generatolr matrix (LDG.M) codes by deriving an e).<pli0't survey propagation a|gorithms [2], [18] for quantizing dum
lower bound on its rate-distortion performance as a functio of sources.

the check degree.

Our contributions: Previous analysis of LDGM rate-
distortion [11], [12] was based on the first and second-mdmen

Classical random coding arguments show that randamethods from probabilistic combinatorics [1]. Whereas the
binary linear codes will achieve the rate-distortion bounskcond moment provides a non-trivial upper bound on the
for lossy compression of a symmetric Bernoulli sourceffective rate-distortion function, the first moment metho
However, such codes are impractical, as it is neithgields a well-known statement—namely, the Shannon bound,
possible to represent them in an compact manner, norwhich is far from sharp for these sparse graph codes. The
perform encoding/decoding in an efficient way. It is thuprimary contribution of this paper is the development of a
of considerable interest to explore and analyze the use te€hnique for generatirgharper lower boundsn the effective
sparse graphical codes for lossy compression problems.raie-distortion function of sparse graph codes. Our amproa
line of recent work [13], [18], [3], [16] has explored the usean be understood as a source coding analog of Gallager’s [7]
of low-density generator matrix (LDGM) codes for lossyclassical result on the effective capacity of bounded degre
compression. The results of this paper provide furthegimsi LDPC codes for channel coding. We illustrate our approach
into the effective rate-distortion function of this clas$ oin application to the check-regular ensemble of LDGM codes,
sparse graph codes. establishing how its effective rate-distortion perforroare-

mains bounded away from the Shannon limit for any finite

Past work: One practical approach to lossy compressiocheck degree.

is via .trellls—code quannzauc_m (TCQ) [9]. One “m.'tatlonTheorem 1. Let Cop be an LDGM code randomly drawn
OT treI_Ils-based approac_:hes s the _fact that sa_turatlng- raFrom the check-regular ensemble with degieeand suppose
distortion boun_ds requires increasing the tre!lls COm‘trathat source encoding/decoding are performed optimallyhWi
length [17], which incurs exponential complex_|ty (ever! f0F1igh probability, the LDGM cod& ¢ can only achieve those
the max-product or sum-product message-passing algm)thn}ate-distortion ;;airs(R D) that satisfy the bound
Other work [14] shows that it is possible to approach the ’

(1 — D)dc

binary rate-distortion bound using LDPC-like codes, albei
with degrees that grow logarithmically with the blockleimgt R
r any finite degreel., the minimal rateR satisfying the

A parallel line of work has studied the use of Iow-densit},g0
lation (1) is strictly bounded away from the Shannon rate.

I. INTRODUCTION

R |1 —exp(— )| > 1—H(D). 1)

generator matrix (LDGM) codes, which correspond to the
duals of LDPC codes, for lossy compression problems [1§f
[18], [3], [16]. Focusing on binary erasure quantization (#/e note that the bound (1) is strictly tighter than the obsgiou
special compression problem dual to binary erasure chanhelind for allD > 0, based on counting isolated information
coding), Martinian and Yedidia [13] proved that LDGMbits in the check-regular ensemble. However, we also know
codes combined with modified message-passing can satuthtg the bound is not sharp, and could be refined through more
the associated rate-distortion bound. Various reseascheareful analysis.

have used techniques from statistical physics, includmg t The remainder of this paper is organized as follows. Sec-
cavity method and replica methods, to provide non-rigorotisn Il contains basic background material and definitioms f
analyses of LDGM performance for lossy compression sburce coding, factor graphs, and low-density generatdnixna
binary sources [2], [3], [16]. In the limit of zero-distasti, this codes. Section Il is devoted to a number of basic results,



applicable to any binary linear code. Our analysis of theekhe S1 Sz 53 Si S5 Se S7 Ss So S Su S
regular ensemble of LDGM codes is given in Section IV. n

Il. BACKGROUND

A. Binary codes and source coding

In abstract terms, a binary linear codeof block length

n CONsists .of a linear subspace 66, 1}": One concrete Zi o Zs Zi Zs Ze¢ Zr Zs Zo
representation is as the range space of a given generatidx mat
G c {07 1}nxm’ as follows: Fig. 1. Factor graph representation of an LDGM code with- 12 source

bits, m = 9 checks, and overall rat& = 2.

C = {z€{0,1}" | =Gz for somez € {0,1}™ }2)

The codeC consists of at mos2™ = 2" codewords, where
R = ™ is the code rate. generator matrix (LDGM) code. As an example, ttieeck-

regular LDGM ensembl¢hat we analyze later is formed by

In the binary lossy source coding problem, the encodBXing a check degreé., and having each of the checks
observes a symmetric Bernoulli source sequefiee{0,1}", connect tod. of the information bits uniformly at random
with each elemens; drawn in an independent and identicallfWith replacement).
distributed (i.i.d.) manner from a Bernoulli distributiomith
parameterp = % The idea is to compress the source by

representing each source sequerfeby some codeword |n this section, we develop a number of basic results,
z € C. When using a code in generator matrix form, ongpplicable to any binary linear code, which underlie our
thinks of mapping each source sequence to some codewgflysis of LDGM codes, to follow in Section IV.

x € C from a code containing™ = 2" elements, say

indexed by the binary sequencese {0,1}™. The source A. Gallager-style bound

decoding mapr — S(x) associates a source reConstruction p assical approach to analyzing the performance of LDPC
S(z) with _each codewords € C The quality of the .codes for channel coding, originally due to Gallager [7],

reconstruction can be measured in terms of the Hammingp,qeq decomposing the mutual information between the
distortiond(S, 5) = >_,_; |Si — 8i| = [|S = Sll1. With this  .papnel input and output in two ways, and linking these terms

set-up, the source encoding problem is to find the COdqu he code rate and error probability. Here we develop ah ana

with minimal distortion—namely, the optimal encoding, ;s anproach for analyzing the rate-distortion perfoicea

:c.ML i= arg Igglé%:l d(S(a:),-S). Classical rate-d|stortlon theolryof binary linear codes.
dictates that, for the binary symmetric source, the optimal Gjven the generator matrig’ € {0,1}™*™ of a binary

trade-off between the compression rate and the best |inear code, codewords ifi are all of the formGz, where
achievable average distortidn = E[d(S, S)] is given by the . ¢ {0,1}™ is a sequence dhformation bits Given some
function R(D) = 1 — h(D), whereh is the binary entropy source sequencs € {0,1}" of symmetric Bernoulli random
function. variables, suppose that we quantize the source using thee cod
C. We useS € {0,1}™ to denote the codeword to which
the random sequencg is quantized; for now, we leave the
precise nature of the encoder mappifig— S unspecified.

Given a binary linear cod€, specified by generator matrixwe denote byZ < {0,1}™ a sequence chosen uniformly at
G, the code structure can be captured by a bipartite graplndom from all information sequences that genefatia the

in which square nodedl) represent the checks attached tgelation S = GZ. Assume that this source encoder applied to
the code output bits;; (or rows of G), and circular nodes C achieves average distortidh, in that

(O) represent the information bits (or columns &Y. For
instance, Fig. 1 shows the factor graph for a rAte- % code lE[HS @ §H1] <D,

in generator matrix form, witlhh = 12 checks (each associated n

with a unique source bit, top of diagram) connected to a totahere the expectatiof is taken over the random source

of m = 9 information bits (bottom of diagram). The edgesequence, as well as any possible randomness in the mapping
in this graph correspond té's in generator matrix matrix, S — 5. Under this assumption, we have

and reveal the subset of bits to which each information hit :

contributes. The degrees of the check (respectively) bhria emma 1. For any (_:ocJ!e(C with blockleng_thn and rate ft
nodes in the factor graph are — 3 andd, — 4 respectively, WIth an encodgr ach|e_vmg average distortidn the rate and

so that the associated generator mafibhas3 ones in each distortion are linked via the bound:

row, and4 ones in each column. When the generator matrix
is sparse, then the resulting code is known as a low-density

I1l. BASIC RESULTS

B. Factor graphs and LDGM codes

> 1—H(D)+%H(2 | 9). @)



Proof: The mutual information betweest and S is given by encoder. For any fixed target distortidh e (0, %), define the
I(S;S)=H(S)—H(S| S). Observe thati (S) = n sinceS Hamming ball of radiusD around the source sequenteas
is an i.i.d. sequence of symmetric Bernoulli random vagabl follows:

Moreover, since the average distortion is upper bounded by ) o n <
D, we haveH (S | S) < nH (D). To see this, consider a fixed Ba(9:D) = {ze{0,1}" | HS@?"I < Dn} ) ")
encoder that maps+— S with average distortioZ||S@ S|| = We say that theD-ball encodersucceedsf and only if the

nD. For each coordinate defing = S; @ S; and for these intersectionB, (S; D) N C is non-empty, in which case it
Bernoulli random variables léb; = P(Z; = 1). We therefore chooses som&pg uniformly at random from this intersection.
have " EZ; = > | D; = nD. We can now bound the Otherwise, the encoder fails, and we $gfg equal to some

entropy codeword chosen uniformly at random from the cdtle
n We now claim that theD-ball encoder is asymptotically
H(S | §) < ZH(Si ® §i) equivalent to the ML encoder.
i=1 Lemma 2. For any binary linear code, the following two
NS L1 _ conditions are equivalent:
N ZH(Dz) N nz nH(Dl)' (@) for all € > 0, the probability of success undép + ¢)-

» ) ) , ball encoding converges to one as— +oc.
By expl_omng the cpncawtx oflentropy and ellpplxmg Jensen (b) for all & > 0, we haveE[d,(S;C)] < D + 6 for all
inequality, we obtain that;, - H(D;) < H(5; 22—, Di) = suitably large blocklengths.
H(D), which shows thafi (S | S) < nH (D). Consequently,

we have the lower bound Proof: We first show that (a) implies (b). Given any fixed

1 R d > 0, sete = §/2 in part (a), and consider the associated

—I(S;S) > 1—H(D). (4) (D+%)-ball encoder. Setting,, = P[(D + §/2)-ball success

" R R we have
On the other hand, sinc€ is a function ofZ, the data pro-
cessing inequality implies that(S; S) < I(S; Z). Moreover,
we have

1 ~ 1) 1
EE[”SDB@SHI] (D+§)pn+(1—pn)§

IN

1
< D+,
< R-— lH(Z | 5), (5) Wwhere the final inequality follows if we can ensure that>
n 11%255 Sincep,, — 1 by assumption, this condition can be met
since there ar@™ = 2" different information sequences.by choosingn sufficiently large. Finally, since ML encoding
Combining the lower bound (4) with the upper bound (5)ields the minimal average distortion, we have
yields the claim (3). R [ ] 1.~
Remark: If we used the trivial lower bound H(Z | S) > 0, E[d.(5;C)] < E]E[HSDB @S] < D+5,
then the bound (3) would reduce to the Shannon rate-distortiyhich is the claim b).
bound. Indeed, this bound would be asymptotically tightsfor \we now prove that NOT (a) implies NOT (b). Suppose
random linear code. For other codes, obtaining more refingght for somee > 0, the encoding success probability
statements requires exploiting specific aspects of the cogde — P[(D + ¢)-ball successdoes not converge td. Then
structure. liminf p,, < 1, so that by taking subsequences if necessary,
B. Maximum likelihood and>-ball encoding we may assume that for all sufficiently large the_ failure
robability satisfiesl — p,, > v for somer > 0. Since the

Given a codeC, the optimal encoder is the so-calleq ) , ¢y pa|l encoder can fail only if there are no codewords
maximum likelihood (ML) encoder. Given a source seqUeNCgiihin normalized distancéD + ¢) of the source sequence,
it computes the set of codewords closest in Hammigg distanﬁzﬁs statement implie® [d,,(S;C) > D + ¢ > v.

rs:z) = %H(Z)—%H(Zw)

n

and outputs one of them uniformly at random, 81, €  Next, we claim that the ML distortiod,, (S; C) is concen-
arg mingec{[|z © S[|:}. The associated minimal distortion isyateq around its expected value. It is not hard to see that
a random variable, defined as changing one bitS; cannot changel,(S;C) by more than
. [1 1/n. Therefore, by applying the Azuma-Hoeffding inequal-
dn(8;C) 1= me {ﬁ”x ® 5”1} ity [8] to the martingale sequence formed by the c-Lipschitz
1~ functiond,,(S; C) for ¢ = 1/n yields the concentration:
= E”SML@SHI- (6)

7’L€2
: . . . : . . P[|dn(S;C) — E[dn(S; > < 2 ——. (8
This ML encoder is optimal in that its expected distortion [dn (5 C) [dn (S5Ol 2 ¢ eXp( 2 > ®
Eldy (S; C)] is minimized over all encoders. Therefore, for any constamrt> 0, we have
Despite the optimality of ML encoding, it is more conve- )
nient for theoretical purposes to analyze the followiepall HEIEOOP [ld(S;C) = Eldn(S;C)][ 2] = 0. (9)



Using this concentration (9), we see that the bourizhll by the codewordyz, thus yielding thatog - is equal

L P(z[s)
P[d,(S;C) > D + €] > v implies thatE[d,,(S;C)] > D +¢e. to
(Otherwise, the tail decay would be violated.) Hence, we log |{z" € {0,1}" | Gz’ € B, (s ® Gz;D)}|.

have established the existence of some> 0 for which i h h 1
there exists an infinite sequence of blocklengths for whicitking averages over thewe have thad . (= | s) log g1
E[d,.(S;C)] > D + ¢, thus implying NOT (b). Is lower bounded by

|

S B(z | 5)log |{=' € {0,1}™ | G2’ € B, (s & Gz D)}

z

C. Bounding the conditional entropy of information bits R R
> Y P(E|s)log [{z' € {0,1}™ | Gz’ € B (s ®© 5 D)}

Recall from Lemma 1 that lower bounds on the rate-
distortion function can be obtained via lower bounds on
+H(Z | S). since our analysis will involve bounding the = Eg [IOg
conditional entropy ofZ, recall that we assume that aftefrinajly, conditioning on the event db-ball success and taking
choosing some sequenég the D-ball encoder then choosescongitional expectations ovet, we have
an information sequence uniformly at random from all

information sequences satisfyimng = S. We then have the =~ _ 1
following H(Z19) = Es ZP(Z | 5)log P(z|S)|’

Lemma 3. Let U be a random variable iB,,(0; D) dis- which is in turn lower bounded by
tributed asUU < (S | § = 0,D-ball success Then the

(€ {0,1}"| G € Bn(s®§;D)}‘ 1S = s} .

conditional entropyH (Z | S) is lower bounded by PnEg g [1og {'e{0,1}" | G € B, (S @ S5 D)} } ;
o Eu [log|{z' € {0,1}™ | G2’ € B,,(U; D)}] (10) where this final expectation is conditioned on the success
" ’ e ’ of the D-ball encoder. To complete the proof, we note that
wherep,, : = P[D-ball success by linearity of the code, for any codeworfl, the cardi-

nality [{z' € {0,1}™ | Gz’ € B,(S® S; D)}’ is equal to
{z" €{0,1}™ | Gz’ € B,(S;D)}|, so that the conditional
] expectation ovetS, S) can be rewritten as a single expectation

Proof: By definition, we have

H(Z|S):=Es ZP('Z | 5)log overU as defined in the lemma statement.

1

P(z | 5)
|

where P(z | S) denotes the conditional distribution oveiRemark: A challenge associated with the analysis of the lower
information sequence& that the encoder can output for abound (10) concerns the distribution of the random variable
given source sequencg. First, we claim that by definition In general, it is not simply uniform oves,,(0; D), since the
of our encoding rule, wherD-ball encoding succeeds, theprobability of different source sequencgs= s given thatS =
conditional distributionP(> | S) is uniform over the set of 0 varies depending on how many other codewords belong to
all information sequences such thatGz € B,(s; D). By the ballB,(s; D). As a particular example, for the trivial code
definition, our encoder chooses uniformly from the set & = {00,11} of blocklengthn = 2 and Dn = 1, we have
codewordss € B, (s; D). To ensure that this uniformity is P(S = 00|5 = 00, D-ball success= %, andP(S = 01 |S =
preserved over the information sequences as well, we simply, D-ball successand P(S = 10 |5 = 00, D-ball success
need to verify that each codewo$ds generated by the sameboth equal toﬁ.

number—sayk—of information sequences. Suppose that we
IV. LOWER BOUNDS FORLDGM CODES

have
0=G0 =Gz = ... = Gz, With these basic results, we now turn to lower bounding the
rate-distortion functions of LDGM code ensembles.
where(zs, ..., z) are(k — 1) distinct and non-zero informa- "
tion sequences. Latbe any non-zero codeword, say with- A+ Graph-based certificate
Gz for some non-zero information sequengge {0,1}™. Our goal is to provide a concrete graph-based condition that
Then the information sequencésy, z2 @ 29,...,2k ® 29) allows us to lower bound the quantity

constitutek distinct generators of. L / m ' )
As a consequence of this uniformity, for each source se‘-&(U’C) i=log[{z' €{0.1}" | Gz € B.(U3 D)} (11)

quences such thatD-ball encoding succeeds, we have Note thatA(U;C) is a random variable, even when the code
1 C is fixed. In order to analyze this quantity, it is convenient
log Bz ]5) = logl{z' €{0,1} | Gz’ €B,(s;D)}|. to develop a further lower bound.

For anyU € B, (0; D), we letS%*(U) be any collection of
The structure of a binary linear code is invariant to tramsfes (1 — D)n check bits for whichl; = 0. Note that the inclusion
by codewords. Accordingly, we may translate the centeref thi/ € B,,(0; D) guarantees the existence of at least one such



C. The check-regular ensemble

Recall the check-regular ensemble of LDGM codes, denoted
by €cg. consists of codes with checks andn information
bits, constructed by having each check sedkdbits uniformly
at random (and with repetition). The expected number of
free bits over the check-regular code ensemble can be easily
N(SE) free computgd, since the randomization over codes has a sym-
metrization effect. As a consequence, we may assume without

Fig. 2. Tanner Graph of an LDGM code illustrating the fixed ateSf*,  |oss of generality that the firgtl — D)n elements of the:
information bit neighborsV (Sfix) of fixed checks, and the free information checks are fixed
bits Tfree, '

Lemma 4. The expectation oV (Cor) over the check-

_ ) i ) regular ensemble is grows linearly in blocklength:
subset; otherwise, we simply choo§&*(U) uniformly at

random from all possible subsets. Associated \&H(U) is
a subset of the information bits, namely

1 (1-D)nd.
E[W(Ccr)] = m <1 — E) : (14)
Tiree (7. C) - = {4 1  N(SE (U 12 Further, with probability converging to one, the random war
(U:6) edl...omi | j ¢ NEHU))}LA2) able W(C¢r) does not deviate from its expectation by more

where for any subset C {1,...,n}, we useN(A) to denote thancv'mInm for a suitable constant, in the sense that
the information bit neighborhood of the variables in See ST 2
Figure 2 for an illustration of these concepts. PW(Ccor) —EW(Cer)| = cvmInm] < m (15)

o ] ) ] _Proof: The probability that a particular bit is free (i.e. non-
The key observation is the following: any information b”adjacent taS™ (1)) is simply

z; € Thee(U;C) is effectively free, since we may alter it
arbitrarily while still ensuring thatz € B,,(U; D). Therefore, (4 1 (- PInde
for all codes and/ € B, (0; D), we have the lower bound pi=\" 0 ’
A(U;C) > |{T*¢(U;C)}|. Hence, applying Lemma 3, we
can lower bound the conditional entropy as

(16)

since it is not adjacent to a particular check with probapili
(z=1)d- and that happens for all the — D)R fixed checks

1 = independently. Therefore, the expected siz&f° is simpl
H(Z|8)> By [{T*(U:C}] = W(©). (13 Eyy(Cop) — mp,. Observe that i
wherep,, = P[D-ball success In the regime .of interest, we lim p; = exp(_(l_iD)dC)’ (17)
have p,, — 1, so that we focus on analyzing the quantity m—00 R
W(C). a standard Poisson limit.
Now we need to show that the random variabldC¢r)
B. Analysis over random ensembles is concentrated around its mean. Using a Chernoff bound [8],

For any fixed codeC, the quantitylV (C) is deterministic foranyd € [0,1),

and it provides acertificate of the excess rate incurred by p iy (c ) — EW(Cor)| > SEW(Con)]

using the given code. For a fixed code, however, it is non- - S2EW(C

trivial to compute the expectation ovéfr defining W (C) in < 2exp (_M) )
equation (13), since the distribution bf is controlled by the 3

code structure in a non-trivial manner. However, perfognin . _ e am
the analysis over a random ensemble of LDGM codes aIIoI;/leémg EW(Ccr) = mp; and by setting) = cy/ =, ¢ =

us to circumvent this problem. Accordingly, our method cony/3/pi, we find

sists of the following steps: - 2
(a) For a given code ensemble we consider theandom PIW(Cer) —EW(Cor)| 2 evmInm] < m’ (18)
variableW(C), whereC ~ ¢ is a randomly drawn code, ]
and show that the expectation over the code ensemblero conclude, we define the critical rate-loss exponent for
Ec[W(C)] scales linearly in blocklength. the check regular ensemble:
(b) Next we show that the random varialdlé(C) is con- (1—D)d . 9
centrated around its mean, and use this to establish a ~ogr(m) = (exp[—Tc] - El)(l — E)' (19)

lower bound on the random variabl& (C) that holds _ ) _
with probability one as the blocklength increases. We therefore obtain the following bound on rate-distortion

. - L any blocklengthm
Due to space constraints, here we limit our explicit illagtn y g

of this approach to the check-regular ensemble. R [1 —~cr(m)] > (1 — H(D)). (20)
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Fig. 3. (a) (a) Plots of lower bound (21) on the effective 1ditgortion function of the check-regular LDGM ensemble flegreesd. = 2 andd. = 4, as
compared to the Shannon limit. (b) Convergence to the Shafimit as the degree is increased.

Taking limits asm — +o0, we havelim,, .. yor(m) =

exp(—%). Overall, we conclude that with high proba-
bility, a code drawn randomly from the check-regular LDGMg,
ensemble with degreé. can only obtain rate-distortion pairs

(R, D) that satisfy

(1-D)d,

R |1—exp(— = )| >

1-H(D). (21)

V. DISCUSSION

We developed a technique for generating lower bounds on
the effective rate-distortion function of sparse graphesothat
can be understood as a source coding analog to Gallager’s[m
classical work on the effective channel capacity of bounded

degree codes. We illustrated this approach by lower bound- Ve .11/ _ ,
] E. Martinian and M. J. Wainwright. Low density codes @hieve the

ing the effective rate-distortion function of the checlkutar

ensemble of LDGM codes. It remains to apply our approach
to other sparse code ensembles, such as LDGM families witAl

prescribed bit and check degree distributions. In additiam

current results only guarantee that a randomly generatde cqu4]
will with high probability have distortion above our bound,

but do not provide this guarantee for every code.
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